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Abstract. For a sparse linear system Axz = b, preconditioners of the form C = D + L + U, where
D is the block diagonal part of A (or incomplete factorization approximation of its blocks), and L
and U are block strictly lower and upper triangular matrices composed of low-ranks approximations
of the respective blocks of A, are examined. C' is applied directly, by solving C'z = w, or partially, by
applying one step of BSSOR to C'z = w.

Use of low-rank approximations of off-diagonal blocks is common in dense systems, but apparently
has not been considered for sparse systems. This paper examines ways of defining the off-diagonal
blocks and provides a detailed analysis for systems occuring in solving Laplace equation on a uniform
mesh. Methods of applying C' as a parallel preconditioner are proposed and analyzed, their cost being
compared to that of applying a Jacobi preconditioner D. Testing results are presented, comparing the
use of low-rank approximations with Jacobi and block SSOR preconditioning.

1. Introduction. Solving a large linear system of equations
(1) Az =y

is a common subproblem encountered in the numerical solution of differential and in-
tegral equations. Typical methods for integral equations give dense matrices A, where
most of the entries are nonzero. Differential equation solvers typically give sparse ma-
trices A, where most of the entries are zero and not stored. The linear systems are
usually solved with preconditioned conjugate gradient (PCG) like methods, which solve
a related system

C™'Az = C'p,
where C' is preconditioner. This involves solving an auxiliary system
(2) Cu =,

on each iteration.

An effective preconditioner is one which reduces the cost of the iterative solution,
by reducing the number of iterations while keeping the cost per iteration reasonable.
When the matrix A is large and dense, hierarchical methods are often used because it is
impractical to compute and store the entire matrix. These methods consist of replacing
the off-diagonal blocks of the matrix with low-rank approximations, which are naturally
given by the application. For example, in graphics radiosity problems a scene is divided
into a large number of patches, and the entry A(i,j) gives the interaction between
patches ¢ and j. The contribution of a group of patches distant from a patch ¢ can be
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well-approximated by averaging the individual contributions from the group and then
replacing the corresponding entries in the matrix with that average. This and related
techniques can reduce the complexity of the matrix-vector product needed by PCG
methods from O(n?) to O(nlogn).

In this paper we examine using low-rank approximations of off-diagonal blocks
(LOB) for sparse matrices, to define preconditioners for PCG methods. In Section 3,
two such preconditioners are proposed: direct LOB, whose preconditioner C' = D+L+U
is obtained from A by replacing its ODBs with their low-rank approximations (LRA);
and BSSOR LOB, which is one step of BSSOR applied to C'z = w.

Domain decomposed matrices from partial differential equations are used, where the
off-diagonal blocks correspond to interfaces between subdomains. Construction of LOB
preconditioners is discussed Section 4. Block SSOR preconditioners are examined with
the diagonal blocks consisting of incomplete factorizations of the corresponding blocks
of A, and the off-diagonal blocks replaced low-rank approximations. A difficulty with
this approach is the lack of a way to naturally define those low rank approximations.

In Section 5.1, spectral properties of a direct LOB preconditioner for a sample
problem are studied.

Advantages of the new preconditioners include more efficient computational kernels
and reduced lengths of interprocessor communication messages when the blocks are
distributed on a parallel machine. A new well-parallelizable method for solving Bz = w,
using Sherman — Morrison — Woodbury formula and having some of the advantages of
direct inverse approximations in its application, is described in Section 6. Discussion in
Section 7 shows how this method is related to commonly used solution methods using
Schur complement, and computational results are presented in Section 8.

1.1. Mesh notation. The kind of systems (1) that we are concerned with in this
article are block systems, where partitioning of the matrix and vectors into blocks is
derived from the partitioning of the geometrical domain €2 on which the differential equa-
tion is considered. The domain € is partitioned into p subdomains  (k =1,2,...,p),
and each mesh node is assigned to one subdomain. Thus it is possible to use the same
notation €2 both for the k-th subdomain, for the set of mesh nodes that are in €2,
and for the k-th group of variables in a vector-column (consisting of values of mesh
function in the nodes of the subdomain €2;). The matrix A and the preconditioner C
are partitioned into blocks conformally with this partitioning of vector columns.

We are considering only matrices A that are structurally symmetric, i.e. a;; # 0 if
a;i 7 0. Thus one can talk about the undirected graph of A, whose nodes correspond
to variables, and in which nodes ¢ and j are connected with an edge whenever a;; # 0
6].

To describe the structure of the matrix A, it is handy to use the predicate neig(n, k),
which is defined to be true if and only if the nodes 7 and « are “neighbors” in the graph
of A, i.e. if the a,, # 0.

Sometimes it is convenient to use the notion of “the set of nodes in {2 adjacent to



", defined as
cm={r| 7€ % A (T € Q) neig(r,x))}.

The predicate neig(€, ) is true if and only if the two node groups € and 2; are
adjacent in the graph of matrix A, i.e. , j; # 0.

2. Existing approaches. Various preconditioners have been proposed for itera-
tive solving of block systems.

Block diagonal (Jacobi) preconditioning (Cy with ) = 0) is typically used in parallel
computations. If diagonal blocks are assigned to processors, the preconditioner can be
applied without interprocessor synchronization or communication. Unfortunately, block
diagonal preconditioned systems often fail to converge, especially for non-symmetric A.
Block symmetric Gauss-Seidel (C; with @ and @y the corresponding parts of A) is
significantly more robust, but the block lower and upper triangular system solves are
inherently sequential. One way to recover parallelism is to increase the number of
blocks in the partitioning of A and use a level scheduling [1, 2]. However, this also
causes the quality of preconditioning to fall, and in the limiting case becomes pointwise
symmetrized Gauss-Seidel, which typically provides poor quality of preconditioning.

In this paper we borrow an idea from the solution of integral equations, and use
low-rank approximations of the off-diagonal blocks. By varying the rank of the ODBs
the new method can be parametrized to vary in quality between that of block diagonal
and block SSOR [12] preconditioner.

3. Proposed Approach. Advantages of a preconditioner may consist in its im-
proved quality (as measured by the convergence rate of an iterative process) for some
types of A; its cost (in terms of the number of operations or the execution time re-
quired to solve the system (2)); or in its parallel properties, as measured by the degree
of utilization of the processors of a parallel computer on which (2) is solved.

Proposed preconditioners. In this article we are studying the properties of some
block preconditioners that use low-rank approximations of the off-diagonal blocks of A.
Two classes of such preconditioners are considered:

e Direct LOB preconditioning

(3) C=L+D+U,

where D is a diagonal matrix composed of blocks that approximate in some
way diagonal blocks of A, and L and U are strictly block lower and upper
triangular matrix composed of blocks that are low-rank approximations of the

ODBs of A.
e BSSOR LOB preconditioning
(4) C = (wL + D)D™'(wU + D),

where D is a diagonal matrix composed of blocks that approximate in some
way diagonal blocks of A; L and U are strictly block lower and upper triangular
matrix composed of blocks that are low-rank approximations of the ODBs of
A, and w is a real parameter.



Rank-related notation. For a given block matrix @ (such as L + U in (3)), let
Ty = rank Qp, let M = 37 ;1 be the sum of ranks of all blocks of @, let m; = Y7 7
be the sum of ranks of the blocks of @) in the [-th block column, and let m be the
maximum of the sum of the ranks of the blocks in any one block column or block row

of Q:

m = max{mlax My, MAx El: Tk}
If no block of ) has rank higher than one, then M becomes the number of non-zero
blocks in (), and m the maximum number of non-zero blocks in any one row or column
of Q.

If A is generated by a finite-difference or a finite-element method for a differential
equation, the sum of ranks of the off-diagonal blocks in its k-th block row or block
column is roughly equal to the number of mesh nodes adjacent to the borders of the
k-th subdomain; the number of non-zero elements in the ODBs of the k-th block row or
block column is typically of the same order of magnitude. This number is much smaller
than the rank of diagonal blocks: for a subdomain of n = O(I%) nodes in d-dimensional
space, the number of the border nodes is O(1%~!) = O(n(¢=1/?), Thus if L and U are
composed of the original ODBs of this A, m = O(n(4=1/4) ie. m = O(n'/?) in 2D or
m = O(n*?) in 3D.

In Section 4 we introduce low-rank approximation techniques that produce off-
diagonal blocks of ranks lower than these estimates. Each parametrized technique
introduces a family of approximations, so that the rank of off-diagonal blocks varies from
zero (Jacobi method) to one (rank-one off-diagonal blocks) to the rank of the original
ODBs of A. The number of iterations required is likely to decrease as the rank of the
ODBs increases; on the other hand, with increasing rank the advantages of the method
(reduced interprocessor communication and higher parallelism) gradually disappear. In
general the BSSOR LOB preconditioner (4) does not promise fewer iterations than the
incomplete block SSOR, preconditioner

(5) C = (wLy+ D)D *(wUy + D),

where L, and Uy are strictly block lower and upper triangular parts of A, respectively;
after all, L and U in (4) are merely approximations of these L4 and U,. Nor is BSSOR
LOB (with any rank of the ODBs) significantly cheaper in operations per iteration than
incomplete block SSOR, since the cost of computing with off-diagonal blocks is small
compared with the cost of solving the system with the matrix D. However, solving the
block triangular systems in BSSOR LOB can be efficiently parallelized, using a special
case of an approach developed for the direct LOB method.

The direct LOB preconditioner may be of higher quality in incomplete block SSOR
or BSSOR LOB with the same D and off-diagonal blocks of similar rank. Although its
cost is higher than that of incomplete block SSOR, it is competitive, if the rank of the
ODBs is low enough. Direct LOB also parallelizes well as shown in Section 6. For a
particular approach to solving (4) and (3), Section 6.8 discuss the restrictions that need
to be imposed on m for that approach to be efficient.
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4. Types of the low-rank approximation. In both direct LOB and BSSOR
LOB, the blocks of D are obtained by an incomplete LU factorization of the respective
diagonal blocks of A; complete LU factorization is a special case of the incomplete one.

