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Abstract. For a sparse linear system Ax = b, preconditioners of the form C = D + L+ U , where
D is the block diagonal part of A (or incomplete factorization approximation of its blocks), and L

and U are block strictly lower and upper triangular matrices composed of low-ranks approximations
of the respective blocks of A, are examined. C is applied directly, by solving Cz = w, or partially, by
applying one step of BSSOR to Cz = w.

Use of low-rank approximations of o�-diagonal blocks is common in dense systems, but apparently
has not been considered for sparse systems. This paper examines ways of de�ning the o�-diagonal
blocks and provides a detailed analysis for systems occuring in solving Laplace equation on a uniform
mesh. Methods of applying C as a parallel preconditioner are proposed and analyzed, their cost being
compared to that of applying a Jacobi preconditioner D. Testing results are presented, comparing the
use of low-rank approximations with Jacobi and block SSOR preconditioning.

1. Introduction. Solving a large linear system of equations

Ax = y(1)

is a common subproblem encountered in the numerical solution of di�erential and in-
tegral equations. Typical methods for integral equations give dense matrices A, where
most of the entries are nonzero. Di�erential equation solvers typically give sparse ma-
trices A, where most of the entries are zero and not stored. The linear systems are
usually solved with preconditioned conjugate gradient (PCG) like methods, which solve
a related system

C�1Ax = C�1b;

where C is preconditioner. This involves solving an auxiliary system

Cu = v;(2)

on each iteration.
An e�ective preconditioner is one which reduces the cost of the iterative solution,

by reducing the number of iterations while keeping the cost per iteration reasonable.
When the matrix A is large and dense, hierarchical methods are often used because it is
impractical to compute and store the entire matrix. These methods consist of replacing
the o�-diagonal blocks of the matrix with low-rank approximations, which are naturally
given by the application. For example, in graphics radiosity problems a scene is divided
into a large number of patches, and the entry A(i; j) gives the interaction between
patches i and j. The contribution of a group of patches distant from a patch i can be
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well-approximated by averaging the individual contributions from the group and then
replacing the corresponding entries in the matrix with that average. This and related
techniques can reduce the complexity of the matrix-vector product needed by PCG
methods from O(n2) to O(n logn).

In this paper we examine using low-rank approximations of o�-diagonal blocks
(LOB) for sparse matrices, to de�ne preconditioners for PCG methods. In Section 3,
two such preconditioners are proposed: direct LOB, whose preconditioner C = D+L+U
is obtained from A by replacing its ODBs with their low-rank approximations (LRA);
and BSSOR LOB, which is one step of BSSOR applied to Cz = w.

Domain decomposed matrices from partial di�erential equations are used, where the
o�-diagonal blocks correspond to interfaces between subdomains. Construction of LOB
preconditioners is discussed Section 4. Block SSOR preconditioners are examined with
the diagonal blocks consisting of incomplete factorizations of the corresponding blocks
of A, and the o�-diagonal blocks replaced low-rank approximations. A di�culty with
this approach is the lack of a way to naturally de�ne those low rank approximations.

In Section 5.1, spectral properties of a direct LOB preconditioner for a sample
problem are studied.

Advantages of the new preconditioners include more e�cient computational kernels
and reduced lengths of interprocessor communication messages when the blocks are
distributed on a parallel machine. A new well-parallelizable method for solving Bz = w,
using Sherman { Morrison { Woodbury formula and having some of the advantages of
direct inverse approximations in its application, is described in Section 6. Discussion in
Section 7 shows how this method is related to commonly used solution methods using
Schur complement, and computational results are presented in Section 8.

1.1. Mesh notation. The kind of systems (1) that we are concerned with in this
article are block systems, where partitioning of the matrix and vectors into blocks is
derived from the partitioning of the geometrical domain 
 on which the di�erential equa-
tion is considered. The domain 
 is partitioned into p subdomains 
k (k = 1; 2; : : : ; p),
and each mesh node is assigned to one subdomain. Thus it is possible to use the same

notation 
k both for the k-th subdomain, for the set of mesh nodes that are in 
k,
and for the k-th group of variables in a vector-column (consisting of values of mesh
function in the nodes of the subdomain 
k). The matrix A and the preconditioner C
are partitioned into blocks conformally with this partitioning of vector columns.

We are considering only matrices A that are structurally symmetric, i.e. aij 6= 0 if
aji 6= 0. Thus one can talk about the undirected graph of A, whose nodes correspond
to variables, and in which nodes i and j are connected with an edge whenever aij 6= 0
[6].

To describe the structure of the matrix A, it is handy to use the predicate neig(�; �),
which is de�ned to be true if and only if the nodes � and � are \neighbors" in the graph
of A, i.e. if the a�� 6= 0.

Sometimes it is convenient to use the notion of \the set of nodes in 
k adjacent to
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l", de�ned as

�kl = f� j � 2 
k ^ ((9� 2 
l) neig(�; �))g:

The predicate neig(
k;
l) is true if and only if the two node groups 
k and 
l are
adjacent in the graph of matrix A, i.e. �kl 6= ;.

2. Existing approaches. Various preconditioners have been proposed for itera-
tive solving of block systems.

Block diagonal (Jacobi) preconditioning (C2 withQ = 0) is typically used in parallel
computations. If diagonal blocks are assigned to processors, the preconditioner can be
applied without interprocessor synchronization or communication. Unfortunately, block
diagonal preconditioned systems often fail to converge, especially for non-symmetric A.
Block symmetric Gauss-Seidel (C1 with QL and QU the corresponding parts of A) is
signi�cantly more robust, but the block lower and upper triangular system solves are
inherently sequential. One way to recover parallelism is to increase the number of
blocks in the partitioning of A and use a level scheduling [1, 2]. However, this also
causes the quality of preconditioning to fall, and in the limiting case becomes pointwise

symmetrized Gauss-Seidel, which typically provides poor quality of preconditioning.
In this paper we borrow an idea from the solution of integral equations, and use

low-rank approximations of the o�-diagonal blocks. By varying the rank of the ODBs
the new method can be parametrized to vary in quality between that of block diagonal
and block SSOR [12] preconditioner.

3. Proposed Approach. Advantages of a preconditioner may consist in its im-
proved quality (as measured by the convergence rate of an iterative process) for some
types of A; its cost (in terms of the number of operations or the execution time re-
quired to solve the system (2)); or in its parallel properties, as measured by the degree
of utilization of the processors of a parallel computer on which (2) is solved.

Proposed preconditioners. In this article we are studying the properties of some
block preconditioners that use low-rank approximations of the o�-diagonal blocks of A.
Two classes of such preconditioners are considered:

� Direct LOB preconditioning

C = L +D + U;(3)

where D is a diagonal matrix composed of blocks that approximate in some
way diagonal blocks of A, and L and U are strictly block lower and upper
triangular matrix composed of blocks that are low-rank approximations of the
ODBs of A.

� BSSOR LOB preconditioning

C = (!L+D)D�1(!U +D);(4)

where D is a diagonal matrix composed of blocks that approximate in some
way diagonal blocks of A; L and U are strictly block lower and upper triangular
matrix composed of blocks that are low-rank approximations of the ODBs of
A, and ! is a real parameter.
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Rank-related notation. For a given block matrix Q (such as L + U in (3)), let
rkl = rankQkl, let M =

P
k;l rkl be the sum of ranks of all blocks of Q, let ml =

P
k rkl

be the sum of ranks of the blocks of Q in the l-th block column, and let m be the
maximum of the sum of the ranks of the blocks in any one block column or block row
of Q:

m = maxfmax
l
ml;max

k

X
l

rklg:

If no block of Q has rank higher than one, then M becomes the number of non-zero
blocks in Q, and m the maximum number of non-zero blocks in any one row or column
of Q.

If A is generated by a �nite-di�erence or a �nite-element method for a di�erential
equation, the sum of ranks of the o�-diagonal blocks in its k-th block row or block
column is roughly equal to the number of mesh nodes adjacent to the borders of the
k-th subdomain; the number of non-zero elements in the ODBs of the k-th block row or
block column is typically of the same order of magnitude. This number is much smaller
than the rank of diagonal blocks: for a subdomain of n = O(ld) nodes in d-dimensional
space, the number of the border nodes is O(ld�1) = O(n(d�1)=d). Thus if L and U are
composed of the original ODBs of this A, m = O(n(d�1)=d), i.e. m = O(n1=2) in 2D or
m = O(n2=3) in 3D.

In Section 4 we introduce low-rank approximation techniques that produce o�-
diagonal blocks of ranks lower than these estimates. Each parametrized technique

introduces a family of approximations, so that the rank of o�-diagonal blocks varies from
zero (Jacobi method) to one (rank-one o�-diagonal blocks) to the rank of the original
ODBs of A. The number of iterations required is likely to decrease as the rank of the
ODBs increases; on the other hand, with increasing rank the advantages of the method
(reduced interprocessor communication and higher parallelism) gradually disappear. In
general the BSSOR LOB preconditioner (4) does not promise fewer iterations than the
incomplete block SSOR preconditioner

C = (!LA +D)D�1(!UA +D);(5)

where LA and UA are strictly block lower and upper triangular parts of A, respectively;
after all, L and U in (4) are merely approximations of these LA and UA. Nor is BSSOR
LOB (with any rank of the ODBs) signi�cantly cheaper in operations per iteration than
incomplete block SSOR, since the cost of computing with o�-diagonal blocks is small
compared with the cost of solving the system with the matrix D. However, solving the
block triangular systems in BSSOR LOB can be e�ciently parallelized, using a special
case of an approach developed for the direct LOB method.

The direct LOB preconditioner may be of higher quality in incomplete block SSOR
or BSSOR LOB with the same D and o�-diagonal blocks of similar rank. Although its
cost is higher than that of incomplete block SSOR, it is competitive, if the rank of the
ODBs is low enough. Direct LOB also parallelizes well as shown in Section 6. For a
particular approach to solving (4) and (3), Section 6.8 discuss the restrictions that need
to be imposed on m for that approach to be e�cient.
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4. Types of the low-rank approximation. In both direct LOB and BSSOR
LOB, the blocks of D are obtained by an incomplete LU factorization of the respective
diagonal blocks of A; complete LU factorization is a special case of the incomplete one.

We have experimented with several methods for generating the o�-diagonal blocks.
In all cases, each non-zero o�-diagonal block Lkl or Ukl was represented as a sum of
rank-one terms Bkl =

Prkl
s=1 ukl;sv

T
kl;s, where

Bkl =
�
Lkl; if k > l;
Ukl; if k < l;

and the rank of the approximation (rkl) varied.
Here we examine three methods for for de�ning the sets of vectors ukl;s and vkl;s,

so that the blocks Bkl approximate, in some way, o�-diagonal blocks Akl of A: singular
value decomposition, lumping, and a projection method.

