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Abstract

In this thesis, we introduce graded notions of injective extensions
and injective domains. We prove that for a graded going-down domain
R, if a graded overring T has the property that R C T is a graded

injective extension, then T is a graded going-down domain.

Introduction
We begin by recalling standard definitions found in undergraduate

algebra texts such as [2] or [1].

Definition 1.1. Aring (R, +,-) is a set R together with two binary
operations + and -,which we call addition and multiplication, defined on R
such that the following axioms are satisfied:
Z1. (R,+) is an abelian group.
Z-. Multiplication is associative.
Rs. For all,a,b,c € R the left distributive law,
a-(b+c) = (a-b)+ (a-c)and the right distributive
law (a+b)-c=(a-c)+ (b-c) hold.

Definition 1.2. A ring in which the multiplication is commutative is a

commutative ring.

Definition 1.3. A ring with a multiplicative identity element is a ring with

unity; the multiplicative identity element 1 is called "unity.”
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Definition 1.4. If a and b are two nonzero elements of a ring R such that,

ab = 0.then a and b are divisors of 0 (or O divisors).

Definition 1.5. An integral domain D is a commutative ring with unity
1 # 0 that contains no divisors of 0.

Let Z be the ring of integers defined by the usual multiplication
and addition. A nonzero integer a € Z is a divisor of 0 if there exists
a nonzero integer b such that ab = 0.. In the integers, ab = 0. ifand
onlyif a = 0 or b = 0 hence, we know that Z is an integral domain.
However, Zg¢ = {0,1,2, 3,21, 5} the set defined by addition and
multiplication modulus 6 is not an integral domain, since
2-3=6=0( mod 6).

Definition 1.6. Let R be an integral domain, then we say K is the fraction
field of R if:

K:{gsreR,seS:R\{O}}.
An example of a fraction field would be Q the set of rationals

over the set of integers Z . We see that the rational numbers can be
defined such that £, where p,q € Z and ¢ # 0.

Definition 1.7. Let R be an integral domain. An overring of R is a ring S
sitting between R and its fraction field K. Thatis, RC S C K.

Definition 1.8. A multiplicatively closed subset is a subset S of a ring R if
it satisfies the following:

1.1€ S, and

2. For any elements 2,y € S, thenz -y € S.

Definition 1.9. Let R be an integral domain and S a multiplicatively closed

subset in R. The localization of R with respect to S is the set
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ST'R={-:reR,seS}

Similarly, we can use Z to illustrate the idea of localizations.
Consider Z with the usual multiplication and addition to be a
commutative ring. Let S = {2" : n € N}. Then Sis a multiplicatively
closed subset in Z since for any n,m € Z, we have 2" - 2™ = 2n+™,
where any element of this localization would be of the form ;ﬂ—n , where
m € 7. For example, an element of this fraction field would be of the

form % =3 would bein S7'Z.

Definition 1.10. Let R be a ring. A subset a is called an ideal if

(Mo0ea
(2) whenever a,b € a, also a+0b € a, and

(3) whenever x € R and a € a, also za € a.

Definition 1.11. A proper nontrivial ideal of a ring R is an ideal a such
that @ # R and a # {0} .

Definition 1.12. An ideal p is called prime if its complement R — p is
multiplicative, or equivalently, if 1 & p andif XYy € p impliesx € P or
yep,foral z,ye R

Definition 1.13. The prime spectrum of a commutative ring R, also

referred to as the spectrum and denoted
Spec (R) = {p: p is a prime ideal of R }

is the set of all prime ideals of R.

The prime spectrum forms a topological space under the

Zariski topology.

Definition 1.14. Let R be a commutative ring. Let the set of all prime
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ideals within the ring that contain a fixed ideal be a closed set. These closed

sets form the Zariski topology.

Definition 1.15. Let R be a ring. An ideal m is said to be maximal if ™M is

proper and if there is no proper ideal a withm C a.

All maximal ideals in a commutative ring with unity are

prime ideals.

Definition 1.16. A ring extension R C S satisfies going-down if
whenever Pr C Py where 1, P € Spec(R) and Qo € Spec(S) with
Q2 N R = Py, there exists Q, € Spec(S) with Q1 C Q2 and Q; N R = P,.

Definition 1.17. Let R be an integral domain. Then R is a going-down

domain, denoted GD domain, if every overring satisfies going-down.

The following definition and theorems of injective extensions is as
defined in [3].