We have experimented with several methods for generating the off-diagonal blocks.
In all cases, each non-zero off-diagonal block L, or Uy was represented as a sum of
rank-one terms By = Y¢¥; ug 50y 5, where

B _{Lkl; if & >
M= U, ifk <l

and the rank of the approximation (ry;) varied.

Here we examine three methods for for defining the sets of vectors wuy s and vy s,
so that the blocks By, approximate, in some way, off-diagonal blocks Ay, of A: singular
value decomposition, lumping, and a projection method.

4.1. Singular Value Decomposition. For any real matrix A of rank r there are
two sets of orthonormal real vectors {us}s—1__, and {vs}s=1, , of appropriate dimen-
sions, and a set of real positive numbers o; > 09 > ... > 0, such that

r
T
A= Z OsUsVy

s=1

constituting its singular value decomposition [7]. Let us define, for any M < r, the
partial sum X,;, involving the M largest singular values, as

M
(6) Ay = osu,vy,

s=1

For any M < r, A is the best (or at least a best) rank-M approximation of A in
a number of senses, e.g. in any unitarily invariant matrix norm ([8, Example 7.4.52]),
such as the matrix norm subordinate to the vector 2-norm or Frobenius norm. So an
obvious choice of rank-M approximation of an off-diagonal block Ay; is

By = (Ag) m,

with the partial sum (-),, defined as in (6).

This approximation is not practical, because calculating singular vectors is compu-
tationally expensive. Furthermore, the non-zero ODBs of matrices appearing in many
typical discretized PDE systems don’t have a few large singular values and many small
ones. This implies that (Ag;)as is not likely to be a very good approximation of A until
M is close to rank (Ag;). However, it provides a useful comparison with other methods.

4.2. “Lumping”. “Averaging”, or “lumping”, is the simplest way to obtain a
rank-one approximation of off-diagonal blocks of A. Let e = [1 --- 1]T. Suppose
that for an ODB Aj; of A there is rank-one matrix Bj; such that

Ape = Bpe and
5



(7) eTAkl = eTBkl.

PROPOSITION 4.1. For a matrixz A and vectors dy and dy of conformal dimensions,
the set of solutions B of the system

dTA=dTB
(8) { Ady = Bd,
rank B =1

15 characterized by five cases:
1. If dT Ady # 0, system (8) has a unique solution

) B = Lump g 4,(4) = (Adsd? A)/(d! Ady).
2. If df Ady = 0 but d] A # 0, then the set of solutions of (8) is
{B = (ud} A)/(d}u), (Yu | dfu#0)}.
8. If df Ady = 0 but Ady # 0, then the set of solutions of (8) is
{B=(Ady")/(v"dy), (Vv | v"dy #0)}.
4. If dfA =0 and Ady = 0, then the set of solutions of (8) is
{B =uv, (Vu | diu=0)Vv |v'dy= 0)}

5. If dT Ady = 0 but dT A # 0 and Ady # 0, then (8) has no solution.
Proof. In each case, substitution of the formula for B into the equations (8) shows
that the given values of B satisfy the equations.
Let us prove now that there are no other solutions than indicated above. Since
rank B = 1, B = uvT with some u and v. The first two equations of (8) give then

(10) (diu)v" = diA and
(11) ”LL(’UTdQ) = Adg

If we define ¢; = diu and ¢y = vTdy, then
(]_2) S = drlI‘AdQ = drlI‘BdQ = (d?u)(Ung) = C1C9.

In case 1, s # 0, which means, due to (12), that both ¢; # 0 and ¢y # 0. It
follows then from (10) and (11) that v* = ¢; 'd] A and u = ¢, * Ad,. From (12) we have
cicy = s, and thus B = uv™ = (Adyd] A)/(dT Ady).

In case 2, it follows from di A # 0 that df B = c;vT # 0, and ¢; = diu # 0.

In case 3, it follows from Ad, # 0 that Bdy = ucy # 0, and ¢y = v dy # 0.

In case 4, the zero matrix B = 0 is a solution; any non-zero solution B = uv " must
have u # 0 and v # 0. Since di B = c¢;v' = 0 and Bds = ucy = 0, we have ¢; = 0 and
cy =0, i.e. leu =0 and vTdy, = 0.

T
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In case 5, from di A = c;vT # 0 we obtain ¢; # 0, and from Ady = ucy, # 0
we obtain ¢, # 0. Therefore, by (12), di Ady = cico # 0, but this contradicts the
assumption that d{ Ad, = 0, and thus shows non-existence of a solution. O

Proposition 4.1 shows that for any ODB Ay of A such that s(A4y) = e Ae # 0,
the unique rank-one matrix with the properties (7) is By, = Lump, (A), given by (9).

In terms of the graph associated with the matrix Ay, replacing Ay with By, cor-
responds to cutting all edges connecting nodes of €2, with those of €2;, and connecting
instead every border node i of €2, with every border node j of ;.

An important property of the approximation Lump , ,(Ag;) is that blocks By pre-
cisely approximate the respective blocks Aj; on any mesh function ¢ that is constant
on subdomains; i.e., for any such function ¢, for any of its blocks [,

(13) Bkl¢l - Akl¢l-

This is also true of any mesh function ¢ such that for any pair of contacting subdomains
(Q4, ), its value is constant on the set of the “border nodes” , 4.

The bounds of the spectrum of AC~! where the preconditioner C' = D + L + U,
composed as in (3), has D composed of the diagonal blocks of A, and L and U composed
of rank-one blocks of obtained with Lump , (-), are estimated for a class of matrices A
later in this article (Section 5.1).

PROPOSITION 4.2. Ifrank A =1 and di Ady # 0, then Lump ; 4, (A) = A.

Proof. Any rank-one matrix A can be represented as A = wv™. Substituting
A = v into (9) we obtain Lump 4 4 (4) = uwv™ = A. O

Proposition 4.2 means that the approximation Lump , ,(Ajx) possesses the following
property: if the block Ay; is already of the rank 1, then

(14) Lump , (Ax) = Ap,

i.e. the lumping processes reconstructs the original rank-one off-diagonal block correctly.
However, using Lump e,e(-) is not the only possible way to reconstruct a rank-one block.
For arbitrary vectors d; and dy of appropriate dimensions, such that d Aydy # 0, the
lumping process Lump 4, 4, (-), given by (9), has the same property (14).

Although the lumping method using Lump, (-) seems “physically natural” when
e.g. off-diagonal elements of A are all non-positive or all non-negative, in some cases its
meaningfulness is more problematic. When e® A;e = 0, it either cannot be used at all,
or gives an ambiguous result. When e® Aye is small (e.g. when ‘eTAkle‘ < | Akll),
preconditioner quality is likely to be very poor (worse than that of an identity matrix)

4.3. Projection method. The lumping method can be generalized to higher
ranks. Suppose the off-diagonal block A is ny x n;. For a given M-dimensional
subspace X of mesh functions on €);, and for a given M-dimensional subspace ) of
mesh functions on {2, consider the following problem: Construct a block By, of lowest
possible rank so that for every ¢ € X, Byo = A, and for every ¢ € Y BLy = AF

In matrix terms these conditions are: Let X be an n; x M matrix such that its
columns constitute a basis in X:

X =span{Zy,..., Ty}
7



Let Y be an n; x M matrix such that its columns constitute a basis in Y:
Y =span{#i,...,Ju}
Find a matrix By, of the lowest possible rank such that

(15) Ble = Ale, and
(16) YIBy = YTA.

The lumping method conditions are a special case of conditions (15,16), with X =
span {e} and ) = span {e}.

The following generalization of Proposition 4.1 describes the solution(s) of (15,16).

THEOREM 4.3. Let X be a subspace of R™, Y be a subspace of R™, and A €
R™*"  Let m, = dimX, m, = dim), r, = dimAX, r, = dimA"Y. Let r =
rank YTAX, where X is a matriz whose columns constitute a basis in X, and Y is a

matric whose columns constitute a basis in Y.
Let!

X, = Xt (the orthogonal complement to X in R™ ),

ker(Alx)

{z | (x e X)N(xz L Xs)} (the orthogonal complement to X3 in X ),
Xy = {x | (z € X)) A(Az L Y)},

X1 = {z ]| (xe X)) A(x LAy} (the orthogonal complement in X5 to X.

|

In Y, the four subspaces Vi, Yo, V3, and Y, are defined in a similar way.

Let Px and Py be the orthogonal projectors onto X and Y, and Px,, Py, be the
orthogonal projectors onto X; and Y;, 1 =1, 2,3, 4.

Under these conditions, for any matriz B satisfying the conditions

(17) Blx = Aly, and
(18) By = A'ly

rank B > rg = r, + 1, — 7, and all rank-rg matrices B satisfying (17,18) are of the
form B = By + B; + B>, with

(19) By = A(PyAPx)"A,
(20) B, = APx,(I + RxPx,),
(21) B2 == (I + Py4Ry)PY2A,

for some matrices Rx € R™*" Ry € R™* ™,
Proof. Tt follows from the definition of &}, A5, A5, and X, that they are mutually
orthogonal subspaces, and their direct sum is the entire R"*: R" = X| X5 & X3 D Xy.

I For a vector w in a vector space and a subspace V of the same space, we use the notation u L V to
mean that uTv = 0 for every v € V; similarly, L V means that for every u € I and for every v € V,
uwTv=0.
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Similarly, Vi, Vs, Vs, and YV, are mutually orthogonal and R™ = Y, & Vo & V3 & V.
We can therefore construct an orthonormal basis in R™*, consisting of dim X vectors
in X}, dim &, vectors in X3, dim A3 vectors in A3, and dim X, vectors in X;. Let
Xio34 =[X1, X5, X3, Xy| be the orthogonal matrix composed of these vectors.
Also construct a similar basis in R™, with Y1534 = [Y;, Y3, Y3, Y,] composed of
its vectors.

We will also need matrices of the same dimensions as Xi.0.34 and Yj.5.34, in which
some of the block columns are replaced with zeros. The following notation is used:
Xioso=[X1, Xo, Xj, 0], X0900=1[0, X5, 0, 0], Xo004=1[0, 0, 0, Xy,
etc. Their products form orthogonal projectors onto subspaces, e.g. Xg2.0.0X {934 =
X0-9-00X09.0.0 = Px,- For compactness, the notation X, .3 =[X;, X, X3]|, Xi=
[ X1, Xy], etc. will also be used.