4.1. Singular Value Decomposition. For any real matrix A of rank r there are
two sets of orthonormal real vectors fusgs=1;:::;r and fvsgs=1;:::;r of appropriate dimen-
sions, and a set of real positive numbers �1 � �2 � : : : � �r such that

A =
rX

s=1

�susv
T
s ;

constituting its singular value decomposition [7]. Let us de�ne, for any M � r, the
partial sum XM , involving the M largest singular values, as

AM =
MX
s=1

�susv
T
s ;(6)

For any M � r, AM is the best (or at least a best) rank-M approximation of A in
a number of senses, e.g. in any unitarily invariant matrix norm ([8, Example 7.4.52]),
such as the matrix norm subordinate to the vector 2-norm or Frobenius norm. So an
obvious choice of rank-M approximation of an o�-diagonal block Akl is

Bkl = (Akl)M ;

with the partial sum (�)M de�ned as in (6).
This approximation is not practical, because calculating singular vectors is compu-

tationally expensive. Furthermore, the non-zero ODBs of matrices appearing in many
typical discretized PDE systems don't have a few large singular values and many small
ones. This implies that (Akl)M is not likely to be a very good approximation of A until
M is close to rank (Akl). However, it provides a useful comparison with other methods.

4.2. \Lumping". \Averaging", or \lumping", is the simplest way to obtain a
rank-one approximation of o�-diagonal blocks of A. Let e = [ 1 � � � 1 ]T. Suppose
that for an ODB Akl of A there is rank-one matrix Bkl such that

Akle = Bkle and
5



eTAkl = eTBkl:(7)

Proposition 4.1. For a matrix A and vectors d1 and d2 of conformal dimensions,
the set of solutions B of the system

8<
:
dT1A = dT1B
Ad2 = Bd2
rankB = 1

(8)

is characterized by �ve cases:
1. If dT1Ad2 6= 0, system (8) has a unique solution

B = Lump d1;d2(A) � (Ad2d
T
1A)=(d

T
1Ad2):(9)

2. If dT1Ad2 = 0 but dT1A 6= 0, then the set of solutions of (8) is

n
B = (udT1A)=(d

T
1 u); (8u j d

T
1 u 6= 0)

o
:

3. If dT1Ad2 = 0 but Ad2 6= 0, then the set of solutions of (8) is

n
B = (Ad2v

T)=(vTd2); (8v j v
Td2 6= 0)

o
:

4. If dT1A = 0 and Ad2 = 0, then the set of solutions of (8) is

n
B = uv; (8u j dT1 u = 0)(8v j vTd2 = 0)

o
:

5. If dT1Ad2 = 0 but dT1A 6= 0 and Ad2 6= 0, then (8) has no solution.
Proof. In each case, substitution of the formula for B into the equations (8) shows

that the given values of B satisfy the equations.
Let us prove now that there are no other solutions than indicated above. Since

rankB = 1, B = uvT with some u and v. The �rst two equations of (8) give then

(dT1 u)v
T = dT1A and(10)

u(vTd2) = Ad2:(11)

If we de�ne c1 = dT1 u and c2 = vTd2, then

s � dT1Ad2 = dT1Bd2 = (dT1 u)(v
Td2) = c1c2:(12)

In case 1, s 6= 0, which means, due to (12), that both c1 6= 0 and c2 6= 0. It
follows then from (10) and (11) that vT = c�11 dT1A and u = c�12 Ad2. From (12) we have
c1c2 = s, and thus B = uvT = (Ad2d

T
1A)=(d

T
1Ad2).

In case 2, it follows from dT1A 6= 0 that dT1B = c1v
T 6= 0, and c1 = dT1 u 6= 0.

In case 3, it follows from Ad2 6= 0 that Bd2 = uc2 6= 0, and c2 = vTd2 6= 0.
In case 4, the zero matrix B = 0 is a solution; any non-zero solution B = uvT must

have u 6= 0 and v 6= 0. Since dT1B = c1v
T = 0 and Bd2 = uc2 = 0, we have c1 = 0 and

c2 = 0, i.e. dT1 u = 0 and vTd2 = 0.
6



In case 5, from dT1A = c1v
T 6= 0 we obtain c1 6= 0, and from Ad2 = uc2 6= 0

we obtain c2 6= 0. Therefore, by (12), dT1Ad2 = c1c2 6= 0, but this contradicts the
assumption that dT1Ad2 = 0, and thus shows non-existence of a solution. 2

Proposition 4.1 shows that for any ODB Akl of A such that s(Akl) � eTAe 6= 0,
the unique rank-one matrix with the properties (7) is Bkl = Lump e;e(A), given by (9).

In terms of the graph associated with the matrix Akl, replacing Akl with Bkl cor-
responds to cutting all edges connecting nodes of 
k with those of 
l, and connecting
instead every border node i of 
k with every border node j of 
l.

An important property of the approximation Lump e;e(Akl) is that blocks Bkl pre-
cisely approximate the respective blocks Akl on any mesh function � that is constant
on subdomains; i.e., for any such function �, for any of its blocks l,

Bkl�l = Akl�l:(13)

This is also true of any mesh function � such that for any pair of contacting subdomains
(
k;
l), its value is constant on the set of the \border nodes" �kl.

The bounds of the spectrum of AC�1 where the preconditioner C = D + L + U ,
composed as in (3), has D composed of the diagonal blocks of A, and L and U composed
of rank-one blocks of obtained with Lump e;e(�), are estimated for a class of matrices A
later in this article (Section 5.1).

Proposition 4.2. If rankA = 1 and dT1Ad2 6= 0, then Lump d1;d2(A) = A.
Proof. Any rank-one matrix A can be represented as A = uvT. Substituting

A = uvT into (9) we obtain Lump d1;d2(A) = uvT = A. 2
Proposition 4.2 means that the approximation Lump e;e(Akl) possesses the following

property: if the block Akl is already of the rank 1, then

Lump e;e(Akl) = Akl;(14)

i.e. the lumping processes reconstructs the original rank-one o�-diagonal block correctly.
However, using Lump e;e(�) is not the only possible way to reconstruct a rank-one block.
For arbitrary vectors d1 and d2 of appropriate dimensions, such that dT1Akld2 6= 0, the
lumping process Lump d1;d2(�), given by (9), has the same property (14).

Although the lumping method using Lump e;e(�) seems \physically natural" when
e.g. o�-diagonal elements of A are all non-positive or all non-negative, in some cases its
meaningfulness is more problematic. When eTAkle = 0, it either cannot be used at all,
or gives an ambiguous result. When eTAkle is small (e.g. when

���eTAkle
��� � kAklk1),

preconditioner quality is likely to be very poor (worse than that of an identity matrix)

4.3. Projection method. The lumping method can be generalized to higher
ranks. Suppose the o�-diagonal block Akl is nk � nl. For a given M -dimensional
subspace X of mesh functions on 
l, and for a given M -dimensional subspace Y of
mesh functions on 
k, consider the following problem: Construct a block Bkl, of lowest
possible rank so that for every � 2 X , Bkl� = Akl�, and for every  2 Y BT

kl = AT
kl .

In matrix terms these conditions are: Let X be an nl �M matrix such that its
columns constitute a basis in X :

X = span f~x1; : : : ; ~xMg;
7



Let Y be an nk �M matrix such that its columns constitute a basis in Y:

Y = span f~y1; : : : ; ~yMg:

Find a matrix Bkl of the lowest possible rank such that

BklX = AklX; and(15)

Y TBkl = Y TAkl:(16)

The lumping method conditions are a special case of conditions (15,16), with X =
span feg and Y = span feg.

The following generalization of Proposition 4.1 describes the solution(s) of (15,16).
Theorem 4.3. Let X be a subspace of Rnx, Y be a subspace of Rny, and A 2

Rny�nx. Let mx = dimX , my = dimY, rx = dimAX , ry = dimATY. Let r =
rankY TAX, where X is a matrix whose columns constitute a basis in X , and Y is a
matrix whose columns constitute a basis in Y.

Let1

X4 = X? (the orthogonal complement to X in Rnx);
X3 = ker(AjX )
X1-2 = fx j (x 2 X ) ^ (x ? X3)g (the orthogonal complement to X3 in X );
X2 = fx j (x 2 X1-2) ^ (Ax ? Y)g;
X1 = fx j (x 2 X1-2) ^ (x ? X2)g (the orthogonal complement in X1-2 to X2:

In Y, the four subspaces Y1, Y2, Y3, and Y4 are de�ned in a similar way.
Let PX and PY be the orthogonal projectors onto X and Y, and PXi

, PYi be the
orthogonal projectors onto Xi and Yi, i = 1; 2; 3; 4.

Under these conditions, for any matrix B satisfying the conditions

BjX = AjX ; and(17)

BTjY = ATjY(18)

rankB � rB � rx + ry � r, and all rank-rB matrices B satisfying (17,18) are of the

form B = B0 +B1 +B2, with

B0 = A(PYAPX)
+A;(19)

B1 = APX2(I +RXPX4);(20)

B2 = (I + PY4RY )PY2A;(21)

for some matrices RX 2 Rnx�nx, RY 2 Rny�ny .
Proof. It follows from the de�nition of X1, X2, X3, and X4 that they are mutually

orthogonal subspaces, and their direct sum is the entire Rnx: Rnx = X1�X2�X3�X4.

1 For a vector u in a vector space and a subspace V of the same space, we use the notation u ? V to
mean that uTv = 0 for every v 2 V ; similarly, U ? V means that for every u 2 U and for every v 2 V ,
uTv = 0.
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Similarly, Y1, Y2, Y3, and Y4 are mutually orthogonal and Rny = Y1 � Y2 � Y3 � Y4.
We can therefore construct an orthonormal basis in Rnx, consisting of dimX1 vectors
in X1, dimX2 vectors in X2, dimX3 vectors in X3, and dimX4 vectors in X4. Let
X1-2-3-4 = [X1; X2; X3; X4 ] be the orthogonal matrix composed of these vectors.
Also construct a similar basis in Rny , with Y1-2-3-4 = [Y1; Y2; Y3; Y4 ] composed of
its vectors.

We will also need matrices of the same dimensions as X1-2-3-4 and Y1-2-3-4, in which
some of the block columns are replaced with zeros. The following notation is used:
X1-2-3-0 = [X1; X2; X3; 0 ],X0-2-0-0 = [ 0; X2; 0; 0 ],X0-0-0-4 = [ 0; 0; 0; X4 ],
etc. Their products form orthogonal projectors onto subspaces, e.g. X0-2-0-0X

T
1-2-3-4 =

X0-2-0-0X
T
0-2-0-0 = PX2 . For compactness, the notation X1-2-3 = [X1; X2; X3 ], X1-2 =

[X1; X2 ], etc. will also be used.
Note that dimX4 = nx�dimX = nx�mx, and dimX3 = dimker(AjX ) = dimX �

dim(AX ) = mx�rx. Thus dimX1-2 = dimX�dimX3 = rx. Similarly dimY4 = ny�my,
dimY3 = my � ry, and dimY1-2 = ry.

