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ALGEBRAIC INFORMATION EFFECTS

From the informational perspective, programs that are usually considered as pure have
effects, for example, the simply typed lambda calculus is considered as a pure language.
However, f—reduction does not preserve information and embodies information effects. To
capture the idea about pure programs in the informational sense, a new model of com-
putation — reversible computation was proposed. This work focuses on type-theoretic
approaches for reversible effect handling. The main idea of this work is inspired by compact
closed categories. Compact closed categories are categories equipped with a dual object for
every object. They are well-established as models of linear logic, concurrency, and quantum
computing. This work gives computational interpretations of compact closed categories for
conventional product and sum types, where a negative type represents a computational
effect that “reverses execution flow” and a fractional type represents a computational effect

that “allocates/deallocates space”.
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CHAPTER 1

INTRODUCTION

The study of effects is an important topic in programming language research. One vital
definition is whether a program is effectful or not. Many formal definitions have been
proposed to address this problem [38]. However, even for simply typed lambda calculus
(STLC) [L6], which satisfies all of those definitions and is always considered as a pure
language, it also contains information effects [27] that are usually overlooked.

Consider the following STLC program:

Mz,y).x: (BxB) — B

where B = {F,T}. This program takes two bits and discards the second one. It satisfies
all the conventional definitions of purity. However, from the informational perspective, this
function’s input has two bits of information but the output only has one, i.e. one bit of
information is lost during the computation. In [27], James and Sabry defined the change of
information during computations as information effects. To be more specific, for a function
f:A— B:

o The input entropy of f is the entropy of a : A with given input distribution on A.

o The output entropy of f is the entropy of f(a) : B given the input distribution on A.

The information effect of f is the difference between its input and output entropy, and
f is reversible if its input entropy is the same as output entropy. To expose the hidden
information effects in irreversible programs, James and Sabry defined an irreversible pro-
gramming language LET and compiled it to a reversible programming language I1° [27].

The compiling technique is similar to Toffoli’s idea [42]: introducing new inputs to make it



reversible. The number of new inputs introduced during compilation will correspond to the
amount of information effects.

To capture pure computations in the informational sense, a new computational model
— reversible computation was proposed. It seems that this model adds restrictions on the
classical computational model so it is less powerful. But Toffoli [42] proved that reversible

computation is universal:

Theorem 1.1. For any finite function ¢ : B™ — B" there exists an reversible finite function

f:B" x B™ — B™ x B"™™~" with r < n, such that

T

——
f(xla"'vxﬁn”-_)"'a”-_) = (yla”'7ynugly"'ag’r‘+m—n)

where (Y1, ..., Yn) = O(x1,...,Zm) and (g1,- .., Gr+m—n) are arbitrary garbage outputs.

This theorem states that every irreversible Boolean function can be computed by using a re-
versible Boolean function with additional inputs/outputs. There are two main applications
of reversible computation:

e Quantum computing: Since all the quantum logic gates are reversible, the design of
quantum programming languages and reversible programming languages are highly
related. A good reversible programming language could lead to a better quantum
programming language design.

o Ultra-low-power chips: According to Landauer’s principle [33], any logically irre-
versible operation will necessarily dissipate heat. Hence, reversible computation pro-
vides a promising direction for ultra-low-power chip design [19,20].

Since the proposal of reversible computation, multiple reversible programming languages
were developed [40, 41, 44, 45]. However, they do not have type systems that can help
programmers handle effects:

o rFun [44]: rFun allows expressions to freely allocate constant values:

data Bool = True | False

ex :: Bool <-> (Bool,Bool)



ex b = (b , False)

Using such expressions, it is possible to define expressions that behave like qinit and

qterm in Quipper [25]:

initF :: () <-> Bool

initF () = False

termF :: Bool <-> ()

termF False = ()

However, the type system does not keep track of the effects of introducing ancilla
values. So, the programmers need to keep track of these effects on their own. Moreover,

it also accepts programs that do not preserve information:

term :: Bool <-> ()

term x = ()

o Ricercar [40]: Ricercar is a description language for reversible Boolean gates, which
does not have a type system. It supports scoped ancilla wire through the expression
ax.A(z), where gate A can use the wire x which is initialized to 0, and A needs to
reset x back to 0 when the computation is finished.

o Janus [41,45]: Janus is an imperative programming language that does not have a

type system. Since all variables are global, every function is effectful.
To fill the missing pieces, this work will study effect handling in reversible programming
languages using a type-theoretic approach.
The starting point of this work is the pure reversible programming II [12], which has
nice algebraic properties inherited from category theory. The type system of II contains
empty, unit, sum, and product types:

m:U n:U 7m:U mn:U
0:U 1:U m+1m:U 71 XT19:U




The programs of II are constructed using combinators, which represent type isomorphisms.
All the combinators are from the definition of bimonoidal category:

o From the definition of category [36]:

Definition 1.2. A category C consists of:

— a class Obj(C) of objects
— a class Hom(C') of morphisms between the objects
— composotion of morphisms __ o __: for morphisms f : a — b and g : b — ¢,
gof:a—ec.
which satisfy

— Identity: For every object x there exists a morphism 1, such that:
* Forall f:a—x,1,0f=f.

x Forallg:x —b, gol, =g.
— Associativity: (fog)oh= fo(goh).

II contains combinators:

id~: 7 & 7 :id&

Cl:TL$>T2 C2:T2 <> T3
C13C2:T1 <> T3

id<> has type 7 <> 7, which corresponds to the identity morphism 1, for every object.
_$_ corresponds to the morphism composition __o_, but _ §__ represents sequential
composition (¢1 §c2 = cg0¢q).

o From the definition of monoidal category [37]:

Definition 1.3. A monoid category is a category C' equipped with

— Tensor product: bifunctor _ ®__:C xC — C
— Identity object: I € Obj(C)
— Natural isomorphisms:

*a: (AB)®(C~A®(B®C)
¥ M IRA~A

which satisfy the pentagon and triangle diagrams.

II contains combinators for monoidal structure of sum types:



unitepl : O+7 & 7 s unitigl
assocly : T+ (2 +73) ¢ (714 T2)+ 73 :assocry

Cl1:T1 $>T3 C2:T2<4>T4
e T+ T2 T3+ Ty

unitey| and uniti| correspond to the natural isomorphism A. assocl; and assocr
correspond to the natural isomorphism «. And _ & _ corresponds to the bifunctor

on morphisms. Similarly for product types:
unite,l : IxXx7T < 7T s unitiyl

assocl, : 1 X (T2 X 713) <> (71 X T2) X T3 :assocr,

Cl1:T1 $<>T3 C2:T24>T4
C1®Co:TL X Ty<>T3 X Ty

o From the definition of symmetric monoidal category [36]:

Definition 1.4. A symmetric monoid category is a monoidal category (C,®,1I) such
that for every pair A, B € Obj(C) there is an isomorphism: spp: A® B~ B® A

such that the unit, associativity and inverse coherence conditions hold.

IT contains combinators for sum types:

swapy @ T1+ T2 4 To+T1 swapy

and for product types:

Swapy : T1 X T2 <> T9 X T1 :Swapx
o From the definition of bimonoidal category [34]:

Definition 1.5. A bimonoidal category C is a category with two symmetric monoidal
structures (C,®,0) and (C,®,1), together with the natural isomorphisms:

— Distributivity: d: A® (B®C) ~(A®B) & (A C)
— Absorption: a: AR 0 ~0



II contains combinators:

absorbr : Ox7 < O : factorzl
dist: (11 +7m) X713 <« (11 X73)+ (172 X73) :factor
The detailed syntax and operational semantics of II is given in Sec. @
The goal of this work is to introduce effects to II and to extend II's type system to track
effects. To achieve this, we take the inspiration from compact closed categories [31, 32|

which provide nice algebraic structures:

Definition 1.6. A compact closed category is a symmetric monoidal category (C,®,I) such

that
e FEvery object A € Obj(C) has dual object A*.
e For all A € Obj(C) there exists unit ng : I — A* @ A and counit €4 : A® A* — I.

which satisfy the snake diagrams:

[~23

ClroAS A=idy

e ASART S A (A 0 A) S (A A0 AY
A

A*

A

A SIS A eA)eA S A0 A AN B A RTS A = idy

A*

A*

Compact closed categories have numerous applications in mathematics, physics, and
computer science. Examples of compact closed categories include models of multiplicative
linear logic [5], models of concurrency [3], and models of quantum computing [l,22]. Com-
pact closed categories are a natural extension of symmetric monoidal categories, which have

nice algebraic properties. We will extend the two monoidal structures of I to compact closed



categories. For the additive monoidal structure, we will introduce negative types where a
negative type represents the effect on time that “reverses execution flow”. The extended
language 11~ will be introduced in Chap. E For the multiplicative monoidal structure, we
will introduce fractional types where a fractional type represents the effect on space that
“allocates/deallocates space”. The extended language I/ will be introduced in Chap. @ In
the end, we will put everything together to form a language II® which contains both neg-
ative and fractional types. To demonstrate its expressiveness, we will implement a SAT
solver in II® using the newly introduced effects.

The space and time effects inspired by compact closed categories are important for

reversible computation:

o Space effects: Toffoli [42] showed that every reversible function can be obtained using
only generalized AND/NAND functions, where the generalized AND/NAND function
of order n (the number of input is n) is defined as 0, (x1, ..., zy) = (21,..., 2y zor (T1A

o ANTp_1)):

Theorem 1.7. Any reversible finite function of order n can be obtained by composition

of generalized AND/NAND functions of order < n.

This theorem implies that {6,,|n > 1} is functionally complete for reversible computa-
tion. However this is an infinite collection of functions, is it possible to have a finite set
of primitive functions that is complete for reversible computation like {AND,NOT}
for classical computation? Taking the idea from classical computation, because an
n-bit AND gate could be obtained using normal 2-bit AND gates so we do not need
the infinite collection of n-bit AND gates to form a complete set of primitive functions
for classical computation. Could we do the same for reversible computation? Unfor-
tunately, the answer is negative. Toffoli showed that there exist reversible functions

that cannot be computed using smaller generalized AND/NAND functions:

Theorem 1.8. There exist reversible finite functions of order n which cannot be
obtained by composition of generalized AND/NAND functions of order strictly less

than n.



This theorem implies that we cannot obtain 6, using {f; | 1 < k < n}. To remedy

this, Toffoli also showed that:

Theorem 1.9. Any reversible function can be realized, possibly with temporary storage
(but with no garbage!) by means of a reversible computational network using as

primitives the generalized AND/NAND elements of order < 3.

This theorem implies that with the space effects that allowed us to allocate/deallocate
temporary storage {61, 62,03} forms a complete set of primitive gates for reversible
computation. Hence space effects are very important for reversible computation, and
they appear in every reversible programming language.

Time effects: The ability to change execution flows is vital for almost every pro-
gramming language, no matter if it is reversible or not. Assume that we want

to write a higher-order function iter : Int - (A — A) - A — A such that

n

——
iter(n)(f)(a) = f(...f((a)...). Without the ability to change execution flow the
only option to write this function is to write down n number of calls to f in the

program:

iter(0)(f)(a) = a
iter(D)(f)(a) = f(a)
iter(2)(f)(a) = f(f(a))
iter(3)(f)(a) = f(f(f(a)))

Assume that we use 32-bit Int then this program will have 232 calls to f, which results
in an exponential sized program. Hence to make the programming language practical,
it is very important to have the ability to change execution flow so that code can be
reused at runtime. For example, the iter function can be easily implemented using

recursion:

iter(0)(f)(a) = a
iter(n +1)(f)(a) = iter(n)(f)(f(a))



or loop:

ans = a;
for (i=0; i<n; i=i+ 1)ans = f(ans);

return ans;

Note that in both programs, there is only one call to f. As a result, both programs
have constant sizes. These effects are very important in practice, especially when using
programming languages that are very closed to circuits like II. Without the ability
to construct feedback circuits, several function implementations will have exponential
sized circuits.
With the above background, I can state my thesis:
The duals of algebraic data types represent useful reversible effects.
The rest of this dissertation is structured as follows:
e Chapter E will provide a detailed introduction to II, formalization of reversible ma-
chines, and some background knowledge.
e Chapter E will describe the extension of negative types to II, and its compact closed
category construction.
o Chapter @ will describe the extension of fractional types to 11, and its compact closed
category construction.
e Chapter B will put fractional and negative types together and concludes this work.

Most of the theorems are formalized in Agda, which will be marked using UAgda,

PUBLICATIONS This dissertation’s main results have been published in:
¢ Chao-Hong Chen and Amr Sabry. A Computational Interpretation of Compact Closed
Categories: Reversible Programming with Negative and Fractional Types. In Sympo-
stum on Principles of Programming Languages 2021 (POPL’21) [15].
e Chao-Hong Chen, Vikraman Choudhury, Jacques Carette, Amr Sabry. Fractional
Types: Expressive and Safe Space Management for Ancilla Bits. In Proceedings of the

12th International Conference on Reversible Computation (RC’20) [14].



CHAPTER 2

PRELIMINARIES

This chapter will provide preliminaries, which will be used throughout the whole dissertation.

Three main topics will be introduced:

e Reversible machines: A formal definition of reversible machines is revisited, and some
meta-theoretical properties will be discussed. All the machine semantics given in this
dissertation are reversible, hence it is vital to base it on a formal definition of reversible
machines that allows rigorous reasoning and discussion about its meta-theoretical
properties.

e Reversible programming language II: A detailed introduction of II’s syntax, machine
semantics, and a big-step interpreter will be given. And various meta-theoretical
properties will be proved. Based on this, various extensions will be proposed in the
following chapters.

o Reversible programming language IIT: II™" provides higher-level Haskell-like syntax
over II, which makes the presentation of programs easier to understand.

e Space-time trade-offs: An small example is given, which demonstrates the space-time
trade-offs of product and sum types. This example will develop the intuition about

the correspondence between space/time and product/sum types.

2.1 REVERSIBLE MACHINES

In this section, the formal definition of reversible abstract machines is given and discussed.

First, starting with the formal definition of abstract machines:

10



Definition 2.1 (Abstract Machine). An abstract machine is a pair (S,~+), where S is the
set of machine states and ~C S x S is a binary relation on S which describes the transition

between machine states.

Normally a computation starts from an initial state and ends in a stuck state from which

no more transition step can be taken, to be precise:

Definition 2.2 (Initial state). s € S is an initial state of a machine (S,~>) if there does

not exist s’ such that s’ ~ s.

Definition 2.3 (Stuck state). s € S is a stuck state of a machine (S,~>) if there does not

exist s’ such that s ~ 5.
Based on Definition @, reversible abstract machines can be defined:

Definition 2.4 (Reversible Abstract Machine). A reversible abstract machine is an abstract
machine (S,~>) such that
o ~ is forward deterministic: Vs, s1,89 € S if s ~ s1 and s ~ s9 then s1 = s9.

e ~> is backward deterministic: Vs,s1,80 € S if s1 ~» s and s ~» s then s1 = s9.

Remark. This is arguably the most general definition of reversible machines. For example,
the biorthogonal pattern-matching automaton [2] is a special case of reversible abstract

machines where the transition relations are restricted to states carrying unifiable terms.

Some easy lemmas can be proved about reversible abstract machines. First, let’s define

some convenient notations:

Definition 2.5. For any binary relation R C S x S:

o Let R* be the reflexive and transitive relation of R:

sRs' s'R*s"
sR*s sR*s"

e Let Rt be the inverse relation such that s'Rls iff sRs'.

o Let R™ be the n-step transitive relation:

sR"s' s'Rs"
sROs sRH1g"

11



Using these notations, some properties of reversible abstract machines can be proved:

Lemma 2.6. UAcda For any reversible abstract machine (S,~), anyn € N and sg, sy, S}, €
S, if so ~" s, and so ~™ s}, then s, = s),.

Proof. By induction on n:

/

e n=0: 59 =8, =5,.

e n=m+1: if 59 ~"™ S ~ S;mr1 and sg ~"™ 8!

m ~ Spi1, by induction hypothesis we

have s, = s7,. Since ~~ is forward deterministic s0 s, 41 = 8},,,;.

