
Hitting Times on Star-Shaped Graphs

Donovan D Chang

Student: Donovan D Chang (ddchang@iu.edu)
Adviser: Nayeong Kong, PhD (kongna@iu.edu)

Department of Mathematics
School of Natural Science and Mathematics

Indiana University East

Date: May 30, 2022.
2020 Mathematics Subject Clssification. 60C05; 05C05; 91C05; 65K05.
Key words and phrases. Random Graphs, Hitting Time, Statistical Node
* This paper was presented in a preliminary form at the conference, Student Research
Day 2021, Indiana University East, Richmond, IN, USA.

Journal of Student Research at IU East

194



Hitting Times on Star-Shaped Graphs

Donovan D Chang

Abstract

The hitting time or access time, H(u, v), is defined as the expected number of steps
a random walk starting from a point u to reach a point v for the first time, where
u and v need not be different. For star-shaped graphs, we present two methods
for the computation of hitting time, with power series and with matrices, where
the origin is at the center. We observe a pattern of hitting times as the number of
vertices increases from 2, and generalize to n.

1. Introduction

In this paper, we consider random walks on graphs. A random walk on a graph
is a process that begins from one vertex, travelling along the edges with a step-
size one with equal probability given to all available edges at each point. Random
walks on graphs have been studied in a wide variety of contexts including household
consumption [1], electrical networks [2], and congestion models [3].

We begin with the definitions of key terms in graph theory, relevant to our
research.

Definition 1.1. A Graph G = (V,E) is an ordered pair, comprised of a set of
vertices V = {v1, . . . , vn} and a set of edges E = {e1, . . . , em}, where for all i =
1, ...,m, ei = vw ∈ E for some v, w ∈ V . We say G is a graph with n vertices if
|V | = n.

Definition 1.2. We call G is a simple graph if there is at most one element of
E connecting i to j when i ̸= j, and no edges connecting i to j when i = j, for
i, j ∈ V . Furthermore, G is undirected when an edge connects i to j if and only if
an edge connects j to i.

Definition 1.3. For a graph G = (V,E), we say that u is adjacent to v if there is
an edge between u and v. The set of all vertices adjacent to a vertex u is called the
neighborhood NG(u) of u.

Definition 1.4. For a graph G = (V,E), the degree of a vertex u ∈ V is defined
as degG(u) = |NG(u)|.

Definition 1.5. The adjacency matrix of a graph G is the matrix

A =


a11 . . . a1n
a21 . . . a2n
...

. . .
...

an1 . . . ann


of zeros and ones such that

aij =

{
0 if i is not adjacent to j
1 if i is adjacent to j

(1)
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Definition 1 .6. A  walk W  o f l ength k  i s a  g raph t hat c onsists o f a  s equence of 
vertices and edges of the form v1, e1, v2, e2, . . . , ek, vk+1, where v1, . . ., vk+1 ∈ V 
and e1, . . ., ek ∈ E.

Definition 1 .7. A  path P  of l ength k  i s a  walk of l ength k  where a ll the vertices 
v1, . . ., vk+1 and edges e1, . . ., ek are distinct.

Definition 1 .8. A  c onnected g raph G  i s a  g raph a nd t here i s a  p ath f rom any 
vertex to any other vertex in the graph. A graph is not connected is said to be 
disconnected.

In this paper, we assume G is undirected. Therefore, we can define edges in both 
directions between i and j, i.e. from i to j, as well as from j to i, where i, j ∈ V 
and i ≠ j.

Definition 1 .9. A random walk on an n-vertex graph G follows the process below:
• Choose a starting vertex i on G.
• Let A = {j : i ∼ j} ⊂ V . Choose an element j of A uniformly in random,
i.e. equal probability is given to all possible choices.

• Repeat the second step, selecting the destination of each step of a given
walk, up to the stopping time.

Now, we are ready to define a hitting time of a random walk. As our focus in
this paper is on discrete random walks, we provide the definition of a hitting time
for a discrete random walk; the definition of a continuous random walk is in [6].

Definition 1.10. Let u and v be the vertices of a connected graph G. Define access
time or hitting time, H(u, v), to be the expected number of steps that a random
walk starting at u takes to reach v for the first time.

If we let pn denotes the probability the walk from u reaches v for the first time
in n steps, then we have

(2) H(u, v) =
∑
n≥1

npn

Note this sum can diverge to infinity.