Consider the form A0 the matrix A assumes in the new bases:

A0 � Y T
1-2-3-4AX1-2-3-4 =

2
6664
A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

3
7775 =

2
6664
A11 0 0 A14

0 0 0 A24

0 0 0 0
A41 A42 0 A44

3
7775 ;

where Aij = Y T
i AXj, i; j = 1; : : : 4. (To simplify expressions, we omit prime symbols

over the symbols for the blocks of A0 and B0). The third block row and the third
block column are composed of zeros because, by de�nition of X3, AX3 = f0g, and, by
de�nition of Y3, A

TX4 = f0g. Blocks A12 and A22 are zeros because, by de�nition of
X2, AX2 ? Y; block A21 is zero because, by de�nition of Y2, A

TY2 ? X .
Consider now the my �mx top-left-corner submatrix of A0,

A01-2-3;1-2-3 = Y T
1-2-3AX1-2-3 =

2
64
A11 0 0
0 0 0
0 0 0

3
75 :

Since the columns of Y1-2-3 form a basis in Y, and those of X1-2-3 form a basis in X , it
follows from the de�nition of r that

rankA01-2-3;1-2-3 = rankA11 = r:(22)

Moreover, this rank is the number of linearly independent columns in A01-2-3;1-2-3, and
thus

r = dimRan ((Y T
1-2-3A)jX );(23)

On the other hand, X3 � X2 = ker((Y T
1-2-3A)jX ), which means that dimX3 + dimX2 =

dimker((Y T
1-2-3A)jX ) = dimX � dimRan ((Y T

1-2-3A)jX ), i.e. dimX2 = dimX � dimX3 �
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dimRan ((Y T
1-2-3A)jX ) = rx � dimRan ((Y T

1-2-3A)jX ) � dimX3. Due to (23) this gives
dimX2 = rx � r and

dimX1 = dimX1-2 � dimX2 = r:(24)

Similarly, dimY2 = ry � r and

dimY1 = r:(25)

Equations (22), (24) and (25) indicate that A11 is a full-rank, i.e. non-singular, square
matrix.

The columns of the (ny�my)�(rx�r) block A42 are linearly independent; otherwise
the rx columns of

Y T
1-2-3-4AX1-2 =

2
6664
A11 0
0 0
0 0
A41 A42

3
7775

won't be independent, and they must be, since rank (Y T
1-2-3-4AX1-2) = rank (Y T

1-2-3-4AX1-2-3) =
rank (AX1-2-3) = dim(AX ) = rx. Similarly, the rows of the (ry � r)� (ny �my) block
A24 are independent as well.

Condition (17) can be restated in the new basis as \the �rst 3 block columns of
B0 � Y T

1-2-3-4BX1-2-3-4 are the same as those of A0"; condition (18) means \the �rst 3
block rows of B0 are the same as those of A0". To satisfy them, a B must have, in the
new bases, the form

B0 � Y T
1-2-3-4BX1-2-3-4 =

2
6664
A11 0 0 A14

0 0 0 A24

0 0 0 0
A41 A42 0 B44

3
7775 :

Conversely, for any B44, B = Y �T
1-2-3-4B

0X�1
1-2-3-4 with B

0 as above will satisfy (17,18). Any
B0 can thus be given by

B0 = B0
0 +B0

1 +B0
2 +R0;

where

B0
0 =

2
6664
A11

0
0
A41

3
7775A�111 [A11 0 0 A14 ] = Y T

1-2-3-4AX1(Y
T
1 AX1)

�1Y T
1 AX

T
1-2-3-4;

B0
1 =

2
6664
0 0 0 0
0 0 0 0
0 0 0 0
0 A42 0 0

3
7775 = Y T

1-2-3-4AX0-2-0-0; B0
2 =

2
6664
0 0 0 0
0 0 0 A24

0 0 0 0
0 0 0 0

3
7775 = Y T

0-2-0-0AX1-2-3-4;
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R0 =

2
6664
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 R44

3
7775 ;

with an arbitrary R44 = B44 � A41A
�1
11 A14.

Analyzing the splitting of B0, we see that rankB0
0 = rankA11 = r, rankB0

1 =
rankA42 = rx� r, and rankB0

2 = rankA24 = ry� r. Because A11 is a full-rank block, it
is impossible to express any non-zero column of B0

1 as a linear combination of columns
of B0

0, nor is it possible to express any non-zero row of B0
2 as a linear combination of

rows of B0
0. Thus rank (B

0
0 +B0

1 +B0
2) = rB � r + (rx � r) + (ry � r) = rx + ry � r.

Since any R44 will keep (17,18) satis�ed and cannot lower the rank of B0, we choose
R44 to avoid increasing the rank of B0. This can only be done by adding linear com-
binations of columns of A42 to columns of R44, and rows of A24 to rows of R44. So
choosing

R44 = A42Q24 +Q42A24

with arbitrary Q24 and Q42 gives for R
0

R0 =

2
6664
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 R44

3
7775 = B0

1

2
6664
0 0 0 0
0 0 0 Q24

0 0 0 0
0 0 0 0

3
7775 +

2
6664
0 0 0 0
0 0 0 0
0 0 0 0
0 Q42 0 0

3
7775B0

2 =

Y T
1-2-3-4AX0-2-0-0X

T
0-2-0-0RXX0-0-0-4 + Y T

0-0-0-4RY Y0-2-0-0Y
T
0-2-0-0AX1-2-3-4;

with arbitrary RX 2 Rnx�nx, RY 2 R
ny�ny .

Return to the original bases inRnx andRny , using the formulaB = Y1-2-3-4
�TB0X�1

1-2-3-4 =
Y1-2-3-4B

0XT
1-2-3-4. In the sum B = B0 +B1 +B2, the �rst term is

B0 = Y1-2-3-4B
0
0X

T
1-2-3-4 = AX1(Y

T
1 AX1)

�1Y T
1 A;(26)

Since the last three block rows and the last three block columns of Y T
1-2-3-0AX1-2-3-0 (as

well as, therefore, of (Y T
1-2-3-0AX1-2-3-0)

+Y1-2-3-4A) are composed of all zeros, equation
(26) can be re-written as

B0 = AX1-2-3-4(Y
T
1-2-3-0AX1-2-3-0)

+Y T
1-2-3-4A;(27)

Since for an orthogonal matrix S and any matrix Q, (SQ)+S = Q+, (27) gives B0 =
AX1-2-3-4X

T
1-2-3-4(Y1-2-3-4Y

T
1-2-3-0AX1-2-3-0X

T
1-2-3-4)

+Y1-2-3-4Y
T
1-2-3-4A. Since Y1-2-3-0Y

T
1-2-3-4 =

PY = PT
Y and X1-2-3-0X

T
1-2-3-4 = PX , this in its turn gives (19).

Combining the expression for B0
1 and the �rst term of the expression for R0 gives

B1 = AX0-2-0-0(I +XT
0-2-0-0RXX0-0-0-4)X

T
1-2-3-4 = APX2(I +RXPX4);

11



i.e. (20). Similarly,

B2 = Y1-2-3-4(I + Y T
0-0-0-4RY Y0-2-0-0)Y

T
0-2-0-0A = (I + PY4RY )PY2A;

i.e. (21), is obtained from the expression for B0
2 and the second term of the expression

for R0. 2
It follows from the de�nition of r in Theorem 4.3 that it is also the rank of the

restriction of the quadratic form h(y; x) � yTAx on Y � X. The following corollary
shows that if the restriction of h(y; x) � yTAx on Y1�2 � X1�2 is a full-rank quadratic
form, the solution of (15,16) will be unique.

Corollary 4.4. Under conditions of Theorem 4.3, if r = rx = ry, then minimum
rank of a matrix B satisfying (17,18) is r; such matrix is unique and is given by

B = A(PYAPX)
+A:(28)

Proof. Since in this case X2 = f0g and Y2 = f0g, it follows from Theorem 4.3 that
rB = r, the minimum-rank B is unique and is given by (28). 2

Corollary 4.5. Under conditions of Theorem 4.3, if rx = ry = r, and if Xb is
an nx � r matrix composed of columns constituting a basis in X1 and Yb is an ny � r
matrix composed of columns constituting a basis in Y1, then

B = AXb(Y
T
b AXb)

�1Y T
b A:(29)

Proof. As in Corollary 4.4, since r = rx = ry, there are no terms B1 and B2 in B.
Since the set of columns of X1 and the set of columns of Xb each constitute a basis

in X1, there exists a non-singular square matrix Qx such that X1 = XbQx; similarly,
Y1 = YbQy with some non-singular square matrix Qy. Substituting this into (26) we
have

B = B0 = AXbQx(Q
T
y Y

T
b AXbQx)

�1QT
y Y

T
b A = AXb(Y

T
b AXb)

�1Y T
b A;

i.e. (29). 2
The following corollary simpli�es the solution of (15,16) when the restriction of

�(y; x) � yTAx on Y � X is a full-rank quadratic form.
Corollary 4.6. Under conditions of Theorem 4.3, if matrices X and Y consist

of columns that form bases in X and Y, and mx = my = r (i.e. H � Y TAX is square
and non-singular), the minimum-rank solution of (17,18) has rank r, is unique and is
given by

B = AXT(Y TAX)�1Y TA:(30)

Proof. Since in this case X = X1 and Y = Y1, equation (29) in Corollary 4.5
becomes (30). 2

The result given in Corollary 4.6 can be also proven independently of Theorem 4.3;
see Appendix A for a simple direct proof.)
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4.3.1. A choice of Y . The subspaces X and Y can be chosen independently.
However, setting

Y = AklX:(31)

results in the matrix H being Hermitian and nonnegative de�nite. The following theo-
rem gives a formula for Bkl for such Y.

Theorem 4.7. Under conditions of Theorem 4.3, if Y = AX , the minimum-rank
solution of solution of (17,18) has rank r, is unique, and is given by

B = PAXA = AX((AX)TAX)+(AX)TA;(32)

where PAX is the orthogonal projector onto AX , and X is a matrix whose columns are
vectors of a basis in X .

Proof. It follows from Y = AX that X2 = f0g (there are no x 2 X such that
Ax 6= 0 but Ax ? Y), and Y2 = Y3 = f0g (for each y 2 X n f0g there is an x 2 X such
that yTx 6= 0). We can thus use Corollary 4.6.

Since X2 = f0g, X = X1 + X3 = X1 + ker(AjX ); therefore if the columns of Xb

constitute a basis in X1, then the columns of AXb will constitute a basis in Y . Since
Y2 = Y3 = f0g, Y = Y1, and the columns of AXb are thus a basis in Y1. Now by
(29) in Corollary 4.6, B = AXb((AXB)

TAXB)
�1(AXb)

TA = PYA, which gives the �rst
equality in (32). Since Y = Y1 = Ran (AXb) = Ran (AX)Y , the second equality in (32)
follows from PRan (Y ) = Y (Y TY )+Y T. 2:

An advantage of using (31) is that, as long as ker(AkljX ) = f0g (this can be achieved,
for example, by orthogonalizing the columns of AklX, and reducing the dimension of X
if necessary), the matrix H = (AklX)TAklX is symmetric and positive de�nite, which
makes calculating Bkl easier.