Note that dim Xy = n, —dim X = n, —m,, and dim X3 = dimker(A|y) = dim X —
dim(AX) = my—r,. Thus dim &, = dim X —dim X = r,. Similarly dim Yy = n,—m,,
dim Y3 = m, — 1y, and dim Y., = r,.

Consider the form A’ the matrix A assumes in the new bases:

An A Az Au An 0 0 Ay
A9y Ay Ay A 0 0o 0 A
! _ yT _ |21 Az A A | _ 24
A= Viop A e Asi Az Az Ay 0 0 0 0|’
An Ap A Au An A 0 Ay

where A;; = YYAX;, i,j = 1,...4. (To simplify expressions, we omit prime symbols
over the symbols for the blocks of A" and B'). The third block row and the third
block column are composed of zeros because, by definition of X3, AX; = {0}, and, by
definition of Y5, ATX, = {0}. Blocks A5 and Ay, are zeros because, by definition of
Xy, AX, 1 Y; block Ay is zero because, by definition of Yy, ATY, 1 X.

Consider now the m, x m, top-left-corner submatrix of A’,

Ay 0 O
A11-2-3,1-2-3 = Y1?2-3AX1—2—3 =10 00
0 0 0

Since the columns of Yj.o.3 form a basis in ), and those of X3 form a basis in X, it
follows from the definition of r that

(22) rank A}, 5,54 =rank Ay = 7.

Moreover, this rank is the number of linearly independent columns in A’ , 5,3, and
thus

(23) r = dim Ran ((Y,5.34)|x),

On the other hand, X3 & X5 = ker((Y,%,.34)|x), which means that dim X3 + dim X, =
dim ker((Y;5, 34)|x) = dim X — dim Ran ((Y}", 34)|x), i.e. dim X, = dim X — dim A3 —
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dim Ran (Y5 34)|x) = rp — dimRan ((Y{5,34)|x) — dim X3. Due to (23) this gives
dim X, =r, — r and

(24) dim Xl = dim Xl_g — dim XQ =T.
Similarly, dim Y, = r, — 7 and
(25) dim Y, = r.

Equations (22), (24) and (25) indicate that A;, is a full-rank, i.e. non-singular, square
matrix.

The columns of the (n,—m,) X (r,—7) block A4, are linearly independent; otherwise
the r, columns of

A 0

0 0

1/1?‘2—3—4‘4)(1-2 = 0 0
A41 A42

won’t be independent, and they must be, since rank (Y%, 5 ,AX5) = rank (Y5, 5 ;,AX .53) =
rank (AX;.9.3) = dim(AX) = r,. Similarly, the rows of the (r, —r) x (n, —m,) block
A,y are independent as well.

Condition (17) can be restated in the new basis as “the first 3 block columns of
B' =Y, ,BX 534 are the same as those of A””; condition (18) means “the first 3
block rows of B’ are the same as those of A””. To satisfy them, a B must have, in the
new bases, the form

Ay 0 0 Ay
0 0 0 A
B'=Y5BXiasa=| o o o o
Ay A 0 By

Conversely, for any By, B = Y, 55 4B’ X444 with B as above will satisfy (17,18). Any
B’ can thus be given by

B'=By+ B; + By + R,

where
All
0 _ .
By = 0 A AL 0 0 Ay =Y14 AXI(VTAX) 'YVAXT, 4,
A41
0 0 0 O 00 0 O
0 0 0 O 00 0 A
Bi = 0 0 0 0 = }/1?2—3—4AX0—2—0—07 Bé = 00 0 024 = YEE‘Q—O—OAXLQ‘:}A’
0 Agp 0 0 00 0 O
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R =

b

0
0
0

o O O O
o O O O
o O O O

R44

with an arbitrary R44 = B44 - A41A1_11A14.

Analyzing the splitting of B’, we see that rank By = rank A;; = 7, rank B] =
rank A4y = r, — 7, and rank B} = rank Ay = r, — 7. Because Ay, is a full-rank block, it
is impossible to express any non-zero column of B] as a linear combination of columns
of By, nor is it possible to express any non-zero row of Bj as a linear combination of
rows of Bj. Thus rank (B + B} + By)) =rg=r+(ry —7r)+ (ry, — 1) =1y + 1, — 7.

Since any Ry4 will keep (17,18) satisfied and cannot lower the rank of B, we choose
R4y to avoid increasing the rank of B’. This can only be done by adding linear com-
binations of columns of A to columns of Ry, and rows of Ay; to rows of Ryu. So
choosing

Ry = AgpQaos + Qaz Az

with arbitrary Qa4 and Q4o gives for R’

000 0 000 0 0 0 0 0

, {000 0 0] |10 0 0 Qu 0 0 0 0],

E=19 00 ol P loo0oo0 o|Tlo o o olP~
0 0 0 Ry 000 0 0 Quw 0 0

T T T T
Y1_2_3_4AX0—2—0—0X0_2_0_0RXX0—0—0—4 + Y}]_0_0_4RYYE]—Q—O—OYE]_Q_U_OAXI—Q—S—LL7

with arbitrary Rx € R™*" Ry € R"™*",
Return to the original bases in R™ and R", using the formula B = Y} 934 " B'X{ 33, =
Yi93.4B' X\, 5 ,. In the sum B = By + B; + By, the first term is

(26) By = Y1348y X 54 = AX (YT AX)) 7Y A,

Since the last three block rows and the last three block columns of Yi', 5 AX) 930 (as
well as, therefore, of (Y% 3 0AX19.30)"Y19344) are composed of all zeros, equation
(26) can be re-written as

(27) By = AX1934(Yih 504X 1230) Vi 544,

Since for an orthogonal matrix S and any matrix @, (SQ)TS = Q™, (27) gives By =
AX1_2_3_4X1T_2_3_4(Y1_2_3_4Y1T2_3_0AX1_2_3_0X1T_2_3_4)+Y1_2_3_4YE2_3_4A, Since Y1-2-3-0Yfg_3_4 =
Py = P{/F and X1-2-3-0XEZ—3—4 == PX, this in its turn giVGS (19)

Combining the expression for Bj and the first term of the expression for R’ gives

B1 = AX()_Q_O_O([ + XOT_Q_O_()RXXO—O—O—AL)XEQ_3_4 - APX2 (I + RXpX4),
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i.e. (20). Similarly,
B2 - 1/-1_2_3_4([ + }/E]TO_U_4RY}/E]-2-0—0))/E]T2-O-OA - ([ + PY4RY)PY2A7

i.e. (21), is obtained from the expression for Bj and the second term of the expression
for R'. O

It follows from the definition of r in Theorem 4.3 that it is also the rank of the
restriction of the quadratic form h(y,z) = yTAx on Y x X. The following corollary
shows that if the restriction of h(y,z) = y" Az on Y 5 x X; , is a full-rank quadratic
form, the solution of (15,16) will be unique.

COROLLARY 4.4. Under conditions of Theorem 4.3, if r = r, = r,, then minimum
rank of a matriz B satisfying (17,18) is r; such matriz is unique and is given by

Proof. Since in this case Xy = {0} and ), = {0}, it follows from Theorem 4.3 that
rg = r, the minimum-rank B is unique and is given by (28). O

COROLLARY 4.5. Under conditions of Theorem 4.3, if r, = ry, =1, and if Xj is
an ngy X v matriz composed of columns constituting a basis in X; and Yy is an n, X r
matriz composed of columns constituting a basis in Yy, then

20 B =AX,(V;'AX,) 'Y, T A.
b b

Proof. As in Corollary 4.4, since r = r, = r,, there are no terms B; and B, in B.

Since the set of columns of X and the set of columns of X each constitute a basis
in X, there exists a non-singular square matrix ), such that X; = X,Q),; similarly,
Y: = Y,Q, with some non-singular square matrix @),. Substituting this into (26) we
have

B =By = AX,Q.(Q, Y, AX,Q,) 'Q,V,T A = AX, (V" AX,) 'Y A,

ie. (29). O

The following corollary simplifies the solution of (15,16) when the restriction of
a(y,r) = y" Az on Y x X is a full-rank quadratic form.

COROLLARY 4.6. Under conditions of Theorem 4.3, if matrices X and Y consist
of columns that form bases in X and ), and my =my, =71 (i.e. H= YTAX is square
and non-singular), the minimum-rank solution of (17,18) has rank r, is unique and is
given by

(30) B=AXT(YTAX)'YTA

Proof. Since in this case X = A} and Y = ), equation (29) in Corollary 4.5
becomes (30). O
The result given in Corollary 4.6 can be also proven independently of Theorem 4.3;
see Appendix A for a simple direct proof.)
12



4.3.1. A choice of Y. The subspaces X and ) can be chosen independently.
However, setting

(31) Y = ApX.

results in the matrix H being Hermitian and nonnegative definite. The following theo-
rem gives a formula for By for such ).

THEOREM 4.7. Under conditions of Theorem 4.3, if Y = AX, the minimum-rank
solution of solution of (17,18) has rank r, is unique, and is given by

(32) B = PyyA=AX((AX)TAX)T(AX)T A,

where Pyy is the orthogonal projector onto AX, and X is a matriz whose columns are
vectors of a basis in X.

Proof. Tt follows from ) = AX that Xy = {0} (there are no x € X such that
Az #0but Az L Y), and Yy = Y3 = {0} (for each y € X'\ {0} there is an € X such
that yTa # 0). We can thus use Corollary 4.6.

Since Xy, = {0}, X = X, + X3 = A} + ker(A|y); therefore if the columns of X
constitute a basis in Xj, then the columns of AX, will constitute a basis in Y. Since
Yy = Y3 = {0}, Y = Y], and the columns of AX, are thus a basis in Y;. Now by
(29) in Corollary 4.6, B = AX,((AXp)TAXp) H(AX,)TA = PyA, which gives the first
equality in (32). Since Y = ), = Ran (AX,) = Ran (AX)Y, the second equality in (32)
follows from Pray(yy =Y (YY) YT, O

An advantage of using (31) is that, as long as ker(A;|x) = {0} (this can be achieved,
for example, by orthogonalizing the columns of Ay X, and reducing the dimension of X’
if necessary), the matrix H = (A X)T Ay X is symmetric and positive definite, which
makes calculating By, easier.