Definition 1.18. Suppose R C T is a ring extension. A ring extension is a

injective extension, denoted i-extension, if Spec(T) — Spec(R) is injective.
Definition 1.19. A domain R is an injective domain, denoted i-domain, if
R C T is an i-extension for each domain T containing R and contained in

the quotient field of R .

Theorem 1.20. Let R be GD domain. If R C T’ is an i-extension, then T is

GD domain.
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2. GRADED ANALOGS

We present the following definitions and theorems elementary to

the student of graded ring theory that will be utilized in the following
section. This information can be found in a standard text on graded
ring theory.

A torsion-free abelian group is an abelian group which has no nonzero
torsion elements such that the identity element is the only element

with finite order.

Definition 2.1. Let G be a torsion-free abelain group. An integral domain
R is a G-graded domain if
R=EPR.
acG
where each R, is an additive subgroup of R and
RgR, C Rayy for all B,y € G.

Throughout this section, we assume that R is a G-graded

domain.
Definition 2.2. A nonzero element r € R, is homogeneous of degree .

Definition 2.3. Every element r € R has a unique decomposition
"= wecTas Ta € Ro , where all but finitely many r, = 0. The
homogeneous elements ra are the homogeneous components
of r.

Thering R = Z[x| is a Z-graded domain, with R, = Zaz* for
a>0and R, = 0 for a < 0.

Definition 2.4. The domain Ry, where H = {x € Rz # 0 is
homogeneous}, is called the graded (or homogenous) fraction field of R

where
(Rir)o = {§ f.9€ H.g#0 and deg(f) — deg(g) = a}
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For the G-graded domain Zlz1, we have the graded fraction field:

Qlz,x

Definition 2.5. An ideal I of R is a graded ideal of R if I is generated by

homogeneous elements contained in I.

Definition 2.6. A graded prime ideal of P of R is a graded ideal such that
for all homogeneous z,y € R, if xy € PP, implies x € Por y € P.

Definition 2.7. The graded prime spectrum of a ring R, also referred to as
the graded spectrum and denoted

gr-Spec (R) = {p : p is a graded prime ideal of R}
is the set of all graded prime ideals of .

Definition 2.8. A graded ideal is a graded maximal ideal if it is maximal

with respect to the graded ideals of R .

Definition 2.9. A graded domain with exactly one graded maximal ideal is

a graded local domain, denoted gr-local.

Definition 2.10. An overring S = @ S., of R that is a subring of Ry

acel
where S, = SN(Ry). is a graded overring of R.

The following definition of the graded going-down property is as
defined in [4].

Definition 2.11. Let R C T be an extension of graded domains. We say

that R C T satisfies graded going-down, denoted gr-GD if, whenever

P, C P are homogeneous prime ideals of R and O is a homogeneous
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prime ideal of T such that Q N R = P, there exists a homogeneous prime
ideal Q of Tsuch that Qu C Q and QoN R = .

The following theorem was proven in [4, Theorem 3.12]. We

utilize Theorem 2.12 to prove our result Theorem 3.3.

Theorem 2.12. Let R = P R, be a graded domain. Then the following
are equivalent: <t
(i) R is a grGD domain;
(i) R C R[u] satisfies grGD for each homogeneous element w € Ry ;
(i) R C'V satisfies grGD for each gr-valuation overring v ;
(iiii) R C T satisfies grGD for each graded domain T containing

R as a graded subring.

3. GRADED INJECTIVE EXTENSIONS
We provide graded analogs of i-extension and i-domains, defined in [3,
Section 2].

Definition 3.1. Suppose R C T' is a graded extension. A graded
extension is a graded injective extension, denoted gr-i-extension, if

gr-Spec(T') — gr-Spec(R) s injective.
Definition 3.2. A graded domain R. A graded injective domain, or gr-i-
domain, if R C T is a gr-i-extension for each domain T containing R and

contained in the gr-quotient field of R .

Theorem 3.3. Let R be grGD and T be a graded overring. If RC T isa
gr-i-extension, then T is grGD.

Proof. By Theorem 2.12, it suffices to show that T C V satisfies grGD

for each gr-valuation overring Vof T. Let P C M be graded primes of T
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and N a graded prime of ¥ contracting to M. By hypothesis, there exists
aprime Q ¢ N suchthat QN R =PnNR.Thus, QNT and P have the

same contraction in R, and so are equal. ®
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