In a few numerical experiments it was observed that the preconditioner created
with blocks Bkl obtained in this manner was much better than the one obtained with
X and Y chosen independently under one of the schemes outlined in Subsection 4.3.2.
In the latter case H was likely to be, and Bkl to have some large elements.

4.3.2. Strategies for the choice of X . Various techniques can be used in choos-
ing X in (15), i.e. choosing the subspace X of mesh functions on which Bkl is to be an
exact approximation to Akl. For a space X̂ of mesh function on 
, let X̂ j
l

be the space
of mesh functions that are restrictions of the elements of X̂ on 
l. For a subspace X̂ of
the space of mesh functions on the domain, one may want to design a preconditioner
such that (AjX̂ ) = (CjX̂ ). A direct LOB preconditioner (3) with this property can be
designed as follows:

� For the diagonal block Dkk, the diagonal block Akk is used.
� The o�-diagonal block Bkl is obtained by applying formula (32) to Akl, where
X is X̂ j
l

.
Several options for the choice of X̂ are reasonable: for example, the space of all

polynomial functions of geometrical mesh coordinates up to a speci�ed maximum de-
gree, or the space of trigonometric functions of coordinates. Calculating X for this
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method requires access to the coordinates of the mesh nodes as well as to the matrix
A. If a number of eigenvectors of A are known, they can be used as the basis of X̂ as
well. For each ODB of the preconditioner constructed using this technique,

rankBkl = rankX = dimAklX � dimX � dim X̂ :

Instead of choosing a global X̂ and using restrictions of its mesh functions on subdo-
mains, one can directly construct a local space X for each pair of contacting subdomains
using a somewhat similar technique. This approach may be more economical then the
previous one, since when X is constructed this way, more functions in AklX are likely
to be linearly independent; thus constructing a preconditioner with ODBs of the same
ranks by this method costs less than by the previous one.

In a two-dimensional problem, the border between two subdomains is a one-dimensional
curve. Suppose that a coordinate system is introduced with one of the coordinate axis
running in the general direction of the border between the subdomains. Then instead of
using polynomials of two variables, one can use polynomials of this \along-the-border"
coordinate as the basis an X . Moreover, if the variables (and the respective nodes) are
numbered in some regular way, one may consider using the node number as the proxy
for the node coordinate; this obviates the need to use actual node coordinates.

In a three-dimensional problem, the border between two subdomains is a two-
dimensional surface. If one introduces some two-dimensional coordinate system on
this surface, the space of polynomial functions (up to a speci�ed degree) of these two
coordinates can be used as X .

In the special case when the nodes of a given border surface are in a plane, the
two approaches (restricting polynomials of 3 variables onto the 2-D plane vs. using
polynomials of the 2 surface coordinates) are equivalent.

4.3.3. SVD method as a special case of the projection method. The SVD
method described in Section 4.1 can be thought of as a special case of the method
described in this section. If for a given M one substitutes into (15) the matrix X
composed of the �rst M right singular vectors of Akl, and into (16) the matrix Y
composed of the �rst M left singular vectors, the resulting preconditioner block Bkl

given by (30) will be exactly the block AM(Akl) given by (6).

4.4. Original ODBs. As the rank of the ODBs created by a partial singular-value
decomposition or by using the projection method increases, eventually the o�-diagonal
blocks are the same as those of A. Although the blocks are not \low-rank", it is the
limiting case of a family of preconditioners.

5. Preconditioner Quality Analysis.

5.1. A case study: bounds of �(AC�1) for a Laplace-operator A and a C
from (3). In this section, the bounds of the spectrum �(AC�1) are calculated for a
simple model problem:

� the matrix A belongs to a certain class (discretized Poisson equation with
Dirichlet boundary conditions on a contiguous 2D or 3D domain 
 divided
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into p non-overlapping rectangular subdomains 
k (k = 1; 2; : : : ; p) bordering
with one another);

� C is a direct LOB preconditioner given by (3), withD consisting of the diagonal
blocks of A, and rank-one o�-diagonal blocks.

We show that the spectrum of AC�1 is bounded by:

c1c2
n

< �(AC�1) < 2;

where n is the maximum subdomain size, c1 > 0 is a constant independent of the
domain geometry, and c2 > 0 is a parameter depending on the way the domain is split
into subdomains, but not on n; however, for a class of domains, c2 > 1=4.

Since in this model problem both A and C are Hermitian, the bounds of �(AC�1)
are also the bounds of the Rayleigh ratio (xTAx)=(xTCx).

We use the symbol @
 for the outer border of 
. A subdomain 
k is an inner
subdomain if it is not adjacent to the outer Dirichlet border @
; 
k is an outer subdomain
if it is adjacent to @
. Only one restriction on the partitioning scheme is imposed: if a
subdomain 
k is an outer subdomain, then at least one of its sides (a line in 2D case,
and a plane in 3D case) must be adjacent to @
 along its entire length (in 2D case) or
area (in 3D case).

A regular uniform mesh with some step h is considered on that domain; n is the
discretized subdomain size, by which we mean that for every subdomain 
k its size does

not exceed nh� nh or nh� nh� nh in 2- and 3D cases, respectively. The subdomain
borders run between mesh nodes, so that none of the nodes is exactly on the border
between two subdomains. The usual 5-point (in 2D) or 7-point (in 3D) discretization
of the Poisson equation is considered. For this kind of mesh, the graph of the matrix is
isomorphic to the mesh itself (more exactly, to the graph composed of the inner nodes
of 
 and the mesh segments connecting those nodes).

In this section, letters �; �; � will be used to denote nodes of the mesh. Two nodes
� and � are connected in the graph of this matrix A if only if they are connected by
the lines of the mesh; thus, for the predicate neig(�; �), as introduced in Section 1.1,

neig(�; �) = ((�x = �x ^ j�y � �yj = h) _ (�y = �y ^ j�x � �xj = h))(33)

in the 2D case and

neig(�; �) = ((�x = �x ^ �y = �y ^ j�z � �zj = h)_
(�x = �x ^ j�y � �yj = h ^ �z = �z)_
(j�x � �xj = h ^ �y = �y ^ �z = �z))(34)

in the 3D case, where for any node �, �x, �y, and �z are its Cartesian coordinates.
With the speci�ed kind of mesh, the predicate neig(
k;
l) is true if and only if the
subdomains 
k and 
l have a common border. The sets �kl are de�ned as in Section 1.1.

The number of nodes in �kl (equal to the number of nodes in �lk, since the mesh
is regular) will be designated by nkl = nlk. Since no border between two subdomains is
longer than n, for any k and l nkl � n.
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Since a Dirichlet problem is considered, it is convenient for recording some equations
to use \phantom nodes" located on the outer border of the domain 
. The entire set
of these outer-border nodes will be designated as @
. For convenience in denoting
summations, 
 and all 
k exclude @
 nodes.

A mesh function u's value at node � will be designated u�. Since we are analyzing a
generalized eigenvalue problem, for each � 2 @
, u� will be 0, unless otherwise speci�ed.
In this section, for the matrices involved (such as A and C), Akl is the block of the matrix
corresponding to the kth block row and the lth block column; and A(�; �) is the matrix
element (a single number) in row � and column �.

The partition of the sets of nodes into groups corresponds to the division of 
 into
subdomains. The diagonal blocks of A, Aii include elements A(�; �) where � and �
belong to the same domain 
k; the o�-diagonal blocks Akl (which are non-zero only
if neig(
k;
l)) include elements A(�; �) for � 2 �kl � 
k and � 2 �lk � 
j. Matrix
rows and columns correspond to nodes in 
, and matrix block rows and block columns
correspond to subdomains of 
.

Using the \neighboring-node" notation, the matrix A can be described as

A(�; �) =

8><
>:
4; if � = �;
�1; if neig(�; �);
0; otherwise.

The direct LOB preconditioner C is constructed as in (3). Its diagonal blocks are
the same as those of A. The rank-one o�-diagonal blocks are de�ned by \lumping": for
� 2 
k and � 2 
l,

C(�; �) =
�
�(�kl)�(�lk)�; if � 2 �kl and � 2 �lk;
0; otherwise,

where the components of the vectors �kl are de�ned as

(�kl)� =

(
1p
nkl
; if � 2 �kl

0; otherwise.

This means that for any two neighboring domains 
k and 
l, �
T
kl�kl = 1.

Since A is symmetric and positively de�ned, and (as it will be shown) so is C,
AC�1 exists and is non-singular; is spectrum is the same as that of the Hermitian
matrix C�1=2AC�1=2, or that of the generalized eigenvalue problem

Au = �Cu:(35)

The lower and the upper bound of the spectrum �(AC�1) are the same as those of
the Rayleigh ratio, which is de�ned for the mesh function (vector) u as

r(u) =
�(u; v)

�(u; v)
;

where

�(u; v) = uTAv and �(u; v) = uTCv:
16



This ratio is de�ned and positive for every u 6= 0.
For brevity, the following notation will also be used:

�(u) � �(u; u); and �(u) � �(u; u):

Due to the structure of the matrices A and C, the quadratic forms �(u; v) and �(u; v)
can be split:

�(u; v) = �
(u; v) + ��(u; v); �(u; v) = �
(u; v) + ��(u; v):

Here the the term �
(u; v) is

�
(u; v) =
pX

k=1

�
k
(u; v);

with

�
k
(u; v) = uTkAkkvk =

X
�2
k[@
;�2
k[@


neig(�;�)^(�<�)

(u� � u�)(v� � v�):

As already noted, u� = 0 for every � 2 @
. The \comparison" � < � means only that
all nodes are arranged in some way, and used to prevent counting the same terms twice.

The term ��(u; v) is

��(u; v) =
X
k;l

neig(
k;
l)

��kl(u; v)

with

��kl(u; v) = uTkAklvl =
X

�2�kl;�2�lk
neig(�;�)

(u� � u�)(v� � v�):

Notice that

�(u; v) = �
(u; v) + ��(u; v) =
X

�2
[@

�2
[@


neig(�;�)^(�<�)

(u� � u�)(v� � v�);

as could be expected.
In the preconditioner C, the term ��(u; v) is

��(u; v) =
X
k;l

neig(
k;
l)

��kl(u; v)

with

��kl(u; v) = uTkCklvl =
1

nkl

X
�2�kl

X
�2�lk

(u� � u�)(v� � v�):
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This split of �(u) into the sum of non-negative terms can be used to prove positive
de�niteness ofC: Suppose that �(u) = 0 for some non-zero mesh function u. This means
that for every subdomain 
k, �
k

(u) = 0, which is possible only if u is a constant
function on every subdomain (i.e. (8
k)(9ck)(8� 2 
k)(u(�) = ck)). But if u is
a constant function on every subdomain, then there must be a subdomain on which
it is a non-zero; on the other hand, on every subdomain 
k adjacent to the outer
Dirichlet border @
, u
k

= 0. As a result (due to contiguity of 
), there must exist two
neighboring subdomains 
k and 
l such that ck = 0 and cl 6= 0; therefore, ��kl > 0,
which contradicts the assumption �(u) = 0.

