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ABSTRACT In this paper we derive the log likelihood
function for point processes in terms of their stochastic intensi-
ties by using the martingale approach. For practical purposes
we work with an approximate log likelihood function that is
shown to possess the usual asymptotic properties of a log likeli-
hood function. The resulting estimates are strongly consistent
and asymptotically normal (under some regularity conditions).
As a by-product, a strong law of large numbers and a central
limit theorem for martingales in continuous times are derived.

The Log Likelihood Function for Point Processes

We shall be concerned with multitype point processes, that
is, point events of r different types randomly occurring along
the real line. This process can be described by a multivariate
counting process N(f) = {Ni(9), . . ., N,(t)}, t € R, defined
on some probability space (2, o4, P). Here N;(t) — Nj(s), t >
s denotes the number of point events of type j that occur in
(s, 7]. By convention N;(0) = 0. We shall suppose that at
each ¢, at most one event, regardless of its type, can occur.
Let o,, t = 0 be an increasing family of sub-o fields such that
N() is sd,-measurable, ¢ > 0. Then there is for each j = 1,

. ., r a natural increasing process A;(#), called the compen-
sator of N;(#), relative to (s4,, P) such that m;(t) = N;(¢) —
A;(8), t = 0is an sd,-local martingale. Here we shall be inter-
ested only in the case in which the measure dA;()dP admits
a density \;(¢) with respect to dtdP. The processes A;(f) can
be chosen to be of,-predictable; that is, (f, @) = \;(t, w) is
measurable with respect to the o-field generated by all the
Aadapted processes with left continuous sample paths and
is called the stochastic intensity of the N(r) process. Intu-
itively, A\;(#) can be interpreted as

lim P{AN;(0) = 1lst}/at, 1

where AN(?) = N(t + Af) — N(¢). Indeed, if 74 is the time of
occurrence of the nth event of type j after the origin, then
m;(taT}), t = 04s a martingale and so for s > ¢, A € 4,,

sATh
EQLANj(saTh) — NiaTh)N = E{]-A L el dAj(u)}

=f' Ell gLy ph@Mdu. (2]

Heuristically, if s = ¢ + Ar and At is small, then the left-hand
side of Eq. 2 is approximately P(A N {t = 7} N {AN(r) = 1})
and the right-hand side of Eq. 2 is approximately E[141<.
A;(D]Ar. Since {}, < 1} € 4,, we obtain the interpretation 1.
Historically Eq. 1 was proposed as the definition of the sto-
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chastic intensity. This definition requires the existence of
the limit in Eq. 1 and is equivalent to our definition only
under some regularity conditions (1).

If o, = o, represents the sub o-field generated by N(s), 0
=< 5 <, then the stochastic intensity, which we now write as
\j(H), completely defines the probability distribution of the
process (2, 3). Let #r be the probability measure under which
the N;(#) are independent Poisson processes with_unit rate.
Observe that the random measure {j} X (s, £) = [{\;(u)du on
{1, ..., X R" is precisely the dual predictable projection
of the random measure {j} X (s, #) = N;(f) — Nj(s) in the
sense of Jacod (2). By a result of this paper, P is absolutely
continuous with respect to 7 on any si7, T > 0, with density

dP T r B ~
== exp( L le {log \;(DdN(1) — xj(x)d:}).

Now let {Py, 8 € O} be a family of probability distributions
on (Q, 1) and let \q ;(#) be the corresponding stochastic in-
tensity of the N;(¢) process. Then our result shows that the
log likelihood function corresponding to an interval of obser-
vation [0, T] is, up to an additive constant,

T r
L(6) = fo le {log X,, JOdN;(@®) — Ne, j(dt}. [31

Remark: The multitype process is a special case of the
marked point process when the space of the marks is just {1,
..., 1}. It is not necessary to suppose the existence of the
stochastic intensity to write down the log likelihood function
for the marked point process; it suffices that the measure
dAy j(t)dP, be absolutely continuous with respect to some
measure dv(f)dPs, where A, ;(f) is the natural increasing
process of N;(?) relative to s, and to P,. The special case we
considered is convenient for further development concern-
ing the asymptotic properties of the log likelihood function.