The rest of this paper is organized as follows:

Section 2 constructs preliminaries to understand the theoretical concept of hit-
ting times for random walks on graphs.

In section 3, we state the main theorem that the hitting time on a star-shaped
graph with n vertices is 2n− 3 for n ∈ {2, 3, · · · }.

In section 4, we simulate our results on MATLAB. The results confirm that the
hitting time of random walks with a specified number of vertices agree with the
value obtained in Section 3.

2. Preliminaries

Our focus is on random walks on unweighted and undirected star-shaped graphs.
First, we provide the definition of a star-shaped graph.
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Definition 2.1. A star-shaped graph with n vertices has one vertex at the center,
with which the rest of the vertices are all connected by a single edge, and there are
no more edges, i.e. the degrees of the center vertex and the rest are n − 1 and 1,
respectively.

Figure 1. Examples of Star-Shaped Graphs with 1 to 8 Vertices

The definition of the probability matrix to follow is closely linked to the definition
of the adjacency matrix.

Definition 2.2. The probability matrix of the graph G, denoted M or M (G),
is defined as the matrix whose entry Muv represents the probability of a random
walk departing from the vertex u ends at the vertex v, i.e. Muv = µuv

du
, where

µuv denotes the number of edges connecting u and v, and du the number of edges
incident to the vertex u, counting loops only once.

Elementary probability theory shows that if ℓ is a positive integer, then
(
Mℓ

)
uv

is equal to the probability that one ends up at vertex v in ℓ steps given that one
has started at u.

Theorem 2.3. H(u, v) =
(
(Ip−1 −M[v])

−2
T [v]

)
u
, the u-entry of the column

vector (Ip−1 −M[v])
−2

T [v], where In denotes the n × n identity matrix; M[v] a
matrix M whose v-th row and column deleted; and T [v] the column vector whose
rows are indexed by the vertices w ̸= v with T [v]w = µwv

dw
.

Proof. The proof is in [6]. □

3. Main Results

For star-shaped graphs, there are two cases. A random walk begins from either
the center or root vertex, or any one of the surrounding vertices. First, we consider
the walk departing from the root.

Theorem 3.1. The hitting time, Hn, on a star-shaped graph with n vertices is
2n− 3 for n ∈ {2, 3, 4, · · · }, when a random walk begins at the root and ends at one
of the connected vertices.
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n−1

4

Proof. Since equal probability is assigned to each path a random walk can take, and
by symmetry, hitting time from the root to each vertex will be the same. Therefore, 
we can compute a hitting time from the root to one of the surrounding vertices, and 
let the value be the hitting time from the root to any of the surrounding vertices.

Let us first consider when n ≥ 3.
Pick one of the surrounding vertices as a destination. Then, the destination is
reached in 2k − 1 steps for k ∈ N, after making k − 1 “failed attempts” to ver-
tices other than the desired destination. Since the probabilities for making failed 
attempts, returning to the center, and heading to the desired destination are n−2 ,

n−1

1, and 1 , respectively, we obtain

Hn =
∞∑
k=1

(2k − 1)

(
n− 2

n− 1

)k−1 (
1

n− 1

)

=
1

n− 2

∞∑
k=1

(2k − 1)

(
n− 2

n− 1

)k

=
1

n− 2

{
2

∞∑
k=1

k

(
n− 2

n− 1

)k

−
∞∑
k=1

(
n− 2

n− 1

)k
}

=
1

n− 2

2 ·
n−2
n−1(

1− n−2
n−1

)2 −
n−2
n−1

1− n−2
n−1


=

 2
n−1(
1

n−1

)2 −
1

n−1
1

n−1


= 2(n− 1)− 1

= 2n− 3

The equality,
∑∞

k=1 k
(

n−2
n−1

)k

=
n−2
n−1

(1−n−2
n−1 )

2 , comes from the relationship
∑∞

k=1 kx
k =

x
(1−x)2 for |x| < 1.

Now we consider the case n = 2.
When one vertex is considered a root, then the other one is the only possible
destination other than the root itself, which takes only 1 step. Therefore, H2 = 1.
The claim Hn = 2n− 3 holds, since H2 = 2 · 2− 3 = 1.