5.1.1. Subspaces. Consider the generalized eigenvalue problem (35) with u in the
space of the mesh functions on 
. The value 1 is an eigenvalue of this problem; the
corresponding eigenspace M is

M = fu j (8k; l j neig(
k;
l)) Aklul = Cklulg

A subspace of M, M1, can be de�ned as the space of all mesh functions that are
zero at all nodes near the borders between subdomains, i.e.

M1 = fu j (8k; l j neig(
k;
l)) u�kl = 0g:

Since M is the eigenspace for the eigenvalue 1, eigenvectors for all other eigenval-
ues are A-orthogonal (and C-orthogonal) to it. Since M is not a null space, 1 is an
eigenvalue of the generalized eigenvalue problem. This means that if we are interested
in other eigenvalues, it is su�cient to study the eigenvalue problem only on vectors
from Q =M?A. Similarly,

min
u6=0

�(u)

�(u)
= min

u2Qnf0g
�(u)

�(u)
;

and

max
u6=0

�(u)

�(u)
= max

u2Qnf0g
�(u)

�(u)
;

provided these min and max are less than and greater than 1, respectively. (And in
fact they are).

The following lemma is important:
Lemma 5.1. If u 2 Q and v 2 M, then �(u)� �(u) = �(u� v)� �(u� v):

Proof.. Obviously, �(u� v) = �(u)� 2�(u; v) + �(v). Since u and v are A-orthogonal,
�(u; v) = 0, and �(u�v) = �(u)+�(v). Likewise, since u and v are also C-orthogonal,
�(u; v) = 0, and �(u� v) = �(u) + �(v). This gives �(u)� �(u) = �(u� v) � �(u�
v) + �(v)� �(v). But since v 2 M, Av = Cv and �(v) = �(v). Therefore,

�(u)� �(u) = �(u� v)� �(u� v):

2
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5.1.2. A lower bound on the spectrum of AC�1. Lemma 5.1, and the two
following lemmas can be used to estimate the lower bound of the spectrum of C�1A,
which is also a lower bound on the Rayleigh ratio r(u).

Lemma 5.2. There is a constant c0 > 0 such that for every mesh function u,
for every outer subdomain 
k of 
, and for every inner border �kl of this subdomain,
ku�klk

2 � c0n�
k
(u).

This lemma can be proven by expressing the value of u in each node � of �kl as the
sum of some �nite di�erences (taken along some path from some phantom node � 2 @

(where u(�) = 0) to �), using the Cauchy inequality, and then summing up.

Lemma 5.3. There is a constant c1 > 0 such that for every subdomain 
i of 
,
for every inner border �il of this subdomain, and for every mesh function u such that
the average value of u on 
i is zero, ku�ilk

2 � n�
i
(u).

We outline the proof for the 2D case; it can be easily extended to the 3D case.
Represent u
i

, the restriction of u on 
i, as a linear combination of Fourier components.
If the subdomain consists of (nx�ny) nodes, numbered with the pairs of integers (x; y)
(0 � x < nx, 0 � y < nx), then u on 
i can be represented asX

0�k<nx
0�m<ny
k+m>0

fkm�km;(36)

with the basis functions

�km(x; y) =
1

(k=nx +m=ny)
cos

 
�k(x+ 1=2)

nx

!
cos

 
�m(y + 1=2)

ny

!
:

Since the average value of u
i
is zero, there is no �00 term in (36).

The basis functions �km are �
i
-orthogonal. Moreover, one can show that there are

some constants d1 > 0, d2 > 0, independent of nx and ny, that for all k and m

d1 � �
i
(�km) � d2:

This leads to

�
i
(u) � cnxny

X
k;m

f 2km(37)

for some c > 0 (independent of nx and ny). For one of the borders, e.g. x = 0, the
Cauchy inequality gives

ku�x=0k
2 � c0ny

X
m

 X
k

jfkmj

(k=nx +m=ny)

!2

� c0ny
X
m

  X
k

f 2km

! X
k

1

(k=nx +m=ny)2

!!

(38)
for some c0 > 0.

The sum Sm =
P

k
1

(k=nx+m=ny)2
in (38) involves summation

Pnx�1
k=1 when m = 0, andPnx�1

k=0 when m > 0. In the former case S0 � d3n
2
x, and in the latter case Sm � d4nxny,

with some d3; d4 > 0. Thus for every m

X
k

1

(k=nx +m=ny)2
� c00nxmaxfnx; nyg
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for some c00 > 0. With this inequality, (38) gives

ku�x=0k
2 � c0c00nxny

X
k;m

f 2kmmaxfnx; nyg;

which, combined with (37), gives

ku�x=0k
2 � c000maxfnx; nyg�
i

(u)

for some c000 > 0. Similar calculations can be performed for the other borders of the
subdomain with analogous results. The inequality of the lemma holds also in the case
when a subdomain borders with more than four other subdomains. In this case, a
border �il may include fewer nodes, and ku�ilk will be smaller than, or equal to, the
one in the foregoing proof.

Theorem 5.4. There is a constant c1 > 0 independent of the domain geometry,
and a parameter c2 > 0 depending only on the topological properties of the partitioning of
the domain into subdomains, such that for every u 2 Q, j�(u)� �(u)j � c1c2n�
(u).

Proof. Consider an arbitrary mesh function u 2 Q. Now construct a function
v 2 M with the following properties:

� The average value of (u� v) in every inner subdomain 
k is 0.
� In every inner subdomain 
k, �
k

(u� v) = �
k
(u).

� The restriction of v on every outer subdomain is 0.
Such a function v can be constructed as the piecewise-constant function whose value in
all outer subdomains is 0, and whose value in every node of each inner subdomain 
k

is the average value of u in the subdomain. By Lemma 5.1,

j�(u)� �(u)j = j�(u� v)� �(u� v)j = j��(u� v)� ��(u� v)j =

=

��������
X
k;l

neig(
k;
l)

��kl(u� v)� ��kl(u� v)

�������� =
��������

X
k;l

neig(
k;
l)

(u� v)T(A
k;
l
� C
k;
l

)(u� v)

�������� :

Due to the structure of the matrix blocks (A
k;
l
�C
k;
l

), for any two neighboring
domains 
k and 
l,

(u� v)T(A
k;
l
� C
k;
l

)(u� v) � k(u� v)�klk k(u� v)�lkk

Using Lemmas 5.2 and/or 5.3 (depending on whether the subdomains are inner or outer)
gives

(u� v)T(A
k;
l
� C
k;
l

)(u� v) � c1n
q
�
k

(u� v)
q
�
l

(u� v);

with some c1 independent of n or on the way 
 is partitioned into subdomains. For the
entire sum

j�(u)� �(u)j � c1nS(u� v);
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where the functional S(w) is de�ned as

S(w) =
X
k;l

neig(
k;
l)

q
�
k

(w)
q
�
l

(w):

To �nd bound S(w) from above, notice that

S(w) = �TM�;

with the p-dimensional vector �

� =
hq

�
1(w); � � � ;
q
�
p(w)

iT
and the symmetric (p � p) connectivity matrix M , which is determined only by the
domain partitioning scheme:

Mij =
�
1; if neig(
k;
l);
0; otherwise.

Therefore,

S(w) � �(M) k�k2 = �(M)�
(w):

The spectral radius �(M) depends only on the domain partitioning scheme, and
not on n. Since �(M) � kMk1, for a given partitioning scheme �(M) does not exceed
the maximum number of neighbors a subdomain can have. For a large class of regular
partitionings | where the domain is divided into subdomains by means of a regular
rectangular grid | this number is 4 (in 2D case) or 6 (in 3D case), and therefore
�(M) � 4 or �(M) � 6, respectively.

By construction of v, �
(u� v) = �
(u), and so

j�(u)� �(u)j � c1�(M)n�
(u):

This proves Theorem 5.4. 2
Theorem 5.5. There is a constant c01 > 0 independent of the domain geometry,

and a parameter c2 > 0 depending only on the topology of the domain partitioning, such

that for every u 2 Q, and for large enough n,

�(u)

�(u)
�
c01c2
n
:

Proof.. By Theorem 5.4, j�(u)� �(u)j � c1�(M)n�
(u); therefore,

�(u) � �(u) + c1�(M)n�
(u) � (1 + c1�(M)n)�(u):

Choosing the constant c01 > 0 smaller than 1=c1, and c2 = 1=�(M), for large enough n

�(u) �
c01c2
n
�(u):

2
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5.1.3. An upper bound on the spectrum of AC�1. Lemma 5.6. For any
mesh function u, for any two bordering subdomains 
k and 
l,

��kl(u) � 2��kl(u):

Proof. Since the values of ��kl(u) and ��kl(u) depend only on the values of u at the
nodes that are in �kl and �lk, it is su�cient to consider these quadratic forms on the
2nkl-dimensional space L of mesh functions de�ned on �kl [ �ji, so that

��kl(u) = [ uTkl uTlk ]A�kl

"
ukl
ulk

#
; ��kl(u) = [ uTkl uTlk ]C�kl

"
ukl
ulk

#
;

The nodes being numbered appropriately, the matrices can be written as

A�kl =

"
1 �1
�1 1

#

 I and C�kl =

"
1 0
0 1

#

 I +

"
0 �1
�1 0

#

 �kl�

T
lk:

The matrices A�kl and C�kl have the same set of eigenvectors, but di�erent eigen-
values. Namely,

1. On vector x = [ 1 1 ]T 
 �,

A�klx = 0; C�klx = 0:

2. On vectors x = [ 1 1 ]T 
 �, with � such that �T� = 0,

A�klx = 0; C�klx = x:

3. On vector x = [ 1 �1 ]T 
 �,

A�klx = 2x; C�klx = 2x:

4. On vectors x = [ 1 �1 ]T 
 �, with � such that �T� = 0,

A�klx = 2x; C�klx = x:

So for any x 2 L,

xTA�klx � 2xTC�klx;

proving Lemma 5.6. 2
Lemma 5.7. For any mesh function u,

��(u) � 2��(u):

Proof. Results from the summing up the Lemma 5.6 inequalities for all borders
between subdomains. 2
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Theorem 5.8. For any mesh function u,

�(u) � 2�(u):

Proof. By the previous lemma,

�(u) = �
(u) + ��(u) � �
(u) + 2��(u) � 2(�
(u) + ��(u)) = 2�(u):

2

This result can be somewhat re�ned using Theorem 5.4, to give

�(u) � (2� c=n)�(u):

5.1.4. Summary. Remembering that for all u 2 M �(u) = �(u), and using
Theorems 5.5 and 5.8, for any mesh function u 6= 0

c01c2
n

�
�(u)

�(u)
� 2;

and thus obtain the following range for the spectrum of AC�1:

c01c2
n

� �(AC�1) � 2:

6. Parallel application of the preconditioner. For a typical domain-decomposed
problem, using the BSSOR LOB preconditioner instead of a BSSOR preconditioner
with original o�-diagonal blocks of A does not reduce the operation count. If any
usual method of applying BSSOR preconditioner is used, no parallelism improvement
is achieved, as the number and the order of messages sent between processors stay the
same. But, if rankBkl � rankAkl, the message size, i.e. the amount of data in a
message, becomes less. With Bkl =

PMkl
s=1 ukl;sv

T
kl;s, one distributes data among the pro-

cessors so that during L-solve, instead of sending Aklxl (which takes, in the best possible
format, rankAkl 
oating-point values), one will need to send only Mkl numbers: dot

product results
n
vTkl;sxl

o
s=1;:::;Mkl

.