The Approximate Log Likelihood Function

The process we consider is defined on the whole line al-
though only an observation on [0, T] is available. Denote by
Mg, ;(#) the stochastic intensity of the N;(¢) process relative to
Py and the sub o-fields ,, t € R generated by N(s), —» < s
< t. Models of point processes are usually described in terms
of Ng(£) = (Ng1(D), . . -, Mg (D). For example, the self-excit-
ing process introduced by Hawkes (4) and also considered
by Hawkes and Oakes (5) can be defined by

ho(1) = ap + L ge(t — 5)dN(s), [

where ay is a constant vector and g,(*) is some appropriate
matrix function. Thus, it is desirable to obtain the log likeli-
hood function in terms of Ay(#). We are led to the problem of
computing A\y(#) in terms of Ay ;(#). Now, from the interpreta-
tion 1 of Ag;(r) one can expect that Ay ;(f) = E,
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{he,j(0)|s4,} in case g ;(2) is integrable. The following theo-
rem and its corollary are of the type often called innovation
theorems (see, €.g., p. 372 of ref. 6).

THEOREM 1. Let 1), be the time of occurrence of the nth
event of type j after the origin. Then, for almost all t, the
random variable lg<;ij\g, i) s Pg-integrable and
Lie<ripho,j(t) = Eg Lisrijhe,j(0)|sde] almost surely.

Proof: From Eq. 2, we have for all s > 0,

n= L Eo[l(ps-r’;) Ro,j(t)]dt

and hence the function
(t, @) = X,(t, @) = Ly<miy(@)Ng, (@)

belongs to L'R* x Q, Bg + ® o, dtdP,). We show that
there exists an s,-predictable process X,(f) with X, () =
E{X,(9)|s1,} for almost all ¢, almost surely. Indeed, there ex-
ists a sequence of simple functions of the form

my
Xuxlt, @) = 2 ZW(0) lgp,p®,  k=12,...,

which converges in L' to X,,. For 1%, <t < 1, set X, ,(1)
to be a version of Eo{Z¥)|s1,}, such that the process X, (1)
has left continuous sample paths and is s{,-adapted. This
is possible because of the martingale property of the
EfZ®|A)}, t®, < t < 1®, and hence X, (1) is l,-predict-
able.

From |X,, (1) — Eo{Xn(t)Iaﬂt}J < E¢{|Xn (1) — X,(1)||s4,} and
the fact that X, , — X, in L™ as k — =, we note that the
sequence X, i, k = 1 is a Cauchy sequence in L' and con-
verges to some s,-predictable process X, that equals
Eo{X,(9)|sd,} almost surely for almost all z. L

From the definition of X,(¢) and the fact that {t < 7}} € «,,
we have, almost surely, Ly Eg{Xn(0|d} = Eo{Xa()|sd}
for m = n and hence there is an o,-predictable process X(¢)
such that

Loy X(O) = Xu(t) = Eollizy>g Mo, ;0]

for almost all 7, almost surely._ 5
We now show that X(f) is Ag j(#). For this, let A € 4,.
Then the right-hand side of Eq. 2 equals

s sATh ;
Ea[ J: lAX,,(u)du] = Eo{lA J: X(u)du}.

By Eq. 2 the process N(1) — [4X(u)du, t = 0 is a local
martingale, which gives the desired result.