O
Theorem 2.7. U4cda For any reversible abstract machine (S,~) and sg,s,s € S, if
sg ~* 8, sg ~* s, and both s and s’ are stuck states then s = s'.
Proof. Since sy ~* s and sy ~* s', so there exist n,m € N such that sg ~" s and sg ~"" 5.
If n £ m, without loss of generality, assume n < m by Lemma @ 50 " s ~»M7" ¢ which
contradicts the assumption that s is stuck. So it must be the case that n = m, and by

Lemma @ s=s" dJ
Similar properties can also be proved for ~~1:

Lemma 2.8. @Acda For any reversible abstract machine (S,~>), any n € N and sq, sy, 8}, €

S, if so ~1" s, and so ~1" 5!, then s, = s.,.
Proof. Similar to Lemma @ O

Theorem 2.9. UA4sda For any reversible abstract machine (S,~) and sg,s,s’ € S, if
so 1" s, s ~1" &', and both s and s’ are initial states then s = .

Proof. Similar to Theorem @ O

A remarkable property of reversible abstract machines is that starting from initial states

no state will ever repeat during an execution.

Theorem 2.10. UA4dc For any reversible abstract machine (S,~+), if so € S is an initial

state then for any n < m and s,, s, € S such that sg ~" s, and sg ~™ s, we have that

Sn F Sm-

12



n

. n
Proof. If s, = sy, since sg ~" s, sg ~" s, and n < m S0 Sy, ~T" g0 and s, " sy_n.
By Lemma @, S0 = Sm_n. However, since n < m there must exist s,,_,_1 such that

Sm—n—1 ~* Sm—n = Sg Which contradicts the assumption that sg is an initial state. Hence,

Sn 7 Sm- O

This theorem will be very useful when proving termination for a reversible abstract
machine that has only a finite number of reachable states from every initial state.

The reversible abstract machines defined in Definition EI compute total reversible func-
tions. A more general class of machines that compute partial reversible functions are partial

reversible abstract machines:

Definition 2.11 (Partial Reversible Abstract Machine). A partial reversible machine is a
triple (S,E,~), where S is the set of machine states, € C S is a set of error states, and ~
is a transition relation satisfying the following three properties:
o ~~ is forward deterministic: Vs, s1,82 € S if s ~> 81 and s ~> so then s1 = so.
e ~~ is backward deterministic on proper states: Vs,s1,s2 € S if s ¢ €, s1 ~ s, and
89 ~» 8 then s1 = s9.

e Ifs €& then s is stuck.

Similar properties can also be proved for partial reversible machines with slight modifi-

cations:

Lemma 2.12. UAgdc For any partial reversible abstract machine (S,E,~>), any n € N and

80, Sn, Sh € S, if so ~" s, and sg ~" s, then s, = s),.
Proof. Similar to Lemma @ ]

Theorem 2.13. UA4de For any reversible abstract machine (S,E,~) and sg,s,s’ € S, if

sg ~* s, s ~* s’ and both s and s’ are stuck states then s = s'.
Proof. Similar to Lemma @ O

Lemma 2.14. @4dc For any reversible abstract machine (S,€,~+), any n € N and

. n n
50, 8n, 5, €8, if so & &, so~1" s, and so ~1" s/, then s, = .

13



Proof. Similar to Lemma @ O

Theorem 2.15. UAgde For any reversible abstract machine (S,E,~) and sg,s,s € S, if

so & &, so~1" s, 50 ~1" 5" and both s and s' are initial states then s = s'.
Proof. Similar to Theorem @ O

And the non-repeating property still holds for partial reversible abstract machines since

failure states are stuck:

Theorem 2.16. @4gda For any partial reversible machine (S,E,~>), if so € S is an initial

state then for any n < m and sn, Sm € S such that sg ~" s, and sg ~" s, we have that

Sn 7 Sm-

Proof. Assume s, = s, if s, € £ then it is stuck and there does not exist s,, such that

s0 =" s =™ s, Hence sy, = s, ¢ €. Similar to Theorem . O

All machines that appear in this dissertation are either reversible or partial reversible

machines.

2.2 INTRODUCTION TO II

IT is a reversible programming language developed by Roshan and Sabry [27]. It originates
from another reversible programming language I1° [27], Carette and Sabry removed recursive
types and added combinators inspired by rig categories [30,85]. As a result, II is a reversible

programming language that gives a computational interpretation to a rig category.

14



2.2.1 SYNTAX OF II

The syntax of II consists of several sorts:

Value types t ou= 0|1 |t+t]|txt

Values v u= tt]injyv]|injv] (v,v)

Combinator types tt

Combinators ¢ == uniteyl | unitiyl | swapy | assocl | assocry

| unite,l | uniti.l | swap, | assocl, | assocr.,
| absorbr | factorzl | dist | factor | id<> | céc|c@c|ec®c

Programs p = cv

Focusing on finite types, the building blocks of type theory are: the empty type (0), the
unit type (1), the sum type (4), and the product (x) type. The typing judgments are given
in figure @ One may view each type t as a collection of physical wires that can transmit
|t| distinct values where |¢| is a natural number that indicates the size of a type, computed

as:

0] =0
1] =1
[t1 + ta| = [t1] + |t2]

[t1 X ta| = [t1]  [t2

Thus the type B = 141 corresponds to a wire that can transmit one of two values, i.e., bits,
with the convention that inj; tt represents [ and injs tt represents T. The type B x B x B
corresponds to a collection of wires that can transmit three bits. From that perspective, a
type isomorphism between types t; and to (such that |t1] = |t2] = n) models a reversible
combinational circuit that permutes the n different values. These type isomorphisms are
represented by the combinators of II. A combinator ¢ of type t; <> ts represents a type

isomorphism between t; and t5. All the typing judgments for combinators are collected in

Fig. @

15



Ulltl U2:t2 Ulltl ’UQZtQ

tt: 1 (7)1,1}2) 1t X 1o injp v1 1 t1 +t9 injo vo 1 t1 + 1o

Figure 2.1: Typing judgments of II values.

id> : t & t Dide
unitey | : O+t < t s unitigl
swapy : th+ta < to+1 : swap4
assocly : t;+ (ta+1t3) < (t1+t2) +1t3 : assocry
unite,l : I1xt < ¢t s unitigl
Swapy : t1 Xty < 19 Xt T Swapy
assocl, @t X (to X t3) <> (t1 X t2) X t3 : assoCry
absorbr : Oxt < © : factorzl
dist : (tl + t2) X t3 > (tl X tg) + (tg X tg) : factor
}_Clitl(—>t2 I_Cgttz(—)tg "Clitlﬁtz }_Cgitgﬁtzl Fclttl(—)tg '_62:t3<—>t4
Feigeo:ty < ts Fei®cey:ty +tg ¢ to+1y Feil®eco:ty Xtg 4>ty Xty

Figure 2.2: Typing judgments of II combinators.

Each line in the top part of the above table introduces a pair of dual constants that
witness the type isomorphism in the middle. These are the base combinators of II. Note
how the above has two readings: first as a set of typing relations for a set of constants.
Second, if these axioms are seen as universally quantified, orientable statements, they also
induce transformations of the (traditional) values. The (categorical) intuition here is that
these axioms have computational content because they witness isomorphisms rather than
merely stating extensional equalities. The isomorphisms are extended to form a congruence
relation by adding the three congruence constructors at the bottom of the figure that witness
equivalence and compatible closure.

For convenience, eight additional combinators are introduced:

uniter: t+0 < t sunitiyr

unitegr : tx1 <« t D unitiyr

absorbl : tx0 < 0 : factorzr
distl 1 t1 x (ta+1t3) < (t1 X t2) + (t1 x t3) : factorl

They are all definable in II so there is no need to extend II with more base combinators:

16



unite r = swap § unite,|

unitizr = unitiyl § swap

unite,r = swap, $ unite,l

uniti,r = uniti,l § swap,

absorbl = swap, ¢ absorbr

factorzr = factorzl § swap,

distl = swap, ¢ dist ¢ (swap, @ swapy)

factorl = (swap. @ swap,) ¢ factor § swap.

A well-formed II program (¢ v) : t2 will apply a combinator ¢ : t; > to to v : 1 and

results in a value vy : t3. The typing judgment of I programs is:

c:t1 <ty v:ity
(c v):ty

The details of II's operational semantics will be discussed in section and .

It is known that these type isomorphisms are sound and complete for all permutations
on finite types [21,23] and hence that they are complete for expressing combinational cir-
cuits [24,27,42]. Algebraically, these types and combinators form a commutative semiring
(up to type isomorphism). Logically they form a superstructural logic capturing space-time
trade-offs [39]. Categorically, they form a weak rig groupoid [12] which will be proved in
Section after giving the operational semantics of II. Moreover, they have a sound and

complete model in homotopy type theory [L11].

2.2.2 ABSTRACT MACHINE SEMANTICS OF II

This section will give a detailed description of II’s abstract machine semantics along with
theorems about its properties. First, the semantics of the base combinators are specified in
Fig. @ using a function J. It is clear that this function computes a type isomorphism for
a given base combinator, hence it has an inverse §7 such that 6%(c, §(c,v)) = v.

To specify the semantics of full programs, we use an abstract machine consisting of three

registers: a code register containing a combinator ¢, a value register containing a value v,
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d(uniteyl, injov) = w O(unitipl, v) = injyw
d(swapy, injyv) = injawv
d(swapy, injgv) = injiv
d(assocly, injy v) = inj (injy v)  d(assocry, injp (inj; v)) = inj; v
d(assocly, injs (inji v)) = inji (injov)  d(assocry, injp (inj2v)) = inj2 (inj1 v)
d(assocly, inje (inja v)) = injav d(assocry, injov) = inj2 (inj2 v)
d(unite.l, (tt,v)) = v O(unitiyl, v) = (tt,v)
S(wap., (2,y)) = (4,2)
Sassocl,, (z,(1,2))) = ((@y)2)  Sassocr., ((,9),2)) = (& (y2))
d(dist, (mJl x,z)) = inji (x,2) d(factor, inj; (z,2)) = (inj x,2)
d(dist, (injoy,2)) = injs (y,2) d(factor, injs (y,2)) = (inj2y,z)

Figure 2.3: Semantics of base combinators

and a continuation register containing a continuation x. Continuations are lists of frames
FreF,e ... eF;e0 where each frame has a “hole” representing a missing combinator and

where holes are filled according to the order Fj[- - - [F5[F1]]---]. In other words, the missing
combinator is used to fill the hole in F and the result is used to fill the hole in F5 and so on.
Fig. @ gives the definition of well-formed continuations where k : CONT 4., g represents an

evaluation context with a hole of type A + B.

co: B+ C K:CONTpuCo
(I:l 5 Cg) ® K : CONTALB

c1: A+ B K:CONT4oc
(Cl 5 |:|) ® Kk : CONTBo

c2:C << D K:CONTALCwB+D
(0@ c2) @K : CONTALB

c1:A+ B K:CONTALCLBAD
(c1®0) @K : CONTCwD

co:C+ D y:C K:CONTAxCwBxD
(O® [c2,y]) ® K : CONT 4B

c1: A B x:B  K:CONTAxCw:BxD
([e1,2] ©0) @ Kk : CONTEwp

Figure 2.4: Well-formed Continuation Stacks

There are two kinds of machine states (¢ | v | k) and [c | v | k]. The first is an “enter”
state where the focus is on the combinator ¢ and the second is a “return” state where the
focus is on the continuation . In more detail, in a state (¢ | v | k) evaluation is about to
apply ¢ to v; in a state [¢ | v | k] evaluation has just finished applying ¢ resulting in v which
is ready to be consumed by the continuation. These distinctions are made precise in the

following definition.
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Definition 2.17 (II-machine states). A II-machine state o is either:
e An enter state: (¢ | v | k) where c: A<> B, v: A, and k: CONTA&B.

o A return state: [c | v | kK| where c: A< B, v: B, and Kk : CONTA4B.

Fig. @ gives the transition rules of the abstract machine. The first group defines
transition steps starting from enter states: these evaluation steps either immediately return
if the computation is trivial (cases —1 and ) or push a frame onto the continuation stack
to focus on the sub-combinator. The second group defines the transition steps from return
states. In the first rule —+, evaluation of c¢; has just finished; as the first frame on the
continuation stack is (O § ¢3), evaluation proceeds by entering co. Rule 19 shows what
happens when the evaluation of ¢y terminates. In that case, the evaluation of the sequence

c1 § co is complete and v is ready to be consumed by k.

(clv]k) =1 [c]|d(c,v)]| k] for base combinators ¢
(ide> | v | k) o [ide | v | K]
s (| v | (O¢c2) @k)

0@ co) @ K)
c1®0)ek)
O® [c2,y]) @ K)

(c1®ey|injx|k
(ct@ca|injay
(a®@ca | (z,9)

K
K

o
I\
<

|

|
(c18ca|v ]|k

|

\

|

)
)
)
)
)
)

N
o~~~ o~
o
-

8

~ N N

[c1 [v ] (O3e =7 (e v | (a150) @ k)
[c1 |z | (O® [e2,y] =y (2 |y | ([er,2] @0O) @ k)
[e2 [y | ([er1,2] @O ca®@c | (2,y) | K]

1@ ey |inj x| K]

[
=10 [61362|’U|/€]
[
[c1 @ ca | inj2y | K]

Figure 2.5: II-abstract machine

The machine transition relation is both forward and backward deterministic:

Lemma 2.18 (II-forward deterministic). @40da If o +— oy and o — o9 then o1 = 09
Proof. By checking all cases of the transition relation. O
Lemma 2.19 (II-backward deterministic). U40da If o1 +— o and o9 — o then o1 = o9

Proof. By checking all cases of the transition relation. O
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Hence the machine is a reversible abstract machine. The evaluation of a Il program
(c v) will starts from the machine state (¢ | v | O) and the result will be extracted when it

enters a stuck (final) state [c | v' | O].

Definition 2.20 (II-forward evaluation). The abstract machine induces an evaluation func-

tion eval(c) : A — B where eval(c)(vi) = vy if (¢ | v1 | O) —=* [¢ | va | O].

The function eval(c) is a total function for all c. To see this, an analysis of stuck states

is needed.
Lemma 2.21 (II-stuck states). @Aada For all states o, if o is stuck then o =[c | v | OJ.
Proof. By case analysis on all possible states. O

Using this lemma and the non-repeating theorem for reversible abstract machines, the

totality of eval(c) can be proved.

Theorem 2.22 (II-termination). agad] For all II-combinators ¢ : A <+ B and vy : A there

exists vy : B such that eval(c,v1) = vo

Proof. The set of reachable states starting from (c | v; | O) is finite. And by Theorem no
state repeats, hence the evaluation must eventually reach a stuck state . By Lemma ,

the stuck state must be a final state of the form [c | v | OJ. O
Since the machines are reversible, each combinator can also be evaluated backwards.

Definition 2.23 (II-backward evaluation). The backward evaluation of ¢ : A < B is

eval®(c) : B — A where eval® (c)(v1) = v if [c | v1 | O] =1 (¢ | vy | O)

Moreover, the forward and backward evaluation functions are inverses of each other, and

hence both are reversible total functions.

Theorem 2.24 (Il-reversible). UAcda For all ¢, v1, and va, we have eval(c)(vy) = vo iff

eval®(¢)(vg) = v1.

!The termination proof in Agda just relies on structural recursion on c.
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Proof. For all ¢, if eval(c)(v1) = vo then (¢ |v1 |O) —* [c | vy | O]. Therefore [c | vo | O] =1
(¢ | v | O), and eval®(c)(va) = v1.
If evall(c)(vy) = vy then [¢ | vp | O] = (¢ | vy | O). Therefore (¢ | vy | O) —* [¢ | v | O,

and eval(c)(v1) = va.

2.2.3 BIG-STEP INTERPRETER OF II

In this section, a more efficient and more readable specification of the evaluation function
using a big-step interpreter is described. The details of the interpreter implementation are
given in Fig. @ where interp(c)(v) | v" means (c v) evaluates to v'.

¢ base combinator interp(c1)(v)  w interp(cz)(v)  w
interp(c)(v) | d(c,v) interp(c1 @ c2)(injy v) | inj; w interp(c1 @ c2)(inja v) | injo w

interp(c1)(v) $ v1  dinterp(ca)(v1) Y va  interp(c1)(vi)  wi interp(ca)(v2) I wo
interp(id«»)(v) § v interp(c1 § c2)(v) | va interp(c1 ® c2)((v1,v2)) I (w1, we)

Figure 2.6: Il-interpreter

For base combinators, the interpreter uses the § function like in the machine semantics.
For ¢; @ ca, it calls the corresponding combinator depending on the given input. For ¢; ® ca,
it calls both combinators and collects the results into a pair. And for c; § co, it calls
c1 and then feeds the result to co. The interpreter can be implemented in a functional
programming language more easily and more efficiently than the machine semantics defined
in Section , and most importantly it computes the same results as the reversible abstract

machine.
Theorem 2.25. @A40da For all ¢: A< B and v : A, interp(c)(v) | eval(c)(v).