However, using preconditioners with low-rank ODBs o�ers the following potential
advantage: when D is a block-diagonal matrix and QL and QU are strictly block trian-
gular matrices composed of low-rank blocks, it is possible to design well parallelizable
methods for solving systems Bx = y, where B is either D+QL +QU (the entire direct
LOB preconditioner (3)), or one of the two factors of the BSSOR LOB preconditioner
(4): B2 = D +QU and B1 = (D +QL)D

�1.
Applying direct LOB preconditioner (3) is the same as solving the system

Bx = y;(39)

where the non-singular n� n matrix B has the splitting

B = D +Q(40)
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with a non-singular block-diagonal matrix D = diag fD11; D22; : : : ; Dppg and the block
matrix Q = QL +QU .

Applying the BSSOR LOB preconditioner (4) involves solving two systems of the
same, or similar, form. This preconditioner can be dealt with as a product of two
matrices: C = B1B2, one of which (B2 = D + QU) has the same splitting (40) with
Q = QU , and the other can be represented as

B1 = (D +Q)D�1;(41)

with the same D as in (40) and Q = QL.
This section introduces an easily and e�ciently parallelizable direct method for

solving block linear system (39) with the matrix of the form (40) or (41), taking ad-
vantage of the low ranks of the blocks of Q. The method's operation count is close to
the cost of calculating a matrix-vector product Qw for some w, plus at most twice the
cost of calculating D�1w for some w. When implemented on a parallel machine the
processor utilization can be as good as that of those operations. From the design of the
LOB preconditioners (4) and (3) one can notice that the two forms of Q that we are
actually dealing with are:

� Strictly block lower or upper triangular Q. This is the case when our B is one
of the factors D + !U and D + !L that appear in the preconditioner (4).

� A block matrix Q with zero diagonal blocks, such as L + U in (3).
However, the method discussed in this section does not use the particular structure of

Q, except that one of the steps of the algorithms will be shown to be faster when Q is
block triangular

We assume that the n variables are divided into p blocks (so that B and other
matrices of the same dimension consist of p�p blocks). A typical source of the blocking
would be from domain decomposition, with p� n.

De�ne rkl, ml, m, and M as in Section 3. Let P be the set of all the pairs (k; l)
such that Qkl 6= 0. Each block of Q can be represented as

Qkl =
rklX
i=1

uiklv
i
kl

T
= UklV

T
kl ;(42)

with Ukl = [ u1kl u2kl � � � urklkl ] and Vkl = [ v1kl v2kl � � � vrklkl ].
Since (39) is used in iterative solving of (1), it needs to be solved for many right-hand

sides y, which are not available at the same time. Blocks of D and Q are constructed
and represented to allow: (1) solving systems with the diagonal blocks Dkk, and (2)
performing matrix-vectors multiplications with the blocks Qkl. E.g. each block of D
is represented as a product of a lower and an upper triangular matrices obtained by
incomplete LU factorization of the diagonal blocks of A.

The goal is a direct preconditioner whose operation count is comparable to that of
any method that uses the two above-mentioned operations (such as, e.g., the usual block
elimination method, in the case when B is block-triangular), but which can be e�ciently
parallelized.
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6.1. Data representation and distribution. The data are distributed among
the processors with

� Dkk stored on processor k;
� Ukl (composed of the vectors fusklgs=1;:::;rkl) stored on processor k;
� Vkl (composed of the vectors fvsklgs=1;:::;rkl) is stored on processor l.

Here processor k may be a virtual processor, and if fewer than p processors are available,
several virtual processors are mapped to one physical processor.

6.2. Representation of B�1. From (42), Q = UV T, with M -column matrices U
and V :

U =

2
66664
U11 0 � � � 0 U12 0 � � � 0 � � � U1p 0 � � � 0
0 U21 � � � 0 0 U22 � � � 0 � � � 0 U2p � � � 0
...

. . .
...

...
. . .

... � � �
...

. . .
...

0 0 Up1 0 0 Up2 � � � 0 0 Upp

3
77775(43)

V =

2
666664

V11 V21 � � � Vp1 0 0 � � � 0 � � � 0 0 � � � 0

0 0 � � � 0 V12 V22 � � � Vp2 � � �
... 0

...
...

... � � � 0 0
0 0 � � � 0 0 0 � � � 0 � � � V1p V2p � � � Vpp

3
777775(44)

The block column ordering shown above is chosen so that G will have the same block
structure as Q, see Section 6.3. Block columns in (43) and (44) corresponding to zero
blocks Qkl are absent (have no columns).

Since B = D + UV T, the Sherman{Morrison{Woodbury formula [11] gives

B�1 = (D + UV T)�1 = D�1 �D�1U(I +G)�1V TD�1;(45)

with G = V TD�1U of order M . For B1 from (41) we have

B�1
1 = D(D + UV T)�1 = I � U(I +G)�1V TD�1;(46)

Since the non-zero eigenvalues of G are the same as those of D�1UV T,

�(I +G) n f1g = �(D�1B) n f1g;

where �(H) is the set of eigenvalues of the square matrix H. Since B is non-singular,
so is I+G. Furthermore, ifM < n (i.e. if the ranks of the blocks of Q are low enough),
then rank (UV T) � M < n, and 1 2 �(D�1B). Therefore �(I + G) � �(D�1B), and
cond (I +G) � cond (D�1B).

6.3. Structure of G. The following proposition shows that the block sparsity
pattern of G is contained in that of Q:

Proposition 6.1. If Qkl = 0, then Gkl = 0.
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Proof. Let G be partitioned as

G =

2
66664
G11 � � � G1p

G21 � � � G2p
...

...
Gp1 � � � Gpp

3
77775 ;

where an mk �ml block Gkl has the structure

Gkl =

2
66664
0 � � � 0 V T

1k 0 � � � 0
0 � � � 0 V T

2k 0 � � � 0
...

...
...

...
...

0 � � � 0 V T
pk 0 � � � 0

3
77775 �
2
66664
D�1

11 U11 0 � � � 0

0 D�1
22 U21

...
...

. . . 0
0 � � � 0 D�1

pp Up1

3
77775

=

2
66664
0 � � � 0 H1kl 0 � � � 0
0 � � � 0 H2kl 0 � � � 0
...

...
...

...
...

0 � � � 0 Hpkl 0 � � � 0

3
77775 ;(47)

with zeros in the �rst k � 1 block columns, and the last p � k block columns, and
Hjkl = V T

jkD
�1
kk Ukl of size rjk � rkl. The equation for Hjkl shows that the block Gkl can

be non-zero only if Ukl is non-zero, which, in its turn, can be non-zero only if Qkl is
non-zero. 2

Since we use no-cancellation assumption [6, Section 2.2.2], i.e. disregard exact
cancellation in 
oating-point computation, it follows from Proposition 6.1 that G has
the same non-zero block structure as Q.

Corollary 6.2. If Q is strictly block upper or lower triangular, then so is G.
Since Hjkl is rjk � rkl, the total number of non-zero elements in G is nnz (G) =P

k

�
(
P

j rjk)(
P

l rkl)
�
=
P

kl(rklmk) � mM .

If no block of Q has rank higher than one, then mM � p3. If Q is block-tridiagonal,
with all non-zero blocks of rank one, then mM < 3p.

6.4. Outline of the solution method. The parallel solution method for solving
Bx = y is based on (45), and will be referred to later as the SMW-based method.

Computing the preconditioner.
begin
1. foreach k = 1 : p (in parallel)

Preprocess Dkk for solving Dkkxk = yk (if necessary)
endfor

2. foreach k = 1 : p (in parallel) /* Compute entries of G */
for l = 1 : p such that (k; l) 2 P

2a. Solve Dkk
~Ukl = Ukl

for j = 1 : p such that (j; k) 2 P
2b. Set Hjkl = V T

jk
~Ukl

endfor
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endfor
endfor

2c. If desired, gather all block rows of G on a single processor
3. LU-factor I +G

end
Computing G consists of two steps. On step 2a, processor k computes ~Ukl for all

l's by solving the linear system

Dkk [ ~Uk1 ~Uk2 � � � ~Ukp ] = [Uk1 Uk2 � � � Ukp ]

with
P

l rkl right-hand sides. On step 2b, processor k computes the blocks Gkl for all
values l, i.e. the blocks Hjkl in the matrix

2
66664
H1k1 � � � H1kp

H2k1 � � � H2kp
...

...
Hpk1 � � � Hpkp

3
77775 =

2
66664
V T
1k

V T
2k
...
V T
pk

3
77775 � [ ~Uk1 ~Uk2 � � � ~Ukp ]

As a result of this step, G is distributed among the processors by block row. A gather
step is needed if one wants G to be stored on a single processor.

Unless G is triangular, some LU-factorization of I +G is needed (step 3). If G is
stored on a single processor, factoring is done by that processor; otherwise, it is done
in parallel.

Applying the preconditioner. Applying the direct LOB preconditioner (3) means
solving a system of the form (39), using formula (45):
begin Solving Bx = y
1. foreach k = 1 : p (in parallel) /* z = D�1y */

Solve Dkkzk = yk
endfor

2. foreach l = 1 : p (in parallel) /* t = V Tz */
for k = 1 : p

Set tkl = V T
kl zl

endfor
endfor

3. Solve (I +G)s = t /* s = (I +G)�1 t */
4. foreach k = 1 : p (in parallel) /* y0 = y � Us */

Set y0k = yk �
P

l Uklskl
endfor

5. foreach k = 1 : p (in parallel) /* x = D�1y0 */
Solve Dkkxk = y0k

endfor
end

Applying the BSSOR LOB preconditioner (4) involves solving one system of the
form (39) with B of the form (40) using the algorithm given above, and one system
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with B of the form (41), which, due to (46), can be done using steps 1{4 of the same
algorithm.