In a few numerical experiments it was observed that the preconditioner created
with blocks By, obtained in this manner was much better than the one obtained with
X and Y chosen independently under one of the schemes outlined in Subsection 4.3.2.
In the latter case H was likely to be, and By; to have some large elements.

4.3.2. Strategies for the choice of X'. Various techniques can be used in choos-
ing X in (15), i.e. choosing the subspace X’ of mesh functions on which By, is to be an
exact approximation to Ay. For a space X of mesh function on €, let X lo, be the space
of mesh functions that are restrictions of the elements of X on €. For a subspace X of
the space of mesh functions on the domain, one may want to design a preconditioner
such that (A|y) = (C|4). A direct LOB preconditioner (3) with this property can be
designed as follows:

e For the diagonal block Dy, the diagonal block Ay is used.
e The off-diagonal block By, is obtained by applying formula (32) to Ay, where
X is /?|Ql

Several options for the choice of X are reasonable: for example, the space of all
polynomial functions of geometrical mesh coordinates up to a specified maximum de-
gree, or the space of trigonometric functions of coordinates. Calculating X for this

13



method requires access to the coordinates of the mesh nodes as well as to the matrix
A. If a number of eigenvectors of A are known, they can be used as the basis of X as
well. For each ODB of the preconditioner constructed using this technique,

rank By, = rank X = dim Ay X < dim X < dim X.

Instead of choosing a global X and using restrictions of its mesh functions on subdo-
mains, one can directly construct a local space X for each pair of contacting subdomains
using a somewhat similar technique. This approach may be more economical then the
previous one, since when X is constructed this way, more functions in Ay X are likely
to be linearly independent; thus constructing a preconditioner with ODBs of the same
ranks by this method costs less than by the previous one.

In a two-dimensional problem, the border between two subdomains is a one-dimensional
curve. Suppose that a coordinate system is introduced with one of the coordinate axis
running in the general direction of the border between the subdomains. Then instead of
using polynomials of two variables, one can use polynomials of this “along-the-border”
coordinate as the basis an X. Moreover, if the variables (and the respective nodes) are
numbered in some regular way, one may consider using the node number as the proxy
for the node coordinate; this obviates the need to use actual node coordinates.

In a three-dimensional problem, the border between two subdomains is a two-
dimensional surface. If one introduces some two-dimensional coordinate system on
this surface, the space of polynomial functions (up to a specified degree) of these two
coordinates can be used as X.

In the special case when the nodes of a given border surface are in a plane, the
two approaches (restricting polynomials of 3 variables onto the 2-D plane vs. using
polynomials of the 2 surface coordinates) are equivalent.

4.3.3. SVD method as a special case of the projection method. The SVD
method described in Section 4.1 can be thought of as a special case of the method
described in this section. If for a given M one substitutes into (15) the matrix X
composed of the first M right singular vectors of Ay, and into (16) the matrix Y
composed of the first M left singular vectors, the resulting preconditioner block By,
given by (30) will be exactly the block Ay (Ag) given by (6).

4.4. Original ODBs. As the rank of the ODBs created by a partial singular-value
decomposition or by using the projection method increases, eventually the off-diagonal
blocks are the same as those of A. Although the blocks are not “low-rank”, it is the
limiting case of a family of preconditioners.

5. Preconditioner Quality Analysis.

5.1. A case study: bounds of 0(AC ') for a Laplace-operator A and a C
from (3). In this section, the bounds of the spectrum o(AC™") are calculated for a
simple model problem:

e the matrix A belongs to a certain class (discretized Poisson equation with
Dirichlet boundary conditions on a contiguous 2D or 3D domain €2 divided
14



into p non-overlapping rectangular subdomains € (k = 1,2,...,p) bordering
with one another);

e (' is adirect LOB preconditioner given by (3), with D consisting of the diagonal
blocks of A, and rank-one off-diagonal blocks.

We show that the spectrum of AC~! is bounded by:

% cx4c Y <2,
n
where n is the maximum subdomain size, ¢; > 0 is a constant independent of the
domain geometry, and c; > 0 is a parameter depending on the way the domain is split
into subdomains, but not on n; however, for a class of domains, ¢ > 1/4.

Since in this model problem both A and C are Hermitian, the bounds of o(AC 1)
are also the bounds of the Rayleigh ratio (z" Az)/(z"Cx).

We use the symbol 02 for the outer border of 2. A subdomain € is an inner
subdomasin if it is not adjacent to the outer Dirichlet border 0€2; 2 is an outer subdomain
if it is adjacent to 9€2. Only one restriction on the partitioning scheme is imposed: if a
subdomain €, is an outer subdomain, then at least one of its sides (a line in 2D case,
and a plane in 3D case) must be adjacent to J€ along its entire length (in 2D case) or
area (in 3D case).

A regular uniform mesh with some step A is considered on that domain; n is the
discretized subdomain size, by which we mean that for every subdomain €2, its size does
not exceed nh x nh or nh x nh x nh in 2- and 3D cases, respectively. The subdomain
borders run between mesh nodes, so that none of the nodes is exactly on the border
between two subdomains. The usual 5-point (in 2D) or 7-point (in 3D) discretization
of the Poisson equation is considered. For this kind of mesh, the graph of the matrix is
isomorphic to the mesh itself (more exactly, to the graph composed of the inner nodes
of Q and the mesh segments connecting those nodes).

In this section, letters 7, K, p will be used to denote nodes of the mesh. Two nodes
m and k are connected in the graph of this matrix A if only if they are connected by
the lines of the mesh; thus, for the predicate neig(-,-), as introduced in Section 1.1,

(33) neig(m, k) = ((7p = kg ATy — Kyl = h) V (T = Ky A Ty — K| = h))

in the 2D case and

neig(m, k) = (7 = ke ATy = Ky AN |, — K| = h)V
(T = Ky AN |y — Ky = h AT, = K,)V
(34) (|mp — Ka| = h ATy =Ky AT, = Ky))

in the 3D case, where for any node p, p,, p,, and p, are its Cartesian coordinates.
With the specified kind of mesh, the predicate neig(£,(2;) is true if and only if the
subdomains €2, and €2; have a common border. The sets , ; are defined as in Section 1.1.
The number of nodes in , ; (equal to the number of nodes in , ;, since the mesh
is regular) will be designated by ng; = ny,. Since no border between two subdomains is
longer than n, for any k£ and [ ng < n.
15



Since a Dirichlet problem is considered, it is convenient for recording some equations
to use “phantom nodes” located on the outer border of the domain €2. The entire set
of these outer-border nodes will be designated as 0€). For convenience in denoting
summations, €2 and all 2, exclude 92 nodes.

A mesh function u’s value at node 7 will be designated . Since we are analyzing a
generalized eigenvalue problem, for each p € 0€2, u, will be 0, unless otherwise specified.
In this section, for the matrices involved (such as A and C'), Ay, is the block of the matrix
corresponding to the kth block row and the [th block column; and A(w, k) is the matrix
element (a single number) in row 7 and column x.

The partition of the sets of nodes into groups corresponds to the division of €2 into
subdomains. The diagonal blocks of A, A;; include elements A(w, k) where 7 and &
belong to the same domain €y; the off-diagonal blocks Ay, (which are non-zero only
if neig(§2,€Y)) include elements A(m, k) for 7 € , )y C Q and k € , 5 C ;. Matrix
rows and columns correspond to nodes in €2, and matrix block rows and block columns
correspond to subdomains of 2.

Using the “neighboring-node” notation, the matrix A can be described as

4, if T =k;
A(m, k) =< —1, if neig(m, k);
0, otherwise.

The direct LOB preconditioner C' is constructed as in (3). Its diagonal blocks are
the same as those of A. The rank-one off-diagonal blocks are defined by “lumping”: for
m € Q. and Kk € (Q,

O, k) = { —(M6)x (i), 7T €, and k €, y;
’ 0, otherwise,

where the components of the vectors 7, are defined as

1 .
—, ifme,y
Vo )
(M) {0, otherwise.
This means that for any two neighboring domains Q and €, n5n = 1.
Since A is symmetric and positively defined, and (as it will be shown) so is C,
AC~! exists and is non-singular; is spectrum is the same as that of the Hermitian
matrix C~1/2AC~12, or that of the generalized eigenvalue problem

(35) Au = A\Cu.

The lower and the upper bound of the spectrum o(AC 1) are the same as those of
the Rayleigh ratio, which is defined for the mesh function (vector) u as

r(u) =

au,v)

Bu,v)’

where

afu,v) =u"Av and  B(u,v) =u"Cv.
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This ratio is defined and positive for every u # 0.
For brevity, the following notation will also be used:

a(u) = a(u,u), and [u) = B(u,u).

Due to the structure of the matrices A and C, the quadratic forms a(u,v) and ((u,v)
can be split:

a(u,v) = ag(u,v) + ar(u,v), B(u,v) = ag(u,v) + fr(u,v).

Here the the term agq(u,v) is

p
an(u,v) =Y ag, (u,v),
k=1
with

T
g, (U, v) = uy, Agpvp = Z (U — ) (v — V).
TEQLUIN,KEN,UIQ
neig(m,k)A(T<kK)
As already noted, u, = 0 for every = € 0€2. The “comparison” m < x means only that
all nodes are arranged in some way, and used to prevent counting the same terms twice.