Proof. By induction on c:

e cis a base combinator or id<: for any v : A, interp(c)(v) | d(c,v) and eval(c)(v) =
d(c,v) (¢ [ v [ O) =1 [e | 6(c,0) [ O).
e ¢ = 1 ®co: It must be the case that A = A; + Ay and B = By + Bs. For any

v: A1 + Ao, there are two cases:
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— v = inj; v1 for some vy : A;: By Theorem there exists v} : B; such that

eval(c1)(v1) = v}. Therefore

(c1 ®co | inji vy | O)
g (e v | (O®@cr) o) —=*[er | v] | (O®c2) e

=11 [ ®c | injp o) | O

Hence eval(c1®cg)(inj; v1) = inj; v]. By the induction hypothesis interp(c1)(v1) |

v}, therefore
interp(c1)(v1) § vi
interp(c1 @ cg)(inj1 v1) | inj; v}

— w1 = injs vy for some vo : As: Similar.
o ¢ =c1 ®cy: It must be the case that A = Ay x Ay, B = By x By and v = (v1,v2). By
Theorem there exists v} and v}, such that eval(cy)(v1) = v} and eval(ca)(v2) = V).

Therefore

c1®cp | (vi,v2) | O)

(
=6 (e | v1 | (O®[co,v2]) @0) =" [c1 | vy | (O® [c2,v2]) O]
(

=g (c2 [ vz | ([er,v)] ®@0) @0) =7 [e2 | v | ([er,v]] @ O) @ O]

o [ ®@ea | (vi,05) [ O

Hence eval(c1®cg)(v1,v2) = (v],v5). And by the induction hypothesis interp(c1)(vi) |

v} and interp(c2)(ve) | vh, therefore

/

interp(c1)(v1) § v] interp(ce)(v2) 4 v}
interp(c1 @ c2)((v1,v2)) I (v],vh)

e ¢ = c13co: By Theorem P.22 there exists v/ and v” such that eval(c1)(v) = o' and

eval(cg)(v') = v”. Therefore

(c13ca v | DO)
g (c1 | v | (O3co)e0) —=*[c1 |V | (Ogce) @O
(co |V | (c130) @K) —=* (ca | V" | (c1 50) @O)

10 [crgee | 07| O]
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Hence eval(c; §c2)(v) = v”. And by the induction hypothesis interp(ci)(v) | v' and

interp(ce)(v') | v”, therefore

interp(c1)(v) v interp(co)(v') I v
interp(c1 § c2)(v) | v”

2.2.4 RIG GROUPOID

The syntax of II comes from a rig groupoid. This section will show that the operational
semantics given in Section and for II forms a rig groupoid. Some definitions are

needed before defining the category:

Definition 2.26. Let ~ be the relation on combinators such that for all ¢1,co : A <> B,

c1 ~ co iff eval(cr) = eval(cz).

It is obvious that ~ is an equivalence relation, which identifies combinators with the

same behavior under evaluation.

Definition 2.27. The notation [c|. refers to the ~-equivalence class of ¢, where ¢ is a

representative combinator.
Using the equivalence relation ~, the category of 1I can be defined: B

Theorem 2.28. “4oda C is a category where

e Obj(CY) is the set of 11 types,

e Homeu(A,B) ={[c]~ | ¢c: A<+ B}
Proof. The composition of C is defined as [ca]~ o [c1]~ = [c1 § c2]~ for any ¢; : A <+ B and
co : B < C. One important thing that needs to be checked is that composition respects the
equivalence relation ~, i.e. for all ¢1,¢} : A <> B and ¢a,¢h : B <> Cif ¢1 ~ ¢} and ¢z ~ ¢,
then ¢1 § ca ~ ¢} 5. This can be easily checked using the big-step interpreter semantics,
for any vy : A and vs : C, if interp(cy § ca,v1) | v3 then there exists vo : B such that

interp(c1)(v1) 4 va  interp(ce)(va) | vs
interp(c1 § c2)(v1) | vs

2This approach is sufficient to prove the semantics forms a 1-category but ignores the rich structure at
the next level [12].
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Since ¢1 ~ ¢} and ca ~ ¢, so interp(c))(vi) I vo and interp(ch)(ve) | vs, hence

interp(c))(v1) J va interp(ch)(ve) I vs
interp(c) §ch)(v1) I vs

The other direction is similar.
After defining composition, there are two things left to check:
o Identity arrow: [id<] is the identity arrow for any II type, it can be easily checked
that for all c: A <> B, [c¢id<>] =[] = [id<> ¢ ] (l.e. cgids ~ ¢~ id4s5c).
o Associativity: for any ¢; : A <> B,cs : B <> C,c3: C <> D,v; : Aand vy : D, if
interp((c1 §c2) ¢ c3,v1) b vg then there exists vy : B and vz : C such that
interp(cy)(v1) | v interp(ca)(v2) | vs

interp(cy § c2)(v3) I v interp(cs)(vs) 4 v4
interp((c1 5 c2) § c3)(v1) I v

Hence
interp(cz)(v2) | vs interp(cs)(vs) 4 v

interp(c1)(v1) { vo interp(ca § c3)(va) I vg
interp(ci § (c2§c3))(v1) | va

The other direction is similar.

O
To show that C! is a groupoid, the definition of inverse of combinators is needed:
le = (¢ if ¢ is base combinator, where ¢’ is ¢’s dual
lide> = ide
!(Cl D CQ) = leg @ ley
!(Cl X CQ) = leg ® les
!(Cl H CQ) = !CQ 9 !01
Theorem 2.29. UAcda C1 is a groupoid.
Proof. The inverse of an arrow can simply be defined as [¢] ™! = [l¢]. Two things need to be

checked for the inverse:
e ¢ lc~id<>: By induction on c:
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— cis a base combinator: The dual of ¢ computes its inverse, i.e. 6(lc,v) = §'(c,v).

Hence for all v:

interp(c)(v) I 8(c,v) interp(lc)(6(c,v)) | 6t (¢, 6(c,v))
interp(c §le)(v) v

— ¢ =c1 ® co: For any v there are two cases:

* v = inj; x: By induction, there exists z’ such that

interp(c1)(z) 2’ interp(leq)(2’) | =
interp(cy §ler)(z) Y =

Hence,

interp(c1)(z) | 2/ interp(ler) (') |
interp(c1 @ c2)(inj1 @) | injy 2’ interp(ley @ leg)(injy ') | injy x
interp((c1 @ ¢2) § (ler @ le))(injy @) | injy @

* v = injy y: Similar.
— ¢=¢1 ® cg: For any v = (z,y), by induction there exist 2’ and 3’ such that

interp(c1)(z) 2’ interp(ler)(2’) I & interp(ca)(y) by interp(lea)(v)) Iy
interp(cigler)(z) | x interp(caslea)(y) I y

Hence,

interp(ci)(x) Y &’ interp(c2)(y) 43" interp(lc)(¢') $ = interp(lea)(y') Iy
z'mferp(cl @ 02)((:177 y)) U (‘T,7 y,) interp(!cl®!02)((x,7 y/)) U’ (xa y)
interp((c1 @ ¢2) § (le1®le2))((2,9)) 4 (z,y)

— ¢ = ¢15co: Using the properties of the category from Theorem and induction:

(c15¢2) 5 (leasler) ~ 1§ (cas(leagler))
~ 15 ((cogler)dler)  ~cp g (idessler) by induction

~ c18ley ~ id< by induction

e lc 3§ ¢ ~id¢>: Similar.

C' contains two symmetric monoidal categories (CY, 4+ ,0) and (CY,  x _,1):
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Theorem 2.30. U4ca (C1,_ + | 0) is a symmetric monoidal category.

Proof. The monoidal tensor takes two types A, B to A + B and two arrows [c1],[ca] to
[c1 @ ca]. The associator is [assocly] : t1 + (t2 +1t3) <> (t1 +t2) + 13 : [assocry ], the left unitor
is [unitel] : O + ¢ «» ¢ : [unitiyl], the right unitor is [uniteyr] : t + 0 <> ¢ : [unitipr], and the

braiding is [swapy]. The coherence conditions are straightforward to check. O
Theorem 2.31. @4ca (C1,_ x _ 1) is a symmetric monoidal category.

Proof. The monoidal tensor takes two types A, B to A x B and two arrows [c1], [c2] to
[c1 ® c2]. The associator is [assocl,] : t1 X (t2 X t3) <> (t1 X t2) X t3 : [assocr,], the left unitor
is [unite.l] : 1 x ¢ <> ¢ : [uniti,l], the right unitor is [unite,r] : ¢ X 1 <> ¢ : [uniti,r], and the

braiding is [swap.]. The coherence conditions are straightforward to check. O
With distributivity and absorption isomorphisms, C!! is a rig groupoid.

Theorem 2.32. @4cda (CY,_ + |0, x_,1) is a rig groupoid

Proof. The left distributivity isomorphism is distl : ¢ x (ta+t3) <> (t1xt2)+(¢t1 xt3) : factorl,
the right distributivity isomorphism is dist : (t1 4 t2) X t3 <> (t1 X t3) + (t2 X t3) : factor,
the left absorption isomorphism is absorbl : 0 x ¢ <+ 0 : factorzr. and the right absorption
isomorphism is absorbr : ¢t x 0 <+ 0 : factorzl. The coherence conditions are straightforward

to check. ]

2.2.5 EXAMPLES

This section will introduce some example II programs. To make Il programs easier to read
a diagram representation will be introduced, and it will be used to represent II programs
throughout out the whole dissertation.

A wire will always be annotated with its type, product types will be represented as
parallel wires and sum types will be represented as parallel wires with the symbol “ + “
between wires. Wires that have type 0 or 1 could be omitted in the diagram. The following

will provide diagrams for all II combinators. The most simple diagram is id<> : A < A

which is just a wire:

26



A

Forc;: A+ Band cy: B < C, c1§cy will be represented as two diagrams concatenated

together:

T — €2 —

Forci: A+ Cand co: B+ D, c1 ® cg will be represented as two diagrams in parallel:

A c

= 1 c —

And swap, : A x B <+ B x A will be represented as a cross:

A B
B A

The representations of assocl. and assocr. are identical to id<+ because the diagram

representation does not contain the information about how the types are bind together:

A
B
9

And for unite,land uniti,lit could be represented as either

A

or

i (s

because the wire has type 1 could be omitted.

The combinators for sum types are similar. For ¢; : A <> C and ¢ : B <> D, ¢1 ® ¢y will

be represented as two diagrams in parallel with the “+ “ symbol:
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And swapy : A+ B <> B + A will be represented as a cross:

DG
B A

The representations of assocl; and assocr, are identical to id<:

A
g T
c T

And for unite; land unitiylit could be represented as either

A

or

A(+A

because the wire has type 0 could be omitted.

absorbr: 0 x A <+ 0 : factorzl could be represented as either a blank diagram

or

T,

The most complicated one is the diagram for dist : (A + B) x C:
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'njl/.
A+ B _'/‘:/' —
[ dist |
C N '\._ B

\.
N

inJ2

C

Note that in the diagram representation products have higher precedence than sums, so the
right-hand side of the diagram represents type (4 + B) x C not A x (C' + B) x C.

The diagram representation introduced here is obviously not complete because it is
incapable to represent (A + B) x C unless we squash A + B into a single wire. However, it
is expressive enough for describing all the II programs in this dissertation. For a complete
graphical language for bimonoidal categories, please refer to sheet diagrams proposed by
Comfort et al. [@]

The following are some example II programs, which will become important building
blocks in the construction of more complicated programs in the following chapters. First,
to make things easier when building larger circuits, some adapters which deal with routing
are needed:

[A+B]+C=[C+B]+A: V{A B C} - (A +, B) +, C4 (C+, B) +, A

[A+B]+C=[C+B]+A = assocr_. 5 (id¢+ @& swap.) § swapt

[A+B]+C=[A+C]+B:V{A B C} = (A+, B) +, C+ (A +, O) +. B

[A+B]+C=[A+C]+B = assocr.. 5 (id¢+ & swap.) § assocl

[A+B]+[C+D]=[A+C]+[B+D] : {A BC D : U} — (A +, B) +, (C+y D) > (A +, C) +4 (B +y D)

[A+B]+[C+D]=[A+C]+[B+D] = assocl,. § (assocr; @ id«>) 5 ((id<> @ swap,) @ id<>) § (assocly @ id<+) § assocr,

A+[B+C]=B+[A+C] :V{ABC} - A+, (B+, C) < B+, (A+, O)

A+[B+C]=B+[A+C] = assocly ¢ swap,; @ id¢> § assocr

Ax[BxC]=Bx[AxC] : {A BC:U} — A x,, (B x, O) + B x, (A x, C)

Ax[BxC]=Bx[AxC] = assocl, § (swap. ® id<) ¢ assocr,

[AXB]xC=[AXC]xB : ¥V {A B C} — (4 x, B) x, C<> (A x,, C) x, B

[AxB]x C=[AxC]xB = assocr, § (id+> @ swap,) § assocl.

[AxB]x[CxD]=[AxC]x[BxD] : {A B CD: U} — (A Xy B) x, (C x, D)+ (A x, C) x, (B %y D)

[AxB]x[CxD]=[AxC]x[BxD] = assocl.. § (assocr. @ id«) 5 ((id<> ® swap.) ® id<) g (assocl. ® id«) § assocr,

29



These adapters will be very useful in the more complicated circuits in Chapters E and B
The next thing is to define bits, which will be used in most of the examples in the whole

dissertation. As described in Section a boolean value will be encoded using 1 + 1:

B: U

B=1+,1

pattern | = inj; tt

pattern T = injg tt

where U is the type universe of II. More generally, a collection of n-bits can be represented

as a product of n-B values:

B":N—=U
B"0=1
B"1=B

B~ (suc (suc n)) = B x,, B™ (suc n)

The simplest operation on B is NOT, which flips the value:

1 1
NOT : B+ B T 4
NOT = swap . .

The most common use of B is performing conditional operations, which can be achieved

using dist and factor:

IF:V{AB} - (c1ca: A< B) F 1 F
7 AN
. c .
—Bx, A< Bx, B B| _,:/, ) B .\_:-\. B
IF ¢1 co = dist § ] ié[i\st —|— fac/tb?r_
Al~ ] 1 7 /B
((ides @ 1) @ (ides @ e2)) 3
A ,—IC .
factor L] A 2 B L]

If the input is (F,a)/(T,a), after dist it will become inj; (tt,a)/inj2 (tt,a), and ¢1/cy will
be executed to obtain inj; (tt,b)/injs (tt,d), and factor will restore [/T from the inj; /injo

which results in (F,b)/(T,b).
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Using IF, CNOT which is an important gate in reversible and quantum computation can

be easily implemented. It will execute id<>/NOT if the control bit is [ /T:

1
[F/ \[F
CNOT : B~ 2 ¢ B~ 2 Bl7. 7| B B
st —I— fac/tbir_
CNOT = IF id<+ NOT Bl | 1 2B
\\ .//
T 0 NOT g T
Iterating this again, toffoli can be obtained:
1
F F
7/ AN
// : 2 . \'\ B
toffoli - B~ 3 <3 B™ 3 Bl 7| B B
st —|— fac/tb'r_
toffoli = IF id<> CNOT B2l | 1 B2
AN /
.\A ./.
T taNOThst T

Hence, the n-bit Toffoli (TOFFOLI,(b1,...,by—1,0) = (b1,...,bp—1,b xor A, b;)) can

be constructed recursively:

TOFFOLI : V{n} = B " n«< B n — 1 -
TOFFOLI {0} = id«» B ./':/ B! \:'\,[B_
dist + factor]
TOFFOLI {1} = NOT B! NI _/'// B!
1 ——{TOFFOLL_ —— T
B”—l Bn—l

TOFFOLI {suc (suc n)} = IF id<> TOFFOLI

And with a little tweak, TOFFOLI',(by,...,by—1,b) = (b1,...,bp—1,b xor A, b;) can

also be constructed:

TOFFOLI' : ¥ {n} - B  n<« B n — 1 =
TOFFOLI' {0} = id+s 8| e
'sli\st —I— fac/tb’r
TOFFOLI" {1} = NOT N 2
T T
TOFFOLI' {suc (suc n)} = IF TOFFOLI' id<> B!