Step 3 solves

(I +G)s = t;(48)

where

t = V Tz =

2
66664
t1
t2
...
tp

3
77775 with tl =

2
66664
t1l
t2l
...
tpl

3
77775 ;

and s is partitioned conformally with t.
Only step 3 involves interprocessor communications. On step 2, the j-th processor

produces all components of t in its block column (tkj for all k); on step 4, the j-th
processor needs all components of s in its block row (sjl for all l). Depending on how
(48) is solved, step 3 can be implemented in di�erent ways:

1. Store the entire factors of I +G on a single processor, which solves the system
(48). First, t is gathered on this processor; after solving, components of s are
scattered to the processors that will need them at the next step. Both steps 2
and 4 send M 
oating-point values between the processors.
What processor should be used for solving (48)? Normally, it can be one of the
processors 1; : : : ; p that perform all other operations. However, if minimizing
the memory allocation per processor is a priority, and there are extra processors
available, it may be expedient to use p + 1 processors, the extra (p + 1)-st
processor being used to store the factors of I +G and solve (48).

2. Have each processor, redundantly, solve (48).
3. Use a parallel method for solving (48), distributing the factors of I+G among

all processors. At most pM 
oating-point numbers are sent between processors.
Factors of I + G can be distributed among the p processors by block row. If
this scheme results in poor data balance (as in the case of a block-triangular
or block-tridiagonal Q), linear speed-up can be achieved by distributing the

factors of I +G cyclically by row.
The preconditioner can be applied with one D-solve per iteration instead of two,

by replacing steps 4 and 5 with
40. foreach k = 1 : p (in parallel) /* x = z � ~U s */

Set xk = zk �
P

l
~Uklskl

endfor
where ~U = D�1U (see step 2a of the preconditioner-preparing algorithm). The disad-
vantage is that the DAXPY operation in 40 is done with dense vectors, while that in 5
uses sparse ones. In the remainder of the article, we use 4 and 5 instead of 40.

6.5. Communication costs. While discussing the communication pattern, one
needs to consider three options:
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� Sequential handling of I + G: after I + G is computed, it is is replicated on
each processor2; it is factored sequentially, and the LU-solve of (48) is performed
sequentially on each iteration.

� Parallel handling of I + G, block row distribution: after G is generated, it
is distributed by block row, so that elements of G are initially stored at the
processors where they are computed. I + G is factored in parallel, and its
factors are stored distributed in the same fashion. LU-solve of (48) is done
in parallel. This approach is suitable for a block-dense Q, or in any situation
where the block-triangular factors obtained by LU-factorization of I + G are
block-dense; however, it may not provide for good load balancing in special
cases such as a block-triangular or block-tridiagonal Q.

� Parallel handling of I + G, cyclic row distribution: �rst G, and then the LU-
factors of I + G are distributed by row in a cyclic fashion. This approach
provides for better load balancing even in the case of a block-triangular or
block-tridiagonal Q.

Creating G. If parallel factoring of I +G is used with I + G distributed by block
row (so that blocks of G are stored on the processors where they are �rst computed),
creating G involves no communications; otherwise (sequential solve, or parallel solve
with cyclic row distribution), each processor broadcasts all � m2 elements of G it
computes.

Factoring I + G. Factoring of I + G involves no communications if it is done in
sequential mode. In either of the parallel modes, each processor broadcasts all elements
of the U -factor of I +G it generates, which is O(mM) 
oating-point numbers.

Applying the preconditioner. When the preconditioner is applied sequentially, each
processor broadcasts the � m elements of t it computes. Since solving (48) is replicated
on each processor, no components of s or any other data need to be sent between
processors.

When (48) is solved in parallel, each processor broadcast all elements it computes,
both during L-solve and during U-solve. This is O(m) values, regardless of whether the
factors of I +G are distributed by block row, each processor sends

6.6. Parallelism analysis. Among operations needed for solving the system (39)
by the above method, all operations are highly parallel (in the sense that, for each of
them, calculations pertaining to a particular block of x or y can be performed by the
processor that stores that block without any dependence on other processors), with the
exception of solving the system (48) with the M �M matrix (I +G). The right-hand
side t of this system is gathered from data from all processors (so a barrier and a gather
operation is required); solving the system is done on one processor, and followed by
scattering the appropriate parts of the solution s to the other processors.

2 If I +G is gathered on a single processor instead, the communication will be lower than estimated
in this section, since instead of broadcasting data one needs to send them to that one processor only.

29



6.7. Operation count analysis. Solving (39) with B of the form (40) requires
the following number of operations:

CB = CD + CV + CG + CU + CD = 2CD + Cm + CG:

The �ve terms of the �rst sum correspond to the �ve steps of the algorithm. CD is for
solving Dz = w, CV is for one local dot product for each column of the blocks Vkl, CU

is for one DAXPY with each column of the blocks Ukl's, and CG is for solving (48). The
sum Cm = CV + CU is the number of operations needed to perform a matrix-vector
multiplication Qw = UV Tw.

For solving (39) with B of the form (41) we have, similarly,

CB1 = CD + CV + CG + CU = CD + Cm + CG:

6.8. Timing models. During solving Bx = y, only solving system (48) requires
interprocessor communications; all other operations are parallel. From the operation
count data in Section 6.7, the time tB the method needs to solve (39) is approximately
the following:

tB = 2tD + tV + tU + tG = 2tD + tm + tG:(49)

The three main terms here, tD, tV , and tU , are times this parallel computer will take,
respectively

tD: to solve Dz = w,
tV : to calculate a dot product with each column of each block Vkl,
tU : to perform a DAXPY operation with each column of each block Ukl,

with the matrices distributed as described in Section 6.1. The sum tm = tV + tU is the
time needed to calculate a matrix-vector product Qw = UV Tw.

Similarly, tB1 = tD + tm + tG.

Cost of solving (48). The term tG is the time needed to solve (48). When Q is
strictly block triangular, so is G, and tG = O(Mm).

When the matrix G is not triangular, it still does not depend on the right-hand side
y, and so I + G needs to be LU-factored once for all future B-solves. The sequential
solve time tseqG is O(M2); parallel solve time tparG = O(mM). This tG can be reduced
if the block structure of Q is such such that �ll-in is limited in some way. E.g., for
block-tridiagonal Q, tseqG is O(mM) and tparG = O(M maxf1; m=pg).

Costs of preparing G. Computing G involves solving M linear systems of the form
Djj~uji = uji, and then calculating no more than Mm dot products of the form vTkj~uji.
The total number of operations involved is under m(CD + CU) �

m
2
CB. Since both

D-solves and dot products can be done in parallel,

tprepG �
m

2
tB:(50)

The cost of LU-factoring the matrix I +G depends greatly on the structure of this
matrix (and thus on the structure of Q). For a general Q, the operation count for this
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factoring is, is the worst case, Cfact(I+G) = O(M3), which implies tseqfact(I+G) = O(M3) for
sequential factoring, and

tparfact(I+G) = O(mM2)(51)

for factoring on p processors in parallel (the p-th processor calculates the p-th block
row of the factors). This result may be better if Q has some special structure making
LU -factoring G less expensive than O(M3) operations. For example, if Q is block-
tridiagonal, tseqfact(I+G) = O(m2M) and

tparfact(I+G) = O(mM max 1; m=p):(52)

The timing model provides a practical de�nition of \low-rank" for blocks of Q:
(a) The time spent preparing and factoring I +G must be small compared to the

iterative solve time for (1), and
(b) tG must be small relative to tD + tU , so that

tB � 2tD + tm:(53)

Below we will show what restrictions this conditions impose on m, for a general matrix
Q, as well as for the special cases of block-triangular and block-tridiagonal Q. We
suppose that:

1. p processors are used.
2. The maximum dimension of a block Dkk is O(n=p).
3. m = O(M=p), i.e. the maximum sum of block ranks in a block row of Q is of

the same order as the average sum.
4. Factoring I+G and solving (48) is done in parallel on p processors. (Estimates

for sequential operations can be obtained in a similar way.)
5. tD is the dominant term in tD + tm, i.e. tD + tm = O(tD). This is usually the

case with many matrices; and if o�-diagonal block computations are expensive
relative to the diagonal block computations, i.e. if tm > ptD, then parallelizing
the solution of the system (39) is easy.

The time tD spent solving the system Dz = w depends greatly on the structure of
D. The two obvious limiting cases are

� tD = �(n=p) (Dkk is a diagonal matrix, or a product of LU-factors with few
non-zeros per row);

� tD = �(n2=p2) (Dkk is a product of dense L- and U-factors).
Estimates below will be made for a Q of arbitrary block structure, as well as for

block-triangular and block-tridiagonal Q.
Equation (50) indicates that tprepG is on the order of the time taken by m iterations.

Thus the criterion (a) implies that m needs to be small in comparison to the total
number of iteration.

In order for the term tfact(I+G) not to make this ratio much worse, it needs to be of
the same order as tprepG, i.e. the condition

tfact(I+G) = O(mtD)(54)
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should hold. For a block-triangular Q, this is not an issue (no factoring is needed); for a
general Q, the parallel LU-factoring time estimate (51) is used to rewrite the condition
(54) as

m =

8<
:
O
�
n1=2

p3=2

�
; if tD = �(n=p),

O
�
n
p2

�
; if tD = �(n2=p2)

(55)

For a block-tridiagonal Q, the parallel LU-factoring time estimate (52) gives

m =

8<
:
O
�
maxf n

p2
; n

1=2

p1=2
g
�
; if tD = �(n=p),

O
�
maxfn

2

p3
; n
p
g
�
; if tD = �(n2=p2).

(56)

For an arbitrary Q, the time tG needed to solve I +G by a parallel dense method
is O(mM). Thus the criterion (b) requires that

m =

8<
:
o
�
n1=2

p

�
; if tD = �(n=p),

o
�

n
p3=2

�
; if tD = �(n2=p2).

(57)

For a block-triangular or a block-tridiagonal Q we similarly obtain

m =

8<
:
o
�
maxf n

p2
; n

1=2

p1=2
g
�
; if tD = �(n=p),

o
�
maxfn

2

p3
; n
p
g
�
; if tD = �(n2=p2).

(58)

Obviously, condition (55) is stronger than condition (57), but for a block-tridiagonal
Q (58) is stronger than (56).

If Q is : : : To ensure that: : : If tD = �(n=p) If tD = �(n2=p2)

arbitrary tfact(I+G) = O(mtD) m = O
�
n1=2

p3=2

�
m = O

�
n
p2

�
tG = o(tD + tm) m = o

�
n1=2

p

�
m = o

�
n

p3=2

�
blk- tfact(I+G) = O(mtD) m = O

�
maxf n

p2
; n

1=2

p1=2
g
�

m = O
�
maxfn

2

p3
; n
p
g
�

tridiag. tG = o(tD + tm) m = o
�
maxf n

p2
; n

1=2

p1=2
g
�

m = o
�
maxfn

2

p3
; n
p
g
�

blk-triang. tG = o(tD + tm) m = o
�
maxf n

p2
; n

1=2

p1=2
g
�

m = o
�
maxfn

2

p3
; n
p
g
�

Table 1

Low-rank criteria (in the case of parallel solving of (I +G)s = t).

