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FLATNESS OF THE COMMUTATOR MAP ON SPECIAL LINEAR GROUPS

This thesis contributes to the study of the fibers of the commutator map on special linear groups
in characteristic zero. Specifically, we show that the fibers over non-central elements all have the
same dimension. Also we explain that the fibers over central elements can be of larger dimension
and compute how large. We use the character tables of finite general linear groups constructed
by J.A. Green to count solutions to the commutator equation [z,y] = g over finite fields and use
algebraic geometry to go from characteristic p to characteristic 0. To deal with fibers over central

elements, we compute the orbits of the conjugation action of GL, on these fibers.
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Introduction

This thesis is devoted to studying fibers of commutator maps over algebraic groups, specifically,

o form>1,let [[|™:G™ x G — G via [a,b]"™ = [a1,b1] - - - [am, ] With a = (a1, ,ap),b=
(b1, ,by) € G™ and [a;,b;] = aibiai_lbi_l, what can we tell about size of the fibers
([,]™)~1(g) for any g € G, say for G an algebraic group over C?

There are many interesting algebraic questions on commutators, for instance, the Ore conjecture,
which says in a finite non-abelian simple group, every element is a commutator. The conjecture
was proved by Liebeck, O’Brien, Shalev and Tiep in [23].

Besides the simple algebraic definition above, the question is also rooted in a geometric background.

The fundamental group of a compact Riemann surface of genus g SY has the presentation

71—1(59) = <a1ab17"' 7ag7b9 | [al,bl] [CLg?bg] = 1>'

For any group G, every p € Hom(m1(59),G) is determined by p(aq), p(b;) which could be arbitrary

and the relation

[p(a1), p(b1)] - - - [plag), p(bg)] = 1.

Hence

Hom(m1(59),G) < ¢g_1(1),

i.e. fiber of the commutator map over the identity can be identified with the representation space
of a surface group into G. What about any other fiber d)f(g) over arbitrary g € G?
This leads to considering Riemann surface deleting a point. Using the uniformization above, S~ {x}

has deformation retract to the wedge of 2g circles. Then the fundamental group of S9 ~\ {x} is just



Fyy = Z % -- - x Z, the free group generated by 2g letters, which can also be presented as

m1(SY N A{x}) = (a1,b1,- -+ ,a4,bg, ¢ | [a1,b1] - - [ag, bglc = 1).

Now for any group G, any Vp € Hom(mw1(SY9 \ {x}),G) is determined by p(a1), p(b;), p(c) which

could be arbitrary and the relation

Hence

Hom(m1 (89 \ {x}),G) + qb;l(G),

i.e. any fiber qbg_l(g),Vg € G determines the representation space of 71(S9 \ {x}) into G of type
with the free quantifier ¢ mapped to x. In particular, gbg_l(l) < Hom(m(59),G).

When G is an algebraic group, then any representation space (ﬁ;l(g), for any g € G, is an algebraic
set. Moreover if G is (connected) over C (Lie group), then qﬁg_l(g) inherits both the Zariski and

(locally) Euclidean topology of G?9. The key example is as follows:

o Let G = GL,(C), then

¢y : GL,(C)* — GL,(C)

has image SL,(C). The thesis focuses on studying dimension of the fibers ¢;1(g),Vg €
SL,(C), which relates to the moduli space of complex vector bundles over S9 ~\ {x} for g = 1,
the flat torus case.
For any p € Hom(m1(S9 ~ {*}),GL,(C)),n > 1, a complex representation of the surface group, we
can define a complex vector bundle over S9 \ {*} as follows:

let X be the universal cover of S9 ~\ {*} with deck transformation group = = 7 (59 \ {*}), then



X x C" is equipped with a m-action

a-(z,v) = (a-z,pla)v),Va e m,xz € X,v e C"

Since 7 acts properly and freely on X hence also X x C", the resulting quotient

(X xC")/m — X/m =59\ {x},

is a rank n bundle, called the flat bundle with holonomy p, denoted by E,. Note that E, inherits
a flat connection (zero curvature) from the trivial bundle.

Especially when g = 1, S9~{x} deformation retracts to a wedge of two circles, which has a universal
cover as the Cayley graph T of F» = Z * Z. Hence any flat bundle with holonomy p can be seen as
the quotient of T' x C™. Actually, T looks like a fractal tree which has four branches at each node,

see page 77 of Hatcher |13]. In particular, F; is linearly realizable, say by the Sanov representation

1 2 10

Hence the flat structure of E,’s over SY9 \ {*} (¢ = 1) naturally comes from the trivial bundle
T x C™ quotient by linear representation of F». Similar for any g > 2.

Inversely, we can construct a linear representation of 7 from a flat vector bundle by holonomy. Let
E be a rank n vector bundle over S? \ {*} and V be connection on E. Given any smooth loop
v :[0,1] — S9N\ {x}, based at =, the connection defines a linear and invertible parallel transport

P, : E, — E, along the loop, hence a linear transformation in GL(E;) = GL,(C). Define

Hol,(V) ={P, € GL(E;) | v a loop based at z}.



Clearly any other base point gives a conjugation of the above group, hence up to isomorphism, we
denote it by Hol(V) and call it the holonomy group of the connection. If V is flat, contractible loops
gives trivial transport, resulting a surjective group homomorphism = — Hol(V) C GL,,(C) which
sends [7] to P,. This gives a representation of 7 into GL,,(C) with image Hol(V). By construction,
the flat bundle of holonomy E,, Vp € Hom(w, GL,(C)) with the natural flat connection, gives back
the representation p through holonomy as above.

By this far, we see the following identifications

<Z>g_1 (SL,(C)) +» Hom(m,GL,(C))

+ {flat complex vector bundles over S9 ~\ {x}},

via

¢y ' (9) & {p:m = GLa(C),p(c) =g}
<+ {complex vector bundle with flat connection V of type V. =g '}.

More generally for any Lie group G, we can consider principal G-bundles over Riemann surfaces
and establish the correspondence in a similar way. Then flatness of the commutator map in the
geometric setting, basically means that the flat complex vector bundles (or generally principal G-
bundles) of types in consideration have equal dimension.

For g > 2, it was proved that ¢4 = [, ]9 : G?9 — G is flat for any simple algebraic group G. Thus,
spaces of principal G-bundles of any type over hyperbolic surfaces all have the same dimension
(2g — 1)dim G. Jun Li proved in [19] the flatness of [,]9 for ¢ > 1 and any connected complex
semi-simple Lie group G, hence shows that those moduli spaces of E, basically have the same size
for hyperbolic surfaces. Moreover, Liebeck and Shalev in [21] gave a new proof of Li’s result by

studying zeta function (g(z/p(s). We will introduce the latter approach following Aizenbud-Avni [1]



and try to illustrate the thesis work for ¢ = 1 and G = SL,,(C), i.e. complex vector bundles over
the flat torus in the geometric setting, in scheme of the approach.
First, we have a formula by Frobenius [8]: Let G be a finite group, and let £ > 1 be an integer.

Then Vg € G, the number of solutions in G2* to the equation [21,41] - [z, yr] = @ is equal to

’G|2k71 Z x(9)

x€lrr(G)

where |G| denotes the order of the group and Irr(G) the set of all irreducible characters of G.
Second, in Liebeck and Shalev’s paper [22], they studied for any finite group G the associated “zeta

function”, V¢t > 0

YEIrr(G)
and showed that for any simple algebraic group G defined over a finite field F,, the zeta function
CG(FQ’")(L‘) < C'is uniformly bounded by some constant C' for any integer m > 1 and real ¢ > 1.
Rewrite the definition ¢ = []F : G?** — @G for any group G, we will outline a proof of the
following result: for G' group scheme over Z such that the generic fiber is simple and £ > 2, ¢q 1, is
flat.

We first prove it for G(Fym), for m > 1. By Frobenius’ formula and Liebeck-Shalev’s result on zeta

function (k > 2)

_ - x(g
bk 4 (@) = G _Xg)
am ), x(1)

xXE€Ilrr(G(Fgm))
1
2k—1
< |G(Fgm) > ()22

XE€Ilrr(G(Fgm))

= [G(Fqm) P71 ¢ (2k — 2) < C|G(Fgm) ™.



Now we use Lang-Weil bound: suppose V be a variety over ]va dimV = f, and V has e components

of top dimension f, then there is a power gy of p such that

[V (q)| = (e +o(1)q’

for all powers q of qp.
Here the dimension is the Krull dimension over ]Fp, which is same with the Krull dimension over

[F, for almost all power ¢ of p. Thus for any g € G,

dim ¢} (9) < (2k — 1) dim G,

which actually implies = (2k — 1) dim G.
To extend the result to characteristic 0, we resort to the following theorem by Grothendieck (9.2.6.1
of EGA IV [6]) that if f: X — S is a scheme morphism of finite presentation, then the function

s +— dim(f~!(s)) is locally constructible. Hence first dim G is generically the same. Now for any

g€ G(Q), let X = ¢ (a)

= {(xlvyla" : 7a7k7yk) € G2k ’ [xluyl] e [xkvyk] - g}

There are large enough number fields K/Q such that g € G(K), hence for any good prime p,
X, = X Xspeez Spec F, = X(F,,) contains ¢z} (g,) as its closed points for some g, € G(F,).
Thus dim X, = (2k — 1) dim G for almost all fibers (over good finite characteristics p). Again by

Grothendieck’s theorem, for the generic fiber,

dim X = dim ¢} (g) = (2k — 1) dim G.



To show

dim ¢ (9) = (2k — 1) dim G, Vg € G(C),

we mnotice that the Zariski closure Xy = {o(g) | 0 € Aut(C)} is defined over Q, and X,(Q) is
Zariski dense in X;. We showed for any h € X4(Q), dim gi)(_;lk(h) = (2k — 1) dim G, hence again by
Grothendieck’s theorem applied to ¢gx : G?** — @, we get the result.

Finally we turn the equi-dimension property into flatness by Ex. 3.10.9 of Hartshorne [12] that for
f X — Y a morphism of varieties, Y regular, X Cohen-Macaulay, and that every fiber of f has
dimension equal to dim X — dimY, f is flat.

However, when & = 1, the above arguments all work except that CG(qu)(Zk —-2) = CG(FW)(O).

Hence we can’t use zeta functions to control the character sum in Frobenius’ formula

(9)
(1)’

=

Ot 1 @] = [GE)] Y

XEIrr(G(Fgm))

=

x(9)
x(1)

character table of G(IF,). Fortunately for GL,(F,), it was calculated by J.A. Green. Moreover,

unless we can estimate the character ratio more precisely. To do this, we need the generic
unlike k£ > 2, dimension of the fibers over central elements may be higher than those over non-
central elements. The thesis deals with these issues for G = SL,(C) and shows that fibers of the
commutator map on SL,(C) almost all have the same dimension except over the finite number
of non-primitive central elements, hence sizes of those moduli spaces of holonomy bundles over a
torus with one hole are mostly about the same. We will first study the commutator map on the
finite quasi-simple groups GL,,(F,;) and show that most fibers have the same sizes using character
estimates of which the starting point is Frobenius theorem on character sums as in [§]. This can
be seen as a strengthening of Ore’s conjecture in this special case. The basic tool for estimating
the character sum of GL,,(F,) is Green’s character formula in [10]. Then to transform the result to

GL,(C) by Lang-Weil bound which turns counting of g-rational points to information of dimension



over F,,, and exploiting the structural morphism f : [,]7!(g) — Spec Z which builds a flat families

of varieties over each characteristic and suffices us to just prove for finite characteristics. Hence the

thesis will be presented as follows

Chapter 1 introduces basics of representation theory of finite groups, especially Frobenius
character formula and irreducible characters of symmetric groups which will be used through-

out the thesis.

Chapter 2 devotes to explanation of Green’s character formula for GL,(F,) which is the
main tool for estimating character sums. Green’s notations and conventions are basically

maintained to ease reader’s reference.

Chapter 3 includes character tables and the detailed computation of sizes of fibers of the

commutator map on GLy(FF,) and GL3(FF,;), which motivates the general treatment of GL,,(C).

Chapter 4 discusses character estimates in details and consists of the major part of the thesis.
Especially, it resorts to a crucial estimate from [20] and dramatically reduce the amount of

computation.

Chapter 5 finally translates the result from GL, (F,) first by Lang-Weil bound (see Lemma
7.1 of [21]) to GL,(F,), then through the flat family given by the natural morphism to Spec Z

and Lefschetz’s principle to GL,(C).

At the end all relevant references are listed under the Bibliography.



CHAPTER 1

Representation of finite groups

This chapter briefly reviews the representation theory of finite groups, developed mainly by Frobe-
nius, Burnside, Schur and Brauer from the end of the nineteenth century. As general references,

please check Serre [31], Fulton-Harris 9], Etingof et al. |7] and D.E. Littlewood [24].

1.1 Preliminaries of representation theory

In a general sense, representations of a group are ways of manifesting actions by the group on
various objects. One example is Cayley’s theorem stating that any group can be embedded into
permutation groups, say via the action of the group on itself, which can also be viewed as embedding
of the group into a permutation group. In this thesis we consider only the matrix representation,

i.e. linear action of groups on finite dimensional vector spaces.

Definition 1.1.1. A representation of group G (not necessarily finite) on an n-dimensional complex
vector space V' is a homomorphism p : G — Aut(V) = GL,(C) (with a basis specified), via the
action of G on V by left multiplication of p(g),Vg € G. A subrepresentation of a representation V'
is a vector subspace W of V' which is invariant under the action of p(G). A representation V is

called irreducible if it has no proper nonzero subrepresentation.

Example 1.1.2. For any group G, let C[G] = @4ecgC - g be the group algebra, which is a vector



space endowed with a multiplication

(D ag®)(Q_ba0) =Y (D anby,)g

S 9€g 9€G biha=g

for any finite sums, which induces an action of G by left multiplication on the group algebra, which
makes C[G] a representation of G, finite dimensional if G is finite. This is the so called regular

representation.

From there directly arises various computational aspects of linear algebra, one significant

of which is the following

Definition 1.1.3. Let p : G — GL,(C) be a representation. Then the naturally assigned complex

valued function x, : G — C given by

Xp(9) = trace(p(g)), Vg € G,

is called the character of the representation p. The number n = x,(1) is called the degree of the
character. If n = 1, the character is said to be linear. By an irreducible character we mean the
character of an irreducible representation. The set of all irreducible characters of G is denoted by

Irr(G).

Remark 1.1.1. If every element of G has finite order, then for any g € G, every eigenvalue of p(g)
must be a root of unity. Hence by definition, it is immediate that x(g~') = x(g). Moreover, for any
finite group, its representations can all be realized as unitary representations, see 3.6 of Etingof et

al. [7].

Example 1.1.4. (1) For any group G, the representation p : G — GL;(C) = C* given by p(g) =
1,Vg € G, is an irreducible representation with character y = 1, called the trivial character, denoted

by 1, and the representation is called the trivial representation.

10



(2) If G is a finite group, then the character of its regular representation has

|G| forg=1
x(g) =

0 forg#1,

since elements of G act on the basis of C[G] as permutations.
(3) Actually (2) is a special case of the so called permutation characters. Let G act on a finite set
Q2 ={wi, - ,wr} and denote C[(2] the free vector space with basis wy,- - ,wg, then the action of

G on ) extends linearly to C[Q2], i.e

k k
g-Zaiwi :Zai(g-wi),Vg Gg,al,"' , Qg E(C,
=1

i=1
which gives a representation G — GL(C), called the natural representation. Clearly its character
is

X(g) = the number of fixed points of g on .

It is called the permutation character given by the action of G on .

Definition 1.1.5. A complex valued function f : G — C on any group G is a class function, if
f(b~tgh) = f(g),Vg,h € G, i.e. the value of a class function depends only on conjugacy classes.

For any two class functions x1, x2 on a finite group G, we can define an inner product as follows

(X1, Xx2) = |g| ZX1

9€g
where y denotes the complex conjugate of y.

Immediately from the definition, a character is a class function.
With those basic notions defined, two cornerstones support the representation theory of finite

groups, Schur’s lemma and Maschke’s theorem.

11



Theorem 1.1.6 (Schur’s lemma). Let (Vi,p1), (V2, p2) be irreducible representations of a group
G (not necessarily finite) and ¢ : Vi — V5 a homomorphism of representations, i.e. ¢(pi(g)v) =
p2(g)e(v),Vg € G,v € V1. Then

(1) Either ¢ is an isomorphism, or ¢ = 0.

(2) If Vi = Vi, then ¢ = A - I for some A € C and [ the identity.

Schur’s lemma implies representation vector spaces of abelian groups have less content in the

following sense

Corollary 1.1.6.1. Every irreducible finite dimensional representation of an abelian group G is

1-dimensional. In particularly any irreducible character is a group homomorphism from G to C*.

Proof. Let (V, p) be irreducible, then any g € G induces a endomorphism of V' as follows

p(9)(p(h)v) = p(gh)v = p(hg)v = p(h)(p(g)v),Vh € G,v € V.

By Schur’s lemma, p(g) = A - I is a scalar operator on V. Hence every subspace of V' is a subrep-
resentation. Since V' is irreducible, it follows that dimV = 1. Then x,(g) = A, which defines a

multiplicative homomorphism G — C*. O

For abelian groups, Irr(G) forms a group, called the dual group of G and Irr(G) ~ G. For
details, see chapter 6 of Apostol [2].
Schur’s lemma also implies that for a finite group the set of class function on it forms an inner

product space having the irreducible characters as an orthonormal basis defined in Specifically

Corollary 1.1.6.2 (Schur’s orthogonality). For any x, X’ € Irr(G) for any finite group G,

/ 1 ifxy=y,
X)) =
0 ifx#y.

12



For a proof see Theorem 3.9 of Etingof et al. [7]. It can also be generalized to locally compact
groups (for integrable class functions), by Pontryagin duality |30] and by the Peter-Weyl theorem

[18].

Theorem 1.1.7 (Maschke’s theorem). Let G be a finite group. Then there is an isomorphism of

Vdim(Vi)

representations C[G] ~ @;V; , summing over all the irreducible representations V; of G. In

particular,

61 =S dim(V* = 3 x(1)?

x€Ilrr(G)
Also, there are as many irreducible representations as conjugacy classes of G. Further, every

representation of G is a direct sum of irreducible representations.

For a proof, see Theorem 3.1 of Etingof et al. [7].