The final example of this section is a binary incrementer INCR, which will increment
an n-bit binary number (without carry). The main idea is using INCR,_; to increment the
lower n — 1-bits. If after incrementing, the lower n — 1-bits are all | then the highest bit is
flipped. To implement this, first a function for moving bits around is needed, FST2LAST

will move the first bit to the last i.e. FST2LAST,,(b1,b2,...,by) = (b2,...,bn, b1):
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identifier id = string

type t o= ad| (t,...)

data type declaration dcl = dataid [= constrs]
constructors constrs = id [t] [| constrs]
function declaration f ou= id::t<->t \n [body]
function body body := id pat =pat \n [body]
pattern pat == id | (pat,...) | id [pat]

Figure 2.7: Syntax of ITT+

FST2LAST : ¥ {n} = B™ n< B™ n

FST2LAST {0} = id¢>

FST2LAST {1} = id

FST2LAST {2} = swap.

FST2LAST {suc (suc (suc n))} = Ax[BxC]=Bx[AxC] g (id<»> @ FST2LAST)

Using FST2LAST and TOFFOLI', INCR can be implemented easily:

INCR:V {n} = B n< B n

B B
INCR {0} = id¢> 5
INCR {1} = swap., |incr, || |TOFFOLI, 5
INCR {suc (suc n)} = E ‘ B

(id<> @ INCR) ¢ FST2LAST ¢ TOFFOLI' ¢ FST2LAST !

2.3 INTRODUCTION TO IT**

IITT is a reversible programming language, which provides Haskell-like syntax over II. The
main features of IIT* are algebraic data types and pattern matching, which makes program-
ming easier. The syntax of I is given in Fig. @ The types of II** are either sum (data
types) or product types:

e Data type declarations: The syntax is similar to Haskell, each data type declaration
contains an arbitrary number of constructors. And each constructor has zero or one
type argument. This might seem like a restriction, but since the language includes
product types, constructors can take more type arguments by packing them into a

product type. The following are some example data type declarations:
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data Zero

data One = TT

data B =F | T

data B> = B> ( B, B )

Constructors of data types can be used in pattern matching clauses. For example,
this is the NOT function implemented in IIT:

not :: B <-> B

not T =

F
not F =T

e Product types: Product types can be represented as tuples, which do not need decla-
ration, which can be pattern matched using tuple pattern. For example, this is the
CNOT function implemented in IIT:

cnot :: (B, B) <> (B, B)

cnot ( F , b)

CF , b

cnot (T , b)

(T, not b)

IIT* will check for overlapping patterns on both left and right sides of the function
declarations, and signals errors. For example, the following function contains overlapping

patterns:

err :: (B, B) <-> (B, B)

err (b, F ) C(F , p)

err (T , b))

(T, not b)

where ( b , F) and ( T, b ) overlap since both patterns contain the value ( T, F ). The
language will also check for non-exhaustive patterns to guarantee reversibility. For example,

the following function has non-exhaustive patterns:

errl :: (B, B) <-> (B, B)

erri1 (F , b)) C(F , T)

err1 (T , b)) (T, not b)

where the value ( F, F) is not matched by patterns on the right-hand side.

33



Since II is complete for representing all permutations on finite types [21,23], it is possible
to compile II™" into II. However, how to compile IIT" to II efficiently is still an open
problem. Even though programming in IIT" is easier than II, the formalization of II in
Agda provides a powerful meta-programming mechanism of II. Hence in this dissertation,

ITI™ and IT will be used interchangeably.

2.4 SPACE-TIME TRADE-OFF

In the next two chapters, two extensions of Il will be presented, each yielding a distinct
compact closed category: one of these categories will have a dual — for the type constructor +
and the other a dual / for the type constructor x. This section develops the intuition that
the type constructor + is related to the time needed for runtime execution and that the
type constructor x is related to the space needed for runtime execution thus setting the
stage for an interpretation of — as “going backward in time” (backtracking of control flow)
and of / as “going backward in space” (reclaiming of allocated storage).

Given the small-step abstract machine introduced in Section , it is relatively straight-
forward to compute the time and space resources needed by a computation: “time” is mod-
eled by the number of machine transition steps, and an upper bound on “space” resources
is modeled by the maximum size of intermediate machine states visited during execution.
A simple abstract measure of the size of a machine state #o is the number of values stored
in that state (whether in the v register or the continuation register x). This measure es-
sentially counts the number of live “pebbles” in the “pebble game” models of reversible
computation [[7,13] and is defined as follows:

Ho=1+4ok #0=0
#(O5c2) @k =#k #(c150) 0k =#r

#(O D) @k =F#K #(cp®O) ek =F#k
#O®[co,v]) ok =1+ #x  #([cr,v]@0) @k =1+ #k

Since every state has a value register, its size is 1 plus the size of the continuation register.
This measure ignores the (fixed and constant) space needed to store the program itself (i.e.,
the combinators occurring in either the ¢ component or the x component) and focuses on

the maximum dynamic space requirements needed for each state during execution.
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To make the case that the number of machine transition steps (i.e., time) is related to
the + type constructor and that the space used by intermediate machine states is related
to the X type constructor, let’s look at a small example. A type containing 16 values can
be represented as a sum of 8 booleans B+ (B+ (B+ (B+ (B+ (B+ (B+ B)))))) or the
product of 4 booleans B x (B x (B x B)). In both cases, we can distinguish one boolean b

and consider it indexed by the remaining 8 values as shown below:

(inj1 b) (F.(F,(F. b))
(inj2 (inj1 b)) (F.(F. (T, b))
(inj2 (inj2 (inj1 b)) (F. (T, (F.b))
(inj2 (inj2 (inj2 (inj1 b)))) (F. (T, (T.b))
(inj2 (inj2 (inj2 (inj2 (inj1 b))))) (T.(F.(F.b))
(inj2 (inj2 (inj2 (inj2 (inj2 (inj1 b)))))) (T.(F,(T.b))
(inj2 (inj2 (inj2 (inj2 (inj2 (inj2 (inj1 b))))))) (T, (T, (F, b)))
(inj2 (inj2 (inj2 (inj2 (inj2 (inj2 (inj2 b))))))) (T, (T, (T, b)))

On the left, the boolean b is indexed by its position in the wide sum type; on the right,
the boolean b is indexed by the values of the three other booleans. The two representations
are in 1-1 correspondence and hence it is possible to write a II-combinator that mediates

between the two representations:

-——B+n=B+, . +, B

B+ : N — U
B+ 0=0
B+1=B

B+ (suc (suc n)) = B +, (B+ (suc n))

convert : V {n} = B+ (2" n) < B (1+n)

convert {0} = id«>

convert {1} = (uniti,| @ uniti,l) ¢ factor

convert {suc (suc n)} = split g
(convert {suc n} @ (coe {n} g convert {suc n})) ¢
(uniti.] @ uniti,l) § factor

where
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coe: ¥V {n} = B+ (27 n) + (2" n) +0) + 0) & B+ (27 (1 + n))

split : V {n m} — B+ (n+ m) + (B+ n +, B+ m)

Now consider two programs that negate the distinguished b and apply them to the inputs

in the last line:

flip+: (n: N) = B+ n< B+ n

flip+ 0 = id<s

flip+ 1 = swap.

flip+ (suc (suc n)) = id<> @ flip+ (suc n)

flip* : (n: N) = (B™ n) < (B™ n)
flip* 0 = id<>
flip* 1 = swap.

flip* (suc (suc n)) = dist § (id<> @ (id<> @ flip* (suc n))) § factor

The big difference between them is in the amount of resources they use. Accessing b in
the additive representation on the left requires “time” to decode the sum type; accessing b
in the multiplicative representation on the right is immediate but requires additional space
to store the three booleans. Indeed, when indexed by integers from 0 to 511, the additive
program takes 1024 steps using 1 unit of space, whereas the multiplicative program takes 128
steps using 10 units of space. Generally, the additive approach takes O(n) time using just
one unit of space whereas the multiplicative approach takes O(logn) time at the expense

of using O(logn) units of space.
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CHAPTER 3

NEGATIVE TYPES

Aiming to construct a compact closed category with an additive dual, this chapter will
propose a reversible programming language II™ which is an extension of II with two combi-
nators 74 and ¢, witnessing the isomorphism 0 <» A + (—A). As explained in Section @
the value of a sum type A+ B represents choices that are exercised at different times: at one
time it might be a value of type A and at another time it might be a value of type B. In the
case of A and —A, the two options cancel each other in some kind of destructive interference.
This suggests that values should be equipped with a wave-like (but degenerate) notion of
amplitude or phase. Therefore in this extension, a value v will be equipped with either
a positive sign (which is omitted by convention) or a negative sign —v. Semantically the
negative sign is interpreted as flipping the flow of evaluation: forward evaluation becomes
backward evaluation and vice-versa. And as the coherence conditions of compact closed cat-
egories suggest, flipping the flow of evaluation twice cancels each other out. Operationally,
since II-abstract machines are reversible, all that is needed is using the backward evaluation
relation —1 for negative values.

The structure of this chapter is given as follows:
e Section @ will introduce the syntax of I1I~.

e Section @ will introduce the abstract machine semantics of II™, and study its prop-

erties.

e Section @ will describe a big-step interpreter of II~ which provides an efficient im-

plementation.

e Section @ will show that II™ does form a compact closed category.
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e Section @ will provide some example II™ programs, which demonstrate the usage of

negative types.

3.1 SYNTAX OF II~

The syntax of II™ extends II via adding negative types and combinators 7 and £, and is

given in Fig. @

Value types t ou= 0|1 |t+t|txt| —t

Values v ou= tt]injpov|injsv | (v,v) ]| —wv
Combinator types tt

Combinators c unitey| | unitip| | swapy | assocl | assocr

unite, |l | uniti.l | swaps | assocl, | assocr, | absorbr | factorzl
dist | factor | id<> | csc|c@e|le®@c|ny|es
cv

Programs P
Figure 3.1: II™ syntax.

The inhabitants of a negative type —t are just the inhabitants of type t labeled with
a negative sign. The typing judgments of values are given in Fig. @ And the typing
judgments of combinators are collected in Fig. @, where 7, and £, have type 0 <> A4+(—A).
With the two new combinators, I~ contains the complete syntax from compact closed
categories. In Sec. @ the operational semantics of II™ will be given, and Sec. @ will show

that it indeed forms a compact closed category.

vyt vty vt vy 19 v:t

tt: 1 (Ul,vg) 111 X to injp vy t1 +to injo v : t1 + to —v:—t

Figure 3.2: Typing judgments of II~ values.

3.2 ABSTRACT MACHINE SEMANTICS OF II~

This section will give an abstract machine semantics for II7. All combinators from IT will
still have the same operational semantics as II, what’s left are the two new combinators 7

and €. One way to figure out how 7, and ¢, are considering their types:

e It is impossible to evaluate 7). in the forward direction as this would require supplying
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id> : t «— t Did<
unite, | : 0+t <« t s unitiyl
swap4 : th+1ta < to+1 D swapy
assocly : t1+ (ta+t3)  (t1+t2)+1t3 : assocr
unite,l : I1xt < t s unitiyl
swapy : t1 Xty < to X1t : swapx
assocl, : t; X (ta X t3) <> (t1 X ta) X t3 1 assOCry
absorbr : Oxt < 0 : factorzl
dist:  (t1+t2) Xtz <« (t1 xt3) + (to2 x t3) : factor
Ny 0 < t+(-t) tE4
FC12t1<—>t2 F02:t2<—)t3 F(Jlitl(—}tg FCQIt3<—>t4 F61:t1<—)t2 F62:t3<—>t4
Fergeo ity < ts Fei®eg:ty +t3 ¢ to+1y Fel®eceo:ty Xtg 4>ty Xy

Figure 3.3: Type judgments of I~ combinators.

a value of the empty type 0. Hence it can only evaluate in the backward direction.

Graphically, the combinator 7, looks like “U-turns”:
o+

As the graph suggests, in the backward direction 7 either expects a value inj; v
or a value inj; (—v). In either case, it needs to flip the flow of evaluation with the
appropriate value because there is no way to generate an inhabitant of 0.

e Similarly, it is impossible to evaluate ¢, in the backward direction. Graphically, the

combinator €4 also looks like a “U-turn” but in a different direction:

As the graph suggests, in the forward direction £, either expects a value inj; v or
a value injo (—v). In either case, it needs to flip the flow of evaluation with the
appropriate value.

To manage the additional expressiveness of negative types, we extend machine states to

internally maintain a direction > or <1. The definition of extended machine states follows.
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Definition 3.1 (II™-machine states). A II™-machine state o is either:
e An enter state: {c¢ | v | k)q where c: A<> B, v: A, K: CONTApB, and d € {>>, <}.

o A return state: [c | v | k], where c: A B, v: B, K: CONTAwpB, and d € {>, <}.

Fig. @ gives the transition rules of the abstract machine. It contains all of the transition
rules from II for states in the forward direction and inverse transition rules for states in
the backward direction. The remaining four transition rules deal with the new combinators
1+ and 4. As there are no values of type 0, it is impossible for an enter state to make
progress on 7); and it is impossible for a return state to make progress on £,. For ¢ it is
only possible to make progress when entering the state in the forward direction resulting
in a state that executes in the backward direction, swapping the direction of the value and
the injection tag in the sum type. Symmetrically, a return state with 7 in the combinator
position does not return anything to the continuation but instead flips the direction of
execution again. Final states include the usual final states from the Il-abstract machine
but also “backward states” of the form (c | v | O)4. Such final states can be proper results
for programs with negative types. For example, evaluating (¢, | inj; tt | O)s proceeds

using 13 to (¢4 | injo (—tt) | O)4 from which no further transitions are possible.

For base combinators c:

lolme P [e] o) | Al elolwly 1 (elote,n) | ma
(ides | v | k) w5 [ides || &)y lides v | K], +vo2 (ide | o] 8)a
(crsealv|r)s s (| v]|(@5c2) @k (cr]v| (Os5c0)@r)a 53 (cser|v|r)a
(@ |inie| ke =1 (alz|(06c) ok, (1|2 | (00c) ok e oy {c1®er|inia| kg
(@ inpy|re =5 (ely|(aoD)er) (e2lyl@on)ers s (a®e|inyl|rq
(@@ (@y) e & (ale|@lay)ers (ol O0y)ers 6 (a®al(@y)|rq

lei|v | (@sco)enl, =7 (ca|v|(c130) @k (2] v](ci30)or)g 57 o] v]| (O5co)on],
|z Oy onl, =5 (al|yl(cLal@D)er)s (olyl|(a,2]@D)er)q s [olz] (O [c,y])on],
2|y | (fer, 2] @D) @kl o [a®c | (z,y) |kl lea@ca | (2,9) | K, vro ey ([er,z] @ D)o r]

2| v](crsD)@nl, 10 [ersea|v]|nl, [erses [ vkl 0 [e2]v](c30)en],

|z | (@@ c)erl, i [a@cy|injia]| k], [ea@eca[injia| K, “u falz] (06c) e,

2|y (cr@D)ek], iy [c1@er|injpy |l [er@e injay | Kl, 12 [e2 |y (c@D)er],

(e | injtv | K)o 13 ey |inj2 (=v) | K)a [7+ | inj2 (=0) | k4 =15 [n4 [inji o | K]
(eq [inj2 (=) | K)o =14 {eq [inj1v ]| K)q [y [injrv | k], =16 [n4 | inj2 (=v) | K]

Figure 3.4: II™-abstract machine transition rules

The machine transition relation is both forward and backward deterministic.
Lemma 3.2 (II"-forward deterministic). @4gdc If o — o1 and o — g then o1 = o9

Proof. By checking all transitions. O
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Lemma 3.3 (II"-backward deterministic). @4cda If o1 +— o and o9 +— o then o1 = 09
Proof. By checking all transitions. O

Hence the machine is a reversible abstract machine. However, there are two possibilities

for stuck states now:

Lemma 3.4 (I -stuck states). UAcdo If o is stuck, then either o = (¢ | v | O)4 or

o=lclv|0O.
Proof. By case analysis on all possible states. O

So the definition of evaluation for II™ needs to consider the two possible outcomes. To
incorporate this, the composite set (A~, B) is needed, whose elements can be either a value
v : A7 flowing in the forward direction or a value w : B~ flowing in the backward direction.
Similar to stuck states, the initial states of II™ also have two possible forms ((c | v | O)p
and [c | v | O]) now. Hence the definition of evaluation will also need to take care of this,

which is given as follows:

Definition 3.5 (II”-forward evaluation). The evaluation of ¢: A <+ B is
eval™ (¢) : (A7,B7) — (B~, A7)

where
w:B7 iflclov|Ds—="lc|lw]|O
eval (c)(v: A7) = f{clv |0 [c] w O
wi AT if e |v | D)o =" (e w | D)
w:B” df le|v |0 = c|lw]|O
eval (c)(v: BY) = flelvlolg [e]w | O,
wiA™ el o]0~ (| w| D)
Using Lemma @ and the non-repeating theorem for reversible abstract machine, the

totality of eval™(c) can be proved:

Theorem 3.6 (II™-termination). For all II™-combinators ¢ : A <> B and vy : (A”, BY)

there exists vy : (B, A7) such that eval(c)(vy) = vy

41



Proof. The set of reachable states starting from (¢ | vy | O)p or [c | v1 | O] is finite. And
by Theorem no state repeats, hence the evaluation must eventually reach a stuck state

o. By Lemma @, either o =[c | vy | O], or o= (c| vz | O)a. O

Note that, the theorem does not imply that there do not exist machine states from which
evaluation will diverge. For example, evaluation starting from (e | inj; tt | (74 30) @ O)p
will loop forever. This state is, however, not reachable from an initial state because there
are no inhabitants of 0.