The term ar(u,v) is

af(ua U) = Z ary, (ua U)

k,l

neig(Qg,Q;)
with
ap, (u,v) =ug Ao = Y (ur — ) (ve — v).
m€l,RET L
neig(m,k)
Notice that
a(u,v) = ag(u,v) + ar(u,v) = > (U — ) (v — Vi),
TEQUON
KEQUIN

neig(m,k)A(rT<k)

as could be expected.
In the preconditioner C, the term [r(u,v) is

Br(u,v) = Z ﬁrkl(u7v)
neig(?]’llc,ﬂl)

with

1
ﬁrkl(“’? U) = ugcklvl = Z Z (uw - Un)(%r — Un).
Tkl el kel
17



This split of 3(u) into the sum of non-negative terms can be used to prove positive
definiteness of C': Suppose that 3(u) = 0 for some non-zero mesh function u. This means
that for every subdomain €, agq,(u) = 0, which is possible only if u is a constant
function on every subdomain (i.e. (V€)(Jex)(Vr € Qp)(u(m) = ¢)). But if w is
a constant function on every subdomain, then there must be a subdomain on which
it is a non-zero; on the other hand, on every subdomain €2; adjacent to the outer
Dirichlet border 09, ug, = 0. As a result (due to contiguity of €2), there must exist two
neighboring subdomains €2 and ; such that ¢, = 0 and ¢ # 0; therefore, fr,, > 0,
which contradicts the assumption 3(u) = 0.

5.1.1. Subspaces. Consider the generalized eigenvalue problem (35) with « in the
space of the mesh functions on 2. The value 1 is an eigenvalue of this problem; the
corresponding eigenspace M is

M == {u | (Vk,l | neig(Qk,Ql)) Aklul = C’klul}

A subspace of M, M, can be defined as the space of all mesh functions that are
zero at all nodes near the borders between subdomains, i.e.

My = {u | (Vkal | neig(Qkagl)) ury, = O}

Since M is the eigenspace for the eigenvalue 1, eigenvectors for all other eigenval-
ues are A-orthogonal (and C-orthogonal) to it. Since M is not a null space, 1 is an
eigenvalue of the generalized eigenvalue problem. This means that if we are interested

in other eigenvalues, it is sufficient to study the eigenvalue problem only on vectors
from Q = M4, Similarly,

min@: min @
w20 B(u)  wea\{o} B(u)’

and

20 e
w0 [(u)  wed\{0} fu)’

provided these min and max are less than and greater than 1, respectively. (And in
fact they are).

The following lemma is important:

LEMMA 5.1. Ifu € Q and v € M, then a(u) — f(u) = a(u —v) — B(u — v).
Proof.. Obviously, a(u —v) = a(u) — 2a(u, v) + a(v). Since v and v are A-orthogonal,
a(u,v) =0, and a(u —v) = a(u) + «(v). Likewise, since u and v are also C-orthogonal,
B(u,v) =0, and f(u — v) = B(u) + B(v). This gives a(u) — f(u) = a(u —v) — B(u —
v) + B(v) — «(v). But since v € M, Av = Cv and a(v) = §(v). Therefore,

a(u) = fu) = alu —v) = fu - v).
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5.1.2. A lower bound on the spectrum of AC !. Lemma 5.1, and the two
following lemmas can be used to estimate the lower bound of the spectrum of C'A,
which is also a lower bound on the Rayleigh ratio r(u).

LEMMA 5.2. There is a constant ¢o > 0 such that for every mesh function u,
for every outer subdomain i of 2, and for every inner border , y; of this subdomain,
||qu:l||2 < Conagq,, (u)

This lemma can be proven by expressing the value of u in each node x of , ;; as the
sum of some finite differences (taken along some path from some phantom node 7= € 9
(where u(m) = 0) to k), using the Cauchy inequality, and then summing up.

LEMMA 5.3. There is a constant ¢y > 0 such that for every subdomain €2; of €2,
for every inner border , ;; of this subdomain, and for every mesh function w such that
the average value of u on Q; is zero, |Jur,|* < nag,(u).

We outline the proof for the 2D case; it can be easily extended to the 3D case.
Represent ug,, the restriction of u on €2;, as a linear combination of Fourier components.
If the subdomain consists of (n, x n,) nodes, numbered with the pairs of integers (z,y)
(0 <z <ng, 0<y<mng), then u on €; can be represented as

0<k<ng
0<m<ny
k+m>0

with the basis functions

stm(xv y) =

1
cos wk(z +1/2) cos mm(y + 1/2) .
(k/ns +m/ny) Ny Ny
Since the average value of ug, is zero, there is no ¢y term in (36).

The basis functions ¢y, are ag,-orthogonal. Moreover, one can show that there are
some constants d; > 0, dy > 0, independent of n, and n,, that for all £ and m

di < ag, (Prm) < ds.
This leads to

(37) aQq; (u) > Clig Ny Z flgm
k,m

for some ¢ > 0 (independent of n, and n,). For one of the borders, e.g. z = 0, the
Cauchy inequality gives

s il \* L : !
ol < 0 S (i) <2 (S 5) (S gy
(38)
for some ¢ > 0.
The sum S, = >, m in (38) involves summation > 7%, when m = 0, and
Z;Bl when m > 0. In the former case Sy < dsn?, and in the latter case S, < dangny,,
with some d3,d, > 0. Thus for every m

1
2 Tefnn = mafmy)

5 < d'nymax{ng,n,}
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for some ¢ > 0. With this inequality, (38) gives

||urz:0 ||2 S C,C”n:vny Z fk?m max{nx, ny}a
k,m

which, combined with (37), gives

||qu:0||2 < " max{nxv ny}an(u)

for some "

> (0. Similar calculations can be performed for the other borders of the
subdomain with analogous results. The inequality of the lemma holds also in the case
when a subdomain borders with more than four other subdomains. In this case, a
border , ; may include fewer nodes, and |lur, || will be smaller than, or equal to, the
one in the foregoing proof.

THEOREM 5.4. There is a constant ¢; > 0 independent of the domain geometry,
and a parameter co > 0 depending only on the topological properties of the partitioning of
the domain into subdomains, such that for every u € Q, |a(u) — f(u)| < creanag(u).

Proof. Consider an arbitrary mesh function v € Q. Now construct a function
v € M with the following properties:

e The average value of (u — v) in every inner subdomain €2 is 0.

e In every inner subdomain §y, aq, (v — v) = agq, (u).

e The restriction of v on every outer subdomain is 0.
Such a function v can be constructed as the piecewise-constant function whose value in
all outer subdomains is 0, and whose value in every node of each inner subdomain €2
is the average value of u in the subdomain. By Lemma 5.1,

() = 6(u)| = |a(u —v) = fu = v)| = |ar(u = v) = fr(u —v)| =

= Z Qary, (u - 7)) - BI‘M(U - U) = Z (u - U)T(Aﬂk,Ql - CQ,“Q!)(U - U) :

k,l k,l
neig(Qg,Q;) neig(Qg,Q;)

Due to the structure of the matrix blocks (Aq, o, — Ca,.q,), for any two neighboring
domains €2, and €,

(w—v)"(Ao,0, = Cap0)(u—v) < [[(u—v)r, | [[(u = v)r,|

Using Lemmas 5.2 and/or 5.3 (depending on whether the subdomains are inner or outer)
gives

(u— )" (Ag,.0, — Copa)(u—v) < eim/ag, (u — v)y/ag, (u —v),

with some ¢; independent of n or on the way 2 is partitioned into subdomains. For the
entire sum

() = Bu)| < crnS(u—wv),
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where the functional S(w) is defined as

Sw) = X Vo, (w)y/ag, (w)

neig(Q,k,Ql)

To find bound S(w) from above, notice that
S(w) = oMo,

with the p-dimensional vector o

7= [Vaaw), s Vag, )]

and the symmetric (p X p) connectivity matrix M, which is determined only by the
domain partitioning scheme:

M;; =

L

{ 1, if neig(Qk, Ql);
0, otherwise.

Therefore,

S(w) < p(M) [|o|* = p(M)ag(w).

The spectral radius p(M) depends only on the domain partitioning scheme, and
not on n. Since p(M) < ||M||,,, for a given partitioning scheme p(M) does not exceed
the maximum number of neighbors a subdomain can have. For a large class of regular
partitionings — where the domain is divided into subdomains by means of a regular
rectangular grid — this number is 4 (in 2D case) or 6 (in 3D case), and therefore
p(M) < 4 or p(M) < 6, respectively.

By construction of v, ag(u — v) = ag(u), and so

() = 6(u)| < erp(M)naq(u).

This proves Theorem 5.4. O

THEOREM 5.5. There is a constant ¢ > 0 independent of the domain geometry,
and a parameter co > 0 depending only on the topology of the domain partitioning, such
that for every w € Q, and for large enough n,

a(w) _ de

Blu) = n -
Proof.. By Theorem 5.4, |G(u) — a(u)| < c1p(M)nag(u); therefore,

B(u) < a(u) + e p(M)nag(u) < (14 cip(M)n)a(u).

Choosing the constant ¢} > 0 smaller than 1/c¢;, and ¢ = 1/p(M), for large enough n



5.1.3. An upper bound on the spectrum of AC !. LEMMA 5.6. For any
mesh function u, for any two bordering subdomains 0y and €Y,

ary, (u) < 26sz (u)

Proof. Since the values of ar,,(u) and fr,,(u) depend only on the values of u at the
nodes that are in , ,; and , 5, it is sufficient to consider these quadratic forms on the
2ny-dimensional space £ of mesh functions defined on , ;; U, 4, so that

Ukl

Uik Uik

] ) /Brkl(u) = [u%‘l u?;c]CFkl lukl] )

aFkl(u) = [ugl u?l; ] Asz l

The nodes being numbered appropriately, the matrices can be written as

-1

1 1 0 0
Arkl:[_l 1]@[ and CF“:[O 1]®I+[_1 0]®7]k17h£-

The matrices Ar,, and Cr,, have the same set of eigenvectors, but different eigen-
values. Namely,
1. On vector z =[1 1]" @7,

Ar,x =0, Cr,,x = 0.
2. On vectors z = [1 1]T ® &, with £ such that £ty = 0,
Ar,,z =0, Cr,,© = x.
3. On vector z =[1 —1]" @7,
Ar,,x =2z, Cr,,r = 2x.
4. On vectors z = [1 —1]T ® &, with £ such that £Tn = 0,
Ar,,x =2z, Cr,,© = x.
So for any x € L,
.'L'TAFH"L' < 21‘TCFH.'L',

proving Lemma 5.6. O
LEMMA 5.7. For any mesh function u,

ar(u) < 26r(u).
Proof. Results from the summing up the Lemma 5.6 inequalities for all borders

between subdomains. O
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THEOREM 5.8. For any mesh function u,

a(u) < 26(u).