1.2 Induced character and Mackey’s formula

Given a representation (V, p) of a group G and a subgroup ‘H C G, the restriction of the group action
on V to H gives a representation of the subgroup. This is a representation of H with the same
vector space V' and the restricted homomorphism pj3;. There is an adjoint construction producing

a representation of a group from a representation of its subgroup.

Definition 1.2.1. If G is a finite group, H C G a subgroup, and (V,p) a representation of H.
Suppose g1, - ,8n is a set of representatives in G of the left cosets in G/H, and for any g €
G,99; = 9;,b; for some b; € H,1 < j; < n,Vi. Then the induced representation Ind%V is the

representation of G with the vector space

Ind§,V = PV,
=1

13



and the action p IndS vV of G via
H n n
g-> givi= Y g;p(hi)vi
i=1 i=1
where v; € V, Vi.

Proposition 1.2.2. With the above notations,

9

dim(Indf,V) = dim(V)w.

Also if £ C H C G are groups and V a representation of K, then
Indg,(IndV) = Indl.V.

Example 1.2.3. Let H be a subgroup of a finite group G, and p : X — C* a 1-dimensional

representation. Then

e “lgeCH
o= m% ]

is an idempotent and Ind%V ~ C[Gle,

Notably the character y of I nd%V has the following expression

Theorem 1.2.4 (Mackey’s formula). Suppose z1, -, 2, is a set of representatives of the right

cosets H\G and yy the character of the representation V, then

x(@)= > xvlwzgr;),Vgeg.

migz;le?{

By Mackey’s formula, it is easy to check the degree x(1) = |H\G|xv (1) = dim(V)’Hg" which

coincides with the proposition above.

14



1.3 The Frobenius theorem

In this section we recall a theorem of Frobenius [g].

Proposition 1.3.1. For any finite group G, let g,h € G and Z; denote the centralizer of g in G.

Then

|Zg|  if g is conjugate to b

> x(a)x(h) =

x€lrr(9) 0, otherwise.

For a proof, see Theorem 3.9 of [7].

Proposition 1.3.2. Let G be a finite group and x the character of the irreducible representation

Vy of G, let

Then 1, acts on V, as identity while as null map on any other irreducible representation V., of G

if x # X' € Irr(G). Also v, is idempotent, i.e. ¢ = 1y, and Pty = 0 for x # X’ € Irr(G). In

particular,
x(1) i X' =x
geg O lf X/ 7é X
Proof. Directly compute x’(1y) using Schur’s orthogonality. O

x(1)
4

on V, as a permutation while as null map on any other Vi, for x # x’ € Irr(G). In particular,

Corollary 1.3.2.1. With the same notations, Vg € G, g - ¢, = > peg X(h) - gh~! € C[G] acts

x(g) ifx =x

0 otherwise.
Now we are ready to present Frobenius’ theorem.

15



Theorem 1.3.3 (Frobenius [8]). For any finite group G, Vg € G and any integer k& > 1, the number
of solutions (1, , Tk, Y1, .., Yk) € G* x GF to the equation [x1,y1] - - [k, yr] = mlylelyfl e xkykxlzlylgl =

g, denoted by N 4, is
Npg = |21 Z x(g)

x€Irr(G) X
Proof. We prove it for kK = 1 then use induction in general.

1 1

First, note that if [z,y] = [z1,y] = zyz 'y~ = zya; 'y~ then zyz™' = zyyay!, ie. y =

(z7tz1)y(z7 21) 7L, thus 2712y € Z,, where Z, denotes the centralizer of y in G. Hence for any

fixed y € G, the number of solutions to the equation [z, y] = g is either |Z,| or 0.

Second, we employ the fact from Proposition 1.3.1 that

|Zy| if z is conjugate to y
> xwx(z) =

x€lrr(9) 0 otherwise.

Comparing with the analysis above and using a variation that [z,y] = g & zyz~! = gy, i.e. gy is

conjugate to y, we get another expression of Ny 4

Nig=>_ > xex®= > > x(ev)x®.

y€G xelrr(G) x€Ilrr(G) yeg

Third, we focus on the inner sum Zyeg x(gy)x(y), which is just the value of x on ¢g, :=

> yeg x(oy) -y~ € C[G]. We can also transform it into

S =D _x(ay) vy =D xloy) (ay) " a=> x@)-v g,

yeg yeg yeg
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ie. ¢gy = X’(gl|)g -1)y. Hence by Proposition 1.3.2, x(¢g,y) = yg|@ In conclusion,

x(1)

Nig= 3 e =g 3 X

xE€Irr(G) x€Irr(G) X(l)

Now suppose the formula is true for < k, then by

w1,y [k, v [Tt 1, Y1) = 9 © (20 - [k Y] = 9Vt 1, Trta]

we get

Nk+1,g:ZNk,gth,h:Z G|t Z xlgh) G Z X<?)

2k—1
heg heg x€Ilrr(G) X(l) x€Irr(G) X( )

ST/ ——— PN

2k—1
XX €Irr(G) x(1) X'(1) beg

1
=167 Y X ()

et XO*TIX ()
_ ‘g’2k+l Z X(g)

x€Irr(G)

in which the last equality is deduced again from Proposition 1.3.2. Then by induction, the formula

is true for all &k > 1. O

Example 1.3.4. Let G be a finite abelian group. Since x(1) = 1,Vx € Irr(G), we get
IG|? ifg=1

Nig=16] >  x(g)=

X€lrr(9) 0 ifg+£1,

by the orthogonality in Proposition 1.3.1. This coincides with the obvious facts for abelian

groups that [g,h] = 1,Vg,h € G.
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1.4 Characters of symmetric groups

The last section of the first chapter is devoted to introducing the Frobenius character formula
for symmetric groups, which will be used in the computation of character estimates later. Some

standard notations for symmetric groups and partitions need to be fixed first.

Definition 1.4.1. A partition A of any integer n > 1 is a row of positive numbers [y > [y > --- >
lp € Z4 with sum I} + --- + I, = n, denoted by A = {l;,---,lx} and each [; is called a part of
the partition. |A| = n always means A is a partition of n. Another notation for a partition is
A = {12 ...} meaning that A consists of r parts equal to 1, ro parts equal to 2, etc. The

following notations will also be used:

m - {1727 -} = {(m)™ (2m)" - -},

{1T12T2 .. } + {181282 . } — {1T1+812T2+82 .. }

Definition 1.4.2 (Young diagram). To each partition A = {l1,--- ,lp} with {y > Iy > -+ > I}, we
associate a union of n unit squares in k rows, called its Young diagram, denoted by Y, in which the
first row has [; squares, second row has [y squares, ..., and k-th row has [, squares. The conjugate
of Y) is its transpose, i.e. the first column has L; squares, second column has lo squares, etc, and

the corresponding partition is called the conjugate of A.

Definition 1.4.3 (Young tableau). A Young tableau corresponding to a Young diagram is obtained
by filling the numbers 1,--- ,n into the n unit squares one for each in any way. By convention,
a standard Young tableau often denoted by T) for a given partition A, is obtained by filling the

numbers in increasing order, left to right, top to bottom.
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Example 1.4.4. Let A = {5,4, 1}, then its Young diagram and the conjugate look like

and the conjugate of A is hence {3,2,2,2,1} = {11233!}. The Young tableau of \

8]

is standard.

Definition 1.4.5 (Young projectors). Given a Young tableau T), define two subgroups of S, as
follows:

(1) The row subgroup P,: the subgroup which maps every element of {1,--- ,n} into an element
lying in the same row in 7).

(2) The column subgroup Q,: the subgroup which maps every element of {1, --- ,n} into an element
lying in the same column in T}.

(PN Qy ={1} since their intersection fixes every element of {1,--- ,n}.)

Define the Young projectors (row projector and column projector) as:

ay = |P|Zg€(c

Z 1)%g € C[S,),

€Qx

where (—1)9 denotes the sign of the permutation g.

Definition 1.4.6 (Specht Module). Set ¢y = ayby, then the subspace V) := C[S,]cy of C[S,] is
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called the Specht module associated to the partition A of n.

Remark 1.4.1. Clearly for any two Young tableaux of a given partition A of n the row subgroups
and column subgroups can be conjugated by a common permutation of S,,. The same is true for
the Young projectors. This shows that Specht modules of Young tableaux of a given partition are
all isomorphic.

Example 1.4.7. (1) For A = {TL}, P{n} = Sn, Q{n} = {1}, and so b{n} = 1,C{n} = Qp} =

1

— des g, which is invariant under the action of C[S,], i.e. Vg € Sn, g ¢y = cqpn). Hence
n! n

Viny = C[Su]egny = C - ¢qy), a 1-dimensional subspace, on which S, acts trivially as identity, i.e.
V(n} 1s the trivial representation.

1
(2) For A = {1”}, P{ln} = {1}, Q{n} = Sn, and so afin} = ].,C{ln} = b{ln} = ngesn(—l)gg.

Clearly, for any h € S,
1 g 1 h~'g 1 b g b
h-cpny = ol Z (—1)%hg = ol Z (-1)7 fg=—(-1) Z (=1)%g = (=1)" - cany.
" gESn " gESn ’ 9ESn
Hence dim V1»y =1 and the action of S;, on it gives the sign character, denoted by Xsgn.

In general, the irreducible representations of S, are classified by Specht modules:

Theorem 1.4.8. Any Specht module V) for a partition A of n is an irreducible representation of
S, under left multiplication. Every irreducible representation of S, is isomorphic to V) for a unique

A
For a proof, see Theorem 4.36 of Etingof et al. [7].

Remark 1.4.2. By Maschke’s Theorem there are as many irreducible representations as
conjugacy classes of a finite group. For the symmetric group S,, the above theorem shows that
an irreducible representation is uniquely determined by a partition of n. On the other hand, any

conjugacy class of S, can be determined by a partition as follows:
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Any permutation of 1,--- ,n can be decomposed into a composition of disjoint cycles, say with rq

many 1-cycles (fixed numbers), r2 many 2-cycles, etc, and any two permutations decomposable into

same numbers of disjoint k-cycles for any k are conjugate. Hence such a conjugacy class of .S, is

determined by the partition {17122 ---} of n.

Now we are ready to present the Frobenius character formula for symmetric groups.

conventional notation for character values will be fixed as follows

First, a

Definition 1.4.9. For any partitions \, p of n, x* denotes the character of Vy and by Xl); the value

of x* at the conjugacy class of S,, determined by p. Also given a row of variables z = (z1, - - -

VYm > 0, let

and

1<i<j<N

Theorem 1.4.10 (Frobenius character formula). Suppose A = {l1, -+ ,lp},p = {1712

N  Li+N—j
x? J

=175 in the polynomial

partitions of n, and N > k, then X,);‘ is the coefficient of []

Az) [ Hm(x)™.

m>1

s
N e

Equivalently, X,))‘ is the coefficient of [ 1T

in the Laurent polynomial

I1 (1 - j;) I Hunlx)™.

1<i<j<N m>1

For a proof, see Theorem 4.47 of Etingof et al. [7]. There is also a detailed discussion in

V of D.E. Littlewood [24].

,.CEN),

...} are

Chapter

Example 1.4.11. (1) For A = {n}, N can be chosen as N = 1, then there’s only one variable,
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denoted by z. In this case, A(xz) =1, vazl xé-jJrN_j = 2", and for any partition p = {1272 ...} of

n, [1ns1 Hm(z)™™ = 2", hence A(x)[[,,,>1 Hm(x)™ = 2™ and by Frobenius character formula

X,‘E”} = the coefficient of z" in z" = 1.

This coincides with Example 1.4.8 where Vy,,y is shown to be the trivial representation.

(2) For A={n—1,1} (n > 2), choose the Young tableau as

2 ||n1\

The row subgroup Py, _1,1} = Sp—1 is the stabilizer of n, hence

which is fixed by all g € S,,—1. Then Uy = C[S,,] - ay ~ C[S,,/Sn—1] - ay, where CIS,,/S,,—1] denotes
the n-dimensional free vector space. Clearly this is the natural representation (see Example 1.1.5

(3)) of Sp, which gives the permutation character of the action of S, on {1,--- ,n}.
Actually (2) is a special case of the more general result on induction of the trivial representation

Lemma 1.4.12. Let G act transitively on a finite set 2 and w € (2, then [ ndgwl gives the per-
mutation character of the action, where G, denotes the stabilizer of w in G and 1 the trivial

representation.

Proof. Since G acts transitively on 2, the left cosets G/G,, say with representatives gi,--- , gk, are
in one to one correspondence with the elements of Q2 via g,G,, — g;G,w = g;w. Hence for any g € G,
left multiplication by g on the cosets G/G,, gives an action isomorphic to the one on Q. Then by
1 ndgwl must be the representation given by the action of G on 2 and its character must be

the permutation character. This can also be verified by investigating the induced character using
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Mackey’s formula [T.2:4] O

By the Frobenius character formula, the first non-trivial irreducible character of S,, can be

computed as follows

Proposition 1.4.13. The character of Vy,_; 1y is y bl = Xperm — 1, where Xperm denotes the
permutation character given by the action of S, on {1,--- ,n} and 1 the trivial character. Actually,

Utn—1,13 = C[Sn] - ax = V{5—1,1) © 1, where 1 is the trivial representation.

Proof. For A\ = {n — 1,1}, N can be chosen as 2 and variables z1,z2. In this case, A(x) =

x — .’L’Q,H;V:l xéﬁN*j = ax9, and for any partition p = {1"27-.-} of n, [[,,5; Hn(z)™ =

[L,>1 (27" +25")"™, hence

Ax) [[ Hn@)™ = (21 —z2) [[ T +25)™ =21 [] @ +28")™ — 2o [ (@ + 25

m>1 m>1 m>1 m>1

The second term on the right gives —zx7 for any partition p. For the first term, to get 27 x2, there
must be parts equal to 1 in p and the coefficient of x> equals the number of 1’s in p, which is the
number of fixed points of the permutation corresponding to p (as in 1.4.10) on 1,--- ,n. Thus the
coefficient of 22 in the first term is the value of the permutation character Xperm(p) (see Example

1.1.5 (3)) and
X{n—l,l} = Xperm — 1,
where 1 denotes the trivial character.

1,1}

To verify the latter, notice that dim Vy,,_q 1) = X?f; = n—1, and also any permutation character

for any finite group G acting transitively on a finite set 2 can be computed as

1
(Xperm, 1) = @ Z Xperm (9)

geg

S #we g w=uw)

geg

_ L
9
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Y #oedlogw=w}

weN
1 1 |G|
= o gw = T4 T
61 2191 =1g 2 o

=1

_ L
9

)

hence the trivial representation 1 is a constituent of the natural representation Uy,_;,1}. Counting

dimensions, by Maschke’s theorem |1.1.7

Un—11y = Vin-11; ® 1.

O]

Remark 1.4.3. Vy,_1 ) is actually the standard representation of Sy,. In general, for any finite
group § acting transitively on a finite set Q2 and its natural representation C[Q], let V = {>" _ aw -
w e ClQ | > cqaw = 0}, called the standard representation of the action G on Q. Then by the

computation in the proof above,

CQ=Veal

Further, it can be shown that V is always irreducible as follows:
First, for general action (not necessarily transitive) of any group H on a finite set X, a similar
computation as above gives Burnside’s lemma (see Theorem 3.22 of [29]) which says

1

] 2 #lr € X [boa =) = |X/H|

heH

where |X/H| denotes the number of orbits.

Second, since the diagonal action of G on Q2 = Q x Q has two orbits, {(w,w) | w € Q} and

24



{(w,w') | w # " € Q}, then by Burnside’s lemma
<Xp67"m7 Xp@?"m |g| Z Xperm = [Q]Z/g‘ = 2'
9€g

Hence

<XVa XV> = (Xperm - LXperm - 1>

= <Xperma Xperm> - <Xpe7‘m7 1> - <17 Xperm> + <17 1)

=2-1-1+1=1.

In general, the calculation of character values of symmetric groups using the Frobenius character
formula is tedious. There are other explicit character formulas for symmetric groups, for
instance the Murnaghan-Nakayama rule (see Stanley [32]), which will not be of use in the thesis.
Rather, an exploitation of the conjugation of partitions gives an interesting result which we will

put to good use later.

Theorem 1.4.14. If u is the partition conjugate to A, then

Xt = xpx i

For a proof, see 5.3.V of D.E. Littlewood [24]. In particular, this gives

Corollary 1.4.14.1.

n—291 —
X2 =y on = (tperm — 1 Xsgns

where Xperm denotes the permutation character, 1 the trivial character and x4, the sign character.
Proof. Directly by Theorem 1.4.17 together with Proposition 1.4.15 and Example 1.4.8 (2). O

For a detailed treatment of representation theory of symmetric groups and Specht modules,
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check James and James, Kerber [16].
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CHAPTER 2

The characters of finite general linear groups

This chapter introduces the classification of irreducible characters of finite general linear groups,
following the conventions of Green’s original work [10]. In that paper, a number of special characters
are first constructed with the help of Brauer’s theorem [5], then by analogy of Schur functions (see
VII of D.E. Littlewood [24]), general irreducible characters can be constructed based on those
special characters. Especially, some fundamental cancellation properties of Green’s polynomials
and counting methods of p-modules are used to establish irreducibility of the resulting characters,
which will also be utilized in this thesis.

As to study of finite dimensional representations of complex general linear groups, please check

Schur-Weyl duality in Etingof et al. |7] or Weyl [34], and polynomial representations in Green [11].

2.1 Basic definitions and notations

This section introduces all necessary notations following Green [10]. There are some variants of

Green’s original notations to suit a modern treatment, which will be listed as follows:

Definition 2.1.1. For a fixed prime number p and any power ¢ = p", F, denotes the finite
field with ¢ elements. For any n € Z;,GLy(F;) denotes the general linear group Autp, (F7).

(§:=Fy,8a:=Fp, GL(n,q) or &, := GL,(C) and &, := S, were used in [10].)

Recall previous notations on partitions in there are the following definitions:
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Definition 2.1.2 (Jordan canonical form over F,). For any polynomial f(z)=z%—a4_ 124 1—--—aq

over [F, and any positive integer m, define the matrix

0 1 0

0 0 1
Uf)=Ui(f)=|.. .. .. .. 0

0 0 O 1

ap G1 G2 ... Gg—1

and
U(f) Ia 0
0a  U(f) la
Un(f) = 0
Od U(f) Ia
0g U(/f)

Also, if A ={l1,l2,...,1;n} is a partition of n, we denote

U(f) = diag(Uu, (f), Uty () -+, Ut,, (f))-

Then for any matrix A € GL,(F,) with characteristic polynomial decomposed over F, as fa =

k1 rko
9 .