Since the machine is a reversible abstract machine, combinators can also be evaluated

backwards:

Definition 3.7 (II"-backward evaluation). The backward evaluation of ¢ : A < B is

eval—T(c) . (]B_ZAHD N (]A_),B&D where

w:A”7 df [e|lv | O |_>T* clw! O

eval*T(c)(v :B7) = f lc|v |0, [e|w] O

w: BT if[C|U’D]<'—>T*(c\w\D><

w : A*) if (¢ | v O |_>T* c | w |

eval~(e)(v: A7) = flelv] D) e w] O
wi B i (] v] Demte | w | O)s

And the forward and backward evaluation functions are inverses of each other, hence

both are reversible total functions.

Theorem 3.8 (Il -reversible). @A0ca For allc: A< B,V : (A7, B7), and W : (B~, A7),
we have eval™ (¢)(V) =W iff eval_T(c)(W) =V.

Proof. To prove this, an additional lemma is needed:

Lemma 3.9. UA4da For all states o and o', if o —* o' then flip(c’) —* flip(o) where
(clv]r)a if o={c|v]kK)w

(clvlrs if o=(c|v]r)q

flip(o) = '
lclvlsly if o=lc]v]|xl
[clvl&ly if o=[c|v]kl,
Proof. By induction on the length of o —* o’. O

For all V : (A”,B") and W : (B~, A7), there are four cases:
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V=v>and W =w": If eval (c,V) = W then (c | v | O)p = [c|w | O].. By
Lemma @, [c|w | O, " {c|v|O)g, hence eval_T(c)(W) = V. The other direction
is similar.

e V=v7and W =w": Similar.

e V=2v"and W = w™: Similar.

e V=v"and W = w: Similar.

3.3 BIG-STEP INTERPRETER OF II-

In this section, a more efficient and more readable specification of a big-step interpreter is

described. The interpreter has the same signature as the evaluation relation in Def. @:
interp” : (A< B) - (A7,B7) —» (B7,A")

It may be called with a forward or backward value and may return a forward or backward

value making the specification somewhat long. The general structure is however simple:

e For base combinators, evaluation in each direction is identical to evaluation in the
I-interpreter: interp~(c)(v™) I d(c,v)™ and interp=(c)(v=) | 6T(c,v)".
e For @ there are four cases, the forward cases are identical to the corresponding cases

in the Il-interpreter:

— —

interp™(c1)(v”)  w interp™(c1)(v”)  w
interp™ (c1 @ c2)((inj; v)7) 4 (inj; w)~ interp™(c1 ® ¢2)((injo v)7) Y (injo w)™

And the backward cases are as follows:

“— “—

interp™(c1)(v7)  w interp™(c1)(v7) J w
interp™ (c1 @ c2)((inj1 v)7) 4 (inj; w)*< interp™ (c1 @ c2)((injo v)7) 4 (injo w)*<

e For ®, in the forward direction the evaluation starts from evaluating the first com-
ponent of the pair. The value of this first component may either be in the same

direction as the incoming pair in which case the evaluation continues with the second
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component as usual. If however the value of the first component is tagged with the

backward direction, the whole evaluation is completed and immediately returns the

result:
interp” (c1)(vy’) Y wy’ interp™(c2)(vy') I wy interp” (c1)(vy’) § w”
interp™ (c1 ® c2)((v1,v2)7) 4 (w1, w2)” interp™ (c1 @ c2)((v1,v2)7) 4 (w,v2)”

And the backward evaluation starts from the second component:

interp™ (c2)(vy) Y wy interp™(c1)(vi) § wi interp” (cz)(v3) 4 w”

interp™ (c1 ® c2)((v1,v2)7) 4 (w1, w2)” interp™ (c1 ® c2)((v1,v2)7) 4 (v1,w)”

The case for sequential composition c; §cs is the most interesting one. If the incoming
value is v, the evaluation first applies ¢; to v7; if the result is tagged in the backward
direction then the result is returned immediately.

interp™(c1)(v™) | w*©

interp~ (15 ¢2)(v”) b w™

Otherwise, the evaluation tries to apply cs to the result from c¢;. However, the result co
might be in the backward direction. To prepare for the possibility that the evaluation
goes backward, a handler is needed. The handler handler>>: (A <» B) - B — (B «
C) — (C~, A7) describes a state in which the intermediate value between ¢; and ¢y
is known and evaluation is about to start applying co in the forward direction.

interp~(c1)(v”) § w™  handlex>(c1,w™,c2) | V
intery (13 e2)(v) L V

If the result of cs is also in the forward direction, the handler returns the result, and

the evaluation of the entire sequential composition terminates.

interp™ (c2)(v™) J w™
handlex>(c1,v7, c2) J w™

If however, the result of evaluating co produces a value flowing in the backward di-
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rection, that result needs to be fed into ¢; in the backward direction. To prepare for
the possibility that ¢; might produce a value that makes the evaluation goes to the
state in between ¢; and ¢y again, yet another handler handler<: (A <+ B) — B —
(B <> C) — (C7, A7) is needed. This handler however describes a state in which the
intermediate value between ¢; and ¢ is known but the evaluation is about to start
with ¢; in the backward direction.

interp (c2)(v™) J w™  handle<t(cr,w™, ) § V
handle>(ci,v7,¢2) § V

If the result of applying c; is backward, the whole computation terminates.

interp™ (c1)(v7) | w*™
handle<i(ci,v 7, c2) | w*™

Otherwise, the evaluation goes to the state in between ¢; and co again, and handlert>

can be used in this case.

interp™ (c1)(v") $ w”  handlex>(c1,w™,e2) 4 V
handle<i(cy,v ", e0) § V

Using these two handlers, the backward evaluation can be easily implemented:

interp™ (c2)(v7) J w™ interp” (c2)(v) J w™ handle<i(ci,w,c2) § V
interp™(c1 § c2)(v7) Y w” interp™ (c1§c2)(v7) 4V

The flow of values in the case of sequential composition is intuitively described by the
H-shape diagram in Fig. @ Note that this is the same flow of values that happen
in both the geometry of interaction [4] and the Int-construction [28]. A priori, there
is no guarantee that evaluation will not bounce back and forth in an infinite loop but

Theorem guarantees termination.

e There are new cases for 7. that only accept values flowing backwards and flip the
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A~ c-

B~ B~
C1 (&)
B~ B~
A c~

Figure 3.5: II™ composition

evaluation direction:

interp™ (n4)(inj1 v™) Y inj2 (—v)” interp™ (4)(inj2 (=v)7) Jinjy v

e There are new cases for £ that only accept values flowing forward and flip the eval-

uation direction:

interp™ (e4)(inj1 v7) 4 injs (—v)” interp™ (¢4 )(inj2 (—v)™) Y inji v

Theorem 3.10. @40da For all ¢ and V', interp™ (¢)(V') | eval™ (¢)(V).

Proof. By induction on c:
e cis a base combinator or id<»: By analyzing all possible cases.
e ¢ =1 ®ce: By analyzing all possible cases and the inductive hypothesis.
e c=c1 D co: By analyzing all possible cases and the inductive hypothesis.
e c=c13¢cy where cq : A<+ B and ¢y : B <> C: There are two cases:
— V =v7: If eval™ (¢1)(v™) = w*, then by the inductive hypothesis interp™ (c1)(v™)
w. Hence eval™ (c1 §¢c2)(v™) = w™ and interp™(c1 §c2)(v™) | w™. Otherwise,

eval” (c1)(v”) = w™ and there are two possible cases of eval™ (¢ §¢2)(v™):

* eval (c1§¢c2)(v”) = w”: An additional lemma is needed for this case.

Lemma 3.11. UAxca For any n € N and b : B, the following hold:
1. If[er | b ] (O3co)@O, =" [c15ca | w | O, then handlex>(ci,b™,c2) I

—

u .

2. If (co | b| (c130)@0) 4 =" [c15c2 | u | O], then handle<i(c1,b",c2) § u™.
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Proof. By induction on n:

n = 0: No such execution exists, so it is vacuously true.

n > 0:

1. Assume [c1 | b | (O3co) @O, —* [c15¢2 | w | O, and its length is n.
There are two possible outcomes of eval™ (c2)(b7), if eval™ (c2)(v™) =
2~ then

[er [ 0] (O5co) 0], =" [ersea [ =[O,

Since a II”-machine is deterministic so x = u and interp™(c2)(v™)

u~ . Hence
interp™ (c2)(b7) J u™
handler>(c1, v, ¢ca) § u™

If eval™ (c2)(v™) = x then

[er [b] (O5co)@O], =" {ea [z ] (cr50)@D)q =" [cr5ce | u| T,

The length of (¢ | x| (c150) @ 0)4q —* [c1 §c2 | uw | O], is less than n,

so by inductive hypothesis handle<i(cy, b7, ) |} u~. Therefore

interp” (c2)(v™) J = handle<(ci, 27, ¢c2) I u™
handlex>(c1,v7,¢o) 4 u™

2. Similar.

Since eval™ (¢1)(v™) = w™ so interp™ (c1)(v™) J w™ and
(1o [v ][O =" [cr |w]| (Of5c) @], =7 [er§ea | u| D]y

By Lemma , handler>(cy,w™, ¢2) | u”. Therefore

interp™ (c1)(v™) J w™  handlex>(c1,w™,¢c2)  u™

interp™ (c1 5 c2)(0™) b u

x eval” (c1§c2)(v”) = u: Similar.
— V = o7 Similar.
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e ¢ =¢c;: By analyzing all possible cases.

e ¢ =r1,: By analyzing all possible cases.

3.4 COMPACT CLOSED CATEGORY

This section will show that II~ indeed forms a compact closed category.

Theorem 3.12. @4xda The category (C,+,0) is a compact closed category where
e Obj(C) is the set of II™ types,
e Hom(A,B) ={[c]~|c: A+ B}ﬂ , and

e dual objects —A for every A

Proof. Composition in C is the concatenation of combinators _ §_ ; the identity morphisms
are the equivalence classes of id<+ at each type. The basic properties of identity morphisms
eval™ (id<> § ¢) = eval™ (¢) = eval™ (c§id<), for all ¢, are straightforward by appealing to
the interpreter instead of the abstract machine. The associativity of sequential composition

is diagrammatically depicted in Fig. @ where it is intuitively clear that composition is

associative.
A~ D~
BT B~ C< (O
Cc1 C3
B~ BT C~ ce
A D~

Figure 3.6: Associativity of II™ composition

The proof of associativity of composition requires a bisimulation between the different ex-
ecution traces of the abstract machine. There are two possible inputs ¢~ and b, only a”
case will be considered here; the other case is similar.

Let 09 = (c15(c28c3) | a | O)s and for each n, let o, be the state reachable after n steps

oo —" op. Define T as follows such that T'(oy,) —* T'(0p+1) whenever o, — oy y1:

!The definitions of ~ and [c]~ are the same as in Definition and
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T({c15(c2ses) | v|D)a) = ((crsez)ses|v|Da
T((c|v]...(O5(c25¢3))@D)a) = (c|v]|...(O5c2)@(05c3)@D0)a
T({casecs|v| (cr50)00)a) = (ca|v](cr50)e(05c3)@0)q
T((c|v]...(O3c3)@(c150)@0)a) = (c|v]|...(c1350)e@(O5c3)0M0)g
T{clv] ...(ces0)@(cr30)@0)y) = (c|lv]|...((c13c2)s0)@O0)y
([ers(eases) [v]Oly) = [erser)ses| oDy
(efvl]...(O3(c25c3)) @]y = [cfv]...(O5c2)e(T5c3)00],
T(casez|v | (crsO)e0),) = [ea|v]|(c150)e(O5¢3)00),
T(clv]...(O3c3)o(c1¢0)e0,) = [c|lv|...(c130)e(05c3)00,
T(lelv| ...(c2s0)@(c1s0)00],) = [c|lv]|...((c15¢c2)50)@0O],

By Lemma @, the transition steps starting from o end in one of two possible final states.

If:

(c13(c23¢3) [a|O)p =" [e15(cases) |v |0
the corresponding evaluation on the re-associated combinator can be obtained:
T(o0) =((c15c2)5¢c3 | a| Oy =" [(cr5e2)5es | v | O
Otherwise:
(c13(c23es) | a| D) =" {e13(c2ses) [ v ]| O)a

therefore:

T(o0) = ((c15¢2)5¢3 | a D) =" ((c15c2)§e3 | v | D)q

After checking that C is indeed a category, it remains to verify that (C,__+_) is a rigid
symmetric monoidal category. It is straightforward to confirm that the right unitors are

definable using the left unitors and braiding:

unitex] 10+ A< A: unitiyl

unite;r = swapy gunitesl : A+ 0+ A: unitipl§swapy = unitiyr

All the remaining coherence conditions are straightforward to check (some require bisim-

ulation proofs similar to the above) and are omitted here. O
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Given that II™ is a reversible language, one might wonder if the category above forms a
groupoid where every morphism f has an inverse f~! such that fsf~! ~ f=lsf ~ id<s like II.
Unfortunately, this is not the case as there is no combinator ¢ such that £, $¢ ~ id«>. But for

each morphism f there exist morphism f~! such that fsf~tsf ~ fand f~lsfef ' ~ f1:

Theorem 3.13. UAgde For any morphism f in The category C defined in Thm. , there

exists f_1 such that f;f_lsf ~ f and f_li;fsf_1 ~ f_l.

Proof. To prove this, the definition of the inverse of each combinator is needed. However,
the syntactical inverse in [12] does not work because _ ® _ is not symmetric in II7. The

inverse that does work is as following;:

le = ¢ if ¢ is base combinator, where ¢’ is ¢’s dual
lide» = id+<
!(Cl & CQ) = leg ®ley
er ®co) = swaps. ¢ (lea ®lep) ¢ swap.
!(Cl 5 CQ) = ley 9 e
Iy = &4
ley = ny

Two lemmas about ! are needed:

Lemma 3.14. @Ada For all ¢, ¢ ~ !(l¢).

Proof. By induction on c. O
Lemma 3.15. UA4gdo For all v and vy, eval™ (¢)(v1) = ve iff eval™ (lc)(va) = v1.

Proof. By induction on c. O

Two things need to be proved:

1. &slegec ~ c: for all V, there are two cases, only V = v~ will be considered here, the

other case is similar. There are two possible outcomes of eval™ (c)(v):
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o eval (c)(v) = w™: By Theorem and Lemma , interp™(c)(v™) { w™ and

interp™ (le)(w™) | v~. Hence

interp™ (c)(v™) J w™
interp™ (l¢)(w™) | v~ handlex>(le,v™,¢) J w™
interp~ (lege)(w™)  w™
interp™(c)(v™) J w” handle>(c,w™,lcsc) | w™

interp~ (cglege)(v™) I w™

o eval (c)(v) = w: By Theorem 3.1 and Lemma , interp~(c)(v™) | w*.

Hence
interp™ (c)(v™) | w™

interp~ (cglege)(v™) I w*

2. lescgle ~le: Using 1. and Lemma :
legesle ~ legllle)sle ~ le

O]

However, the inverse is not unique so it is not an inverse category [17,29]. Consider the

combinator h = id<> G e:

D2

There are two combinators that satisfy the conditions:

o hy =id<> @ ny: See Fig.@.

e hy = (id> ®1,) 3 A+[B+C]=C+[B+A]: See Figh.d.
Obviously, id« @ 4 o (id<> @ 1) § A+[B+C]=C+[B+A].