Proof. By the previous lemma,

a(u) = ag(u) + ar(u) < ag(u) + 26r(u) < 2(ag(u) + fr(u)) = 26(u).

This result can be somewhat refined using Theorem 5.4, to give

a(u) < (2 —c¢/n)p(u).

5.1.4. Summary. Remembering that for all v € M «a(u) = B(u), and using
Theorems 5.5 and 5.8, for any mesh function u # 0

6. Parallel application of the preconditioner. For a typical domain-decomposed
problem, using the BSSOR LOB preconditioner instead of a BSSOR preconditioner
with original off-diagonal blocks of A does not reduce the operation count. If any
usual method of applying BSSOR preconditioner is used, no parallelism improvement
is achieved, as the number and the order of messages sent between processors stay the
same. But, if rank By, < rank Ay, the message size, i.e. the amount of data in a
message, becomes less. With By, = Z?ﬁi’ Ukl,sUle,s, one distributes data among the pro-
cessors so that during L-solve, instead of sending Ay z; (which takes, in the best possible
format, rank Ay, floating-point values), one will need to send only M}, numbers: dot
product results {U,;Fl sxl} ~ :

) s=1,...,My,;

However, using preconditioners with low-rank ODBs offers the following potential
advantage: when D is a block-diagonal matrix and @7, and @y are strictly block trian-
gular matrices composed of low-rank blocks, it is possible to design well parallelizable
methods for solving systems Bx = y, where B is either D + Q)1 + Qu (the entire direct
LOB preconditioner (3)), or one of the two factors of the BSSOR LOB preconditioner
(4) By=D+ QU and By = (D + QL)Dfl.

Applying direct LOB preconditioner (3) is the same as solving the system

(39) Br =y,
where the non-singular n x n matrix B has the splitting

(40) B=D+Q
23



with a non-singular block-diagonal matrix D = diag{D11, Das, ..., Dy,} and the block
matrix QQ = Q1 + Q.

Applying the BSSOR LOB preconditioner (4) involves solving two systems of the
same, or similar, form. This preconditioner can be dealt with as a product of two
matrices: C' = BBy, one of which (By = D + Qu) has the same splitting (40) with
(Q = Qu, and the other can be represented as

(41) B, =(D+Q)D™,

with the same D as in (40) and Q = Q.

This section introduces an easily and efficiently parallelizable direct method for
solving block linear system (39) with the matrix of the form (40) or (41), taking ad-
vantage of the low ranks of the blocks of ). The method’s operation count is close to
the cost of calculating a matrix-vector product Qw for some w, plus at most twice the
cost of calculating D~'w for some w. When implemented on a parallel machine the
processor utilization can be as good as that of those operations. From the design of the
LOB preconditioners (4) and (3) one can notice that the two forms of ) that we are
actually dealing with are:

e Strictly block lower or upper triangular (). This is the case when our B is one
of the factors D + wU and D + wL that appear in the preconditioner (4).
e A block matrix () with zero diagonal blocks, such as L + U in (3).
However, the method discussed in this section does not use the particular structure of
Q, except that one of the steps of the algorithms will be shown to be faster when () is
block triangular

We assume that the n variables are divided into p blocks (so that B and other
matrices of the same dimension consist of p x p blocks). A typical source of the blocking
would be from domain decomposition, with p < n.

Define 14, m;, m, and M as in Section 3. Let P be the set of all the pairs (k,1)
such that Q) # 0. Each block of () can be represented as

Tkl

. . T
— [P _ T
(42) Qu = Z Uy = UptVig s
=1
: _ 1 2 Tkl _ 1 2 Tkl

Since (39) is used in iterative solving of (1), it needs to be solved for many right-hand
sides y, which are not available at the same time. Blocks of D and () are constructed
and represented to allow: (1) solving systems with the diagonal blocks Dy, and (2)
performing matrix-vectors multiplications with the blocks Q. E.g. each block of D
is represented as a product of a lower and an upper triangular matrices obtained by
incomplete LU factorization of the diagonal blocks of A.

The goal is a direct preconditioner whose operation count is comparable to that of
any method that uses the two above-mentioned operations (such as, e.g., the usual block
elimination method, in the case when B is block-triangular), but which can be efficiently
parallelized.
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6.1. Data representation and distribution. The data are distributed among
the processors with
e Dy stored on processor k;
o Uy (composed of the vectors {uf,}s—1. ., ) stored on processor k;
o Vi (composed of the vectors {v§;}s=1,..r,,) is stored on processor .
Here processor k£ may be a virtual processor, and if fewer than p processors are available,
several virtual processors are mapped to one physical processor.

6.2. Representation of B~ !. From (42), @ = UV, with M-column matrices U
and V:

Uiy 0 -+ 0 Uy 0 -+ 0 - Uy 0 - 0
pyo—| 0 o U0 B U Dy e 0
0 0 U, 0 0 U, 0 0 U,

Vit Vo Vo O 0 0 0 0 0

: : cee 0 0 0

0 0O - 0 0 0 v 0 oo Vi Vo oer Vi

The block column ordering shown above is chosen so that G' will have the same block
structure as @, see Section 6.3. Block columns in (43) and (44) corresponding to zero
blocks Q)y; are absent (have no columns).

Since B =D + UV™, the Sherman—Morrison-Woodbury formula [11] gives

(45) Bl'=D+U0VH) =D -D'UUI+G)"'VTD™,
with G = VTD U of order M. For B, from (41) we have
(46) Bi'=DMD+UVH) ™ =1-U(I+G)"'VID™,
Since the non-zero eigenvalues of G are the same as those of DUV,
o(I +G)\ {1} =o(D7'B) \ {1},

where o(H) is the set of eigenvalues of the square matrix H. Since B is non-singular,
so is [ +G. Furthermore, if M < n (i.e. if the ranks of the blocks of @) are low enough),
then rank (UVT) < M < n, and 1 € o(D'B). Therefore (I + G) C o(D'B), and
cond (I + @) < cond (D'B).

6.3. Structure of G. The following proposition shows that the block sparsity
pattern of GG is contained in that of Q):
PROPOSITION 6.1. If Qi = 0, then Gy = 0.
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Proof. Let G be partitioned as

Gn - Gy,
Gpr - Gy
where an m; x m; block Gy; has the structure
0 - 0 VT o0 .- 0 DUy 0 0
. 0O --- 0 V2£ 0O --- 0 0 D2_21U21 :
Kl = ) . . . |
: : : : : : - 0
0o --- 0 V;,E 0o --- 0 0 0 Dp_lUpl
0 -~ 0 Hy 0 - 0
(47) |0 -+ 0 Hyy 0 -+ 0
0 -+ 0 Hy 0 --- 0

with zeros in the first £ — 1 block columns, and the last p — k block columns, and
Hjpy = VjEDk_klUkl of size 75 X ry;. The equation for Hj; shows that the block Gy can
be non-zero only if Uy; is non-zero, which, in its turn, can be non-zero only if Qg is
non-zero. U

Since we use no-cancellation assumption [6, Section 2.2.2], i.e. disregard exact
cancellation in floating-point computation, it follows from Proposition 6.1 that G has
the same non-zero block structure as Q).

COROLLARY 6.2. If ) is strictly block upper or lower triangular, then so is G.

Since Hjy is i X 1, the total number of non-zero elements in G is nnz (G) =
Dk ((Zj Tir) (X Tkl)) =Y p(ramg) < mM.

If no block of () has rank higher than one, then mM < p?. If Q) is block-tridiagonal,
with all non-zero blocks of rank one, then mM < 3p.

6.4. Outline of the solution method. The parallel solution method for solving
Bz =y is based on (45), and will be referred to later as the SMW-based method.

Computing the preconditioner.
begin
1. foreach k =1:p (in parallel)
Preprocess Dyy, for solving Dypxy, = yi (if necessary)
endfor
2. foreach k =1:p (in parallel) /* Compute entries of G */
for | = 1:p such that (k,1) € P
2a. Solve DkkUkl = Ukl
for j =1 :p such that (j,k) € P
2b. Set ijl = V;E Ukl
endfor
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endfor
endfor
2¢. If desired, gather all block rows of G on a single processor
3. LU-factor I + G
end
Computing G consists of two steps. On step 2a, processor k£ computes Uy, for all
[I’'s by solving the linear system

Dkk[Ukl U - Ukp]:[Ukl Uea -+ Ukl

with >, 7, right-hand sides. On step 2b, processor k& computes the blocks Gy, for all
values [, i.e. the blocks Hjj; in the matrix

Hip -+ Hugp Vik
Hopy -+ Hy Vo - - -

: = F O O - Uiy
Hpkl e Hpkp ‘/;E

As a result of this step, G is distributed among the processors by block row. A gather
step is needed if one wants GG to be stored on a single processor.

Unless G is triangular, some LU-factorization of I + G is needed (step 3). If G is
stored on a single processor, factoring is done by that processor; otherwise, it is done
in parallel.

Applying the preconditioner. Applying the direct LOB preconditioner (3) means
solving a system of the form (39), using formula (45):
begin Solving Br =y

1. foreach k = 1:p (in parallel) /¥2 = D7y ¥/
Solve Dypzy = yp
endfor
2. foreach | = 1: p (in parallel) /¥t = Vi ¥/
fork=1:p
Set tkl = V,gzl
endfor
endfor
3. Solve (I +G)s =t J¥s = (I+G) 1t *
4. foreach k =1:p (in parallel) /¥y =y — Us */
Sety, = v — 2 Unisw
endfor
5. foreach k = 1:p (in parallel) /¥ x = DYy */
Solve Dygpry = 1y,
endfor
end

Applying the BSSOR, LOB preconditioner (4) involves solving one system of the
form (39) with B of the form (40) using the algorithm given above, and one system
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with B of the form (41), which, due to (46), can be done using steps 1-4 of the same
algorithm.
Step 3 solves

(48) (I+G)s=t,

where
ty t1g
t o

t=VT=|7?| with t,=| [,
tp tpl

and s is partitioned conformally with 7.