1 . ]’f,N , where f1, fa,..., fn are distinct irreducible polynomials over F,, we have

An~diag(Uy, (f1), Usy(f2), ooy Uny (fN))

in which vy, e, ...,vN are partitions of ki, ks, ..., kN respectively determined by A. Hence each
conjugacy class ¢ of GL,,(F,) is determined by a set of irreducible polynomials and the corresponding

partitions, and can be represented by

Cn (1 1),
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in which va deg(fi)|vil = n with |v| the sum of all the parts in the partition v. Sometimes for
short, we will just write ¢ = (--- f*(/)...), which assigns a partition v(f) to each irreducible f (if

it does not occur in the characteristic polynomial of ¢ then v(f) is null).

Definition 2.1.3 (p—module). For any matrix A € M, (F,), Va(q) denotes the module over the
subring of M, (F,;) generated by A, with abelian group structure of Fy, i.e. Va(q) := (Fy, A) with
A acting on Fy. Then a submodule of Va(q) can be just characterized as an invariant subspace of
[Fy under the action of A. For any partition A, denote by Vi := Vi, (f)(q) for f(z) = z. (Actually
for any fo(z) = v — a, Vo € Fy, Vi, (5)(q) = Vi, (1.)(9), so we don’t distinguish them and V) is

well-defined.) Also by definition if f is an irreducible polynomial of degree d over [, then

U(f) generates the field Fya in My(F,). Hence Vi, (1)(q) ~ Va(q?) as modules over My (Fy).

Definition 2.1.4 (Substitution into conjugacy class). Let p = {1272 ... } be the partition with r;
parts equal to 1, ro parts equal to 2 etc, and let ¢ ~ (f* --- fx*) be a conjugacy class in GL,(Fy),

as in Let a be a map sending partitions to rows of irreducible polynomials over [, such that

(Green used the notation po)

Oé(p) = (fl,lv"'fl,ﬁ;fQ,l?' e 7f2,1“2;"')7

in which the polynomials may not be all distinct, and

deg(fi;) [4,Vi > 1,5 <.

In other words, it is a substitution of every part of the partition by an irreducible polynomial of
degree dividing the part. For a part 7 of p (denoted as 7 € p), a(7) (or Tav in Green’s notation)
denotes the polynomial the part is sent to by . For each irreducible polynomial f over F,, Vk > 1,

let vi(alp), f) = #{(4,J) | k- deg(f) = 1,5 < i, fij = [}, i.e. the number of parts of p sent to f
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by a, and p(a, f) be the partition {171()gw(xf) .1 e,

deg(f) - pla, f) := {(deg(f)) @ (2deg(f))2() ...}

is the sub-partition of p consisting of parts sent to f by a. Then we say « is a substitution of p

into ¢ if [p(a, fi)| = [w], VI=1,--- | N.

Example 2.1.5. Clearly, for any ¢,n > 1 and partition p of n, there is a substitution of p into
I, ~ ((t — 1)1'"}) which sends all parts to t — 1.
Suppose ¢ = 2,n = 10, p = {11233}, and ¢ ~ ((t+ 1)1 (2 +t+ 1)"2(t3 + t + 1)*?) a conjugacy class

in GLlo(Fg) with v = {1321}, V9 = {1},1/3 = {1}, then

alp)=(t+1;t+1,t+ 1,22 +t+ L2+t +1)

is a substitution of p into ¢, since p(a, t+1) = {1122} is a partition of |v1| = 5, and p(a, t? +t+1) =

pla, B +t+1) = {1} = vy = v3.

Definition 2.1.6 (Simplex and dual class). For an integer s > 1, if g = {k,kq, - ,kq¢* "'} is a
set of distinct residues modulo (¢° — 1), we call it a simplex (over F;) of degree s (denoted by
deg(g) = s, or simply d(g) = s), or an s—simplez, and we call any residue in the set a root of g. A
dual class of degree n > 1 is represented by e = (¢7" - - gx) with g; simplices, v; partitions, and

ity deg(gi)|vi| = n.

Remark 2.1.1. There are exactly as many s—simplexes as irreducible polynomials of degree s over
[F, since s—simplexes consist of exponents of roots with respect to a fixed primitive element of Fys
for irreducible polynomials of degree s over F,. Moreover, the notion of substitution applies to dual
classes accordingly if we replace irreducible polynomials by simplices. (Green calls a substitution

into dual classes a dual substitution.)
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Definition 2.1.7 (zp,n)\,gbn,]\f,\,gﬁl g /\k,QQ,Tsye(k : y)). For any partitions A, A1, Ag, -+, Ak,
p={1M2"2...} |p| = || = | M| +]| 2|+ -+ |Ag], and 6 : F;n! — C* a fixed faithful homomorphism

for all our purpose later on, we define the numbers

2p =1yl 2 gl

k.
ny = Z(l - 1)l; = Z (2Z>, if {1 > lg > --- are all the parts in A and
k;’s are parts in the dual partition of A,

Sn(t) = (L= )1 — %) (1 —1t"),

Ny denotes the number of parts in A.
(Hall’s polynomial)
gi\‘l’A%,_’/\k (¢) = number of chains V\ =V, D V1 D+ D Vi1 DV =0of

submodules of V) such that V;_1/V; ~ Vy, (as in , Vi=1,--- k;

(Green’s polynomial)

Qp(a) =D 98, ag(@0N,, -1(0) 0Ny, ~1(q) -+, with the sum being over all

rows of partitions (A1, Ag,-+-) s.t. Ay, -+, Ay, are partitions of 1, \q 41, ,

Ar,+r, are partitions of 2 etc.
In addition, for any positive numbers s, e, integer k and any v € F;n! with deg(7)|se where deg(7)

denotes the degree of its minimal polynomial over F, (in other words, v € Fys¢), we define

(e—1)s

Ts,e(k . ’7) = 0k(71+q5+..‘+q(671)s) + eqk(,yl—‘,—qs-i,-_l,_q

)
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R 9q571k(71+q5+m+q(671)5).

For any conjugate 7' of v over Fy, i.e. any other root of the minimal polynomial of 7, T ((k : 7') =
Tse(k 2 7).

Definition 2.1.8 (Parabolic induction for GL,(F;)). Let n = s; + so + --- + s; with s; > 1 and
Fy=Vo>Vi>Vy>--- >V, =0 be a flag of vector spaces such that dim(V;—1/V;) = si-1,Vi =
1,---,k. Then matrices of the subgroup Gy, ... s, < GLy(F,) which leave the flag invariant are all

of the form

Ayp A -0 Ay
Ao 0 A -+ Ay
0 0 - A

with A;; € GL, (Fy),Vi=1,--- k. If x; is a character of GLg, (F,), then x defined via

X(A) = x1(A11)x2(A22) - . . x&(Ark)

GLn (Fq)

is a character of Gj, ... 5,. Then we define x1 0 x2 0--- 0 x} to be the character [ndc;81 g

Green showed basic properties and gave an explicit formula of the parabolic induction as follows

Proposition 2.1.9 (Theorem 2, Lemma 2.5 and 2.6 in [10]). With notations as in the above
definitions, the parabolic induction operation o is multi-linear, associative and symmetric. Moreover

for any conjugacy class ¢ = (--- f*()...) of GL,(Fy),

X1ox20 o xk(e) =D g5 . exaler)xa(ea) - xulcr),

summing over all rows of conjugacy classes ¢; = (--- f*(/)...), respectively of GLs, (Fy),i =

1,---,k, in which

c _ v(f) deg(f)
Jer,en _I;Ig”l(f)z"'yl/k(f)(q £).
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2.2 Irreducible characters of GL,(F,)

Now Green’s classification of irreducible characters of GL,,(F,) can be stated as follows

Theorem 2.2.1 (Theorem 14 in [10]). Irreducible characters of GLy,(F,) are in 1-1 correspondence

with dual classes of degree n. For any dual class e = (gi‘1 .- -gg"“), denote the corresponding
character by I.. Then for any conjugacy class ¢ ~ (f;* -+ fx) of GLy(F,) we have

N
= (H I(gji)> (c) = (_1)n72|>\¢\ Z x(m, €)Q(M, ¢)B,(h?m : £*M).
i=1

pym, M

In the above formula, || denotes the parabolic induction on irreducible characters I (o)
1,---,k, > is over all partitions p with at least one (dual) substitution m into e and at least one
substitution M into c,
k
1 A
X(m; e) = Xpim.g)
i=1 p(m7gl)
N
QUM ) = [] ——Qlfp g (a™),
H ZP(M,fi) p(M, fi)
for any partition p = {172 .-}, row of integers h* = (hi1, -+, hir;; hot, -+, hory;- -+ ) and row

of variables fp(fll, e 7517”1;5217 ot 762,7“2; et )7

By(h?: &) =[] D Salhar : &aor)) - Salhary : Caotra)):

d o€Sy,

in which Sy(h : €) := 0"(¢) + 071(€) + 07 (&) + - - - + 67" (¢) (with 0 fixed since [2.1.7). Moreover,

the degree of I, is (1 will be short notation for I,, throughout)

Pn(q) deg(g:)
L(1) = ||¢e 1 M\ : glestos
® jji 1¢deggl ] (2) destapinl (@) < g '

q) H{)" : qdeslony,
i=1
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where
lp—ls—r+s __ 1)

H1<r<s<t (q
Aigl =g —==
{ q} ! Hi:l ¢l7‘+p77‘ (Q)

for any partition A = (I1,la,--- ,l;) with [y > la > - >, > 1.

Definition 2.2.2. For a dual class e = (¢*) with a single simplex g, a character of the form I, is

called a primary character.

Remark 2.2.1. By the theorem, we can deduce that linear characters of GL,,(F;) (¢ > 2 or n > 2)
are all of the form 0% (det(A)), for k =1,---,qg—1, where det(A) is the determinant of A. Actually,
to get I.(1) = 1 we can only have e = (¢*) with a single simplex g, i.e. a primary character. Then
|¢deg(g)p\|(q)/¢A(qdeg(9))| = 1 implies deg(g) = 1, hence A = {n} and the character must be linear.
With the above theorem, irreducible characters can be classified according to their corresponding

dual classes following Green’s classification of conjugacy classes

/

Definition 2.2.3. Two dual classes e = (g} - - g,i"“) and ¢’ = ((g))™ ---(g))) of degree n are
of same type, if k = | and there is a permutation o € Sy such that deg(g;) = deg(gg(i)) and
A= /\;(i),Vi =1,---,k. We denote it by e ~ €’ and also I, ~ I, for the corresponding characters.
Especially two primary characters e = (¢*) and € = ((¢')") are of the same type if and only if

deg(g) = deg(g’) (which we also write ¢’ ~ g) and A = .

Remark 2.2.2. There is a 1-1 correspondence between degree s simplexes and degree s irreducible

polynomials over F, (Lemma 7.7 in [10]), hence
#{s — simplexes} = #{degree s irreducible polynomials in F[x]}

- % > _ut)g” = 0(e).

tls
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Clearly for general e = (gf‘1 . ~g,;\k), we have
#{e' | ¢ = e} = O(g> #0)),

With this typification, by Theorem [2.2.7] it is direct that

Proposition 2.2.4. Characters of the same type have the same degree. Also suitable substitutions

in their character formulas are in 1-1 correspondence.

2.3 Frobenius sum and character estimate

By Theorem [I.3:3] for any finite group G,

L7 Z X \fgeg

xGIrr

It is convenient to define by Theorem 2.2.1

Definition 2.3.1 (Frobenius sum). For any n € Z; and g € GL,(Fy), let

S = ). X _ L)

1
XEIrr(GLy(Fq)) X( )

where the sum is taken over all the dual classes of degree n. This is called the Frobenius sum of g
for GL,,(F,). Since characters are class functions, we also use the notation S(c) for any conjugacy
class ¢ of GL,(F;). The Frobenius sum S(c) can be grouped into partial sums over characters of

the same type, i.e. for a given dual class e of degree n, let

Ie,; B ZI

e/ ~e e’Ne

called the partial Frobenius sum for ¢ over the type e.



It can be defined for any finite group, but in the thesis S(c) is only treated for finite general
linear groups. The notion is clearly related to the general notion of representation zeta function

for topological groups, see Liebeck, Shalev [22] and Aizenbud, Avni [1].

Example 2.3.2. If e = (¢11"}) for some simplex ¢ with deg(g) = 1, the partial Frobenius sum S,

is taken over all linear characters and by Remark 2.2.3

1 q—1 g—1 if det(c) =1
Se(c) = AR Z Io(c) = ng(det(c)) =
eme k=1 0 if det(c) # 1.

Clearly if det(c) # 1, then Se(c) = 0 by Theorem [.3.3]
Now we define the following concept for Frobenius sums in general

Definition 2.3.3 (Numerical flatness). Let ¢ : X — Y be a morphism of schemes which can be
defined over F,. If for any y € Y (F,), ¢ '(y) as a subset of X(F,) has cardinality | ~1(y)| ~ ¢™

for a fixed m not depending on y or ¢, then we say ¢ is numerically flat.

In our case, we consider [,] : GL,(F,) x GL,(F;) — SL,(F;). Actually, we consider ¥ =
SL,(Fy) N C(SLy(F,)) and X = [,]7*(SL,(F,) ~C(SL,(F,))), where C(SL,(F,)) denotes the center.
Clearly to prove numerical flatness for the commutator map, it suffices to prove, for any partial

Frobenius sum Sg(c) of any given dual class type e and any non-central ¢

I (c 1
> 16,8 ~ i () = 0(0)

e'~e

since the number of types is independent of ¢ (just depending on n). Especially for primary

characters of the type I 41, we need to show the partial sum

L) (©) 1
3o e
= I ’ Cc) = O q .
iz Lo @) I(gx)(n;:g (g)(€) = O0(q)
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Because #{¢' | ¢’ ~ g} = O(q?8(9), it suffices to show for any non-central ¢
g19g g q

Theorem 2.3.4 (Primary numerical flatness).

I(QA)(C) < ql—deg(g)'
Iy~
For deg(g) = 1, we have
I A(C)
g < 1—deg(g) — ,1-1 _ 1
~q q )
I (1)

which is trivially true for any conjugacy class ¢ by the definition of degree of a character. Hence we
always consider deg(g) > 2 for the primary case. Generally because #{e’ | ¢ ~ e} = O(q2ide8(9:)),

for any dual class e = (gi\1 e g,;\’“) it suffices to prove

Theorem 2.3.5 (General numerical flatness).

I.(c)

— 7 <q1_27{'€:1deg(gi)_
L(1)| ™

In Chapter 3, the above two theorems will be established for n = 2,3 by explicit calculations,

which inspires a treatment for general n later in Chapter 4.
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CHAPTER 3

Numerical flatness on SLy(F;) and SL3(F,)

X

o » a cyclic (abelian) group.

For n = 1, the general linear group is just the multiplicative group F
As shown in Example 1.3.4, the Frobenius sum is zero for non-identity elements, so there’s no
numerical flatness for n = 1. For n = 2,3, the character tables of GL2(F,) and GL3(F,) can be
directly computed by Theorem 2.2.1. It turns out, by detailed computation of the Frobenius sums,
numerical flatness holds in these two cases, which will be generalized to general n > 2 in Chapter
4.

We need the following notations throughout this chapter. Let 0 be a fixed faithful homomorphism

of Fqn! into C. Also

Definition 3.0.6.

£ ={0,1,...,9 —2};

£y is the subset of {1,---,¢? — 1} such that for any [ € f,¢+ 11 or equivalently I and lq are
different modulo ¢* — 1;

£3 is the subset of {1,---,¢% — 1} such that Yk € 83, k, kq, kq? are distinct modulo ¢ — 1.

Also I # k # m means they are all distinct.

3.1 Character table of GLy(F,)

This section recalls the character table for GLa(F,;). We need a detailed classification of conjugacy

classes and irreducible characters or equivalently dual classes. For detailed information about
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representations of GLy(Fy), please check Etingof et al. [7] or Fulton and Harris [9).

3.1.1 Conjugacy class of GLy(F,)

For n = 2, there are three possible forms the characteristic polynomial of a matrix A € GLy(F)

can have, i.e.

1. f(t) = (t — a)? for some a € F,*;
2. f(t) = (t — a)(t — B) for distinct o, € F,™;
3. f(t) = (t* 4+ bit + bo) for some irreducible ¢? + byt + by over F.

Then the conjugacy classes can be represented as follows
1. In this case, there are two subcases as follows

(i) ¢ = ((t — o)1), i.e. the matrices

0
A~ U{12}(t - a) =
a
(ii) ¢ = ((t — a){#), i.e. the matrices
a 1
A~ Uz(t — Oé) = U{lz}(t — a) =
a
2. c= ((t — o)t — )11, ie. the matrices
a 0
A~ Ug(t — Oz) = U{12}(t — a) =
0 g

3. In this case, clearly A ~ U(f) for f = t? 4+ byt + by irreducible over F,. Consider the conjugation

over F 2, in which f(t) decomposes as f(t) = (t —r)(t —r9) for some r € F,2 (but not in F;), then
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bo = r'*9 by = —r — r%. Therefore ¢ = (f{1}) consists of matrices

3.1.2 Character table of GLy(F,)

According to the typification as in Definition 2.2.4, all types of irreducible characters of GLy(F)
can be grouped corresponding to the following 4 types of dual classes
1. e = (¢*) with deg(g) = 1,|\| = 2. Hence g = {k} for some k € & and there are 2 types of those

primary characters corresponding to the two partitions of 2

({RH), (k).

2. e = (gi{l}gé{l}) with deg(g1) = deg(g2) = 1. Hence g1 = {k},g0 = {l} for k A1 € &1 (k < to

avoid repetition) and the only type of such characters corresponds to

(o).

3. e = (¢t} with deg(g) = 2. Hence g = {k, kq} for some k € R and the only type of such

characters corresponds to

({, g} ).

With the above classification of conjugacy classes and irreducible characters, by Theorem 2.2.1, the

character table of GLy(F,) is computed as follows (see 28.5 Theorem of James and Liebeck [17])
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[ Type i 1.(3) [ L1.G) ] 2. [ 3. | Range ]
« « a 0 1 %
Reps of g (O 3) (O i) (0 8) (_Tl+q _— Tq) a#FBeF;,reFe
{x}7h) 0°* () 0°* (o) 6" () G k€ s
(k1) 70%* (a) 0 0% (o) ) k€ &
D [(g+ D0 () [07F (@) [0(a "B + 0(a'87F) 0 k,l€ R, k<l
({k, kg™ (q—1)0F(a) | —0%(a) 0 —0%(r) — 6% (r) k € Ro,kq & Ro

Table 3.1: The character table of GLa(F,)

3.2 Numerical flatness on SLy(F,)

Now we are ready to use the Frobenius character formula (Theorem 1.3.3) and the above character

table to compute the number of solutions to the commutator equation [z,y] = g in GLg(F,).