These results for parallel factoring of I+G and parallel (I+G)-solve are summarized
in Table 1. Table 2 presents analogously obtained results for sequential LU-factoring
and (I +G)-solve.

If the symbol o in the restrictions on m (57,58) is replaced with O, then instead of
(53) we will have

tB = O(tD + tm):(59)
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If Q is : : : To ensure that: : : If tD = �(n=p) If tD = �(n2=p2)

arbitrary tfact(I+G) = O(mtD) m = O
�
n1=2

p2

�
m = O

�
n

p5=2

�
tG = o(tD + tm) m = o

�
n1=2

p3=2

�
m = o

�
n
p2

�
block-tridiagonal tfact(I+G) = O(mtD) m = O

�
n1=2

p

�
m = O

�
n

p3=2

�
tG = o(tD + tm) m = o

�
n1=2

p

�
m = o

�
n

p3=2

�
block-triangular tG = o(tD + tm) m = o

�
n1=2

p

�
m = o

�
n

p3=2

�
Table 2

Low-rank criteria (in the case of sequential solving of (I +G)s = t).

7. Relation between the Sherman{Morrison{Woodbury based method
and Schur complement-based methods. The SMW-formula based algorithm for
solving (39) described in Section 6 is similar to Schur complement methods [3, Chapter
9], where the solution of the system"

A11 A12

A21 A22

# "
x1
x2

#
=

"
y1
y2

#

is calculated by a process that involves matrix-vector multiplications with A12 and A21

and solving linear systems with A11 and S = A22 � A12A
�1
11 A21. This similarity is not

accidental: the Sherman{Morrison{Woodbury formula in (45) can be derived with the
help of Schur complement. Consider the system (39,40)

(D +Q)x = y

with Q = UV T. With an auxiliary vector s = V Tx, this system can be re-written as"
D U
�V T I

# "
x
s

#
=

"
y
0

#
(60)

The popular formula

"
D U

�V T I

#�1
=

"
I �D�1U
0 I

# "
D�1 0
0 (I +G)�1

# "
I 0

V TD�1 I

#
=

"
I
0

#
D�1[ I 0 ]�

"
D�1U
I

#
(I +G)�1[V TD�1 I ];

with the Schur complement I +G = I + V TD�1U , immediately gives

s = (I +G)�1V TD�1y

and

x = D�1(y � Us)

as the solutions of (60), exactly the result obtained by using (45).
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8. Preliminary computational results. The direct LOB preconditioner, ap-
plied using the SMW-based method in conjugate gradients stabilized [4] iterations was
implemented in pC++ [5] on a 12-processor SGI Power Challenge.

The report [10] describes the results for the implementation where I+G was factored
sequentially, and (I +G)s = t was solved sequentially. In that report, the direct LOB
preconditioner and the SMW-based application method are referred to as the \LRA
SMW preconditioner". Results presented here are obtained using parallel processing of
I +G and its factors.

The test problem whose solution results are presented here include two problems
with p = 8, coming from a 2D �nite element problem in CFD (problems Str389, with
n = 9275 nodes, and 20284.mlp, with n = 20284 nodes3), as well as the equation

uxx + uyy + uzz � 1000x2ux + 1000u = 1

discretized on a mesh with n = 243 nodes in a cubic subdomain divided into p = 27
cubic subdomains (problem eq8). They were solved using a number of preconditioners:

1. Jacobi (C = D).
2. BSSOR LOB (C = (QL +D)D�1(QU +D); blocks of the strict lower and up-

per triangular QL and QU are obtained by one of the low-rank approximation
methods (the projection method, Section 4.3) from the respective blocks of A.
For the �rst two problems, the subspace X for each non-zero o�-diagonal block
was composed of 3 polynomial function of the node number; for the third prob-
lem, each X was a space of polynomials of the subdomain surface coordinates
of the 7-th degree. The preconditioner is applied using a conventional LU-solve
method.

3. Direct LOB preconditioner with o�-diagonal blocks obtained as above, applied
using the SMW-based method (Section 6).

4. BSSOR LOB preconditioner with original ODBs (C = (L + D)D�1(U + D);
strict lower and upper triangular L and U are composed from the ODBs of A);
applied using a conventional LU-solve method.

5. Direct LOB preconditioner with original ODBs (C = D + (L + U) with the
same L and U as above), applied using the SMW-based method.

In all preconditioners, blocks of D were obtained by an incomplete LU-factorization [9]
of the diagonal blocks of A. Three levels of �ll were allowed for the �rst two problems,
and 14 for the third problem (the hardest).

In Tables 3 and 4, the �rst number in each cell is the total time spent to solve the
problem on the speci�ed number of processors with the speci�ed preconditioner; it is
followed by the preconditioner preparation time (LU-factoring D, generating Q, gener-
ating and factoring I +G) plus the number of iterations times the time per iteration.
All times are in seconds.

Data in Tables 3 and 4 show that in the low rank case (M = 66 or M = 84),
the SMW-applied direct LOB preconditioner has a parallel e�ciency of 0:85 or better,

3 Timing results for solving these two problems by the same solution methods, but with I + G

handled sequentially, are presented in [10]
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Num. Jacobi BSSOR direct BSSOR direct LOB,
proc. LOB LOB orig. ODB orig. ODB

(SMW) (SMW)
(M=84) (M=84) (M=1234)

1 183:2 = 7:9+
+212 � 0:83

95:3 = 8:6+
+67 � 1:29

80:5 = 10:8+
+51 � 1:37

40:9 = 7:9+
+23 � 1:44

84:1 = 73:5+
+6 � 1:77

2 36:4 = 4:1+
+82 � 0:39

67:5 = 4:7+
+60 � 1:05

37:8 = 5:8+
+52 � 0:62

28:7 = 4:1+
+23 � 1:07

43:2 = 37:7+
+6 � 0:91

4 19:7 = 2:8+
+84 � 0:20

64:2 = 3:6+
+66 � 0:92

24:6 = 3:7+
+52 � 0:40

24:1 = 3:0+
+22 � 0:96

28:4 = 25:1+
+6 � 0:55

8 12:6 = 3:6+
+84 � 0:11

60:8 = 2:7+
+66 � 0:88

11:4 = 2:4+
+52 � 0:17

21:9 = 2:0+
+22 � 0:90

24:9 = 23:2+
+6 � 0:29

Table 3

Timing results for Problem Str389. n = 9275. Parallel (I +G)-solve.

Num. Jacobi BSSOR direct BSSOR direct LOB,
proc. LOB LOB orig. ODB orig. ODB

(SMW) (SMW)
(M=66) (M=66) (M=2214)

1 158:1 = 16:0+
+76 � 1:87

230:2 = 18:9+
+72 � 2:93

231:1 = 22:5+
+68 � 3:07

141:4 = 16:1+
+39 � 3:21

459:5 = 384:2+
+19 � 3:96

2 81:0 = 8:4+
+78 � 0:93

181:9 = 10:3+
+70 � 2:45

112:1 = 12:3+
+68 � 1:47

105:4 = 8:2+
+39 � 2:49

300:2 = 259:7+
+19 � 2:13

4 38:2 = 4:1+
+77 � 0:44

167:7 = 6:2+
+77 � 2:10

55:4 = 7:6+
+68 � 0:70

95:4 = 4:2+
+43 � 2:12

160:1 = 133:8+
+19 � 1:38

8 19:7 = 2:2+
+77 � 0:23

156:1 = 4:2+
+77 � 1:97

28:7 = 5:2+
+68 � 0:35

85:9 = 2:2+
+43 � 1:95

84:8 = 72:5+
+19 � 0:65

Table 4

Timing results for Problem 20284.mlp, n = 20284. Parallel (I +G)-solve.

Num. Jacobi BSSOR direct BSSOR
proc. LOB LOB orig. ODB

(SMW)
(M=1728) (M=1728)

1 1806:9 = 60:2+
+920 � 1:90

3688:0 = 97:9+
+1000 � 3:59

1334:7 = 369:3+
+216 � 4:47

3608:2 = 60:3+
+1000 � 3:55

3 3292:6 = 45:4+
+1000 � 3:25

384:2 = 110:5+
+174 � 1:57

9 2921:2 = 20:1+
+1000 � 2:90

124:3 = 39:8+
+164 � 0:52

Table 5

Timing results for Problem eq8, n = 13824. Parallel (I + G)-solve. For Jacobi method, the iteration
process is aborted because � (a CGSTAB parameter) becomes zero. When the number of iterations
shown is 1000, it means that convergence has not been reached.
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compared to 0:19 of block SSOR. Sometimes, even superlinear speedup is observed (since
more cache memory is used.) Even for M as high as 1000-2000, parallel e�ciency of
the SMW-applied direct LOB is at least 0:7{0:8.

Further note that often fewer iterations are required for direct LOB than for BSSOR
LOB with the same o�-diagonal blocks, and especially than for Jacobi method. This
indicates that direct LOB provides a better quality preconditioner. For the problem eq8,
which is harder than the two others, we see that direct LOB achieves the desired degree
of convergence after some 100 or 200 iterations, while other methods fail to converge.
These results con�rm that LRA SMW can provide parallel e�ciency while maintaining
and even improving the quality of preconditioning that block SSOR provides.

A. Appendix to 4.3. Proof of (30). Theorem A.1. Suppose A is a n1 � n2
matrix A, X is an n2�M matrix of the rank M , Y is an n1�M matrix of the rank M ,
and H = Y TAX is non-singular. Then for any matrix B that simultaneously satis�es
the two conditions

BX = AX;(61)

Y TB = Y TA(62)

rankB � M ; only one rank-M matrix B satis�es these conditions, and it is given by
the formula

B = AXH�1Y TA(63)

Proof. Simple substitution shows that B given by (63) indeed satis�es the condi-
tions (61,62). On the other hand, suppose that B satis�es the conditions (61,62), and
rankB = r � M . Then B can be represented as B = UV T with r-column matrices U
and V . It follows from (61) that

H = Y TAX = Y TBX = (Y TU)(V TX):(64)

By the assumption the M �M matrix H is non-singular; therefore, rankH =M . This
implies, for the factors in (64), that

rank (Y TU) � M;(65)

rank (XV T) � M:(66)

Since (Y TU) has only M rows and r � M columns, (65) means that (Y TU) is a non-
singular square M �M matrix. This makes possible to derive, from AX = U(V TX),
the fact that

U = AX(V TX)�1(67)

In a similar fashion one can show that (Y TU) is a square non-singular matrix and

V T = (Y TU)�1Y TA(68)

From (67,68) it follows that indeed B = UV T = AX(V TX)�1(Y TU)�1Y TA =
AXH�1Y TA, i.e. (63) holds. 2
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