Only step 3 involves interprocessor communications. On step 2, the j-th processor
produces all components of ¢ in its block column (¢;; for all k); on step 4, the j-th
processor needs all components of s in its block row (sj; for all /). Depending on how
(48) is solved, step 3 can be implemented in different ways:

1. Store the entire factors of I + G on a single processor, which solves the system

(48). First, ¢t is gathered on this processor; after solving, components of s are
scattered to the processors that will need them at the next step. Both steps 2
and 4 send M floating-point values between the processors.
What processor should be used for solving (48)7 Normally, it can be one of the
processors 1,...,p that perform all other operations. However, if minimizing
the memory allocation per processor is a priority, and there are extra processors
available, it may be expedient to use p + 1 processors, the extra (p + 1)-st
processor being used to store the factors of I + G and solve (48).

2. Have each processor, redundantly, solve (48).

3. Use a parallel method for solving (48), distributing the factors of I + G among
all processors. At most pM floating-point numbers are sent between processors.
Factors of I + G can be distributed among the p processors by block row. If
this scheme results in poor data balance (as in the case of a block-triangular
or block-tridiagonal @), linear speed-up can be achieved by distributing the
factors of I 4+ GG cyclically by row.

The preconditioner can be applied with one D-solve per iteration instead of two,
by replacing steps 4 and 5 with
4'. foreach k = 1:p (in parallel) /*zx = 2 — Us */

Setxy, = 2z — 2 Unisw

endfor
where U = D 'U (see step 2a of the preconditioner-preparing algorithm). The disad-
vantage is that the DAXPY operation in 4’ is done with dense vectors, while that in 5
uses sparse ones. In the remainder of the article, we use 4 and 5 instead of 4'.

6.5. Communication costs. While discussing the communication pattern, one
needs to consider three options:
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e Sequential handling of [ 4+ G: after [ + GG is computed, it is is replicated on
each processor?; it is factored sequentially, and the LU-solve of (48) is performed
sequentially on each iteration.

e Parallel handling of I 4+ GG, block row distribution: after GG is generated, it
is distributed by block row, so that elements of G are initially stored at the
processors where they are computed. I 4+ G is factored in parallel, and its
factors are stored distributed in the same fashion. LU-solve of (48) is done
in parallel. This approach is suitable for a block-dense (), or in any situation
where the block-triangular factors obtained by LU-factorization of I + G are
block-dense; however, it may not provide for good load balancing in special
cases such as a block-triangular or block-tridiagonal Q).

e Parallel handling of I + G, cyclic row distribution: first G, and then the LU-
factors of I + G are distributed by row in a cyclic fashion. This approach
provides for better load balancing even in the case of a block-triangular or
block-tridiagonal Q.

Creating G. If parallel factoring of I + GG is used with I + G distributed by block
row (so that blocks of G are stored on the processors where they are first computed),
creating GG involves no communications; otherwise (sequential solve, or parallel solve
with cyclic row distribution), each processor broadcasts all < m? elements of G it
computes.

Factoring I + G. Factoring of I + G involves no communications if it is done in
sequential mode. In either of the parallel modes, each processor broadcasts all elements
of the U-factor of I 4+ G it generates, which is O(mM) floating-point numbers.

Applying the preconditioner. When the preconditioner is applied sequentially, each
processor broadcasts the < m elements of ¢ it computes. Since solving (48) is replicated
on each processor, no components of s or any other data need to be sent between
Processors.

When (48) is solved in parallel, each processor broadcast all elements it computes,
both during L-solve and during U-solve. This is O(m) values, regardless of whether the
factors of I 4+ GG are distributed by block row, each processor sends

6.6. Parallelism analysis. Among operations needed for solving the system (39)
by the above method, all operations are highly parallel (in the sense that, for each of
them, calculations pertaining to a particular block of z or y can be performed by the
processor that stores that block without any dependence on other processors), with the
exception of solving the system (48) with the M x M matrix (I + G). The right-hand
side t of this system is gathered from data from all processors (so a barrier and a gather
operation is required); solving the system is done on one processor, and followed by
scattering the appropriate parts of the solution s to the other processors.

2If I + G is gathered on a single processor instead, the communication will be lower than estimated
in this section, since instead of broadcasting data one needs to send them to that one processor only.
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6.7. Operation count analysis. Solving (39) with B of the form (40) requires
the following number of operations:

Cp=Cp+Cy+Ce+Cy+Cp=20p+Cp+ Cq.

The five terms of the first sum correspond to the five steps of the algorithm. C'p is for
solving Dz = w, Cy is for one local dot product for each column of the blocks Vi, Cy
is for one DAXPY with each column of the blocks Uy;’s, and C¢ is for solving (48). The
sum C,, = Cy + Cy is the number of operations needed to perform a matrix-vector
multiplication Qw = UV Tw.

For solving (39) with B of the form (41) we have, similarly,

Cp, =Cp+Cy+Ce+Cy=Cp+Ch + C.

6.8. Timing models. During solving Bx = y, only solving system (48) requires
interprocessor communications; all other operations are parallel. From the operation
count data in Section 6.7, the time ¢p the method needs to solve (39) is approximately
the following:

(49) tg =2tp +ty +ty +te = 2tp +tym +te.

The three main terms here, tp, t,, and ;;, are times this parallel computer will take,
respectively

tp: to solve Dz = w,

ty: to calculate a dot product with each column of each block Vj,

ty: to perform a DAXPY operation with each column of each block Uy,
with the matrices distributed as described in Section 6.1. The sum ¢,, =ty + ty is the
time needed to calculate a matrix-vector product Qw = UV Tw.

Similarly, tg, = tp + t, + tg-

Cost of solving (48). The term tg is the time needed to solve (48). When @ is
strictly block triangular, so is G, and t¢ = O(Mm).

When the matrix GG is not triangular, it still does not depend on the right-hand side
y, and so I + G needs to be LU-factored once for all future B-solves. The sequential
solve time tg! is O(M?); parallel solve time 5" = O(mM). This tg can be reduced
if the block structure of () is such such that fill-in is limited in some way. E.g., for
block-tridiagonal @, ti* is O(mM) and t%" = O(M max{1,m/p}).

Costs of preparing G. Computing G involves solving M linear systems of the form
Djjuj; = uji, and then calculating no more than Mm dot products of the form Uijﬁjz-.
The total number of operations involved is under m(Cp + Cp) =~ 5 Cp. Since both
D-solves and dot products can be done in parallel,

m
(50) tprepG ~ 3tB

The cost of LU-factoring the matrix / 4+ G' depends greatly on the structure of this
matrix (and thus on the structure of )). For a general @, the operation count for this
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factoring is, is the worst case, Craci(1rc) = O(M?), which implies tid, ;, o) = O(M?) for
sequential factoring, and

(51) therrc) = O(mM?)

for factoring on p processors in parallel (the p-th processor calculates the p-th block
row of the factors). This result may be better if ) has some special structure making
LU-factoring G less expensive than O(M?) operations. For example, if @ is block-
tridiagonal, #i7d ; o) = O(m?M) and

(52) therria) = O(mM max1,m/p).

The timing model provides a practical definition of “low-rank” for blocks of Q:

(a) The time spent preparing and factoring I + G must be small compared to the
iterative solve time for (1), and

(b) tg must be small relative to tp + ¢, so that

(53) tp & 2tp + ty,.

Below we will show what restrictions this conditions impose on m, for a general matrix
Q, as well as for the special cases of block-triangular and block-tridiagonal ). We
suppose that:

1. p processors are used.

2. The maximum dimension of a block Dy is O(n/p).

3. m = O(M/p), i.e. the maximum sum of block ranks in a block row of @ is of
the same order as the average sum.

4. Factoring I + G and solving (48) is done in parallel on p processors. (Estimates
for sequential operations can be obtained in a similar way.)

5. tp is the dominant term in tp + t,,, i.e. tp + t,, = O(tp). This is usually the
case with many matrices; and if off-diagonal block computations are expensive
relative to the diagonal block computations, i.e. if ¢,, > ptp, then parallelizing
the solution of the system (39) is easy.

The time tp spent solving the system Dz = w depends greatly on the structure of
D. The two obvious limiting cases are

o tp = O(n/p) (Dg is a diagonal matrix, or a product of LU-factors with few
NON-ZeTos Per row);

e tp =0O(n?/p?) (D is a product of dense L- and U-factors).

Estimates below will be made for a () of arbitrary block structure, as well as for
block-triangular and block-tridiagonal ().

Equation (50) indicates that t,epc is on the order of the time taken by m iterations.
Thus the criterion (a) implies that m needs to be small in comparison to the total
number of iteration.

In order for the term #gcy11q) not to make this ratio much worse, it needs to be of
the same order as t,.epq, i.. the condition

(54) tract(+c) = O(mip)
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should hold. For a block-triangular @), this is not an issue (no factoring is needed); for a
general (), the parallel LU-factoring time estimate (51) is used to rewrite the condition
(54) as

1/2

- O(ZW) if tp = © (n/p),

For a block-tridiagonal @, the parallel LU-factoring time estimate (52) gives
n nl/? :
. O(max{ 5 7 ), if tp = 0O (n/p),
O(max{"g,g ) if tp = O (n?/p?).

For an arbitrary (), the time t; needed to solve I + GG by a parallel dense method
is O(mM). Thus the criterion (b) requires that

0(%), if tp =0 (n/p),
(57) m = P ) B 2
O(m), 1ftD—@(n/p)
For a block-triangular or a block-tridiagonal () we similarly obtain
(59) 0 (max{ o ”152 ) , iftp =06 (n/p),
m =
o (max{Z%, g}) . iftp =0 (n?/p?).

Obviously, condition (55) is stronger than condition (57), but for a block-tridiagonal
@ (58) is stronger than (56).

(56)

If Qis... | To ensure that. .. If tp = O(n/p) If tp = O(n*/p?)
arbitrary | trcara) = O(mitp) m=0 ( 3/2) m=0 (ﬂ)
ta =o(tp +tm) m—o(;z) m—o(g/z)
blk- tracti+ay = O(mtp) || m = O (max{— pi/j }) m=0 (maX{ > % )
tridiag. ta =o(tp +tm) m = (max . 1/5 ) m = (max{ n- % )
blk-triang. | t¢ = o(tp + t.n) m=o (max{pz, pl/j }) m=o (max{ 55 )
TABLE 1

Low-rank criteria (in the case of parallel solving of (I + G)s =t).