3.2.1 Calculation of partial Frobenius sums on GLy(F,)

It is necessary that matrices on the right hand side of the commutator equation must have det(g) =

1. Denote by S;,j = 1,---,4, the partial Frobenius sums on each of the 4 types of characters in

order from top to bottom listed in the character table.

For the conjugacy classes of type 1.(i) (the central elements, especially o = 1 which gives the

identity). Since det(g) = 1, a® =1, i.e. a = —1. Here are the details of calculation on S;’s

Sy = Z (q + 1)9_164-1(&) _ Z 6,k+1(a)

k<lefy 0<k<i<q—2
1 _ _
=3 Yoo M) > - D> ()
0<k<q—2 0<I<q—2 0<k=I<q—2
1 (o) 1 9<q—l><a>—1_( )
P AN RIS f(a) — 1 1
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1 qg—1
=S 00-(g-1)=-1~,

B (g —1)0"(a)
Si= D (e
kERa,kqe Ra

;( Y - % )ak(a)

1<k<q®—1  k(g+1),1<k<g—1

1 0V (a) — 1
=3 <9(04)9(a)_1 —(¢— 1))

qg—1

- 2

Hence

S1.(i))=8S1+S2+S3+S1=q— 1.

For the conjugacy classes of type 1.(ii). Again det(g) = 1, then & = +1. Here are the details

of calculation on S;’s

B 92k(a) B
Sl = 02k(1) N 1’
52 = 07
B 9_k+l(0é)
%= k<lzeﬁi1 (¢ 4+ 1)6=++(1)

1

_ 1 G_k(a) Ql(a) — 9_k+l(a)
2(q+1) (o<kz<g,2 0<§2 0<k§<q2 )

1 (@) -1 D)~ 1
C2g+1) ( 0@ -1 0a) -1 _(q_1)>

qg—1
T 2(g+1)
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B ()
Si= 2 oo

kefa,kqd fo

qll;< Y - % )ek(a)

1<k<q®—1  k(g+1),1<k<g—1

B 1 0@~V (a) -1

_ —(g-1) 1
20q—1) 2
Hence
S(1.(i4) =81 + So + S3+ S 14042t 1 !
27 = — — - = -
1 2 3 4 =dq 2(+1) 9 q q+1

1

For the conjugacy classes of type 2.. Again det(g) = aff = 1, i.e. 8 = a~". Here are the

details of calculation on S;’s

Z 92k =q—1

kef

2k
= a0 (1) q

o fo 8 108
R DR PRV ESIEY

k<lefy
( Yo oo > 0B - > 9’f+l<a>)

0<k<qg—2 0<i<q—2 0<k=1<q—2

==V (q) — (-1 () —
1 (9 D) —1 94D (B) 1_(q_1)>

Tg+1\ 0 a)-1 (B -1
_gq-1
q+1
S1=0
Hence
S2) =S4 S+ 8+ Si—g14 I =gyt
q g+1 q(qg+1)
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For the conjugacy classes of type 3.. Again det(g) = r't4 = 1, for r € F,2. Here are the

details of calculation on S;’s

ok (r1+9)

ey 1

kef

_gk(rl+q g—1
Sz = Z 2k - ’
e 46 () q

S3 =0,

—0"(r) — 0"1(r)

Si= Y

(¢ —1)o*(1)

kGﬁz,kq¢ﬁ2
el B N Y LA G R G)
7 1<k<q®-1  k(g+1),1<k<q—1
_ 1 0@V -1 1 Q%ﬂWW”NM— 2(q—1)
2(¢-1) f(a) — 1 2(¢—1) 09(cr) — 1 2(¢—1)
= —0-0+1=1.

Hence

1 1
8(3.):81+82+83+S4:q—l—qT+0+1:q—1+§.

3.2.2 Numerical flatness on SLy(F,)

The last subsection shows by computation the following more explicit result

Theorem 3.2.1 (Numerical flatness on SL3(F,)). S(g) = ¢ + O(1),Vg € SL3(FF;) non-central,

hence the commutator map on SL3(F,) is numerically flat.

This is better than what is needed for numerical flatness, i.e.

not only S(g) = O(q) but

S(g) = ¢+ O(1). Note also that for non-identity central element as in 1.(i), i.e. g = —I, the

Frobenius sum is ¢ — 1, also about the same size with the non-central elements. In general, the

central elements behave differently from the non-central ones which will be discussed in more detail
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in Chapter 5.

3.3 Character table of GL3(F,)

This section recalls the character table for GL3(F,). We start with a classification of conjugacy

classes and irreducible characters or equivalently dual classes.

3.3.1 The conjugacy classes of GL3(IF,)

For n = 3, there are five possible forms the characteristic polynomial of a matrix A € GL3(F,) can
have, i.e.

1. f(t) = (t — a)? for some a € F,*;

2. f(t) = (t — @)%(t — B) for distinct o, 8 € F,*;

3. f(t) = (t —a)(t — B)(t —~) for distinct o, 8,7 € F™;

4. f(t) = (> + bit + bo)(t — «) for some irreducible t? + byt + by over Fy;

5. f(t) =3 + bot? + byt + by irreducible over F.

Before entering into the details, the following notation will be handy to use

Definition 3.3.1 (Exclusive degree). For any d > 1, r o« Fja means r € Fpa but r ¢ F o, Vd' |

d,d + d.

Now, the conjugacy classes can be classified as follows
1. In this case, there are three subcases

(i) ¢ = ((t — o)1), i.e. the matrices

a 0 0
ANU{ls}(t—a): 0 o O
0 0 «

(ii) ¢ = ((t — a){12}), i.e. the matrices
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a 1 0
ANU{12}(t—a): 0 o O
0 0 «

(iii) ¢ = ((t — @)1}), i.e. the matrices

a 1 0
AnUs(t—a)=Ugy(t-a)= [0 a 1
0 0 «

2. In this case, there are two subcases as follows

(i) ¢ = ((t — o)}t — B)11}), i.e. the matrices in the standard Jordan form (Definition 2.1.2)

e}

A~ diag(Up2y(t — ), Uyt = B)) = [ 0 «

(ii) ¢ = ((t — o) (t — p){1}), ie. the matrices

A~ diag(Ugpgy(t — ), Uy (t=B) = | 0 «

3.c=((t— a){l}(t - 5){1}(75 — fy){l}), i.e. the matrices

a 0 0
A~ diag(a, B,7) =10 B 0
0 0 v
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4. In this case, let fi(t) = t? 4 bt + bp. The matrices are A ~ diag(Ui(f1), ), in which fi(t)
decomposes as f1(t) = (t —r)(t — r?) for some r ox Fy2, then by = r'*7 and by = —r — 9, therefore

c= (fl{l}(t — a){1}) consists of matrices

0 1 0 0 1 0
A~ —by —by 0] = —plte +r?7 0
0 0 « 0 0 «

5. Lastly, let f(t) = 3 4 bot2 + byt + by = (t — 5)(t — s9)(t — s7°) for some s F,s. Then

by = —siHa+a py = g4 4 g1H+0* | g0+ and by = —5 — 59 — 5T, s0
0 1 0 0 1 0
A~1 0 0 1 |= 0 0 1
—by —by —bo sitatd®  _glta _ gl+a® _ gata® g4 g0 4 ¢0°

3.3.2 Character table of GL3(F,)

Now we are ready to give a full classification of all the irreducible characters of GL3(F,) by Theorem
2.2.1 (Green’s Theorem 14 [10]). According to the typification as in all types of irreducible
characters of GL3(F,) can be grouped corresponding to the following 8 types of dual classes

1. e = (¢*) with deg(g) = 1,|\| = 3. Hence g = {k} for some k € & and there are 3 types of those

primary characters corresponding the 3 partitions of 3

(LR}, (B2, (k).
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2. e = (91" g52) with deg(g1) = deg(g2) = 1,91 # g2 and |\i| + [Ao| = 3. Hence g1 = {k}, g2 = {1}

for k # 1 € K1, and there are 2 types of such characters

({2, (e ).

3. ¢ = (9t gl gl") with deg(g) = 1,i = 1,2,3. Hence g1 = {k},g2 = {I},g3 = {m} for

k #1# m € K1 and the only type of such characters is

(R {m) .

4. e = (gfl}gél}) with deg(g1) = 1,deg(g2) = 2. Hence g1 = {k},k € Ri, g2 = {l,lq},l € Ry and
the only type of such characters is

(YL 1gy ).

5. e = (g1 with deg(g) = 3. Hence g = {k, kq, kq®} for k € Rs and the only type of such
characters is

({k., kq, kq*}11).

With the above classification of conjugacy classes and irreducible characters, by Theorem 2.2.1, the

character table of GL3(F,) can be presented as follows (see Table 5.12 of [3]).

[ Type | 1.(1) [ 1.(i1) [ 1.(iii) | Range
a 0 0 a 1 0 a 1 0
Reps of g 0 o O 0 a O 0 « 1> acFy
0 0 « 0 0 « 0 0 «
(k1N 0" (a) 0" (a) 0% (o) k€ R
(k2 (€ +q)0°" (o) 90°* (a) 0 ke s
({k} ") ) 0 0 ke f
(k{3 (¢ +q+1)0"(a) (¢ + 16" () ) k#le ki
(R} a(@® + g+ 1)6" () 90" (a) 0 k#1e€ R
(R} ) [+ D)@+ g+ DO (@) [ (2+ Dgd* T (a) | 05T (a) k#1#me R
(DIRIANIR) (¢* — DO" (@) —60" () —60""(a) || ke fi,lcRqld e
({k. kq, kq®}'7) (¢ —1*(g+ 16" () —(¢ = 1)0*(a) 0" () ||k € Ra, kq & Rs,kq” & Rs

Table 3.2: The character table of GL3(F,)
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[ Type | 2.(1) [ 2.(i1) [ 3. i Range ]
a 0 0 a 1 0 a 0 0
Reps of g <0 e 0) <O e 0) 0 B O) a#pB#yeF
0 0 g8 0 0 B 0 0 ~
({k ) 6" (a’B) 0" (o’ B) 6% (ap) k€ R
({k} ) @+ 10" (@’B) | 6"(a?B) 26%(aBy) k€ fu
({k}{ls}) qok(an )l 14 kol 14 k lof(aﬂry) Tk 1 K < Rl
(1 42} (q+1)0(™'B") | 0(a*'8") 0(a”B'y") + 0(a' B7y") k#1€ ki
e LIS e R I I
1 12 q+ lo' e} a“py) +0(a by € R
AU +q0(a? 8¥) 0(a'8'7")
(g+ DO B™) | 6(*T8™) | 6(”By™) +6(c*B™") k#1#me R
({k}{l}{l}{l}{m}{l}) +0(a*tm Bl +0(a ™ BEY | +0(a™ BlF) + (e BEAY
—|—9(O¢l+mﬂk)) +9(O¢k+mﬂl) +9(alﬁk,ym) +9(alﬁm7k)
({k} I (1310 (g —1)0(a! %) —0(a'BF) 0 k€ Rl € Rayql ¢ Ro
({k, kq, kq®} 117 0 0 0 ke R kqd Rz kg’ ¢ R
[ Type I 4. [ 5. [ Range
0 1 0 0 1 0
Reps of g <—rq+1 r+rite 0> ( 0 , 0 ; 1 1) a€F,reFp2,s€F,s
0 0 e sttata™  _§°2 gr(fa) §°2 g
({k153) 0% (art?) R Fat1)(g) ke fy
({1112 0 O k€ &
({k}{13}) —Hk(arq+1) Qk(q2+‘1+1)(8) ke Ry
(Y {132 6 (aF Tt 0 k#1€ R
({107 —0(aFrat D) 0 k#£1ef
(YT (m} T 0 0 k£l#me R
({k} B3 —0% () (6 (r) + 07'(r)) 0 k€ fi,l€Roqld R
(k. kq, kg”} 1) 0 0" (5) +6"9(s) + 0" (s) k€ Rs,kq ¢ Ra, kg’ ¢ Rs

Table 3.3: The character table of GL3(IF;) (continued)

3.4 Numerical flatness on SL3(FF,)

Now it is ready to use the Frobenius character formula (Theorem 1.3.3) and the above character

table to compute the numbers of solutions to the commutator equation [z,y] = g in GL3(F,).

3.4.1 Calculation of partial Frobenius sums on GL3(F,)

It is necessary that matrices on the right hand side of the equation must have det(g) = 1. Denote

by S;,j = 1,...,8, the partial Frobenius sums of

X
x(1)

(9)

from top to bottom. To write it more compactly, & is used instead of 6(«).

for each of the 8 types of characters in order

For the conjugacy classes of type 1.(i) (except for & = 1). Since det(g) = 1, it follows that

a3 = 1. Also note that a9~! = 1 always. Here are the details of calculation on S;’s (3] means I
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is taken over the corresponding range in the character table)

q—2 q—2
S1=8=8=)) &= 1=¢g-1,
k=0 k=0
q—2 —2 A 2q—2
1— a1
e ~k+2l ~k A2k \ _
S1=85= Z = 0‘<1_5[2 -a >—1—q,
ke l=0,1£k k=0
1 [ 2
Se = Z AkHl4+m _ Z A k+l+m 38, — S
!
0<k<l<m<q—2 3 k,l,m=0
1
=50-30-9~(¢-1))
_a-1
=5
qg—2 * ~g—1 *
1—a4
S = Zwl:( _ >Z&l:0,
k=0 1 - 1
* - 21
1-67 o, 1—af 1 &1 4
_ Ak ~q°+q+1 AL 4 J4
SS—ZO‘ 1—& 1 — 42°+g+1 Za o
k i=0  j=0
?-1  q-1 q—1
_ & ST @i 4 Z aF(@?+at1)
i=0  j=0 k=0
= Znu(3)(g—1)

Hence
8
SOL() = D8 =3~ 1) +20~q)+ 3(g-1)+0— S =g 1

j=1 3

For the conjugacy classes of type 1.(ii). Assume the same for « as in 1.(i) except that there

could be o = 1.
q—2
S = &k =q—1,
k=0
-2
1 < q—1
Sy = a3k = :
? q2+qzq q+1
k=0
83_07
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1 -2 1—¢?

—q
q +q+1k,l:0,l;ﬁk q g+l
-2
1 K 1—gq
85 — > q&k+2l = — ,
a(@®+q+1), S, ¢ +q+1
1 ~1)(2¢+1
Ss = ST (q+1)akttm = (4= D2+ 1)

(g+1)(®+q+1) 3q+1)(?2+q+1)

0<k<l<m<q—2

q—2 x
S; = ZZ Ak-i-l

1k=0 l

1 - 1
S8 = (q—lzq—i-lZ T P21

Hence

))_zzsj_qm(;).

For the conjugacy classes of type 1.(iii). Assume the same for o as in 1.(i) except that there

could be a = 1.

q—2
S = & =g -1,

k=0
Sy =83=0,

—2
1 : R 1—gq
RN ER 2, A= P Hq+1
k,1=0,lk
S5 =0,
1 q—1

S6 = 2 Z Gt = 2 ’

@+ D@ +q+1) =, g+ 1(?+q+1)

1 q—2 x*
ARy
87 - q3 1 Z( « ) 07
k=0 1
1 - —1

SS _ éék _

(q—l)Q(qH)z,; (¢—1)*(q+1)
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Hence

S(1.(iii)) = zgjsj —g—1+o0 (;) .

J=1

For the conjugacy classes of type 2.(i). In this case it is necessary that a?3 = 1,or 8 =

a~2, but a # 1, otherwise the matrix will be the identity.

q—2 q—2
S =) &= "1=q-1,
k=0 k=0
-2
1 3 o ar q—1
2 = 2+ (q+1)a2k5k_ )
q =0 q
-2
18 . g—1
53_5 qa2kﬁk_ q2 )
k=0
S
84: 3 ((q+1)dk+lﬁl+é{2lﬁk>
q +q+1k,l:0,l¢kz
Ak—l | A21—-2k
q +q+1k,l:0,l;ﬁk
Ak—l | ~21—2k
=5 (g+1D)a""+a" ) = (¢+1)(g—1) = (¢—1)
¢ +q+1 =0
3(g—1
_ 2((] ) ifOé2:1
¢ +q+1

(q—l)(9+2) e 2
A A St 1
pE— if a® # 1,

1 R ~ o] A
85 - <(q+ 1)ak+l6l +qa2lﬁk>
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q—2

= q(q2+1q+1) > ((q +1)a ! 4 qul‘Qk) —(g+1)(g—1)—q(g—1)
k,1=0

glg-1°—(g=1)2¢+1) (=D =3¢=1) .. »_
(@2 +q+1) a2 +q+1)

(g—1)(2¢+1) £ 02

(@ +q+1) for 74

1 ) . .
Se = 5 > (a+1D) (@’“”Bm +aMtmpl4 deﬁk)
(¢+1)(*+q+1) 0<k<l<m<q—2

- . Z (q + 1) (&k+l_2m + GRtm=2 + dH—m—Zk)

2
(q + 1)((] ta+ 1) 0<k<l<m<q—2

- ;(Z - Z <207k7l + dQl’”“) - Z (g@l*k T &2k72l)

(g2
e +a+1) 0= 2 A

_ Z <2dm—l+d21—2m>_ Z 3)

m#k=l k=l=m

1
=~ |3 dk+l*2m -3 Qdk‘fl + @2[*2]6 -3 q-— 1
TrErEay D) > )= 3(0-1)

(¢—1D(g=3) .. o
m ifa?=1

-1
— if o® # 1,
gc+q+1

87: 1 Z(q_l)&l,ék
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(g-1) if a2 =1
¢“+q+1
0 if o #1,
Sg = 0.
Hence
) 1 1 N oy
¢—1+14+1-5+0(=-)=q+5+0o|-) ifa®=1
8 1 ? ¢
S2.(1) =) 8=
j=1
1 1 e 2
g—1+1—1+o0 p =q—1+o p if o # 1.

For the conjugacy classes of type 2.(ii). In this case it is necessary that o?8 = 1,or § =

a2, but o # 1, otherwise the matrix will be the identity.