COROLLARY. Suppose that Ay i(t) is integrable for almost

all t. Then g j(t) = Eo{)\o,j(t)lsi,i almost surely, for almost
all t.
_ Although the above result provides a means of computing
No(?) in terms of Ay(t), the actual computation is not easy.
Instead, we approximate Aqg(f) by some Ay(?) that depends
only on N(s), 0 =< s =< t. The approximate log likelihood func-
tion is then

T

{  log Ro,j(DAN;(1) — X, ,-(z)d:}. (51
J’

Lo = [

Since T~! L1(6) depends essentially on the values of Ag(f)
for large ¢, if T is large, we would expect Lr to be a good
approximation to Ly for large T if \4(?) is a good approxima-
tion to Ay (?) for large t. By the Corollary of Theorem 1, and
assuming that N(f) is a process with stationary increments,
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we have that E|[\g(f) — Ne()]| = 0 as 1 —> =, which suggests
that Lz is a good approximation to Ly for large T if Ag(?) is a
good approximation to A,(?) for large ¢.

To illustrate our point, consider the self-exciting process
when \g(?) is given by Eq. 3. In order that A, ;() = 0 for all ¢,
we shall assume that ap, j; = 0, gq () = 0 for all . If the gy ;
are integrable and N(¢) is of stationary increments with
EN;(1) = pgj < =, then the integral in Eq. 3 exists almost
surely. Indeed

g @
Eo{f_m 86,j1(t - S)le(s)} < pg f_ go.ji(D)dt < +oo,

and hence the integral in the above left-hand side is finite
almost surely. As an approximation of A¢(#), one might con-
sider

Rol) = an + [ sott = NG,

which is evidently s§,-measurable and would be a good ap-
proximation to \,(#) for large ¢ if g4(f) — 0 sufficiently fast.

Asymptotic Properties of the Approximate Log Likelihood

From now on, we shall suppose that the N(f) process is of
stationary increments and metrically transitive in the sense
of Doob (p. 510 of ref. 7). Let () be the space of @ = (@, . . .,
w,), where the @; are nondecreasing integer-valued functions
on (-, ®), 4 is the o-field generated by the projections
@— &(f) — @(s), s <t, Pyis the restriction to o of the image
of P, by the application N:w— N(-), and T}, is the shift opera-
tor (T4@)(t) = @(t + h). The stationarity means that T}, con-
serves the probability Py; that is, Pe(T5'A) = P(A),V A €
s, and metric transitivity means that the invariant sets,
which are those sets A € o with T A = A, a.s., have proba-
bilities zero or one. Now, from the fact that N(f) — N(s) =
@ © N and that T, conserves the probability Py, one can
show that A\ g(¢) = Ng(?) o N with \g(t + h) = Ng(t) ° T;,. Hence
if Ag(?) is integrable, then

.1
;"2 T ,[, No(t)dt = E{\g(0)}, almost surely.

We assume that 6 C R* and Ag(r), Ao () are twice continu-
ously differentiable with respect to 6, almost surely. We
shall use the notation x{", x to denote the vector and the
matrix of first and second derivatives of x, with respect to 6.
Let y(z) be a function of the Xq ;(1), A, (1), i = 1, 2 such that
¥(2) is integrable. Then, by the same argument as above

1 T
T J; Y(t)dt — Ey(0), a.s. (T > ), [6}

In this section, we are interested in the limiting behavior of
L7(8), LY (%), i = 1,2 as T— =, 6* being the true value of
6. We have that dm; = dN;(f) — \;(t)dt when 6 = 6*, and
putting ¢, ;(£) = log g, ;(1), it follows that

J

r T .
L@ = % [ | de0dm)

T
+ fo {Bo ;O\ () — )i,-(r)}dz] M
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LP(0) =Zl [ fo SN — N (D}t
i

T A
+ ¢§,{}(r)dm,~(t)] 8]
and

r T T
LPO) = 2 [ [ a0t - Ko j0hdr + [ 42 0am )
j=1 L0 0

T
- L A1) b, ,-(t)dt]. 9]
To use the result 6 we replace ):,, (0, <i’o, i@, ... by

No,j(1), @, ;j(t) = log N (D), . . . . The following result can
easily be proven and is quite useful.