An immediate consequence of the construction of a compact closed category is that
we can define internal hom objects. Specifically, we get a bijection between A < B and
0 <» (—A+ B) allowing any combinator A <> B to be used as an object converting demands
for values of type A in the backward direction to productions of values of type B in the

forward direction. The internal hom is not the familiar exponential object because the
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Figure 3.7: id<+ @ 7 satisfies the inverse conditions for h.

****************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

*****************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.8: (id<> @ 1) § A+[B+C]=C+[B+A] satisfies the inverse conditions for h.
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relevant tensor is 4+ not x. In this context, the evaluation map is a combinator of type
(—A+ B) + A <> B and “currying” converts the combinator on the left to the one on the

right in the diagrams below:

4 c
4 c ++
o
B B

Operationally, the significance of this “currying” is as follows. On the left, f expects
either a value of type A or a value of type B. The caller decides. On the right f speculatively
opts to receive only values of type A. If the caller provides a value of type A, then f produces
a value of type C' as before. A value of type B can still be supplied but after backtracking

and entering f in the backward direction.

3.5 EXAMPLES

This section will introduce some example I~ programs, which demonstrate the usage of

negative types. The first example is zigzag:

zigzag : B+ B

zigzag = unitiy| § (ny @ id>) ¢ + +
[A+B]+C=[C+B]+A s n-(+ +>s>

(e+ @ id<>) 5 unitey|

Execution starts in the forward direction. When 7, @ id<> is first encountered, the
evaluation proceeds to the right following id<» until it reaches £, @ id<». At that point,
the evaluation reverses with a negative value. Eventually, the evaluation reaches 7, @ id<+
again but this time in the reverse direction. The evaluation then flips direction again and
terminates with the same input we started with. Indeed this circuit implements one of
the coherence conditions for compact closed categories which essentially states that 7.
following by e is the identity. Since II~ forms a compact closed category, as explained in
Section @, a combinator can be converted to a higher-order value, and then these values

can be composed, curried, and applied:
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A—, B=-A+,B

hof-: {A B: U} — (A< B) = (0 <+ A —4 B)

hof- ¢ = 14 ¢ (¢ @ id<>) ¢ swapy

comp-: {ABC:U} = (A —y B) +, (B—oy C) < (A —y ()

comp- = assocly § (assocry @ id«>) ¢ ((id<> @ 1) @ id<>) § (uniteyr & id<>)

curry- : {ABC: U} - (A+, B+ C) - (A B—y ()

curry- ¢ = unititl § (ny @ id<>) § swap, § assocly § (¢ @ id+>) § swapy

app-: {AB:U} - (A—y B)+, A+ B

app- = swap § assocly ¢ (e4 @ id<>) § unitel

Negative types can also be used to build expressive and more efficient data structures.
Consider an enumeration consisting of exactly 2047 elements. Two extreme representations
would be to use an inefficient “wide” sum type: or a product type of 11 booleans with some
informal convention that one of the elements is unused. With negative types, we can use a
type “2' —1” that combines the efficient product type while at the same time enforcing the

“911 _1” representation

convention that one of the elements is unused. The advantage of the
over the wide sum type becomes apparent when writing functions that manipulate either
type. For example, to increment a value represented in the additive representation takes

“211 _1” representation

32721 machine transition steps whereas the same operation over the
only takes 3453 steps.

To more clearly see the role that —1 plays in this setting, let’s consider a smaller example
that only contain three elements (1 + 1 + 1). This can also be represented by a pair of
booleans (representing values 00, 01, 10, and 11) minus one element (11) leaving only three
values (00, 01, and 10) in the type. The goal is to write a function that increments the three
values mapping 00 — 01, 01 — 10, and 10 — 00. This can be achieved using INCR : B? < B2

as shown in the diagram below:
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C—l —1)
11 11

injo (ian tt)—>10 10 >injo (inj2 tt)
injo (inj tt)———— 01 01 >injo (injp tt)
inj; tt—— > 00 00 >inj; tt

When given the inputs 00 and 01, INCR performs the desired action. But when given
input 10, INCR produces the excluded element 11: this triggers a backtracking action feeding
the value 11 back into INCR producing 00 as the final result.E

The final example is an implementation of a for-loop. Since II~ forms a compact closed

category, so a trace operator can be defined:

trace; :V{ABC} - (A+,C<+< B+, (C)— A+ B

tracey f= unitiyr g (id<> @ ny) ¢

,
assocly ¢ (f @ id<>) § assocry § ,]+<)+ + ey

(id<> @ 1) ¢ uniteyr

Given an input a, the execution of (trace, f) starts by applying f to inj; a. The result of
f can either be of the form inj; b or injo c. In the first case, the evaluation terminates with
result b. In the second case, the evaluation proceeds backwards re-entering f with injs ¢

and repeating the process. It is equivalent to the following circuit:

. J— —d —

o | ]

By Theorem @ the execution is guaranteed to terminate, so the number of copies of
f is bounded and the trace operator realizes the functionality of a bounded for-loop. To
demonstrate how to use the trace operator, a combinator that behaves like the following

pseudo-code will be presented:

for (b=F; F(b)=(T,_); b++);

The loop maintains a tuple of booleans representing a binary number that starts at 0 and is

2In general, using negative types, we can build an n-element wrap-around counter using an n + k wrap-
around counter for arbitrary k.
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incremented at each step using the circuit INCR. In each iteration, the current binary number
is passed to a function F' and the loop terminates when the first bit of F’s return value
is T. The corresponding II~ program will take the form LOOP(F)(F,F,...,F) where LOOP
takes an n-bit reversible function to construct an n + 1-bit reversible function. To maintain
reversibility, a common design pattern of reversible programs compute-copy-uncompute [0,
43] is used. In more detail, in each iteration, F(b) is computed, and the result is copied to
an auxiliary wire using COPY, and then F' will be run backwards to uncompute its result
restoring the original b. After the copy operation and uncomputing the action of F, the
auxiliary wire still holds the copied value and can be used to decide whether to terminate

or continue the loop. If the loop continues, we use RESET to reset the auxiliary wire to F

in preparation for the next copy operation.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

! 1 1
N N 7 F
F i ; ) F
by ‘ — o — disf by
‘ RESET COPY| S
B | : LAk SR
bn, : 1 I \ bn
1 T
e\ ;*; 7777777777777777777777777777777777777777

LOOP : ¥V {n} - (B n<+ B n) — (B x, B n<+ B x, B" n)
LOOP {0} F = id+s
LOOP {1} F=id+> @ F
LOOP {suc (suc n)} F =
trace; ((dist @ id<>) ¢ [A+B]+C=[A+C]+B ;5 (factor & id<) s
((RESET 3 (ide> @ F) 3 COPY g (ides © | F)) @ ides) 3

(dist @ id+) 3 [A+B]+C=[A+C]+B 3 (factor & (id<> @ INCR)))
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Note that, similar to loop unrolling it is possible to build an equivalent circuit in plain
II but at the cost of replicating 2™ copies of the circuit controlled by the trace operator.
Negative types enable II™ to compute iteratively without unrolling the whole computation

which leads to exponential size combinators.
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CHAPTER 4

FRACTIONAL TYPES

Aiming to construct a compact closed category with multiplicative duals, this chapter will
propose a reversible programming language ITI/. The analogy to the additive case suggests
the introduction of two combinators 7). and e, witnessing the isomorphism 1 <+ A x (1/A).
The situation however is more subtle than before for at least two reasons. First the empty

type 0 must be excluded from this extension as otherwise we would have:

1 + 0x1/0 by 7.

~ 0 by absorbr

The second subtlety can be appreciated as soon as one attempts to define the operational
semantics for 7.. The application of 7, to tt at type B must return a pair whose first
component is a boolean, but which one? One approach is to hardwire a default value for
each type: 7, will allocate space initialized with hardwired value and a GC token and e, will
de-allocate them. However, this does not satisfy the snake diagrams. Assume that we

hardwire F for type B:

Hence, it is not equivalent to id<>. Inspired by [26], we found that using pointed types
can resolve the two issues at once. Instead of introducing 7, and e, indexed by types, we
introduce ’r}*‘“A and ,%4 which are indexed by values. This solves the problem about 1/0

because there is no inhabitant of 0, and it satisfies the snake diagrams:
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This chapter will propose an extension of II based on this approach. The structure of this
chapter is given as follows:
e Section @ will introduce the syntax of II/.
e Section @ will introduce the abstract machine semantics of II/ and study its proper-
ties.
e Section @ will describe a big-step interpreter of II/ which provides an efficient im-
plementation.
e Section @ will show that the pointed II/ does form a compact closed category.
e Section @ will provide some example II/ programs, which demonstrate the usage of

fractional types.

4.1 SYNTAX OF II/

The syntax of II/ extends II via adding fractional types and combinators 7,%4 and =,%4,

and is given in Fig. @

Value types t ou= O|1|t+t]txt|d
Values v ou= tt]injv|injv | (v,v) | O
Combinator types tet
Combinators ¢ == uniteil | unitiyl | swap; | assocly | assocry
| unite,l | uniti.l | swap, | assocl, | assocr, | absorbr | factorzl
| dist | factor | id<s | c3c|cDe|ec®c]|nyt el
Programs p u= cv

Figure 4.1: II/ syntax.

The inhabitant of a fractional type % is just a GC token which does not contain any
information since all the information is already in its type. The typing judgments of values

are given in Fig. @ And the typing judgments of combinators are collected in Fig. @,
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where 7,%4 and £,%4 have type 1 < A X %. With the two new combinators, the pointed
II/ forms a compact closed category. In Sec. @ the operational semantics of II/ will be
given and Sec. Q will show that it indeed forms a compact closed category.

v1 il vy : to v

’Ulitl ’Ugttg

e |IRr| ~

tt: 1 (Ul,vg) 1t X 1o injp v1 =ty + to injo vo 1ty + to

Figure 4.2: Typing judgments of II/ values.

id> : t «— t Dide»
unitey | : O+t < ¢ s unitigl
swapy : t14+12 < to+1t : swap4
assocly @ t1+ (ta+1t3) < (t1+1t2) +t3 : assocr
unite,l : I1xt < t s unitiyl
swaps : t1 Xty < 19 Xt : Swapsx
assocl, @t X (to X t3) <> (t1 X t2) X t3 : assoCry
absorbr : Oxt < O0 : factorzl
dist : (tl + tg) X t3 (tl X tg) + (tg X t3) : factor
n*“:A : 1 & A+ % : g, %A

}_Clitl(—>t2

I_Cgttz(—)tg

"Clitlﬁtz

}_Cgitgﬁtzl

Fclttl(—)tg

Fey:itg <ty

Fergco:ty < ts Fei®eg:ty+tg < to+1y Feil®eco:ty Xtg 4>ty Xty

Figure 4.3: Typing judgments of II/ combinators.

4.2 ABSTRACT MACHINE SEMANTICS OF II/

This section will give the abstract machine semantics for II/. All combinators from II will
still have the same operational semantics as 1I; what’s left are the two new combinators
n*“:A and £,%4,

As described at the beginning of this chapter:

o 7.%4: Tt will allocate a space for type A initialized to a and a GC token. The GC

token does not carry any information because all the information is in its type O: %:

a
,,/*a:A (
O

o £,%4: Tt will deallocate the space and the GC token. However, to maintain the

reversibility, it is required to check that if the value has been reset or not:
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If a = @ then it will de-allocate both inputs, otherwise it throws an exception.

Since the computation might fail, a failure state need to be added:

Definition 4.1 (II%machine states). A II%-machine state o is either:
e An enter state: (¢ | v | k) where c: A< B, v: A, and k: CONTA4B.
e A return state: [c | v | k] where c: A<> B, v: B, and k : CONTA4B.

o A fail state ® which can make no progress.

The transition rules for the II/-abstract machine are given in Fig. @ They contain all
the transition rules for II and three additional rules for n*a:A and £,%4. In rule 13 & New
pair is created with the given value and a GC token. In rules —14 and — 5 if the value
reaching £,%4 is the expected value then it is collected; otherwise, the machine enters the

failure state.

(clv|k) =1 lc|dlc,v)| K] for base combinators ¢
(id<> | v | k) o [ide |v] K]
(c15ca|v| k) w3 (cr|v]|(O5c2)okK)

[ci |[v](O3co)ok] =7 (e2|v|(c130) k)
[ [z ]| (O®@[co,y]) @k] =5 (c2|y]([c1,2]®0)e@kK)
[ |y | ([er,z] @O)@K] 9 [c1®ec | (2,y) | K]
[ca|v] (c130)@K] 10 [c1dca]| v ]| K]
[c1 |z | (O®c2) oK 11 [c1Dea|inji x| K]
2|y |(cr@®D)ek] =12 [c1@ea|inj2y | K]
At k) a3 [0 (v, 0) | K]
(2.4 | (02,0) | K) s [2.04 | tt | K] if v1 = vo
<E*U1:A | (1)2,@) | Ii> 15 X if V1 75 V2

Figure 4.4: II/-abstract machine

The machine transition relation is both forward and backward deterministic.
Lemma 4.2 (H/-forward deterministic). @Aoda If o+ o1 and o — o9 then o1 = 09
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Proof. By checking all transition rules. O

Lemma 4.3 (H/—backward deterministic on proper states). U40dc If o +— o, 09 — 0, and

o # K then o1 = o9
Proof. By checking all transition rules. O

There is no transition rule from X, hence the machine is a partial reversible abstract

machine. There are two possibilities for stuck states:

Lemma 4.4 (Stuck). UAcda If o is stuck (Po’.c +— o’ ), then either o = [c | v | O] or o = X.

Proof. By case analysis on all possible states. O
So the definition of evaluation for II/ needs to consider the two possible outcomes.

Definition 4.5 (II/-forward evaluation). The evaluation of ¢ : A <+ B is eval/(c) : A —

B U {error} where

eval (c)(v1) = v2 if (clvr [ O)="[c] v |0
error if {c ] vy ’ 0) —* X

Using Lemma @ and the non-repeating theorem for partial reversible abstract machine,

the totality of eval/ (¢) can be proved:

Theorem 4.6 (II/-termination). @40 For all II/ -combinators ¢ : A <+ B and vy : A,

either there exists vy such that eval! (¢)(v1) = vy or eval/ (¢)(v1) = error.

Proof. The set of reachable states starting from (¢ | v; | O) is finite. By Theorem m no
state repeats, hence the evaluation must eventually reach a stuck state . By Lemma @,

either 0 = [c¢ | vy | O] or 0 =K. O

Since the machine is a partial reversible abstract machine, combinators can also be evaluated

backwards:
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Definition 4.7 (II/-backward evaluation). The backward evaluation of ¢ : A < B is

eval/T(c) : B — AU /{error} where

/1 v2 i [e]o | Ol e | v | D)
eval’ (c,v1) =
error if [c | v1 | O] =" [.924 | (v3,0) | k] where va # v3

And the forward and backward evaluation functions are inverses of each other:

Theorem 4.8. UAxda For allc: A<+ B, v1 : A, and vy : B, we have eval/(c, v1) = vy iff

eval/T(c, vg) = V1.

Proof. If eval/ (¢c,v1) = vy then (¢ | vy | O) —* [¢ | vo | O]. By definition of —T, we have

[c| vy | O] —1"(c | v | O). Hence eval/T(c, vg) = v1. The other direction is similar. O

4.3 BIG-STEP INTERPRETER OF II/

The semantics of II/ is particularly simple to define using a high-level interpreter of type:
interp : (A <> B) — A — Maybe B

The interpreter is a monadic version of the Il-interpreter, which is given in Fig. @ In the

definition, >= is the bind operator of maybe monad [g].

interp/ (¢)(v) = just §(c,v) ¢ base combinator
interp/ (c1 @ ez)(inj1 v) = interp/ (¢1)(v) == (A\x — just inj; z)
interp/ (c1 ® ¢c2)(inja v) = interp/ (c2)(v) = (A — just inj, x)
interp/ (id<)(v) = justw
interp/ (c1 5 ¢2)(v) = interp/ (c1)(v) >=
(Az — interp/ (c2)(z))
interp/ (c1 @ c2)((v1,v2)) = interp/ (c1)(vy) >=

Az — interp/ (c3)(vg) >=
(Ay — just (z,y)))

mterp/(77*”“4)(tt) = just (v,0)
interp/ (2,774 ((v2,0)) = just tt V1 = Vg
interp/ (2."7)((v2,0)) = nothing V1 # vy

Figure 4.5: II/-interpreter

Theorem 4.9 (II/-interpreter). @4cde For all c: A< B, vy : A, and vy : B

63



e eval! (¢)(v1) = vy iff interp/ (¢)(v1) = just vy

o eval/ (¢)(v1) = error iff interp/ (¢)(v1) = nothing.