Z AQkBk —1,

q—
Z&B ,

i +4q’

—2
1 \ AR AL L A2l Ak
=57 2 <O‘ p+a 5)
e+l S
q—2

1 ~k—1 ~2l—2k
= > (0‘ +a )
¢ +q+l k,1=0,l#k

—2

1 ] 212k

= >——— Z( "+a )—(g—1)—(¢g—1)
¢+aet+1\ 02

o4



)
~1(q—3
¢ +q+1
2q—1
- 2(q ) a1,
\ ¢*+qg+1
1 2
S5 = — dk+ZBl>
q(q* +q+ )k,lfo,lyék:
1 S @) - -1
9(@® +q+1) \ F)
_ g—1
o +q+1)
1 R R )
Se — (Ak+l m | Ak+mAal | Al+m k)
S rD@rary, 2 (aTmeatmieaty

0<k<l<m<q—2
1 Ak+l—2m | ~Ak+m—2l | ~l+m—2k
B I
(g+(¢*+q+1) 0<k<l<m<q—2

— 1 ~Ak—l1 ~21—2k ~l—k ~2k—21
_3!(q+1)(q2+q+1)(z_ Z 26" " +a ) — Z (267" + & )

kJlm  k#l=m l#£k=m
_ Z (2&mfl + &2l72m) _ Z 3)
m#k=l k=l=m
1
— 3 Z dk+l—2m _ 32(2dk—l + dZZ—Qk) _ 3((] _ 1)
| 2
g+ 1)(* +q+1) 4= =
D68,
20¢+1)(¢* +q+1)
q— 1 . 2
if o 1,
G D@ +a+ D) ’
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1 qg—2 x*
~l ok
S7_q3_1 Z(—aﬂ)
k=0
1 q—2 x*
_ Al—2k
- Yy ()
k=0
.
g—1 e 9
f S
q3_1 I «@
0 if a® #1,
Sg=0

Hence
1 1 e 9
g—1+1+o0(-)=q+o|—-) ifa*=
q q

8
S(2.(i) =) 8 =
j=1

1 1
q—l—i—o()zq—l—i—o() if o # 1.
q q
For the conjugacy classes of type 3. In this case it is necessary that a8y = 1. Note that there

can only be one of «, #,v with value 1, since otherwise the matrix will be identity or of type 2.(i).

q—2 q—2
Si=) &A= 1=¢-1,
k=0 k=0
-2
1 4 20q —1
s = 3 2akER = (g )’
9" +qi= q° +q
—2
1S ., . ¢-1
Sy == akgkak — —
= q
1 -2
84:42—’_ | Z <&k5l;yl+dl5k;yl+@lﬁl;yk)
T4 k,1=0,1%£k
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q—2

1
:m Z ( Bkl Akl)

k,1=0,l#k

= 2+q+ (Z + A A - (ql)(ql)(ql))

k,l1=0

(g—1)(g—4)

if 1 e€{a,pb,

~ 3(¢—-1)
?+q+1

if 1 ¢ {a,8,7},

-2
1 . R ) R
Sy = Z (&k/@lﬂ/l_i_dll@k;yl_i_dlﬁl&k)
q(@®+q+1) ary

(g—1)(g—4)

if 1 e€{a,p,
q(@®>+q+1) { i

~ 3e—1)
q(@®+q+1)

if 1 ¢ {a, 8,7},

1 L AT L A A o AT A o AL A AL T A A
S = CESCETESY Z (akﬂl,ym_i_akﬁm,yl +amplak 4 am ks _i_alﬁk,ym_‘_alﬁm,yk)
0<k<l<m<qg—2

1 R
— ~7(k) T(1) 2 7(m)
CrO@rarn 2 20T

0<k<l<m<qg—27€63

— 1 7(k)—1(m) AT (l)—7(m)
(¢+1)(?+q+1) 2 2. g

0<k<l<m<qg—271€G3

_ 1 A7 (k)—7(m) 3r()—(m) _ (k)—7(m) _ r(1)—7(m)
3N g+ 1) (2 +q+1) 2 (D ar®mrmpTt >, >, o

T€G3 k,lm k#l=m l#£k=m
_ Z @T(k)—T(m)BT(l)—T(m) _ Z 3)
m#k=l k=l=m
1
_ - AT(kJ —7(m) T(l)—7(m) 2r(m)—71(k) 3(q — 1)
! 2 Z Z Z Ci v (4
Sl + 1)(q TaT 1) TEG; ( k#£l=m I#£k=m m#£k=l

o7



q—2 q—2 q—2

_ 1 _ A7) =7(m) _ N gr()—r(m) _ < r(m) (k)
_3!(q+1)(q2+q+1)z 2 a7t 2 o 2.7 '

TEG3 k,m=0 l,m=0 m,k=0
(¢ —1)?
— 1e{a,p,
Gr)@rqry lOP
\0 1 ¢ {a, 8,7},
S; =8z =0.

Hence

q—1+1+o<;> =q+0<;> if 1 €{a,B,7}
8

SB)=) 8=
j=1

1 1 .
q—1+o()=q—1+o<) i 1¢ {a, B,
\ q q
For the conjugacy classes of type 4. In this case it is necessary that ar?™! = 1. Note that

roc Foe, ratl ¢ Fy, and r + 79 € F,.

3 3
¢~ q
T
84 — dk,'gl q+1
2
¢ +qtl k,1=0,1k
LS
~k—l1
= &
2
¢ +qtl k,1=0,1%k
1 iy
~k—l1
- &l (g—1 )
¢+q+1g%( (4—1)
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(q—1)(¢—2)

ifa=1
?+q+1

q—1
P +q+1

if a #1,

q—2

1
q@2+q+i)W2;#

AL ) BTN

a(@®+q+1)

Se¢ =0,

PR S (=t (7)) = Lo (loa! > (=it i)
¢ —1 l e—-1\ 1-a l ’

0 if o # 1,

Sg = 0.

Hence

1 1 _
q—1—|—1+0<>:q+0<> ifa=1
q q

1
q—1—|-o<) if a # 1.
q

8
SA)=> 8=

j=1

For the conjugacy classes of type 5. In this case it is necessary that slta+a® = 1. Note that

99



soch:a.

q—2 q—2
S =Y @) N =g,
k=0 k=0
q—2
S, = 1 ( Ak(q2+q+1)> _ q—1
¢ +aqi= P+q+1
q—2
Ss = 1 sk(@®+a+1) g—1
3 3
q q

Hence

Thus, we conclude that the commutator map on SL3(F,) \ {1} is numerically flat.

3.4.2 Numerical flatness on SL3(F,)

The last subsection shows by computation the following more explicit result

Theorem 3.4.1 (Numerical flatness on SL3(F,)). S(g) = ¢ + O(1), for any non-identity g €

SL3(F,), hence the commutator map on SL3(F,) is numerically flat.

This is better than what is needed for numerical flatness, i.e. not only S(g) = O(g) but

S(g) = ¢+ O(1). Unfortunately, this is not true for general n as shown in Chapter 5.
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CHAPTER 4

Character estimates for GL,(F,)

4.1 Specification of B,(h*m : (P M)

Before proving two estimates of character ratios in Theorem and Theorem and the
numerical flatness on SL,,(F,) ~ C(SL,(Fy)), B,(h*m : {# M) appearing in Theorem needs to

be evaluated more explicitly. For details, please check section 6 of Green [10]. Specifically, we need

Proposition 4.1.1. (Green’s theorem 12 in [10])
For any primary character I( ) with g = {k,kq,--- ,kg*~'} an s-simplex and any conjugacy class
c~ (f*--- f") in GL,(F,) with deg(f;) = Fj,i = 1,---,1, we have for any dual substitution m

and substitution M

l
Bﬂ(h‘pm : pr) = H H TS,TFi/S<k : ffz)

i=1rep(M.f;)

|
—

S

= H gha’ <§}quT—1)/(qs—l)>

i=1rep(M.f)

Il
=)

in which 7 € p(M, f) means 7 is a part of the partition p(M, f) (as in Definition 6), {; any root of
the irreducible polynomial f. Any suitable p must be of the form s - for some partition 7 of n/s,
and for each such p we have the unique substitution m which sends all parts of p to ¢g. In addition,

Fi-p(M, f;) = s - my, for some sub-partition 7y, of 7, i.e. mp, = (Fi/s) - p(M, f;).

Then by Theorem m, the partial Frobenius sum S, (c) for any primary type e = (¢*) can be

61



rewritten as

Se(c) = Ie( MQ,ZN:QI o
= 1 Z XS7T Q(M,c) Z H H Sziekqj <£](0?Fif_l)/(qs_l))
I.(1 |7|=n/s,M o= =1 rep(M.1) =0 i

1 1
LA Y X QOM, Q) By(g* m, M), (4.1.1)
N rl=nys,m 5T

S‘

in which any dual substitution m into e = ((¢')") is determined by the partition m, Q(M, c) as in

Theorem [2.2.1| while B,(g*,m, M) in is defined as

Definition 4.1.2. With all notations in the proposition above,

By(g*,m, M) Z H H ngq] ( VFT—l)/(qS—l))'

g'~gi=17ep(M,f;) j=0

Since we are summing over all s-simplices (for the fixed partition A) in B,(g*, m, M), the root
k (together with its conjugates kq,--- ,kq*~1) run through all numbers t € {1,2,---,¢* — 1} which
make t, tq,--- ,t¢* ! all distinct modulo ¢* — 1, by the definition of simplex. We denote the set of

such numbers in {1,---,¢° — 1} by R, i.e.

Definition 4.1.3 (&;).
R ={1<t<¢°—1]|te g for some simplex g of deg(g) = s}.
Actually, for a fixed primitive element £ of qus,
Re={1<t<g¢g"—1| Fq[ft] =Fg},

by the correspondence between s—simplexes and irreducible polynomials of degree s over IF,.
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Example 4.1.4. As defined in Chapter 3, simply 8 = {1,2,---,¢ — 1}. For s = 2, we need

t #tq (mod ¢*> — 1), ie. ¢> —14t(q—1) or ¢+ 11, hence

Ro={1,2,,¢ =1}~ {g+1,2(¢+1),-- ,(g—1)(g+1) =¢° —1}.

Now B,(g*,m, M) defined above can be rewritten as (maintaining notations from above)

BP(gkava) = Z H H Zetqﬂ ( qFZT 1)/(‘19—1))

teﬁsz 17ep(M,f;) j=0

= 1 Z Z et (52767&' CTMqu(T)(qSTl)/(qsl)>
S

u€e{0,,s—1}7 tERs
1

=~ S > 6ey (4.1.2)

u€{0,,s—1}7 tERs

Here &, is a fixed primitive element of Fyn, M = &)y is any oot of the irreducible polynomial
TM (the part 7 of p is sent to by the substitution M as in Definition 2.1.4), and for any function

w:m— {0, - ,s— 1} which sends each part of the partition 7 to a number, we denote

Definition 4.1.5.

U= g*zfeﬂ errg™ (M (q°7 1) /(¢°~1) H éq (M (g*7-1) )/(@°=1)

TET

. u(T) .. . . .
Note that we need the functions u and £7), " to distinguish different choices of roots of the polyno-

mials 7M.
Thus more explicitly we have for B,(g*, m, M)

Lemma 4.1.6. With all the notations above,

Bp(gAvmv M) 5 |ﬁ3| = O(qs)
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Also for any class ¢ = (f*) with f(z) = z — £ for some £ € Fy, we have
By(g*,m, M) = s 71 % " 61(¢*).
teRs

u(T)

gu(0

Proof. Since c is primary and § € g, we have V7 € m,7M = f and £,, = &7~ = &, hence for

any function wu,

— H gm0/ -1) = H §1+qs+---+q”‘1)s _ H €7 = ¢lml = ¢n/s

TET TET TET

Then by (4.2)

Bl m ) =— S S

u€q{0,,s—1}7 teRs

_ ésNﬁ Z Qt(fn/s) _ SNﬂ-fl Z et(fn/S)

tERs teERs

4.2 Exponential sum over £,

Now look at £ closer. If tq¢' = t¢/ mod (¢° — 1) for some 1 < i < j < s —1, then (¢° — 1) |

5¢'(¢"~* — 1), or (¢° — 1)]i(¢’~* — 1). Furthermore we have

Lemma 4.2.1. For any positive integers a, b, ¢ and ¢ a power of any prime p we have
("= 1,¢"—1)=¢*" -1

and if c|b

b _ (ab) _
a q 1 (a C) b q 1
— 1 — ’ _ 1
(q q°— 1) e "[(a,b), C])q(“vc) —-1

where (a,b) denotes their greatest common divisor and [a, b] their least common multiplier.
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Proof. Suppose a < b and b = dja + by with 0 < b; < a. Multiply ¢* — 1 by ¢(“~1 and subtract

by it from ¢ — 1 we get

(qa _ qu _ 1) _ (qa _ 1’qd1a+b1 11— qdla + q(dl—l)a)

=(¢" —1,¢"(¢" = 1)+ ¢V~ 1) = (¢" - 1,¢" - 1),

then continue the Euclidean algorithm to get the first result. As to the second equality, we first

prove the case where a | ¢, for which we have

b
-1
<qa o 17 ZC — 1> _ (qa o ch(b/c—l) _|_qc(b/c—2) 4. _|_qc + 1)

b
:(qa_151+1++1+1):<qa_1ac>a

since ¢ =1 mod (¢* — 1). In general we reduce it to

¢“—-1) ¢—1

(qa_qub—1>_ ! ((qa—l)(qc—l),qb—1>

_q(a7b)_1 qa_l (c 1) qb_l
T -1 \geb 1M T el
B gt —1 . ¢ -1
— P q°- — 1’ 7( b) ...... (*)
¢ —1 g\ —1
by the former result. But then by putting the outer multiplier in we get

b b
R et B PPN et A
’qc_l ’qc_l

Hence we just need to work out the case where a | b. Also we can just consider a < c and ¢ = dja+c¢;

for some 0 < ¢1 < a, otherwise we just flip them using the equality (x). Now we can just prove it

by induction on a, but it is better to show the idea behind it as follows. Still by ¢* = 1(modq®—1)
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we can rewrite the gcd as

b b/C—l
a ¢ —1 _ a (dia+c1)i
(q_lﬁqu1>_ ¢ =1, ) g
=0

b/C—l bcl/c
B i | o L
="-1L D> «q —(q L, pr—
=0

Gl PP s
qcl_l ’ qa_l ’

Now if ¢; | a, then (a,c) = ¢; and by our previous result

which is what we want. If ¢; 1 a, we can repeat the same Euclidean procedure again and it is easy

to check that we will again get the promised result. This keeps on until we get to the ged. Tracing

back our reduction, we get the second equality of the lemma. ]
Clearly
S
-1
1<t<¢@ -1} R = 1§t§q5—1,t:lq ,Arls,1<r<s
T—1
q [R—
S
-1
- U qr_l{lgtgqr—l},
1<r<s,r|s q
while for any r|s,r’|s,
¢ -1 ¢° -1

{1<t<q —1}n {1<t<q -1}

q"—1 q" —1

_ -1 (rir')
PR A
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Also, by the inclusion-exclusion principle (for any § € Fys)

Lemma 4.2.2 (Sum over K, and definition of id number).

D01 =D uls/r) Yo 0TV = N s/ 1),

tERs rls t= rlids (&)

in which u() is the Mobius function. Here ids(£) denotes the largest divisor r | s such that
¢@*=1/(a"=1) = 1, called the identity number with respect to s. Clearly the id of 1 is just s. Also,

if there is no divisor r | s such that @ ~1/(@"=1) = 1 we let ids(£) = 0 and then > ier, 0'(€) =0.

4.3 Character ratio for central element # 1

Keep notations from the last section that e = (¢*) is a primary dual class with deg(g) = s, etc.
Now for any 1 # ¢ € F,, €@ ~D/(@"=1) = ¢5/7 v | 5. So to decide ids(€) (as in Lemma [4.2.2)), it is
necessary to know if the order of ¢ (in the multiplicative group F7, denoted as ord(§)) divides s.

If ord(€) 1 s then ids(§) = 0; if ord(§) | s, we can compute for any w € Z that

w8 s-ged(ord(€),w) sw
id (") = ord(£w) ord(§) ~lem(ord(€),w) (4.3.1)

Then for any central element of the class ¢ ~ ((z — &)11"}) which will be denoted as ¢ throughout,

using (4.3.1) and the lemma above (note that p = s - )

Bylg"m. M) =M T H () =N S /)~ 1)

tERs Tl lan(o'N;L(.f),n/s)

and the partial sum (in the central element case the substitution M into ¢ is also determined by )

ol 1 .
Z I(g’))‘ ({) - (—1) I/\lg Z ;X;\ﬂQ(Ma C) Z M(S/T')(q - 1)7
g'~g |ml=n/s " T emGord@m7s)
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in which z; as in and Q(M, c) as in Theorem
If £ = 1, by the character formula in Theorem and the above lemma, the degree of the primary

characters can be expressed as

I () = I = ()M Y T3 Q0u0) (432)

|m|=n/s T

for any ¢’ ~ g. Note that directly from the formula in Theorem we have for Green’s polyno-

mials
Lemma 4.3.1. Q(M,c) = Q(M,1) for any central ¢ = £I,, of GL,,(F,).

Hence

I
3 @5 Zet €)== 3w/ D) (4.33)

Tlm

Also for any dual class ¢ = (gl’\1 e g,i"“) with s; = deg(g;) all distinct,

k
{e/ ~e} = ]_[{sZ — simplexes},

=1

in which [] denotes concatenation of words. Hence it deduces from (4.4) that

I () £ (el
0°(
e’z:NeIe’( ) zl—[ltezﬁzl g
k

n(si/r)(¢" —1) (4.3.4)

st
= v oot D

If s; are not all distinct, the set of dual classes of the same type does not have such a split-

ting decomposition, but it can be expressed by an inclusion-exclusion-principle-formula of the sets
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]_[le{si —simplexes}. In general using the induced character formula as in Proposition 2.1.10, the

partial Frobenius sum can be written as

Proposition 4.3.2. For any dual class e = (gl’\1 . 'g,i‘k),

Ie’ i s(qg" .
345 = ST

e/~e e/~ei=1
in which s(g;) denotes a root of the simplex g} occurring in the dual class €’

For general central elements, the sum in the proposition above is not easy to calculate. However

for primitive central elements
Proposition 4.3.3. The Frobenius sum S(§) = O(q) for ord(§) = n.