LEMMA 1. Let &, X, be such that /%, — 0 as t —> ». Also
let [§leddu(t) < o and w(T)™? [T|x|du(t) be bounded where
. is @ nondecreasing function with u() = . Then u(T)™!
T edpu®) > 0as T — o,

To obtain convergence results for the stochastic integrals
with respect to dm;(z) in Egs. 7 and 8, we will need the fol-
lowing result, which is also of independent interest.

LeEMMA 2. Let M;, t = 0 be a locally square integrable
martingale with continuous natural increasing process (M),.
Let g, t > 0 be a nondecreasing left continuous function
With g. = ®, such that (M), = 0(g?~°), € > 0, almost surely
as t = ©, Then Mt/gr — 0 almost surely as T — o,

Proof:: Let a > 0 be such that g, > 0. Let ¢ be an arbitrary
positive constant. Define the stopping time = = Inf {: [;
g:2d(M), = c}. Set M, = M, and Z, = [} g;'dM, = [
g:1dM;. The process Z,, t = a is a martingale with a natural
increasing process (Z), = [\ g;2d(M), < c, t = a. Since
EZ? < ¢, t = a, we know (pp. 354 and 316 of ref. 7) that
almost surely Z,+, Z,—, Z,+; t = a, Z exist and Z, is bound-
ed on any finite interval. Set t%¥ = a + (T — a)i/k and write

k
grir = Z‘i Herw — giw}Zep + gi0{Ziw — Zi}]
T T
= J' ZPdg, + j gPdz,,
0 a

where Z® = Z,p, g = g,» for 19 <t <®,
By the Lebesgue-dominated convergence theorem and the
property of stochastic integral, almost surely as k —

- -
f Z?")dg: - j Z,.dg,
and
T T T
fa gﬁk’dZ:—> f gdZ, = J dM, = M7 — M,.
Therefore,

gr'Mr — M) = Zr — (1 - g.g7)2Z-
T-
- g;l J; (Zr+ - Zoo)dgt-

Since g7 1 ® as T—> », from Lemma I, we obtain g7'M%—
0 almost surely as T — .

Now, we have M, = M, for all t on the set {r = «} =
{2 g2_d(M), =< c}. Since c is arbitrary, we obtain g7:M7—

Proc. Natl. Acad. Sci. USA 83 (1986) 543

0 almost surely as T — o on the set {J g5 2d(M); < =}. By
assumption (M), < const g2~%, for all s = b, for some b = a,
almost surely. So,

r g5 2d(M); < ; also f g5 2d(M); < .
b a

The proof follows.

THEOREM 2. Suppose that

(@) P{g,j(t) = c} = 0 for some ¢ > 0 (c is independent of t by
stationarity) and Ng j(t) — Ao, (1), N}(0) — N4V, i = 1,2 tend
to zero almost surely as t — .

(i) g j(t) is integrable, and &, j(t) and the elements of
H(), ¢§,2,}(t) are square integrable with respect to the mea-
sure \;(t)dP.

Then, almost surely as T — o,

T Lr(9) — E[Z o, (ON(0) — xo_,«»] = A

TILP6*) — 0
T'LP(6*) > —E{E ¢}”(0)¢§”(0)'¢,~(0>} =-I.

Proof: Consider the right-hand side of Eq. 7. By (i),
B0, (ON() = R (1) = Bg,/(DNa, ;1) — Ng ;1) + 0(0)

where in this proof o(¢) denotes a quantity tending to zero
almost surely as t — . By Lemma 1 and the fact that
®s,j()\;(2) is integrable, we obtain from Eq. 6 that T ! times
the last term of the extreme right-hand side of Eq. 7 tends to
A(9) almost surely as T — «. On the other hand, m;(?) is a
martingale with natural increasing process given by d(m;), =
\;(t)dt. Therefore, M;, = [§ by, ;(1)dm;(?) is also a martingale
with natural increasing process (M), = [§ %, SO\ (). If
(M)); = 0(t) almost surely as ¢t — =, then, by Lemma 2,
M;1/T — 0 and hence T~'L7(8) — A(6) almost surely as T
— o, Since from (i)

B1ON® = 83 (ON@) + b j(ON (D) + N(B)o(?)

and so M; /T — E{d>§, (O)\;(0)} almost surely as T — =, we
obtain the result.