These results for parallel factoring of I+G and parallel (/+G)-solve are summarized
in Table 1. Table 2 presents analogously obtained results for sequential LU-factoring
and (I + G)-solve.

If the symbol o in the restrictions on m (57,58) is replaced with O, then instead of
(53) we will have

(59) tp = O(tD + tm).
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fQis... To ensure that... | Iftp =©O(n/p) | If tp = O(n?/p*)
arbitrary tracti+q) = O(mtp) | m= QO (";22) m =0 (#)
amottnrte) | o8 | = ols)
block-tridiagonal | tgc1qy = O(mip) || m = O (%) m=0 (#)
ZETRTAN WTEn N MTE S
block-triangular | tg = o(tp + tm) m=o (%) m=o (#)

TABLE 2
Low-rank criteria (in the case of sequential solving of (I + G)s =1t).

7. Relation between the Sherman—Morrison—Woodbury based method
and Schur complement-based methods. The SMW-formula based algorithm for
solving (39) described in Section 6 is similar to Schur complement methods [3, Chapter
9], where the solution of the system

A Ap T _ %

Ay Ap T Y2
is calculated by a process that involves matrix-vector multiplications with A;5 and As;
and solving linear systems with A;; and S = Ay — AIQAI_IIA21. This similarity is not

accidental: the Sherman—Morrison-Woodbury formula in (45) can be derived with the
help of Schur complement. Consider the system (39,40)

(D+Q)z=y

with Q = UVT. With an auxiliary vector s = V Tz, this system can be re-written as

EN[RY

The popular formula
p vl [I -p'U][D 0 I o]
-Vt I |0 I 0 ([+G Y| |VIDt 1|

(o o[ i

with the Schur complement I + G = I + VT D~U, immediately gives
s={I+G)"'VDly
and
v =D (y—Us)

as the solutions of (60), exactly the result obtained by using (45).
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8. Preliminary computational results. The direct LOB preconditioner, ap-
plied using the SMW-based method in conjugate gradients stabilized [4] iterations was
implemented in pC++ [5] on a 12-processor SGI Power Challenge.

The report [10] describes the results for the implementation where I+G was factored
sequentially, and (I + G)s = t was solved sequentially. In that report, the direct LOB
preconditioner and the SMW-based application method are referred to as the “LRA
SMW preconditioner”. Results presented here are obtained using parallel processing of
I 4+ G and its factors.

The test problem whose solution results are presented here include two problems
with p = 8, coming from a 2D finite element problem in CFD (problems Str389, with
n = 9275 nodes, and 20284 .mlp, with n = 20284 nodes®), as well as the equation

Uy + Uyy + Uy, — 10002°u, + 1000w = 1

discretized on a mesh with n = 243 nodes in a cubic subdomain divided into p = 27
cubic subdomains (problem eq8). They were solved using a number of preconditioners:

1. Jacobi (C' = D).

2. BSSOR LOB (C = (Qr + D)D~'(Qu + D); blocks of the strict lower and up-
per triangular Q7 and )y are obtained by one of the low-rank approximation
methods (the projection method, Section 4.3) from the respective blocks of A.
For the first two problems, the subspace X" for each non-zero off-diagonal block
was composed of 3 polynomial function of the node number; for the third prob-
lem, each X was a space of polynomials of the subdomain surface coordinates
of the 7-th degree. The preconditioner is applied using a conventional LU-solve
method.

3. Direct LOB preconditioner with off-diagonal blocks obtained as above, applied
using the SMW-based method (Section 6).

4. BSSOR LOB preconditioner with original ODBs (C' = (L + D)D (U + D);
strict lower and upper triangular L and U are composed from the ODBs of A);
applied using a conventional LU-solve method.

5. Direct LOB preconditioner with original ODBs (C' = D + (L + U) with the
same L and U as above), applied using the SMW-based method.

In all preconditioners, blocks of D were obtained by an incomplete LU-factorization [9]
of the diagonal blocks of A. Three levels of fill were allowed for the first two problems,
and 14 for the third problem (the hardest).

In Tables 3 and 4, the first number in each cell is the total time spent to solve the
problem on the specified number of processors with the specified preconditioner; it is
followed by the preconditioner preparation time (LU-factoring D, generating (), gener-
ating and factoring I + G) plus the number of iterations times the time per iteration.
All times are in seconds.

Data in Tables 3 and 4 show that in the low rank case (M = 66 or M = 84),
the SMW-applied direct LOB preconditioner has a parallel efficiency of 0.85 or better,

3 Timing results for solving these two problems by the same solution methods, but with I + G
handled sequentially, are presented in [10]
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Timing results for Problem eq8, n = 13824. Parallel (I + G)-solve. For Jacobi method, the iteration
process is aborted because 3 (a CGSTAB parameter) becomes zero.

shown is 1000, it means that convergence has not been reached.
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Num. Jacobi BSSOR direct BSSOR direct LOB,
proc. LOB LOB orig. ODB orig. ODB
(SMW) (SMW)
(M=84) (M=84) (M=1234)
1 1832 =79+ [ 95.3 =8.6+ | 80.5 =10.8+ [ 40.9 =79+ | 84.T =73.5+
+212-0.83 +67-1.29 +51-1.37 +23-1.44 +6-1.77
9 36.4=41+ [ 675 =47+ | 378=58+ | 287 =41+ | 43.2 =377+
+82 - 0.39 +60 - 1.05 +52 - 0.62 +23-1.07 +6-0.91
1 19.7 =28+ [ 642=36+ | 246 =37+ | 241 =3.0+ | 284 =251+
+84 -0.20 +66 -0.92 +52 - 0.40 +22-0.96 +6-0.5
N 126 =36+ [60.8=27+ | 11.4=24F+ | 21.9=2.0+ | 24.9=23.2+
+84 - 0.11 +66 - 0.88 +52-0.17 +22-0.90 +6 - 0.29
TABLE 3
Timing results for Problem Str389. n = 9275. Parallel (I + G)-solve.
Num. Jacobi BSSOR direct BSSOR direct LOB,
proc. LOB LOB orig. ODB orig. ODB
(SMW) (SMW)
(M=66) (M=66) (M=2214)
1 1581 =16.0+ | 230.2 =189+ | 231.1 =225+ | 141.4 =16.1+ | 459.5 = 384.2+
+76 - 1.87 +72-2.93 +68 - 3.07 439 - 3.21 +19 - 3.96
9 81.0 = 8.4+ I8T.9 =103+ | T12.1 =123+ | 105.4 =82+ | 300.2 = 259.7+
478-0.93 +70-2.45 +68 - 1.47 439 -2.49 4+19-2.13
A 382 =41+ 167.7=6.2+ 554 =T7.6+ 95.4 =42+ 160.1 = 133.8+
+77-0.44 +77-2.10 +68 - 0.70 443 -2.12 +19-1.38
3 19.7 =22+ 156.1 = 4.2+ 287 = 5.2+ 85.9 = 2.2+ 848 =T72.5+
+77-0.23 +77-1.97 +68 - 0.35 +43-1.95 +19 - 0.65
TABLE 4
Timing results for Problem 20284 .mlp, n. = 20284. Parallel (I + G)-solve
Num. Jacobi BSSOR direct BSSOR
proc. LOB LOB orig. ODB
(SMW)
(M=1728) (M=1728)
1 1806.9 = 60.2+ | 3688.0 = 97.9+ | 1334.7 = 369.3+ | 3608.2 = 60.3+
4920 -1.90 _ 41000 - 3.59 4216 - 4.47 41000 - 3.55
3 3292.6 = 45.4+ | 384.2 =110.5+
41000 - 3.25 +174 - 1.57
2921.2 =20.1+ 124.3 =39.8+
41000 - 2.90 +164 - 0.52
TABLE 5

When the number of iterations




compared to 0.19 of block SSOR. Sometimes, even superlinear speedup is observed (since
more cache memory is used.) Even for M as high as 1000-2000, parallel efficiency of
the SMW-applied direct LOB is at least 0.7-0.8.

Further note that often fewer iterations are required for direct LOB than for BSSOR
LOB with the same off-diagonal blocks, and especially than for Jacobi method. This
indicates that direct LOB provides a better quality preconditioner. For the problem eq8,
which is harder than the two others, we see that direct LOB achieves the desired degree
of convergence after some 100 or 200 iterations, while other methods fail to converge.
These results confirm that LRA SMW can provide parallel efficiency while maintaining
and even improving the quality of preconditioning that block SSOR provides.

A. Appendix to 4.3. Proof of (30). THEOREM A.1. Suppose A is a ny X ny
matriz A, X is an ny X M matriz of the rank M, Y is an ny X M matriz of the rank M,
and H = YTAX is non-singular. Then for any matriz B that simultaneously satisfies
the two conditions
(61) BX = AX,

(62) YIB = Y'A
rank B > M only one rank-M matriz B satisfies these conditions, and it is given by
the formula

(63) B=AXH 'v'A

Proof. Simple substitution shows that B given by (63) indeed satisfies the condi-
tions (61,62). On the other hand, suppose that B satisfies the conditions (61,62), and
rank B = r < M. Then B can be represented as B = UV'' with r-column matrices U
and V. It follows from (61) that

(64) H=YTAX =Y"BX = Y'U)(V"X).

By the assumption the M x M matrix H is non-singular; therefore, rank H = M. This
implies, for the factors in (64), that

(65) rank (Y'U)
(66) rank (XV'T)

Since (YTU) has only M rows and 7 < M columns, (65) means that (YTU) is a non-
singular square M x M matrix. This makes possible to derive, from AX = U(VTX),
the fact that

(67) U=AX(VTX)™

> M,
> M.

In a similar fashion one can show that (YTU) is a square non-singular matrix and
(68) Vi='u)"'y'tA
From (67,68) it follows that indeed B = UV'T = AX(VIX)"/(YTU)"'YTA =
AXHYTA ie. (63) holds. O
36
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