Proof. We just need to prove it for each type of characters (dual classes), since the number of types
is independent of ¢. For any primary dual class e = (¢*) with deg(g) = s,n = s|)\|, equation (6)

shows

Igp(©) 1 )
g/zzi I(g/)x(l) a S(q )

_n
[ord(§),n/s]
with k£ > 2 and s; = deg(g;) all distinct,

Ay

foridgs(&) =1 = = 1 by ord(£) = n. Also (7) shows for any dual class e = (g7 -- 9%

for si|Ai| < n = ord(§) and id,,(§) = 0. This implies by the inclusion-exclusion principle that if
there are some s; # s;, the partial Frobenius sum is still zero. Then together with the inclusion-
exclusion principle, we can show that the partial Frobenius sum over all dual classes of the same

type with k£ > 2 and at least some s; # s;, is also zero. Hence we just need to consider the types
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with k£ > 2 and s; = --- = s = s. In this case, again by the inclusion-exclusion principle, we have

Ie/(f) . 1 k r Ie’(E)
> L)~ Ssz1 Yoo uls/m)d =1+ Y (£ Y L)

el
sl e'<e e/ ~el!

e/~e -
Tl emterdteyTx;N

in which e” < e means any dual class of the form (gi‘/1 . -g?l) with [ < k, deg(g;) = s and A} a sum
of some partitions among A1, -+, g, V4 = 1,--- ,[. In this order, a smallest class is of the type
((g")M+ %) for any deg(g’) = s. Again similar to (7) the first term on the right hand side is zero,

so that

Then for any ¢’ < e we can do the same thing using inclusion-exclusion principle until we get down
to the smallest type which gives O(q) by (6) as we did in the beginning of the proof. There are
apparently O(1) many partial sums of the smallest type at the end, hence S(§) = O(1) - O(q) =

O(q). O
If n is a prime, this implies

Corollary 4.3.3.1. If n is prime, then the commutator map is numerically flat over SLy,(Fq)~{I,},

hence flat over SL,,(C) \ {I,,}.

4.4 Character values of unipotent classes

Besides central central elements, the next simplest is for unipotent classes (matrices with diagonal
entries all equal). First it is easy to evaluate them on some special types of characters, i.e. I g{n/s)
with s = deg(g), which serves as a special case of the next section.

Consider any conjugacy class ¢ ~ () with deg(f) = 1, i.e. ¢~ ((z — &)*) for some ¢ € F, and
partition A of n. Then similar to the central case, by Theorem 1.3.3, (4.1) and (4.3), it is direct

to compute that ¥J € {0,---,s — 1}, &; = €N idy(€7) = n/[ord(€),|A]] and so by xb" = 1
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(Example 1.4.13 (1))

S Ty (@) = [ f(C)@-n) X k),

S r T
r|(n/lem(ord(£),|A])) m|=|Al

where Qz for any partitions A, p and 2, are defined in Definition 2.1.8. Define the latter sum as

Definition 4.4.1 (Green’s sum). The sum

Q=Y Q.0

Iml=IA1/s "
is called Green’s sum with respect to a partition A and a divisor s of |A|.

If A = {17}, Q2 is just the degree of I nssy (say by ) For non-central classes, we prove

a cancellation proposition for the special case where A = {17722} that

Proposition 4.4.2 (First Cancellation Proposition). For n/s = 2 and A\ = {1722}, the sum

b
%2}

n,\—l

1 1
Q;\ = Z ;Q?’R’(Q) = Q?n/Q,n/Q}(Q) +

|r|=2 a 2{12}
where z.,n) are defined as in Definition 2.1.8.

To prove the proposition, there needs some results about Green’s polynomials

Lemma 4.4.3 (Appendix tables of Qf,‘(q) in [10]). For any partitions A\, p = {122 ... k"*} of n,

we have

QM (g) =1,

¢n(9)
(=) (1 —g?)r2--- (1 - g

QM (q) =

Qf{\n} (q) = ¢n,—1(g) (IVy is the number of parts in A as in Definition 8),

)\n)\

Q;‘(q) has leading term x,¢"™ (ny as defined in Definition 8).
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Proof of Proposition[[.4.3. As the leading term of Qi,‘(q) is Xﬁq‘“ the leading coefficient ¢y of

Q(s =n/2)

_ Lo 2
x = 5 (X{m/22 T Xmy):

since by@z{lz} =1-2=2and 25y =21 = 2.
Now the Frobenius character formula for symmetric groups can be used to find the explicit

values. Simply, X,/o\ is the coefficient of 2* in the Lorentz series

[Ta- 11 Hae
1<J m>1

where z = (z1,--- ,zn), Hp(z) = 2"+ - + 2, p= (1272 ... ), for any N > N,. In our case we

can set N = n — 1 and then look for coefficients of z* = x%xg CeTp—1-

For p = {n}, the target term in HK]( x—;) [Lns1 Hn(z)™ = Hi<j(1 — ;;)(x]‘ +-- a2l ) is
L2 L3 LTn—1\ n n—2_2
2yl _ — (-1 e
( 7 1 1 Jor = (=1)"""zize - xpa

and it is easy to see there is no other like term. Since n is even (n/G = 2) we see that X?n} =

(-1 2 =1.
For p = {n/2,n/2 1- = Hpy(z)"m = 1— 20y (a2 n/2y2 Tp
or p = {”/ 7n/ }a Hi<j( - ;)ng m(x) = Hi<j( — ;)(% +---+x, ) ere are
J J

two target terms

_T2y 13 _In-1ly n

(=) ()T
and

_ﬁ)_” _%‘—1) _xj-&'-l)_”(_l'nf'l)‘233;1/21,;1/2’
X1 T .TJ $J

in which there must be j = n/2 to get z?x9-- -2, 1. Combining the two coefficients we get

X?n/2,n/2} = (_1)n—2 + (_1)n—3 -2=1—-2=-1.
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Altogether we proved

1 1
hence Q) < ¢! for n/s = 2. O

Another perspective comes from Corollary 1.4.17.1. Actually, for A = {17722}, x = (xperm —
1)Xsgn Where Xperm is the permutation character and ysg, the sign character. For n > 2, Xperm ({(n/2)%}) =
0, and for n > 1, xsgn({n}) = 0. However, xsgn({(n/2)?}) = 1 while xs4n({n}) = —1 (n is even).
Hence

1 1
Cx = 5()(?”/27”/2} + X?n}) = 5(_1 +1) =0,

and Q) < ¢! for n/s = 2.

Although the above result suits our purpose on estimating the character ratio, by applying the
Littlewood-Richardson rule (see 6.3 Theorem V in [24] or 1.9 in [25]) it is possible to find exact
formulas of Q) when s = n/2 and s = n/3 for A = {1"722}, even though the full power of it
is not needed. The original rule is about expressing product of Schur functions, but by Green’s
homomorphism between the algebra of Schur functions and that of class functions (see section 7

of [10]), a weaker version of the rule for Hall’s polynomials can be stated as follows

Lemma 4.4.4. Let A\, u, v be partitions. Then giu = 0 if either of the Young diagrams of A,y is

not included in that of v.

Proposition 4.4.5 (A precise version of Proposition 4.4.2).

Qiln—QQ} — ¢f_2(q)’ fOI' g = n/2

qS

To prove the proposition, there needs a decomposition rule on Green’s polynomials as follows
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Lemma 4.4.6 (Green’s lemma 4.4 in |10]). For any given partitions p, o and v with |p| + |o| = |v|

A
Qo= > gk

IAI=pls|ul=lo]

where p + o is the partition consisting of all parts of p and o together.

Proof of Proposition[{.7.5. By the above lemma, with v = {17722}, by Littlewood-Richardson
rule, to make gKM # 0 there must be A C v and pu C v, i.e. their Young diagrams are included in
that of v. For n/s = 2, we have then

(722} (1m0 (1) | o (122} (1%} {1722
Quey 7 = 90099y @y T 290205099y Qs

{1729 (1-22} - (15-22)
togeeg 20y @pyy @y

in which we used commutativity gKH = gZA. Fortunately, it is not hard to compute those Hall
polynomials with those simple indexes. By definition, gKM is the number of flags V,, D V)3 D Vo =0
such that V,,/Vi ~ V) and Vi /Vo =V >~ V..

We first compute gH:}i{Qf}}. Let v = {1"722}, A = p = {1°} with s = n/2, and e; = (Ji1, - , 6in)
(with the i-th coordinate 1 and others 0) be the standard basis so that Ae; = ¢; for i < n —1
and Ae, = en_1 4 e, if A = ((t—1)11"7*2}). The two conditions on flags mean A acts trivially
on the s-dimensional subspace V; and the quotient V,,/V;. Suppose Vi = (f1, -, fs) with fr =
2?21 agjej, bk = 1,--- s, then 0 = Afy, — fr = agpen—1, ie. ag, = 0,Vk, which means Vi C
(e1,--+ ,en—1). Then A acts trivially on the quotient means for Vv, Av—v € Vi, especially Ae,—e,, =

en—1 € V1. Hence we can show the two conditions are equivalent to Vi = (e1) @ W for any s — 1

dimensional subspace W C (e, - ,e,—2). Thus g&{f;sz)} is the number of s — 1 dimensional
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subspace in F7'~2, i.e. the size of the Grassmannian Gr(s —1,n — 2)(F,). Hence for s = n/2,

¢n72(Q)

{1” 22} _
Gr(s—1,n—2)(F,)| = .
’ ( )( q)’ i/Q_l(q)

Iy =

Second for 98::2222}}{18}7 we keep the previous notations except u = {1°722}. Suppose fr,k=1,---,s
is a basis of V} such that Afy = fx, for k < s — 1, while Afs = fo—1 + fs, then {f1,---, fs—1} C
(1, ,en—1) and Afs — fs = aspen—1 = fs—1 which forces ag, # 0. This means e,_; € V; and
Vi & (e1, -+ ,en—1). Again A acting trivially on V, /Vi just means e,—; € V;. Hence we can
show the two conditions in this case are equivalent to Vi = (e,—1) ® W for any s — 1 dimensional
subspace W C (e1,- -+ ,ep—_2,€y) such that W € (eq,- -, e,—2). Then the number of such subspaces

is |Gr(s —1,n —1)(F,)| — |Gr(s — 1,n — 2)(F,)|, hence

{1722} Pn-1(q) =)

20 = G (@ ngald) 0y (0)

Thirdly we can show gH: 2222}}{13 29y = = 0. We keep the notations except \ = p = {15*22} and

again similarly we get e,—1 € V3. We consider any extended basis fi,---, fs,91, -+ ,9s of V,,
such that by the action of A on V,,/V} we can have Agy — g = bknen—1 € Vi,k < s — 1 and
Ags — (gs—1 + gs) = bsnen—1 — gs—1 € Vi, in which g = Z?:l bije;. But since e,_1 € V1, from the
last equation we get gs—1 € V1 (s > 2), a contradiction. Hence there are no compatible flags.
Finally by Q{\n} (q) = ¢n,—1(q) we can compute that

n—2 1 n—2
QU = Lona(@) + 30h B 10 + 950 a b1 (0)0n/2-20)

L fin—2
+= gils 22}}{13 22}¢n/2—2(Q)

= Louala) + ;mqﬁim(qw
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+( Pn—1(q) B Pn—2(q)
Pnjo-1(@)bn2(0) 07y 1 (a)

)¢n/2—1(Q)¢n/2—2(Q)

14+¢°
1—g¢g°

= $6n-2() + 30n-2(0)

On2(9) 2 ant2)2
1—q¢ 1 '
q

Moreover, following the above proof verbatim

Corollary 4.4.6.1. Vr > 2,5 > 2,

i r4s—
gﬁr}{lsf}(q) = |Gr(r — 1,145 — 2)(F,)| = Pris—2(q)

 dr-1(0)9s-1(9)’
r+s—2
Giany g = |GT(r = 1+ 5 = 1)(Fy)| = [Gr(r = 1,7+ 5 — 2)(F)

_ ¢r+s—2(Q)qs(1 — qril)
br-1(q)ps—1(q)(1 = ¢%)’

0.

o2y
g{lT*QQ}{18722} -

Moreover,
1— qr+s
(1=¢)(1—¢%)

r+s—2
Qhry (@) = brisala)

and especially,

1+4"
1—q

127‘722}

Qhay @) = b2 (0)

Now using the induction rule on Hall polynomials and the above counting method, it can be

computed that

Proposition 4.4.7 (Second Cancellation Proposition). For s =n/3 > 2,

1—q"

{122} _
QS.{ls} = ¢n—2(Q) (1 — qn/3)3
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and
ey _ 1 ppmm2gy o L ppee2y 1 opneegy
Qs - 3!QS.{13} + 1. 2QS.{12} + 3QS{3}

¢n—2(Q)
(1 _ qn/3)2(1 + qn/3) ’

Proof. By the corollary we have

(n-22) | (ne;) o[e) (%) | (nf3y (1%} (1223
Qupsy = 900y Qe @y T 90y 12209y @y

{1n—22} {13—22} {123} {ln—22} {13—22} {125—22}
+g{15722}{125}Q{s} Q{Sz} + 9{15722}{125722}62{3} {52} )

_ ¢n—2(Q)
¢s—1(q)p2s-1(q)

L 2@ —* )
¢2s—1(Q)¢s—1<Q)(1 - qs)

N Pn—2(q)q*(1 —¢* 1)
Gs—1(q)P25—1(q) (1 — ¢2%)

s-1(0)¢25(a) /(1 = ¢°)?

14+ ¢°
1—¢*

bs—1(q)P2s—2(q)

bs—2(q)P2s(q)/(1 — ¢°)* + 0

_ 1—¢* ¢*(1+¢°) g
= tu-2(@) Tz + 02D 7q oy + 92Tz
1+¢°+¢* 1-q"
bn—2(q) 1—¢°)? = ¢n-2(q) (1— qn/3)3

Finally we can compute

(1223 1n—2(q)(1 —¢")

Pn—2(q)(1 — q")
Qs=n/3) = :

1 1
S (1 _ qn/3)3 5 (1 o qn/3)(1 - q2”/3) + §¢n—2(Q)

On—2 (Q) W (n?—Bn+2)/2
(=201 + ') '

In general as a corollary

77



Corollary 4.4.7.1. Vr,s,t > 2,

{1r+s+t722} . 1— qr+s+t
Q{mt} ¢r+s+t—2(Q) (1 _ qr)(l . qs)(l _ qt)'
Moreover, for general r; > 2,4 =1,--- ,m and r =) . r;, it can be proved inductively that
1—4q"

r—2
le 733} = ¢r—2 (Q)

ILA—qm)
4.5 Partial Frobenius sum over type (g{”})

Now look at the simplest primary characters which correspond to (¢{*}) with deg(g) = s and sv = n
over non-central conjugacy classes of SLy(F,). If s =1 then it is a linear character and evaluated

at 1 on any matrix in SL, (F,). Hence

I 1y (c
Z I(g{})(l> = |R1] = ¢ — 1,Vc € SLy(Fy).
deg(g)=1 oo (1)

Consider s > 2. By Theorem 1.3.3 and evaluating B,(g*, m, M)(c) in section 4.1 (note that Xﬁ{;;} =1

for any partition p of v)

Lgtop(D) - Sigropy(€) = (1" D Lgryeon (©)

g'~g
! st i T s
= Y LewaX Il I Sew ()
frl=v,M g/~g i=1rep(M,f;) =0
= 2 Zl. QM. c)B,(g*,m, M)(c) (4.5.1)

|7|=v,M

whose magnitude is determined by Q(M, ¢)’s. Also its degree can be computed as
I(g{v})<]~) — ¢n(Q)/¢v(qs) -~ qn(n+1)/275-v(v+1)/2 — q(n/Z)(nfn/s) (452)
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Now there comes the major estimate by Liebeck et al. as follows

Proposition 4.5.1. (Theorem 3.1 in [20])
For any n > 5 (we will treat n = 2,3,4 as separate cases), any non-central element ¢ in GL,,(F,)

and any of its irreducible character Y,

1

Ix(e)/x(M)] < [x (1) 2n.
By the proposition, for y = I(g{v}), we have

[ gtany ()] 735 ~ g2 = gii0-9),
So if n/s > 4, we have |x(c)/x(1)| < ¢'=*, which is needed for Theorem 2.3.4. Hence the three
discrete cases where n/s = 1,2,3 are all left over. We need some results about ny in Definition

2.1.8 first

Lemma 4.5.2. For any m € Z, and any partition A,

n{m} = 0;

ny < n{lm} = (?), for |>\| =m;

m—1

5 ), for |[A| = m with Ny <m — 1.

ny < n{lm—22} = <

Now consider it case by case for general non-central conjugacy classes in SLy,(Fy).
(i) n/s = 1 or s = n. There is only one suitable partition, s - {1} = {n}, and a substitutable

conjugacy class ¢ must only have one irreducible polynomial such that ¢ = (f*) with deg(f) = F' | n.
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Then by Lemma 4.4.3

Q(M,¢) = QY ry(a") = b, -1(g") ~ g™ N2,
compared with I (y(1) in (4.8), to achieve Theorem 2.3.4 there needs

QUM €)1,y (1) v gFN N2 omln1/2 < glom,

i.e. we want
FN,(N, —1)—n(n—1)—-2(1—n)=FN,(N, —1)—(n—1)(n—2) <0.
If deg(f) = F =1, then v # {1} to avoid being central, so that N, <n — 1 and
FN,(N, —1) = (n—1)(n—2) < (n— 1)(n—2) — (n— 1)(n—2) = 0;

if ' > 2, then

FN,(N,—1)—(n—=1)(n—2)<n(n/2—1)—(n—1)(n —2)
= -n?/2+2n—-2=—(n—-2)%/2<0.

Thus by those two really niche estimations we proved it for n/s = 1 over non-central classes.