Proof. By induction on c. O

4.4 COMPACT CLOSED CATEGORY

Since 7). and e, are indexed by values, the operational semantics for fractionals does not
form a compact closed category directly. Inspired by the relational models of the geometry

of interaction [26] we will build the appropriate category (groupoid actually) using pointed

types.

Theorem 4.10. UAgde Let ~, be the following equivalence relation on combinators ci,co :
A <> B such that ¢ ~ ¢y iff eval’ (c1)(a) = eval/ (¢2)(a). ~q identifies combinators with the

/

same behavior on a certain point 'a’. We define the category of pointed types (C*, x,1) as

follows:
e Obj(C*) are of the form (A,a) where A is a Il -type and a : A,

e Hom((A,a),(B,b)) =[c: A< Bl., where eval/ (c)(a) = b, and

a

e dual objects (1/a, D) for every (A,a)

The category (C*®, x,1) is a compact closed groupoid.

Proof. The composition is the concatenation of combinators _ §_ , this is valid because if
[c1] € Hom((A,a),(B,b)) and ¢; € Hom((B,b),(C,¢)) then we have eval/(¢1)(a) = b and
eval/ (¢2)(b) = ¢, hence eval (¢1§¢z)(a) = . And it automatically satisfies the associativity
because ~, only check the evaluation behavior on point a. For every object (A, a), we have
[id<+] € Hom((A,a),(A,a)) which satisfies the basic properties of identity morphisms.
After checking that C*® is indeed a category, it remains to verify that (C®, x,1) is a
rigid symmetric monoidal category. It is straightforward to check that the right unitors are

definable using the left unitors and braiding:

unite,] 1 x A< A: unitiyl

unite,r = swap, junite,l : A x 1<+ A: uniti,l § swap, = uniti,r
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All the remaining coherence conditions are straightforward to check and are omitted
here.

To show that C® is a groupoid, the definition of inverse of combinators is needed:

e = (¢ if ¢ is base combinator, where ¢’ is ¢’s dual
lide+ = ide
!(01 D CQ) = leg ®ley
!(01 X Cg) = leg ®ley
!(Cl 5 C2) = leg gl
|,,]*a:A = £, A
le @A — 7]*(1:14

It is straightforward to check that for all a : A and b: B, eval/ (c1)(a) = b iff eval/ (1¢)(b) =
a. O

4.5 EXAMPLES

This section will introduce some example I~ programs, which demonstrate the usage of

fractional types. The first example is zigzag:

zigzag : B+ B

zigzag = uniti,l § (9. F ® id<>) ¢
[AxB]xC=[CxB]xA g nf:'BC )S*HB

(e+ F ® id<>) § unite,l

If the input is F then GC will succeed. Otherwise, it will throw an exception since the value
does not match the index of £,.7B.
Since the pointed II/ forms a compact closed category, as explained in Section @, a

combinator can be converted to a higher-order value, and then these values can be composed,

curried, and applied.

_—ou_{A: U} = (v:[A]) = (B:U)—>U

v—o, B=1/vx, B
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hof/ : {AB:U} - (A< B)— (v:[A]) = (1L <> v—o, B)

hof/ c v =1, v (c ® id<) ¢ swap.

comp/ : {ABC:U}{v:[A]} = (w: [ B]) = (v—ox B) xy (w—0, C) <> (v—0, ()

comp/ w = assocl, ¢ (assocr, ® id<>) § ((id+> @ e, w) ® id«>) ¢ (unite,r ® id«)

curry/ : {ABC:U} - (Ax, B+ C)— (v:[B]) = (A+ v—o, ()

curry/ ¢ v = uniti.l § (7. v ® id<>) ¢ swap, § assocl, § (¢ ® id<>) § swap,

app/ : {AB:U} = (v:[A]) = (v—ou B) x, A< B

app/ v = swap, § assocl, § (e, _ ® id<>) ¢ unite,l

The most important construction from compact closed categories is trace, which provides

a scoped allocation mechanism:

trace, : V{ABC} = [C]— (4 x, C+ Bx, 0)

— A+ B

trace, v f = uniti.r ¢ (id<> @ 7. v) eb—o e

aC LoaC
T)x "\ /‘S*C

g assocl, 3 (f ®@ id«) ¢ assocr,
¢ (ide @ e, v) ¢ unite,r
In the trace, f : AxC < Bx(C is allowed to use the value ¢ : C' during the computation. To
maintain reversibility, it is required that f resets the value back to ¢ when the computation

is finished, otherwise it will throw an exception. This is similar to:

« Quipper [24];
with_ancilla :: (Qubit -> Circ a) -> Circ a

The operator takes a block of gates parameterized by an ancilla value, allocates a new
ancilla value of type Qubit initialized to |0), and runs the given block of gates. At
the end of its execution, the block is expected to return the ancilla value to the state
|0) at which point it is de-allocated. The expectation that the ancilla value is in the

state |0) is enforced via a runtime check.
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o Ricercar [@] The expression az.A allocates an ancilla wire x for the gate A requiring
that x is set to 0 after the evaluation of A as the following rule of the operational

semantics shows:

okFz—b ol —0FA—o oFz—0

ot ax.A— o[z — b

where o is the global memory mapping each variable to its value and — represents
the transition relation.
Fractional types provide more flexibility than the scoped mechanism. The GC token can

be used whenever the value matches:

_-F+ HF.
n*F:[B'/ v . F:B
. \

Exchange : 1 < 1
Exchange = uniti,r § (id<> @ uniti.r) ¢ (id<> @ 0. {B} F @ 1. F) 3
(id<» ® [AxB]x[CxD]=[CxC]x[AxD]) s

(id» @ e, F @ e, [) g (id<> @ unite,r) § unite,r

The upper F is GCed using the GC token generated by the lower 1,"'B, and the lower [ is
GCed using the GC token generated by the upper 7."*B. And the value does not require to

be reset to its initial state; it only requires matching values:
E: .
n*T:[B( 1, TB

Exchange’ : 1 <+ 1

Exchange’ = uniti.r § (id<> @ uniti,r) ¢ (id<> @ 7. T ®@ 0. F) ¢
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(ide> @ (((NOT @ id¢+) @ (NOT @ id¢+)) §

[AxB]x[CxD]=[CxC]x[AxD])) s

(id> @ . T @ e, [) g (id<> @ unite,r) § unite.r

The upper T does not need to be reset back to T. Instead it is flipped to F and GCed using

the GC token O: %.

An application of fractional types is the construction of 4-bit Toffoli gates from 3-bit

Toffoli gates [] :

TOFFOLI

toffoli4 : B~ 4 <« B 4

TOFFOLI

TOFFOLI

toffoli4 = trace, [ ([AxBxCxD]xE=[AxBxE]x[CxD] ¢ (toffoli @ id<) ¢

[AxBxE]x[CxD]=[AxB]x[CxExD] ¢

(id<+ @ toffoli) s

I [AXBXE]x[CxD]=[AxB]x[CxExD] ¢

(toffoli @ id<+) ¢ I [AXxBxCxD]xE=[AxBxE]x[CxD])

The ancilla wire e carries a xzor b after the first Toffli gate (e = a xor b xor F = a zor b),

and it is used to compute the result of the 4-bit Toffoli gate (d = ¢ zor e = ¢ xor a xor b).

The last Toffoli gate resets e back to F (e = a zor b xor (a xzor b) = F). In chapter E, we

will use fractional types to provide enough fresh variables for a SAT solver.
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CHAPTER 5

FIELD OF TYPES

In this chapter, we will put negative and fractional types together to form a new language

Q. TI? allows us to use both effects in our programs. To demonstrate the expressiveness

of IR, we implement a SAT solver in II® via exploiting both trace operators from II~ and

/.

The structure of this chapter is given as follows:

5.1

Section El! will introduce the syntax of II%.

Section @ will introduce the abstract machine semantics of II®, and study its prop-
erties.

Section @ will describe a big-step interpreter of II® which provides an efficient im-
plementation.

Section @ will provide some examples of II® programs and the implementation of a

SAT solver.

SYNTAX OF II®

The syntax of II™ extends II via adding negative and fractional types. Four combinators

(N4, e, 7Y and £,Y?) are added; the syntax is summarized in Fig. El]

The typing judgments are the same as in II~ and II/ and are given in Fig. @ and @

5.2

ABSTRACT MACHINE SEMANTICS OF II®

This section will give an abstract machine semantics for II®. In order to manage negative

types, normal machine states need to contain direction. And a failure state is also needed
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Value types t o= O|L|t+t|txt]| —t|2

Values v ou= tt]injiv]|injv| (v,v) | —v| O
Combinator types tt

Combinators c unitey | | unitip| | swap, | assocly | assocr

unite,l | uniti.l | swap, | assocl. | assocr, | absorbr | factorzl
dist | factor | id<> | csc|ec@c|c®e|ny | e | 0t | &b

Programs P cv
Figure 5.1: TIR syntax.
vyt vy ity vt vy 1o vt v:t
tt: 1 (’111,1)2)1151 X to injp v :t1 + 1o injo v2 1 t1 + 1o —v:—t :%
Figure 5.2: Typing judgments of IIR values.
ide> : t & t Dide
unitepl : O+t < t s unitiygl
swapy : t1+1ta <& ta+1t 1 swap4
assocly @ty + (ta+1t3) < (t1+1t2) +1t3 : assocr
unite,l : I1xt < ¢t s unitigl
Swapy : t1 Xty < 19 Xt T Swapy
assocl, @t X (tg X t3) <> (t1 X t2) X t3 1 assoCr,
absorbr : Oxt < O0 : factorzl
dist : (tl + tg) X t3 <> (tl X tg) + (tz X tg) : factor
Ny 0 < t+ (-1t o
n*a:A : 1 < A+ % : g, 5A
F612t1<—>t2 F622t2<—)t3 Fclitlﬁtg FCQZigthl Fclttl(—>t2 F622t3<—>t4
Feigeo:ty < ts Fei®eg:ty +t3 < to+1y Feil®eceo:ty Xtg 4ty Xty

Figure 5.3: Typing judgments of II® combinators.

for fractional types. The definition of extended machine states is:

Definition 5.1 (II%machine states). A II®-machine state o is either:
e An enter state: (¢ | v | k)q where c: A<> B, v: A, K: CONTAwRB, and d € {>>, <}.
o A return state: [c | v | k], where c: A< B, v: B, K: CONTAwpB, and d € {>>, <}.

o A fail state X which can make no progress.

Fig. @ gives the transition rules of the abstract machine. It contains all of the transition
rules from II, I~ and II/. In addition, we need to add backward transition rules for N,V

and £, (rules 20,21, and 22).
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For base combinators c:

(elv]re

(id<> | v | k
(cr5ea |v |k
(a@®c|inia |k
(c1@eg |inj2y | K
(a®@cr| (z,9) | &

=2

>
>

L Ll

1101 @3es
ler |z | (O® [c2,y]
ez |y ([er,2] @D

[e2|v](c15D

The machine transition relation is both forward and backward deterministic for normal

states.

Lemma 5.2 (II%forward deterministic). @4oda If o+ oy and o +— o9 then o1 = oy
Proof. By checking all transitions.

Lemma 5.3 (II®backward deterministic). @4cda If oy +— o, 09 + o, and 0 # X then

o1 = 09

Proof. By checking all transitions.

There is no transition rule from X, hence the machine is a partial reversible abstract

L

w

o || DeBcz)

N

Ll

=

o |z D®[027U])’“>>

asal y)l

cr®er|injx \ K]y

[e]v] sl

ide v ] &]

(e1lv] (@5c2) @r)q

(1 ]z | (OB c2) @K)q
(2 |yl (cr®D)er)q
{e1 |z | (O®[ca,9]) @ k)
(ez |v] (c13D)@K)q

(2 |y | ([er,2]®@0) @)
[r®ea | (2,y) | K,
[ersea | v] sl

et @eo | inji x| K,
[er@ea |inj2y | K],

[ | injz (=) | ¥l
[ | injy v | Al

Figure 5.4: TI®-abstract machine transition rules

machine. There are three possibilities for stuck states:

Lemma 5.4 (Stuck). UAcdo If o is stuck (Bo'.c — o’), then either o

o=lclv |0, orc=KX.
Proof. By case analysis on all possible states.

So the definition of evaluation for II® needs to consider the three possible outcomes:

QRUCHDE

bhlrlrd =

3

RN D®[<‘27 ]

o

lea v LHD)CH]
ez | (ODc2) o],
[e2 ]y | (ct@D)@k]

15)

rhh b

1

1

(¢ ]v]DOq



Definition 5.5 (II%-forward evaluation). The evaluation of c: A < B is

eval®(c) : (A”,B7) = (B~, A7) & {error}

where

w:B” dif{c|v|O)p—="[c|w|0O

eval®(c,v : A7) *le|w|DO)q

)
w: AT if(c|v|O)p—
) " X

error  if{c| v |O
w:B” dif [e|v |0 =%c|w]| O

eval®(c,v : BY) = w:AT if e |0 =" (c|w| DO«

error  if [c|v | O, —*"K
Using Lemma @ and the non-repeating theorem for partial reversible abstract machine,

the totality of eval!! Q(c) can be proved:

Theorem 5.6 (II%termination). For all TI®-combinators ¢ : A <+ B and vy : (A~, B7)

either there exists vy : (B~, A7) such that eval®(c)(v1) = vy or eval®(c)(v1) = error.

Proof. The set of reachable states starting from (c | vy | O)s and [c | vy | O] is finite. By
Theorem no state repeats, hence the evaluation must eventually reach a stuck state o.

By Lemma @, either 0 = (¢ | v | O)g, 0 =[c | v2 | O], or 0 = K. O

Since the machine is a partial reversible abstract machine, combinators can also be

evaluated backward:

Definition 5.7 (II®%backward evaluation). The backward evaluation of ¢ : A <+ B is
eval®(c) : (B, A7) = (A~, B7) W {error}

where
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w:A” dif [e|v |0 =T (e w]|O)q
evalfl(e,v:B7) = § w:B™ iffe]v |0 =" le|w]d],
error  if [c|v | O, =T K

w:A” if(c|v | D) =T (e w]|O)g

)
eval(cv: A7) = { wiBe if{c|v| D)t | w]| O,
| error if {c|v|O)p =" X

And the forward and backward evaluation functions are inverses of each other:

Theorem 5.8 (II1®reversible). UAcda For allc: A< B,V : (A”,B), and W : (B~, A“),
we have eval®(c)(V) = W iff evalQT(c)(W) =V.

Proof. To prove this, an additional lemma is needed:

Lemma 5.9. UA4xdo For all non-stuck states o and o', if o —* o' then flip(c’) —* flip(o)

where
(clvlra if o={c|v]r)w
flip(o) = {clvlrs if o=(c|v]nr)q
lelvlsly if o=lclv]rl
[elvl&al, if o=lc|v]kl,
Proof. By induction on the length of o —* o’. O

For all V : (A”,B") and W : (B~, A7), there are four cases:

e V=2o"and W = w>: If eval®c,V) = W then (¢ | v | O)p —* [c|w | 0).. By
Lemma @, [c|w| O =" {c|v|O«, hence evalQT(c)(W) = V. The other direction
is similar.

e V=2v"and W = w": Similar.

e V=2v"and W = w™: Similar.

e V=ov"and W = w": Similar.
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5.3 BIG-STEP INTERPRETER OF II®

In this section, a more efficient and more readable specification of a big-step interpreter is

described. The interpreter has a similar signature as the evaluation relation in Def. @:
interp : (A <> B) — (A7, B") — Maybe (B~,A").