The proofs for the convergence of T7'L{Y(6*) and
T~L?(6*) follow analogously.

Consider now the asymptotic distribution of T~Y2L1(8*).
From Eq. 8, we expect that this is asymptotically distributed
like

T r
Zr=T71" L Zl SP@O)dm(1). [10]
=

The asymptotic distribution of Z; can be obtained from
the following result, which is of independent interest.

LEMMA 3. Let M,, o;, t = 0 be a square integrable martin-
gale with natural increasing process (M,) satisfying d(M), =
Xdt. Suppose that there is a semigroup of shift operator Ts,
s = 0, conserving the probability and metrically transitive,
such that Tgldt = HAirn, My — My) © Ty = Misn — Mgsn
Then as T — », T"Y2My is asymptotically normal with mean
zero and variance EX,.

Proof: Let nr be integers such that A = T/ny—> 0as T—
o, Set YT,J‘ = T_llz(l‘leT - M(j—l)AT)- Then, as T — ©,
T™VM; = T™Y2M, + 5% Yr; is asymptotically normal
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with mean zero and variance EX,, provided
nr .
@) Z E{ Y%" jld( j—l)AT} — EX, in pl'Obability
Jj=1
nr )
(ii) Zl ElY3, 73 591 = 0, £ > 0.
=
To verify i, observe that the sumi in i equals
1 (7 1 (7
}L Xﬁ”dt = (M)T/T + ?L (Xsn - Xt)dt’

where X} M = = EX, tl‘ﬂjAT) for JAT
= X, o Ty and E(X,+4|As+4) =

-0,

<t < (j + 1)Ar. Clearly X,
E(X/|sd,) o T),. Therefore, as Ay

Sup ElXP - X| = S“P EEX)|s4;-,) — X = 0.

0=</<T

Note that X, i 1s .ﬂ,—measurable because this process is pre-
dictable. Thus, the sum in i differs from (M);/T by a term
tending to 0 in the mean and since (M);/T — EX, by the
metric transitivity of T, we obtain the result.

To verify ii, observe that the Yz, 4 =1, ..., nrhave the
same distribution. Putting £(f) = M7 — M,, the result will
follow by verifying that

nrlE(Y}1 Lyt >a] = AT'E[E(AD1g@p>en)]

tends to zero as T— »,

We now show that the difference between TY2L7(8*) and
Zy, defined by Egs. 7 and 10, respectively, tends to zero in
probability as T — .

LEMMA 4. Let My, t = 0 be a locally mtegrable martingale
with continuous natural increasing process (M). Let h, = 0.
If (M)r/h% — 0 in probability as T — o, then so does Mr/h.

Proof: Let & > 0. Define the stoppmg time g, to be the
value of 5 such that (M), = eh2. Then as T—> ®, P{M1no, #
Mz} - 0 On the other hand, E(M%x,.) E(M)T/\,,
EM),, = : ¢h% and, hence, by the Chebyshev inequality,

P{My/hy| > 8} = P{Mzn,, # Mz} + €/8%,

from which the result follows.
THEOREM 3. Suppose the conditions of Theorem 2 are sat-
isfied and also

T . .
OT [ POR0 - oKt 0

in probability as T — . Then T~Y*L(6*) is asymptotically
normal with mean zero and covariance matrix J given in
Theorem 2.

Proof Let a be a vector and Z; be given by Eq. 10. Then
My = TY2o'Z;, T = 0 {s a martingale with natural increasing
process

= L Zl {a’' dP(s)FN;(s)ds.
e

By Lemma 3, a'Zr is asymptotically normal with mean zero
and variance a'Ja. On the other hand, by i and Lemma 4
with dM, = S,a'{$0(1) — ¢P(O}dm;(1), h, = V1, we see that
T 2LP0*) - Zr— 0 in probablllty as T — =, The result
follows
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Asymptohc Properties of the Maximum Likelihood
Estimator

We now study the asymptotic properties of the estimate 6,
which maximizes Ly in ©. For convehient reference, we
state the general result.