(ii) n/s = 2, the suitable partitions are s - {12} = {(n/2)%},s- {2} = {n}. Then the substitutable
classes are ¢ = (f") or ¢ = (f{* f5?). Here consider ¢ = (f*) and leave the other to case (iv).
For non-unipotent classes (equivalent to F' = deg(f) > 2), by Lemma 4.4.3 that Q}(q) < ¢™, to

achieve Theorem 2.3.4 it is necessary to show
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But again similar to the second estimation in (i) there is
2Fn, —n(n—2) =21 —-n/2) < Fly|(lv]|—1) = (n—1)(n —2)
1 2
<nn/2-1)—(n—1)(n—-2) = —§(n— 2)*<o0.
For deg(f) = F = 1, the unipotent classes, there needs

Q(M, C)/I(g{n})<1) 5 qnu—n(n—2)/2 < ql_n/g'

By n, < (n—1)(n—2)/2 for v # {1"} (again to avoid being central)
n,—nn—-2)/2<(n—-1)(n-2)/2—nn—-2)/2=(—n+2)/2=1-s,

in which the equality can only be achieved by the extreme case v = {1"~22}. However in that case

by the first cancellation proposition (Proposition 4.4.2)

I gtony(c)
Loy (1)

ny,—1-n(n—2)/2 —n/2

Sq =q

and even better by Proposition 4.4.5 we have

gty (©) (n—1)(n—2)/2—s—n(n—2)/2 1-2s 1-n
Igt01y(1)

Hence in summary for n/s = 2,¢ = (f¥) non-central we have

I(gtwny(c)

R A
~Y q )
Igt1y (1)

1—5)'

which is better than what we want for Theorem 2.3.4 (< ¢
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(iii) n/s = 3. Then the suitable partitions are s- {13} = {(n/3)3},s- {12} = {n/3,2n/3},s- {3} =

{n}, and the substitutable classes are ¢ = (f*),c = (f{* f3?), or c = (f{* f5* f5*). Again consider the

primary conjugacy classes and leave the other two cases to (iv). Then similar for F' = deg(f) > 2

it needs to show

Q(M, c)/I(g{n})(l) N an,,fn(nf:s)/Q < q17n/3'

i.e. there needs

6Fn, —3n(n—3)+2n—-6 <3n(n/F—1)— (3n—2)(n —3)

=B/F-3)n*+8n1—-6<0 (4.5.3)
If F =2, thenn > 6 (F|n and n/s = 3) so that (4.9) becomes
(3/F —3)n? +8n —6 < —3/2(n? — 16n/3 +4) = —3/2((n — 8/3)* — 28/9)

< —3/2(100/9 — 28/9) = —12 < 0,

since the parabola decreases as n gets bigger than 8/3, so it suits our purpose.

If F =3, (4.9) becomes
(3/F =3)n%+8n—6=—2n>+8n—6=—2(n—2)> + 2,

which is exactly 0 for n = 3 (then s = 1) and negative for n = 3m with m > 2. Hence again it

suits our purpose.

If FF >4, then n > 6 (so that 3| n and n > 4), (4.9) becomes

(3/F —3)n*+8n—6< —2n* +8n — 6 = —2(n — 2)* +2 < —30.
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If F =1 and v # {1"} (to avoid being central) or {1722}, then n, < (n —2)(n —3)/2 + 1 so that
6Fn, —3n(n—3)+2n-6<3(n—-2)(n—3)+6—-Bn—-2)(n—-3)=6—-4(n—-3) <0
for n > 3 (then n > 6 for n/s = 3). If n = 3, then there can only be v = {3}, so that n, = 0 and

6Fn, —3n(n—3)+2n—-6=0.

If v = {17722}, by the second cancellation proposition (Proposition 4.4.7) (on Qiln_%})

I(g{v})(c) N q(n2_5n+2)/2—n(n—3)/2 — gt
Igto1y (1)

In summary there is for n/s = 3 and ¢ = (f"),

I(gtony(c)

< ,l-s
Igt1y(1)

(iv) Now let’s consider the general case ¢ ~ ( 1/\1 . fk’\’“) for k > 2. Denote F; = deg(f;),|\i| =
mi,n; = Fym; so that Y, Fym; = > ,n; = n. Then Q(M,c) = []; Q,;\EM,fi)(qu)' Again by the
estimate by Liebeck et al. as in Proposition 4.5.1, it only needs to consider n/s = 1,2,3. Then
k < 3 because the suitable partitions can have at most 3 parts (s-{13} = {(n/3)3}) and substitutable
conjugacy classes can not have more irreducible polynomial factors in its characteristic polynomial.
@ For n/s =1, I 41:1)(c) = 0 because there is no substitution of s - {1} = {n} into ¢ (number of
parts in potential partitions must not be less than the number of irreducible polynomials in c).

@ For n/s = 2, to have non-zero character values, there must be £k = 2 and n; = ng = s = n/2.

Then

Q;\éM,fi)(qu) < gFimn < qni(mi_l)/z — q(n/Q)("/(QFi)—l)/2
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and

Q(M,¢) < g"/2=D/2,

Compared with the degree we get

Q(M,c)

S qn(n/271)/27n(n/s+1)/27n(n+1)/2 < (]1757(112/27371/2+1)7
Ity (1)

which satisfies Theorem 2.3.4 for n > 2 when n?/2 —3n/2 +1= (n—1)(n —2)/2 > 0.
@ For n/s = 3, k < 3. To have substitutions from s - {13} or s- {12} (again no substitutions from

s-{3} = {n}), there must be either k =2,ny =s=n/3,n0 =2s=2n/3, or k =3,n; =ng =ng =

s=n/3.
@ k = 2, then

Q(M, ) < g°(s=D)/242s(2s=1)/2 _ ((5n%/9-n)/2
and

QM. )| _ (57 /9=m)/2=n(n/s+1)/2-n(n+1)/2 _ (1-s5-(2n7 [9~dn/3+1)
[ (geeny (D] ™

which suits Theorem 2.3.4 for n > 6. (This is fine, because to have n/s = 3 and s > 2, there must

be n > 6.)
® k = 3, then

Q(M,c) < q3s(s—1)/2 _ q(n2/3—n)/2
and

1—5—(n?/3—4n/3+1)

Q(M, )| _ (7230 2= n(n/s+1) 2-n(nt1)/2 _ ,

[ (geery (D] ™

which satisfies Theorem 2.3.4 for n > 3 when n?/3 —4n/3 +1= (n—1)(n —3)/3 > 0.
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Hence using the above crude estimation it is clear for any non-central class ¢

|I(g{v})(c)| < 1-s

<q 4.5.4
Tyt (1] (4.54)

for any simplex g with s = deg(g) > 2 and sv = n.
4.6 For general primary characters

To deal with general primary characters I ), it is necessary to prove

Lemma 4.6.1 (Degree comparison lemma). [Igx)(1)[ 2 [L4ewy)(1)], for any [A| = v = n/s with

deg(g) = s.

Proof. By Green’s lemma 7.4 in [10] or Theorem 1.3.3 we have

Igny (1) = dn(@){A: ¢°},

in which
Nig) = g2+ [Ticretcua(l = glr—le=T+t)
H;L"LZI ¢ZT+U—T‘(Q) 9
it A={l,lo, - ,ly} with l; >y >--->1, > 0. To prove the desired result, we just need to show

{Niq} 2 qb‘;\ll (¢). Rather than directly compare them, we comprise to show

Natop@ 2 {0 a [[anle 21

By the above formula we get

u
R [ I e L
r=1
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We compute the middle sum that

u u

Z (lr—lt—r—i-t):Z(u—r)lr—Z(r—1)lr+2(u—2r+1)(u—7‘),

1<r<t<u r=1 r=1 r=1

then the starting sum that

u

I+ 2+ = (r—1,

r=1
and the last sum that
S le+t) = [(w—r)lp+ (uw—r+1)(u-r)/2].
r=1 t=1 r=1

Then combining all those we get

> (u—r)(u—3r+1)/2.

r=1

Then this sum is supposed to be zero and interestingly it is always zero for u > 1. Thus we proved

the desired result. O

On the other hand, the estimate in Proposition 4.4.7 covers for n/s > 4 and general non-central
conjugacy classes. Hence one again just needs to consider the cases n/s = 1,2,3. By the degree
comparison lemma above we find all the arguments on the simplest primary case involving only
Q(M, c)/I 4inss1)(1) in section 4.5 can apply. Hence it works for all the cases of (i)-(iv) which
needs only the estimation for single Q(M, c¢) but not len%?}, i.e. in (iii) for A # {n/s = 3} and

¢ = ((x — &)1" 2. In this case the best estimation by Proposition 4.4.5 gives

Q(M,¢) ~ ¢pn_s(q) ~ ¢ D=2/2,
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while the direct comparison with [ n/s=s})(1) gives
Q(M, ) /1 ginss=s1)(1) ~ gD 2mnn=2 — g

But for A = {l1,--- ,l,} # {n/s = 3} it can be seen from proof of the degree comparison lemma

that

In 1)/ (1) 2 ¢3(¢”)/ [ o (¢°)
r=1

$3(¢°)/#3(q°) ~ ¢*° if A= {1%}
03(q°)/d1(q%)d2(q®) ~ ¢*  if X = {12}.

Hence we get Q(M, c)/In (1) ~ q' 73 or ¢' 2% respectively.

4.7 General irreducible characters Corresponding to any complexes

Now look at the general case for I Aoy With s; = deg(gs), b = |A\i|, m; = s;b; and n = Ele m;.

A
(91 ! I

)
We need to prove the following

Proposition 4.7.1. For any non-central conjugacy class ¢ of n X n matrices, we have

I.(c)

< 1_2?:1 Si
L~

(When k£ =1 we can see it is compatible with the result about primary characters.)

Proof. For any complex ¢ = (gi\1 . -g,’c\’“), we have I, = I

@) 0--+0 I(g,?k)’ which denotes the

parabolic induction. If y is induced from the character I of GL,, (F,), by the induction

(1)
formula in Proposition 2.1.10 (which is a variant of Mackey’s formula [1.2.4]), for any matrix C in

the class we have

X(C) = Zl(gi‘l)(DC‘Dil)a
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in which the sum is over all cosets D € GLy(F;)/GLy, (F,) such that DOCD~! € GL,,, (F,) C
GL,(F,), i.e. GLp, (F;)DC = GLy,, (F,)D. Note that the cosets of GL,(F;)/GLy,, (F,) are in
one-to-one correspondence with flags IF‘,’; = Vy D Vi D 0 with dimVy/V; = my, we can see that
the suitable ones in the sum correspond to the flags with V; fixed by C (i.e. a submodule of the
p—module V¢, with ) acted on by C).

Hence inductively we can see that

Ie(c) = ;I(gi\l)(cl) e I(gzk)(ck)a

in which the sum is over flags ¥ = (Vo D V3 D -+ D Vi = 0) with dimV;_1/V; = m;,CV; =

Viyi = 1,--- ,k, while C; = Cly,_, /vy, and V;_1/V; =~ V,. Denote the set of such flags by F, c

where m = (my,---,my), and for each subset S C {1,---,k}, let Focs = {(Vi) € Fuc |
C |V}_1 Jv; 1s scalar,Vj € S}. Also, if C is the identity, denote Fy, := F,1. Then in this context
Ie(l) = |fm|[(gi\1)(1) o I(g;:k)(l) and

Ie<0)’ _ D FeFmo I(glM)(Cl) : “I(ggk)(ck)

I.(1) | Fon]
|fm’ FEFm.c I(gi‘l)(l)‘[(gzk)<l)

[Fm] SC{1, k} FEFm.c.5 I(gll)(l)m (9, )(1)

L2 (S

— 2 < ¢'7%, for all non-central (non-scalar) C;, V.S we have
I(g%i)(l)

Since we proved

< [P cislgTeesi=s0).
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Now we claim that

Fmes| o g Rigs(miml)
[Fm| ™

Actually, if we use Green’s notations, |y, c| = ggl,._, c,» the Hall’s polynomial. If C' ~ (ff(fl) e fly(fl)),

then simply by direct sum decomposition of Vi or Proposition 2.1.10

C d ;
gCh' c Hgyl(fj q eg(fj))7

First we consider the case where S = {1,--- ,k}. Then C; = ((t — &)1"™}),i =1,--- |k, in which
& € Fy. Without loss of generality we can assume § = -+ = &, = M, &41 = -+ = &y, =

Moy &1 = =& =, and C ~ ((t —m)" -+ (t —m)") with |[v5] =m0 + - +my,,

in which for convenience we denote 0 = ig < i1 <19 < --- < ij_1 < ¢4y = k. Then

C
9cy -, Hg{lm,] 1+ ij}(Q)
< qZ;:l(an_mij,1+1(mij,1+1_1)/2_"'_mij(mij_l)/g)

l k
Z] 1= Zi:1mi(mi*1)/2'

=q
by Green’s theorem 4 [10] that gf\\1,~~~,>\k(Q) has leading term ci‘\hm7}\kq“A*"A1*"'*"Ak, Also we can
compute
|Fm| = |Gr(mg,n)||Gr(mg—1,n —mg)| - |Gr(my,n —mg — -+ - — ma)|
|GLy (Fq)| ()

T, |G Lo, (Fy)|g=i=t msmmmi==ms)  [T¥_ ) b, (q)

-~ qn(n_n/z_zle m;(m;—1)/2
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Then we get

|fm,C,S| < qzl ny; —n(n—l)/Q.

= m,eel j=1
|Fm| ™

Now if [ = 1 and C' ~ ((t — 1)), since C' is not central we must have v # {1"}, and so n, <

(n —1)(n —2)/2. Then we get

(n—1)(n—2)/2—n(n—1)/2 n

|fm,C,S| < qnu—n(nfl)/2 < = qli )

which is exactly what we want. It is clear that for [ > 2, Zé‘:1 n,; is even smaller, so the result is
valid for S = {1,--- , k} with any possible non-central matrix.

If S #{1,---,n}, we prove it by induction on k. First for k =1, then n = m; and S is either {1}
or ). But if S = {1} then C must be central. So we can only have S = (), and the result is trivially
true because 1 —n + 3 ,ug(mi —1) =1—n+ (m1 — 1) = —n+my = 0. For all k > 2, assume the
result for 1,--- ,k — 1 and any n. We separate it into two cases as follows

@ k € S, then for any flag (Fy =Vo D Vi1 D--- D Vi = 0) € Fimc,5, the flag (Fg*mk =Vo/Vi—1 D
Vi/Vikeer D -+ D Vi—1/Vk—1 = 0) belongs to ]:(mlr--,mka),c\vo/vk,l,s\{k}? denoted by F), og. If

S #{1l,--- k} then S~ {k} #{1,--- ,k — 1} and we can use induction to get

! !
’fm,C,S‘ _ )fm,C,S‘ ‘ | Fma e me_1)]
| Foml | F e ) | Fom

[Fmcsl _
| Fom

< ql—(n—mk)‘i'zie{l,»-»,k—l}\s(mi—l) ) [ Fma, )|
~ | Foml

l—nt+mp+3,q5(mi—1) |‘F(m17 7mkfl)‘

=4q
| Fom]

With the above formula we can compute that

’f(m1,~-~,mk,1)‘ _ anfmk (Q)¢mk (Q)
| Fm] Pn(q)
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(n—mg)(n—mp+1)/2+my (my+1)/2—n(n+1)/2 (I—n)my

~q =4q

Therefore,

’Fm,Cﬂ’ < qlfn+zies(mi71)+mk+(1fn)mk < q1*n+2i¢s(mrl)’

| Fm

since mi + (1 —n)my = (2 —n)my, <0 forn >k > 2.
@ k¢S IftS={1,---,k— 1} and we look at the quotient flags as in (), we get into the case we

consider before so then

/
‘Fm,C’,S’ _ ’Fm,C,S’ ’f(ml,---,mkfl)‘
| Fm| | F(m | Foml

1, 7mk—1)‘

< ql—(n—rn,k)—&—(l—n)m;C _ ql—n—&-(mk—l)—&—l—(n—l)mk < ql—n—&-(mk—l)’

~

since n > k>2and my > 1. For S #1,--- ,k — 1 we use induction to get
!
‘]:m,C,S’ _ “Fm,C,S‘ ) |‘7_—(m17"',mk—1)‘
| | Fma, mp_) | Fm|

< qlf("*mkﬂzz‘eu,m k—1}s(Mi—1)+(1—n)my

~

_ q1*”+zigs(mi*1)+1*("*1)mk < q17n+zi$5(mifl)7

which is again what we want. Hence altogether we can prove the claim.

Finally, we can conclude that

~ Pl

Ie(C)’ < \fm,c,s\qziés(psi) < gl Sigs(mimD+Eigs(1-s)

— qlinJ’»EzeS(mlisl) S qlizle Si_
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4.8 Proof of Numerical flatness on SL,(F,)

To prove numerical flatness on SL,,(F,), we further need the Lang-Weil bound to turn the above

arithmetic result into a dimension result.

Proposition 4.8.1 ( [21], lemma 7.1). Let V be a variety over F,, which can be defined over F.
Suppose dim V' = f, and that V has e components of top dimension f. For any power ¢ of p, let

V(g) denote the set of F, — rational points in V. Then there is a power g of p such that

[V (q)| = (e +o(1)q’

for all powers ¢ of qp.

Through 3.1-3.7 we proved

(9)
1)

=

N L8

=

x€Irr(GLy (Fg))

which by Frobenius counting formula (Proposition 3) gives

1171 (0)] S alGLu(Fy)| ~ g™+,

for any g of SL,(F,) which is non-central, or g ~ ((z — &){!"}) with ¢ a primitive n-th root
of unity. Hence for any such g in SL,(F,), [,]7!(g) C GL,(F,) x GL,(F,) is a subvariety, and

Ha]_l(g)(Q)’ S q”2+1. By Lang-Weil, this is to say

dim[,]7!(g) < n? + 1.

On the other hand, [,] : GL,(F,) x GL,(F;) — SL,(F,) is a surjective morphism by Theorem 1

in [28], then [,] : GL,(F,) x GL,(F,) — SL,(F,) is also surjective. Hence by standard counting of
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dimension of fibers (see Theorem 4.1 of |14])

dim[,]7*(c) > dim GL,, x GL,, — dim SL,, = dim GL,, + 1 = n® + 1.

Altogether we must have numerical flatness for those g, i.e.

dim[,]7!(g) = n* + 1, over F,,.

This implies for Vg, € SL,(Fq) \ {£I,,,§ € F, not primitive n-th root of 1},

L7 @) ~ g™
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CHAPTER 5

Flatness of the commutator map on GL,(C) and related topics

5.1 Proof of Geometric flatness

We have dealt with numerical flatness in the previous sections, now we turn to prove geometric
flatness of the commutator map. Now let Vg, be the fiber in GL,,(F,) x GL,,(F,) of the commutator
map over g € SL,,(F,) \{& I, € is not primitive n-th root}. In last section of the previous chapter,
we proved dim Vy,, = n? + 1.

To prove flatness of the commutator map on SL,(C), we introduce Grothendieck’s theorem on

constructible dimension of fibers:

Proposition 5.1.1 (Grothendieck’s theorem, see [6], 9.2.6.1). If f : X — S is a morphism of finite

presentation, then the function s — dim(f~1(s)) is locally constructible.