The implementation will use both the maybe monad and exception handlers. The forward

part is similar to the interpreter of II/ except for combinator composition:

interp ¢ (v ) = just (8 (¢, v) )
interp (c1 @ ¢) (inji @ ) = interp ¢ (z ) »=
A (z77) = just (inj1 27 7) ;
(7)) = just (inj1 2 7)}
interp (c1 @ ¢3) (injo y ) = interp ca (y =) n=
A (y'7) — just (inj2 y” ) ;
(y” ) = just (inj2 y" )}
interp (c1 ® ) ((z, y) ) = interp ¢y (z ) »=
A (a77) = just (27, 9) ©)
(z77) — interp ¢ (y ) »=
My 7) = just (27, 9) 7) 5
(y"7) = just ((z, y) 7))t}
interp (7. v) (tt ) = just ((v, ©) 7)
interp (=, v) ((v7, ©) =) with v = v’
.. | yes _ = just (tt 7)

. | no _ = nothing
7+ and €4 turn the directions around:

interp e (inj1 v ) = just (inj2 (- v) ©)

—

just ( )
interp £ (injo (- v) ) = just (inj; v <)
just (inj2 (- v) ™)
just ( )

)

—

(

(
interp 74 (inj; v
interp 14 (inj2 (- v) ©) t (inj; v
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For the composition, we will use the handlers described in the interpreter of I~ and the

maybe monad:

interp (c1 5 ¢2) (v ) = interp ¢1 (v 7)) »=
A (vV5) = just (v ),

(v"7) — handle> (¢1 , v, )}

The handlers work the same as described in Sec. @, but the result will channel through

the bind operator for the maybe monad:

handle> (¢1 , b, ¢2) = interp co (b 7) »=
A (¢7) = just (¢ 7);

(b”<) — handle<t (¢; , b, )}

handle<t (¢1 , b, c2) = interp ¢1 (b ) »=
A (a¥) —just (a ) ;

(b’ ") — handle> (¢1, b7, )}

The backward evaluation is similar:

interp unite | (v ) = just (inj2 v <)
interp unitiy| (injo v <) = just (v )

interp swap (inj; ) = just (injo z )
interp swap (injo y ) = just (inj1 ¥y )

interp assocly (inj; (inj; ) <) = just (inj; z )

interp assocly (inj; (inj2 y) <) = just (inj2 (inj1 y) <)
interp assocly (injy 2 <) = just (inj2 (inj2 2) <)
interp assocry (inj; & ) = just (inj; (inj; z) <)
interp assocry (inj2 (inj1 y) <) = just (inj; (inj2 y) )
interp assocry (injz (inj2 2) <) = just (inj2 2z <)

interp unite,l (v <) = just ((tt, v) )
interp uniti,l ((tt, v) ©) = just (v )

interp swap. (¢, ) <) —just ((y. ) )
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interp assocl, (((z, y), 2) ) =just ((z, (y, 2)) ©

)
interp assocr, ((z, (y, 2)) <) =just (((z, y), 2) )

interp dist ~ (inj; (z, 2) ©) = just ((inj1 =, 2) ©)
interp dist ~ (inj2 (v, 2) ) = just ((inj2 ¥y, 2) )
interp factor ((inj1 =, 2) <) = just (inj1 (z, 2) ©)
interp factor ((injo v, 2) ) = just (inj2 (v, 2) ©)

interp id<» (v <) = just (v )
<) = interp ¢2 (v

A (v 7) = just (v 7);

interp (¢1 5 ¢2) (v )=

(v ) — handle<t (¢1, v, e2)}
interp (¢1 @ ¢2) (inj1 2 <) = interp ¢1 (z ) »=
A (277) = just (inj1 27 7) ;
(z"7) = just (inj1 " 7)}
“) 9
My o
(y’
interp (c1 @ ¢2) ((z, y) ) = interp ¢z (y ©) »=
My ™) = ust ((z,y) 7) s
(y ) — interp c1 () »=
A (277) = just ((z7, ) 7)
(2" 7) = just (27, y) 7)}H}

“)
)
interp (¢1 @ ¢2) (injo y ) = interp c2 (y
) — just (injo y” <) ;
)

— just (inj2 y” 7))}

interp (e, v) (tt <) = just ((v, ©) ©)
interp (17, v) ((v”, ©) ) with v L
.| yes _ = just (tt <)

. | no _ = nothing
The interpreter implements the machine semantics described in Sec. @

Theorem 5.10. UAgda For all ¢ and V', either:
e interp®(c)(V) = just eval®(c)(V) or

e interpR(c)(V) = nothing and eval®(c)(V) = error.
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Proof. By induction on c:
e cis a base combinator or id<»: By analyzing all possible cases.
e c=cy,n,nY" and £,%": By analyzing all possible cases.
e ¢c=c; ®ce: By analyzing all possible cases and the inductive hypothesis.
e c=cj @ co: By analyzing all possible cases and the inductive hypothesis.

e c=c15¢cy where ¢q : A< B and ¢y : B <+ C: There are two cases:

— V = v7: There are three cases:

«—

x eval®(cy)(v?) = w™: By the inductive hypothesis interp®(cy)(v=) | w*.

Hence interp®(cy §¢)(v™) = just w™ = just eval®(cy §e2)(v7).
s eval®(cy)(v™) = error: By the inductive hypothesis interp®(c,)(v™) = nothing.

Hence interp®(cy § ¢3)(v™) = nothing and eval®(cy 5 ¢p)(v™) = error.
s« eval®(cy)(v™) = w™: there are three possible case of eval ™ (c1 § ¢2)(v™). If

eval®(cy § ¢2)(v™) = u~, an additional lemma is needed for this case.

Lemma 5.11. UAgca For any n € N and b : B, the following hold:
1. If[e1 | b| (Osco)@O], =" [c15¢2 | w| O then handle>(c1,b,c2) =

just u”.

2. If (co | b | (c130) @O)4 =" [c1 3¢ | w | O], then handle<i(ci,b,c2) =
Jjust u”.
Proof. By induction on n:

n = 0: No such execution exists, so it is vacuously true.

n > 0:

1. Assume [c1 | b | (O3c2) @O, —" [c15c2 | w | O, and its length is n.
There are two possible outcomes of eval®(co)(b), if eval®(cy)(v™) =
x~ then

[er [0] (O5c)@0], =" [ersea [ [ O],

Since TT®%machine is deterministic so x = u and interp®(cg)(v™) =
just u~. Hence handle>(ci,v7,¢c2) = u”.
If eval™ (c2)(v™) = x then

[er [ ] (O5c2) o]

(e a | (csD)eD)q" [crge [u O]
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The length of (co | x | (c1§0) @ O)y —=* [c1§c2 | w | O], is less than
n, so by inductive hypothesis handle<i(cy, b, x) = just u~. Therefore
handler>(c1,v™, ¢2) = just u™.

2. Similar.

Since eval®(cy)(v™) = w™ so interp®(c1)(v™) = just w~ and
(c1sca |v|O)p="[c1 |w | (Osce) @O, =" [c15ce | u| O,

By Lemma , handle>(c1, w, ¢2) = just u”. Therefore interp™(c15¢2)(v™) =
just u”.

The case of eval®(c13¢2)(v™) = u~ and eval®(c; §¢2)(v™) = error are similar.
— V =wv": Similar.

O

5.4 EXAMPLES

This section will introduce some example IIR® programs, which demonstrate the expressive-
ness of fractional and negative types. In the end, we will give an implementation of a SAT
solver which utilizes both additive and multiplicative traces.

I allow us to give computational interpretations to equations that are valid in the field

of rational numbers:

inv-: {A:U} -5 A+ -(-4)

inv- = unitiyr § (id<> @ ny) § assocly § (4 @ id«>) § unite|

dist-: {AB:U} »-(A+,B)«<-A+,-B
dist- = uniti| § (n+ @ id<>) § unitip! § (ny @ id<>) § assocl;
5 ([A+B]+[C+D]=[A+C]+[B+D] & id<)

s (swapy @ id<>) ¢ assocry § (id<> @ €4) ¢ unitepr

neg-: {AB:U} - (A< B)— (- A+ - DB)

neg- ¢ = unitigr § (id<> @& 74)
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s (ide> & ! ¢ @ id<>) § assocl;

s ((swap+ § €4) @ id<>) 5 unite |

inv/: {A: Ut {v: [A]} = A+ (1/_{1/ v} O)

inv/ = uniti,r § (id¢> ® 1, _) § assocly ¢ (e« _ ® id<>) § unite,l

dist/ : {AB:U}{a:[A]}{b:[B]} —=1/(a,b) <1/ ax,1/b
dist/ {A} {B} {a} {b} = uniti,l ¢ (0. b ® id«>) ¢ uniti,l ¢ (7. a ® id<) § assocl,
¢ ([AxB]x[CxD]=[AxC]x[BxD] @ id<)

s (swap, ® id<>) § assocry ¢ (id<> ® &, (a, b)) ¢ unite,r

neg/ : {AB:U}{a:[A]}{b:[B]} - (A< B)— (1/ a+> 1/ b)
neg/ {A} {B} {a} {b} ¢ = uniti,r ¢ (id<> @ 1. _)
g (id<> ® ! ¢ ® id¢«>) § assocl,

s ((swaps § €4 _) ® id<>) ¢ unite,l

distx-: {A B: U} — (- A) x, B+ - (A x, B)
distx- = unitiqr ¢ (id<> @ ny) § assocl,
5 ((factor § ((swaps+ § €4) ® id<+) § absorbr) @ id<+)

¢ unitey|

negx : {A B: U} - A x, B+ (- A) x4 (- B)

negx = inv- § neg- (! distx- § swap.) ¢ ! distx- § swap.

fracDist : V{A B} {a: [A]} {b:[B]} =1/ ax,1/ b+ 1/ (a,b)
fracDist = uniti,l § ((7« _ § swaps) ® id<>) § assocr,

¢ (id<> @ ([AXB]X[CxD]=[AxC]x[BxD] ¢ (ex _ ® €« _) § unite,l)) ¢ unite,r

mulFrac: V{A B CD} {b: [ B]}{d: [ D]}
— (A %, 1/ b) Xy (Cxy 1/ d) < (A %, C) x4 (1/ (b, d))
mulFrac = [AxB]x[CxD]=[AxC]x[BxD] 3 (id<+ @ fracDist)

addFracCom : V{A B C} {v: [ C]}
— (A %y, 1/ v) +4 (B x4y 1/ v) < (A 44 B) Xy (1/ )

79



addFracCom = factor

addFrac: V{ABCD} = (v: [ C]) = (w: [ D])
— (A %, 1/_{C} v) +, (B x4 1/_ {D} w) +
((A x, D) 4+ (C xy B)) %y (1/_{C x,, D} (v, w))
addFrac v w = ((unitiyr § (id<> @ 7, w)) © (unitiyl § (7, v @ id)))
¢ [AXB]x[CxD]=[AxC]x[BxD] @ [AxB]x[CxD]=[AxC]x[BxD]

s ((id+» @ fracDist) & (id«<» @ fracDist)) 5 factor

Using the constructs from Sec. @ and @, a SAT solver can be implemented in II®. A
SAT solver’s job is to check the satisfiability of a given function F' : B" — B, i.e., it succeeds
if 3b : B*.F(b) = T. Since II® only contains reversible programs, the first step would
be to construct a reversible version of F' using Toffoli’s construction [42]. Using Toffoli’s
construction we can obtain F" : BY*" — B which satisfies Vb : B™.F"(F,b) = (F(b),_).
Now, our goal is to construct a circuit to find out whether 3b : B®.F"(F,b) = (T,...) or not.
To simplify the circuit, we will solve an equivalent problem: 3b: B". ~ F"(F,b) = (F,...)
where ~ F" = F" 5 (NOT ® id<>) (reversible version of ~ F' = NOT o F'). It is obvious that

the invalidity of ~ F' implies the satisfiability of F
3b: BYF(F,b) = (T,...) iff 3b: B ~ F"(F,b) = (F,...)
One approach to check the invalidity of ~ F' is to loop through all the possible inputs:
for (b=F'""; ~ F"(b)=(T,_); b++);

Since ~ FT is reversible, there will always exist b : B*" such that F"(b) = (F,...). And since
we tried all the possible values from the smallest to the largest, we will always enumerate
all (F, ) : B before (T,¥) : B'*". Hence, we can simply check the first bit of b after the

loop to find out whether 30’ : B*. ~ F"(F, ') = (F,...) or not:

b=(F,..) iff 37 :B". ~F"(F,¥)=(F,...)
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The LOOP from Sec. @ does exactly what we want, when the output is F2*", LOOP _pr :

B2*+" <+ B>t will compute:

for (b=F'""; ~ F7(b)=(T,_); b++);

return ([,b);

To obtain the desired results from LOOP .z requires the input to be F2*" which can
be provided via using the multiplicative trace. When LOOP_pr finishes, the output will
be (F,b) where the first bit of b contains the information about the invalidity of ~ F and
we would like to keep it, so we will use the COPY to do that. COPY uses the property of
CNOT: CNOT(z,F) = (z,z). Utilizing this property we can implement COPY such that

COPY([F, bl, .. ) = (bl, bl, N )

COPY {1} = swap, § CNOT ¢ swap. DC,_NOT}C

COPY {suc (suc n)} =

assocl, 3 (COPY {1} ® id«) § assocr,

And after copying the result, we will need to uncompute b so that the allocated wire can
be garbage collected properly. This is a simple job because IIR is a reversible programming
language so we can simply use the inverse of LOOP_z» denoted by LOOPZL... However,
there is one problem. The output of LOOP z+ is (I, b), but after copying it becomes (by, b).
To uncompute b back to F'*" we will need another F wire, so the multiplicative trace would

need to allocate 3 +n F wires. The whole construction is given as follows:

F F
S FH D —F

7’]* -.\y/\\\ 777777777777777777777777777777777777777 //’\ /
\\/\\ //\//
I/\ \,\ 777777777777777777777777777777777777777 — /\\

\ /
BN S
| N~ - i
\ 1
\ /
\ . /
\ . /

S . s
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SAT:V{n} B (1+n)«<B (1+n)—-1+1
SAT {n} F" = trace, (F~ (3 + n))
(id¢> @ ( (id> @ (LOOP (~ F") 5 (id> ® SPLIT 1 n)))
s (id<> ® (assocly ¢ (COPY ® id<>) § assocry))
g assocl, ¢ (swap, ® id«) ¢ assocr,

5 (id¢> @ ((id> ® MERGE 1 n) 5 LOOP™* (~ FT)))))

Note that the red wire contains the answer to our SAT instance, if it is F then F' is
satisfiable. So if F' is satisfiable the garbage collection will succeed, and it will throw an
exception if F is unsatisfiable (We could also leave that answer wire uncollected if we want

to use it in the following computation, at the expense of keeping its GC token around).
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CHAPTER 6

CONCLUSION AND FUTURE WORKS

In this work, we discussed reversible effects inspired by compact closed categories. Starting
from a programming language II which has syntax from bimonoidal groupoid, we extend
it to compact closed categories by proposing that negative and fractional types express

7 As a result, we give a computational interpretation

backtracking in “time” and “space.
of compact closed categories. To demonstrate that negative and fractional types have
applications in programming, various examples have been discussed. The whole work is

formalized in Agda. The following are some possible future directions based on this work:

o Extension of II: The next important natural extension of Il after this work is adding
recursive types. It will greatly increase the expressiveness of II. It has been shown in
this work that with the presence of effects, extended II still guarantees termination.
However, it is nontrivial to figure out the right combinators for recursive types that
preserve termination. Even without the effects introduced in this work, it is already
challenging to come up with a language that captures all the computable bijections be-
tween recursive types, which has a foundational importance in reversible computation
and recursion theory.

e Quantum Computing: Compact closed categories have been used in modeling quan-
tum computing [lI]. Now that we have operational semantics for compact closed
categories. It is possible to relate it to quantum computing through compact closed
categories. It will be interesting to fully explore how these two concepts relate to each
other. The connection between them might bring deeper insights into the understand-

ing of quantum theory.
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On the practical side, the reversible extensions proposed in this work can be applied
directly to quantum programming languages to provide high-level abstractions such
as backtracking, which will greatly enrich the expressiveness.

Meadows: The axioms of meadows [9] (z - (z - 1) = z and + = ) provide another

approach to handle the division by zero problem in fractional types. Combining with
the idea from ancilla managements in [[14], we might be able to obtain a computational
interpretation for the categorification of meadows.

Concurrent Programming: Future in concurrent programming is a perfect fit for frac-
tional types. As a Future carries data of type ¢, its putter has type % and its getter
has type t. If the language only has product types, this leads to another operational
semantics for compact closed categories. However, if we add sum types to the lan-
guage, the computation might get stuck. It would be interesting to find out how
to incorporate sum types into this operational semantics. This incorporation will re-
sult in a concurrent computational interpretation of compact closed categories and a
type-theoretic way to guarantee safe usages of Future.

Session types: Since intuitionistic linear logic can be interpreted as session types [10], it
is possible to connect negative types with session types. I conjecture that they should
be able to interpret each other: the session receives a value of type ¢ is corresponding

to the negative type —t, and the session sends a value of type t is corresponding to

the positive type t.
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