. THEOREM 4. 1. Let At be a random function on § C Rk
satisfying

i) Ar(8) = A(6) almost surely as T — o, with A being
continuous, admitting a unique maximum 0*

(ii) For any 0 # 6*,

lim Sup Sup {A(®) — A} — 0 a.s.
Too 0'€U(8)

as the neighborhood U(8) of 0 shrinks to 6.

Then any 01 realizing the maximum of At on a compact C
of © containing 6*, coriverges almost surely to 6* as T — ».
2. Suppose that 6* is an interior point of ©, and A admits
continuous first and second derivatives wzth respect to 0,
denoted by the vector A( ) and the matrix A'r , satisfying

jiii) As T — o, A(Z)(G"‘) — —J in probability, and VT
a A7) is asymptotlcally normal with mean zero and covari-
ance matrix J.
(iv) For eveiy € > 0,

lirTn inf P{AQ(9) - AP(6%))}<e Vo€ U®BY

increases to 1 as the neighborhood U(G*) of 8* shrinks to 6*.
Then OT is asymptoncally normal with mean 0* and co-
variance matrix T~J~1. Moreover, if 01 is T”z-consutent
that is the distributions of \/T(OT 0*) are tight, then 01-
{01 — AP(67)'AP(O1)} > 0 in probabthty as T— o,

We apply the above results with A7 = T~1Ly. By Theorem
2, condition i is satisfied except for the continuity of A(G),
which we shall assume. To see that 8* realizes the maximum
of A(8), write

A0) — A(6*) =

j; (E log {\g,j(ONO;(0) + N;(0) = Ng ;(0)]

and note that log x < x — 1 with equality if and only if x = 1,
we get A(9) = A(6*) with equality if and only if Ay ,(0)
xj(O) almost surely, implying, by statlonarlty that A ;(#) =

\;(?) almost surely. If the parametrization is such that for 0’
# 0, N, (1) is not equal to Ay ;(#) for all ¢t almost surely, then
0* is the unique maximum of A.

Theorems 2 and 3 show that condition iii is satisfied. So all
we need is to verify conditions ii and iv. This would require
rather strong assumptions on A\ (¢) and Ay (7). A sufficient set
of assumptions is as follows.

AO0: For any compact C of ©, there is a ¢ > 0 such that
Xe,j(t) = c almost surely for all t, all 6 € C.

Al: For any compact C of ©

lim Sup [Ro.i®) = Ao ;0| = 0 a.s.,

t—o®
E{%gg ¢3,,-(t)}x,-(t) < w,
A2: For some compact neighborhood U of 6*,

lim Sup N0 = MY®[ = 0as,,  i=1,2,
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6l {sup 16207 o | <

@) ©
E{fgg IIl\o,,-(t)ll} <.

THEOREM 5. Under assumptions A0 and Al, condition ii
of Theorem 4 is satisfied, and under assumptions A0 and
Al, condition iv of Theorem 4 is satisfied. '

Proof: Let U(6) be a compact neighborhood of 6. Then
from Eq. 7, '

r T
—1 4 _1 n . .
#Se‘illg) T"L0)=T J; [J; {o‘selll}(%) $o ’j(t)} dN;®

T
—f {Inf io,j(t)} dt].
0 [437(C)]

By the same argument as in the proof of Theorem 2, the

above right-hand side is seen to converge almost surely as T
— ®© to

le I:E[L’Sell%) ¢0',i(t)}hj(t):| - E{O‘g;/{;) )\o,j(t)}].

By the monotone convergence theorem, as U(8) shrinks to 6
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the above expression converges to A(8) and hence

T-x

lim sup {’Se%) T'ILT(G')} — A(8) a.s.,

which gives the result.
Verification of condition iv follows essentially analogous-
ly.
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