Now for any g € SL,(Q) \ {¢1,,, € € Q}, let X =V, where V is the fiber [,]71(g) in GL,, x GL,,

i.e. defined by a set of quadratic equations given by

By multiplying an integer scalar N to make all entries of g integers which have no common factors,

then clearly V; can be defined over Z (of finite presentation) as an algebraic variety, given by

Nzy = (Ng)yx (with Ng € M, (Z)).
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Denote by g, the matrix in SL, (F,) with all entries of g modulo p. Let f : V; — Spec Z be the
structure morphism, and we denote the function s — dim(f~!(s)) on S = Spec Z by h. Since for
any point (p) ((0) if generic) of Spec Z, the fiber f~1((p)) = V4(F,) is just the variety defined over
F, (Q if generic), which contains the fiber of Vg, = [,]7'(gp) C GL(F;) x GLy(F,) as a dense set
of closed points. (This is because V, — V4(Fp) is a morphism of finite type between Jacobson
schemes, which then sends closed points to closed points, see 10.4.6 and 10.4.7 of EGA IV [6].)
Since the set of closed points are Zariski dense (see exercise 3.17 of Hartshorne [12]), hence we can
apply our result of numerical flatness that for those co-finitely many characteristics p such that
gp € SLu(Fp) \ {&I,,€ € Fp not primitive n-th root of unity}, dim(f~1((p))) = n? + 1. Then by
Grothendieck’s theorem, h~!(n? + 1) is a (locally) constructible subset of Spec Z, which therefore

must contain the generic point (0). Thus we know

dim V(Q) = n? + 1.

Now using the similar argument as above, we go on to show Vg € SL,(Q) ~ {¢-1,, | £ € Q} and
Vy = [,]71(g) fiber of the commutator map over Q, there’s also dim Vz = n?+1. Since the entries of g
falls in some finite extension of Q, Vj is again definable over Z, and we have the structure morphism
[ : Vg — Spec Z. Then similarly for any point (p) of Spec Z, f~1((p)) = Vg Xspec zSpec F, = V4(F,)
contains [,]71(g,) C GL,(F,) x GL,(F,) for some power q of p and some matrix g, € SL,(F,) as
its closed points. Again by density of the closed points, applying numerical flatness for those co-
finitely many characteristics p such that g, is not central or non-primitive n-th root of unity, we
have dim f~!((p)) = n? + 1. Then by Grothendieck’s theorem, dim Vy = n? + 1.

By Lefschetz’s principle (see [4]) we can cheaply extend the result to C, i.e. Vg € SL,,(C)~{{[,,§ €

C not primitive n-th root of unity} we have

dim[,]7!(g) = n% + 1.
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To make it more precise, we notice that the Zariski closure Xy = {o(g) | o € Aut(C)} is defined over
Q, and X,4(Q) is Zariski dense in Xy;. We showed for any h € X;(Q),dim[,]71(h) = dim GL,(C),
hence again by Grothendieck’s theorem applied to [,] : GL,(C) x GL,(C) — GL,(C), we get the
result.

Now we use the Cohen-Macaulay machinery to turn the equi-dimension argument into a flatness

argument:

Proposition 5.1.2 (Hartshorne |12, Ex. 3.10.9). Let f : X — Y be a morphism of varieties
(over some field k). Assume that Y is regular, X is Cohen-Macaulay, and that every fiber of f has

dimension equal to dim X — dim Y. Then f is flat.

We let

X = GL,(C) x GL,(C),

and

Y =SL,(C) ~ {¢£- I, | £ is not a primitive n-th root of 1},

and f be the commutator map, then they clearly satisfy all the prerequisites of the theorem above,

hence we get the flatness of f.

5.2 Fibers of commutator maps over central elements in SL,(C)

5.2.1 For primitive roots of unity

Following the process in the last section, Proposition 4.3.3 suffices it to prove Theorem 2 for a central
element & := ¢ - I, € GL,(C) with £ any primitive n—th root of unity. Actually directly counting
dimension in C of fibers of the commutator map over such central elements is also manageable and

we can show
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Theorem 5.2.1. For [,] : GL,(C) x GL,(C) — SL,(C) and any primitive n—th root £ € C of 1,

the fiber over £ is a disjoint union of orbits

L7 = || GLa(C) - (a0, bra(€)),

a,beCx

in which GL,(C) acts on GL,(C) x GL,(C) by conjugation on both entries, o = (12---n) the

n—cycle in the permutation group S, and 7,(¢) = diag(1,&,--- ,£"1). Consequently,

dime[,]71(¢) = dimc GL,(C) + 1.

Proof. First, by computation [o, 7,(£)] = 07, (€)o7, (€)1 = € using o represented by the permu-

tation matrix (a; j = di41,j)nxn. For simplicity we set d,41,1 = 1 and consider indexes all modulo
n.

Second, suppose there are x,3 € GL,(C) such that zyz~'y~! = £, then zyz~! = &y. WLOG,
we assume y is in its Jordan canonical form and has spectrum {A1,---,A,}. Now that y is sim-
ilar to &y, we must have €\; = );, with 4; # 1, otherwise Ay = 0. Then &2\; = &Ny, = Ay,
with i # 1,41, and subsequently, Vk = 1,---,n — 1,6F\; = i, with i, # 1,41, ,ik—1, un-
til £"A\1 = A\ = \;,. Thus (liyig---i,—1) forms a n — cycle and the spectrum of y is actually
A1, A€, -+, A€ L Hence y is diagonalizable and by conjugation we can make y = cr,, (€) for some
c € C*. Then the equation becomes x7,(£)z~! = £7,(€), and compared with o7, (€)o~! = &7, (€)
we get (071 2)7, (&) = 7,(€)(071z). Clearly the matrices commuting with 7,,(¢) must be diagonal,
so x = ob for some b = diag(by,--- ,by).

Finally, we claim that if detb = 1 then there is a diagonal matrix d = diag(dy,- - ,d,) such that

ob = dod~'. Simply by computation we have

dod™' = (a;; = 5i+1,jdidj_l)nxn, ob = (ai,j = 0it+1,5bi41)nxn.
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to set them equal we must have

dy = bady, dy = bsds, -+ ,dp—1 = bpdp, d,, = b1d;.

So given any a € C*, there is a solution for d as

d= diag(a,abz_l,abglbgl7 e ,ab;l Loyt

nipsaby b bt = aby),

in which detb = biby---b, = 1 makes the last entry valid. Hence in general we have b =
(detb)'/"dod='. Clearly for each a,b € C*,GL,(C) - (ac,br,(£)) is a distinct orbit and each
solution to the commutator equation falls into some of those orbits.

Consequently, since the stabilizer of any (ac, br,,(§)) is just the center C* - I,,, we have

dime[,]71(¢) = 2 4 dim¢ GL,,(C) — 1 = dim¢ GL,(C) + 1.

5.2.2 For non-primitive root of unity in SL,,(C)

Over C with the GL,,(C) action, we investigate the following example and check that

7€ > || GLu(C) - (a0? diag(by, ba€, bi, bs§) + cErp + c€Es ),
a,by #£ba,ceCX*

which has dimension > dim¢ GL4(C) 4 2, note that E;; denotes the matrix with entry a;; = 1
and all other entries 0. This suggests that for non-primitive root central elements, their fiber of the
commutator map could be of bigger size than non-central elements.

Keep the notations as in section 5.1, for non-primitive roots we first prove the following
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Theorem 5.2.2. For n =ml, [ > 1, D the set of all semi-simple elements in GL,,(C), we have

[171(€™) N (GL,(C) x D) = | GL(C) - (o™ A, 7P (€)),
bl,-“,me(CX,AEGLn((C)/Cbb...’bm

in which

01, bm (&) = diag(by, - b, E™by, -+, EMby, -+ - ,g(l—l)mbl’ e 7£(l—l)mbm),

n

and Ch, ... p,, = C(rbr e n SLy™k(C) with C(720 P (€)) the centralizer of 5 ™ (&)
and SL" ™k (C) defined by (5.2) below.

Consequently we have

dime[,]71(€™) N (GL,(C) x D) = dim GL,(C) + m.

Proof. First simply by computation we have [¢", oL bm &) =¢&m.

Second, using the similar argument as in the previous proof to deal with zyz~! = ™y with y
semi-simple, we can see the action of £™ on the spectrum of y is partitioned into m many [—cycles,
hence we can make y = oL bm (&) for some by, -, by, € C* by conjugation. Then compared with
gmygysbm (o™ = gmplrbm (&) we get

(o7 a)7h b (€) = 71 b () (o),

ie. oMz = A€ C = C(rh"7 " (€)), the centralizer of T,‘il"“”’m(g). We need to know whether
[z = o™A, 720" (£)] belongs to a different orbit from [o™, 72" "™ (¢)] under the conjugation
action of GL,(C). Knowing that y can always be conjugated to oL bm (£), we actually just need

to know the orbits under conjugation action of C.
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First, we have [Co™™,C] C C N SL,(C), i.e. C acts on ¢™C via conjugation: VA, B € C,

(" A B )BT €
=(o™A) "t B bt b (€) AB!
=" (0™ A) T B b (€)o™ ABT!
=" Ao b (€) Be M AB
=¢"ETMAT I (o T B(a ™ A) BT
=7t (€)(e™ A) T B(e™ A)BT
=(c™A)T'B(e™A) B~ € C

=B(e™A)B™! € 6™ AC = oc™C. (5.2.1)

m

(Actually it is easy to see that any word consisting of ¢, =™ and elements of C' belongs to C'

™ appears as many times as 0~ "™.) Now we want to count the orbits of this action. More

if o
specifically, by

B(e™A)B™' =omA < [(6™A)!, Bl = A7A,

o™A and ™A’ belong to the same orbit if and only if their difference A=A’ € [(c™A)~!, C]. We
have shown in the proof of Theorem 5.2.1 that for m = 1, the action is transitive on C' N SL,(C),
and [0, C] = C N SL,(C). In general we can show that [¢",C] = C' N SLy,, ... m, (C) for any m | n,
C = C(57 P (€)) and SL™ ™ (C) will be defined by (5.2) in the following.

We notice that C' = C(75 "™ (€)) € GL,,,(C).. More specifically, looking b; as representatives
of the l-cycles, if for my + --- + my = m with m; > 1 we have by = by = -+ = by, = [i;
bny+1 = = bmgtme = B2 3 bmypedme 41 = 0 = byt +my = bm = B with

ﬁiﬁ;l # & for any integer r, then

C' ~ (GLyp, (C) x -+ x GLyy,, (C)).
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Thus for any A, B € C, they are of the form

A~ diag(Arr, -+ Atk 5 A, o0, Ak)y Aig € GLiy, (C), V1 <i <11 < j <k,

B~ diag(Bi1, -+, Big;-+ i B, -+, Bi), Bij € GLyp (C),V1<i<1,1<j<k

and

A=0""Bs"B™!
o -1 -1, -1 -1, . -1 -1
_dlag(BllBll s aBlk:B]_k 7B11B21 s ’BQ,k’.” 7B(l—1)1B[1 s " 7B(l—1)k‘Blk )

=A1jAgj - Aiy = ByBy' BBy -+ By_yy; B = In, V1 <j <k. (5.2.2)

Conversely, if A satisfies the condition (5.2), then VB; € GLp,,;(C),1 < j < k, setting By; =
A;jl e Aflej,Vl < i<k, we have A = 0~™Bo™B~!. Denote by SL”1" " (C) the subgroup of
GL,,(C) consisting of matrices with diagonal blocks satisfying (5.2). This shows that orbits of the
conjugation action of C' on ¢™C are classified by GLy,, (C) x --- x GL,,, (C).

Together with the conjugation by GL,(C) it enables us to see that if (z,y) € [,]71(£™) with y
semi-simple then it falls in some orbit of the form GL,(C) - (6™A, 15" "™ (¢)), for some A €
GL,(C)/(C nSL*t™k(C)) which is one-to-one corresponding to GLyy,, (C) X - -+ x GLy,, (C).
Now we count the dimension of the fiber over £. By (5.2) we see that any matrix in the centralizer

of (™, 752 (£)) must have the form

A~ diag(Arr, -, Ak 5 A, o0, Awg),

i.e. A;; are all the same for i =1,--- 1 and a fixed j. Hence the dimension of any such centralizer
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is > | dim GL,,,(C), and

k
dim GL,(C) - (6™, 750 ¥ (€)) = dim GLy,(C) — > _ dim GLyp, (C),
=1

For centralizers of (0" A, oL bm (€)), by solving the linear equations given by Bo™AB~! = ™A
in (M, (C) x My, (C))!, we can see they all have the same dimension as above. Consequently the

dimension of the union of all such type of orbits is then
k k
> dim GLp, (C) + k + dim GLy,(C) = Y _ dim GLy,, (C) = k + dim GL,(C),
i=1 i=1

which achieves maximum when k = m.

O]

For [z,y] = zyr~ty~! = ¢™ in GL,(C) with y not semi-simple, we can use the multiplicative
Jordan decomposition (see Chapter VI of Humphreys [14]) to reformulate the commutator equation

as follows

1

ryr =My = zyr tay,r T

= MYy

<:NUys«??il =™y, and xyuafil = Yu

elz,ys) =™ and [z, y,] = 1.

By Theorem 5.2.2 which deals with the first equation, further confined by the second equation, we

have

Theorem 5.2.3. With the notations from above (including the proof),

L= U U GL,(C) - (™A, 717 94(9)),

|)\1\+'“+|>\k|:m B, ,BreCX ,AEGLn((C)/CbL“. b
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in which
TR (€) = diag(Un, (t — B1), -+ U, (t = Br)i Ux, (t — B16™), -+ Ux, (t — Be€™);

s Uy (t _ ﬁlf(lfl)m)’ o 7U>\k (t _ ﬁké(l—l)m))’

for any partitions |\;| = m;, m = m1 +ma + -+ my, with m; > 1 and 1, B2, - - - , Bx have distinct
l-cycles, i.e. ﬁzﬂj_l # MmNV # 5,0 < r <1-—1. (Note that if & = m, then \; = {1} and
RO = 7))

Consequently we have

dime[,]71(¢™) = dim GL,(C) + m.

5.2.3 For non-primitive root of unity in SL, (F,)

Besides the results obtained in section 4.3, in general, for ord(§) | n with 1 < ord(§) < n, i.e.
non-primitive n—th roots of unity, the fiber [,]7!(£) could be of higher dimension. Say for n =
4,0rd(¢) = 2, by mere computation on basically 11 cases using Proposition 20, we get |[,]7(¢)| =
2¢%> + O(q). Using the Cohn-Macaulay machinery and Lefschetz principle in section 5.1, we can
verify Theorem 5.2.3 when n =4, m = 2.

It is computationally complicated to verify it for general n and m | n. However, for m = n, i.e.
the fiber over the identity, the verification of Theorem 5.2.3 directly comes from the fact that the
number of conjugacy classes of GL,,(F,) is a degree n polynomial in ¢, hence by Frobenius character
formula (Theorem 1.3.3), dim,[,]71(1) = dim, GL,(F,)+n. Then again by the machinery in section

5.1 we get dim[,]71(1) = dim GL,(C) + n.

Remark 5.2.1. At the end of section 1 in |10], Green gave the generating function for the number
of conjugacy classes (denoted by c(n,q)) of GL,(F,), but did not give the explicit formula which

shows that ¢(n, q) is degree n polynomials with constant rational coefficients. For smaller n = 2,3, 4,

103



we can count from the known character tables from [7], |3] and [33] that

o(2,q) =q*— 1,
c(3,9) =¢*—q,

2. 5., 23
cdq)=q" -3¢+ 50~ Fa+ 1.

For p > 3, GL4(FF,) has 11 types of conjugacy classes. When ¢ = 2 it has 9 types of conjugacy
classes since there are only 3 linear polynomials and 1 degree 2 irreducible polynomials over Fa, i.e.

q® + q + 1, which is consistent with c(4,2) = 14.

5.3 Line bundles over Riemann Surfaces

In the introduction, we related spaces of n-dimensional representations of the fundamental group
m of a compact Riemann surface with one point deleted to the moduli spaces of rank n vector
bundles over the surface. For torus with one point deleted, 7 = (4, B,C | [A, B]C = 1). By all
the previous work which proves the geometric flatness of the commutator map, we showed that the
moduli spaces of E,, the flat bundle of holonomy p, for representation p : 7 — GL,(C) of type
p(C) = g € SL,(C) non-central, are all about the same size. More specifically, by Narasimhan
and Seshadri’s work [26], those moduli spaces are parametrized by complex manifolds and those
manifolds have the same dimension by the work of this thesis. By the previous two sections, we
see that the parametrization manifolds for representation types p(C') central in SL,(C) may be of
higher dimension, and especially for the trivial type with p(C) = 1, i.e. the moduli space of those
vector bundles over a torus (without marked points), its parametrization manifold has much higher
dimension.

We explain a little bit more explicitly. For n = 1, we look at p : 71 — GL;(C) = C* and the

only type is p(C) = 1, i.e. the line bundles over the torus with one point deleted are same with
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line bundles over the torus. In other words, there are flat line bundle of holonomy arising from
representations of the torus group acting on the Riemann sphere with a branch point (branch type).
For n > 2, there are flat bundles of holonomy arising as branch type and by section 5.2, the space

of such flat bundles E, over the torus is of dimension dim GL,,(C) + n.

5.4 Lefschetz Principle

In this section, we briefly introduce a baby version of Lefschetz Principle that we mentioned in

section 5.1. For details, there is a thorough “metamathematical analysis” in Barwise and Eklof [4].

Proposition 5.4.1. Let k be an algebraically closed field, and K an algebraically closed extension
of k. Let P be any first-order statement in the language of fields. Then P is true for k if and only

if it is true for K.

First, a first-order theory means a theory modeled by a set, finite arity functions on variables
evaluated as true or false. A first-order logic statement is a true or false sentence quantified on
individuals. First-order theories basically captures all mathematics of finite provability. In our case
of section 5.1, the set consists of the general linear groups and the fibers of commutator map which
are all algebraic varieties over Q and C. Our statement is about the validity of the equality of
dimensions for individuals of fibers of commutator map, hence a first-order statement. Since C is
an algebraically closed extension of Q, Lefschetz principle certainly works in our case. All our work
in Chapter 4 was trying to translate the first-order statement over finite characteristic to first-order
statement over characteristic zero, to establish a local-global principle for the theory of this specific

problem.
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