Therefore, Hn = 2n− 3 for n ∈ {2, 3, 4, · · · }. □

Example. We show the results from the Theorem 2.3 and from the Theorem 3.1
agree in the case of a star-shaped graph with 6 vertices.

Let M be a probability matrix of a star-shaped graph with n vertices, where its
root is indexed as 1. Then, the probability matrix M of a star-shaped graph with n
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vertices has the form

M =


0 1

n−1
1

n−1 . . . 1
n−1

1 0 0 . . . 0
1 0 0 . . . 0
...

...
...

. . .
...

1 0 0 . . . 0



Then, In−1 −M[v] =



1 1
1−n

1
1−n . . . 1

1−n

−1 1 0 . . . 0

−1 0 1 0
...

...
... 0

. . .
...

−1 0 0 . . . 1

 for v ∈ {2, 3, . . . , n}.

Therefore, when n = 6, for v ∈ {2, 3, 4, 5},

I5 −M[v] =


1 − 1

5 − 1
5 − 1

5 − 1
5

−1 1 0 0 0
−1 0 1 0 0
−1 0 0 1 0
−1 0 0 0 1


Then,

(I5 −M[v])
−1

=


5 1 1 1 1
5 2 1 1 1
5 1 2 1 1
5 1 1 2 1
5 1 1 1 2


So,

(I5 −M[v])
−2

=


45 10 10 10 10
50 12 11 11 11
50 11 12 11 11
50 11 11 12 11
50 11 11 11 12



Also, T [v] =


1

n−1

0
0
...
0

. So, T [v] =


1
5
0
0
0
0

 for v ∈ {2, 3, 4, 5}.
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Therefore, by Theorem 2.3,

H(1, v) =
(
(I5 −M[v])

−2
T [v]

)
1

=



45 10 10 10 10
50 12 11 11 11
50 11 12 11 11
50 11 11 12 11
50 11 11 11 12




1
5
0
0
0
0




1

=


9
10
10
10
10


1

= 9

We can see the result is identical to the value obtained by the Theorem 3.1 presented
in this paper, H6 = 2 · 6− 3 = 9.

It naturally follows the hitting time of a random walk taking between surrounding
vertices would be 2n− 2 for n ∈ {2, 3, 4, · · · }, since the initial step from the origin
to the root is of size 1 with probability 1. We therefore obtain the following:

Corollary 3.2. The hitting time of a random walk taken between surrounding
vertices on a star-shaped graph with n vertices is 2n− 2 for n ∈ {2, 3, 4, · · · }.

4. Numerical Simulations

Introduced in this section are the MATLAB code to compute the hitting time of
a star-shaped graph when n = 6 and its output, along with explanations. The code
is written in 3 paragraphs. In the first paragraph, the probability matrix (P) of the
star-shaped graph with 6 vertices is first defined, and then a discrete-time Markov
chain is assigned to P. The second paragraph plots a graph, showing walks have
a period of 2. The last paragraph computes hitting times, and produces output in
the form of a column vector (H) as well as a graph.

MATLAB Code:

P = [0 1/6 1/6 1/6 1/6 1/6 ;

1 0 0 0 0 0 ;

1 0 0 0 0 0 ;

1 0 0 0 0 0 ;

1 0 0 0 0 0 ;

1 0 0 0 0 0 ] ;

mc = dtmc(P) ;

f igure ;

g raphplot (mc , ’ ColorNodes ’ , t rue ) ;

f igure ;

H = hi t t ime (mc, 2 , ’Graph ’ , t rue ) ;
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disp (H) ;

MATLAB Results:
Figure 2 shows the shape of the star-shaped graph with 6 vertices and the period
of each vertice is 2. That is, the length of every trip returning to its origin is a
multiple of 2.

Figure 2. Star-Shaped Graph with 6 Vertices

Figure 3 and the output H =


9
0
10
10
10
10

 show that the hitting times to the desired

destination, labelled as the Target State, from the root and from the surrounding
vertices are 9 and 10, respectively. These results agree with the value (H6 = 9) in
the Example in Main Results and with the value obtained by applying the Corollary
3.2 on H6, i.e. H6 + 1 = 9 + 1 = 10. Note that the label of each dot in Figure 3
was edited to denote hitting times.
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Figure 3. Hitting Times of Star-Shaped Graph with 6 Vertices
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