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\vhcrc C:~~e<~ is the Lorentz group structure constant (2.24). Equation (3. 20)

n1cans that b~·") is a realization of the adjoint representation of the Lorentz
group L.ie algebra (Racah, 1965).

• l' '1'
XO\V the Lagrangian depends on CPi only through i\J\ === j\crJ\. l'hus

if vVC define

,ve 111a y ,vri te

T l dL I d(j!J..V dL
-

dePt"
--

-8~-1:- 8cr!J..v2
I ~lV ( ) 5
2 at' CP p.')'

1-1"'ro111 I~q. (3. 19), \ve ha ve also

sIt') is thus a con1hination of canonical coordinates and canonical 1110111cnta
son1c\\"hat sin1ilar to the spinless Lorentz group generator p') _ XV p'l .

l;sing l~qs. (3. 14) to (3.23), ,ve can no,v express the Poisson hrackets
;:3.9) in tcnllS of S1(,\) and j\'~). l'he result IS

{~~,B}
dB 8A. 8B

8..\

8Se<f1 '

\vhere .\ and S arc to he considered as independent \"ariablcs. \\"e then find
the canonical })oisso!l brackets

(3. 2 5)

{ P''', x') } === _ g~l')

(S'l') 5 IX [3 I. === + C'l'iIXi~ So,,;
l "-, J '0"; "-

{51l') I\IX[3 I _ A IX') !l[3 A. a~l v[3
, J J - J\. g -- j\. g

{pll P')} == { Jl .•') l == { A' la ;\ v[3 I. == 0 ., x ,~t J j \. ,J \. J

]'hercfore S'W obeys the Lorentz algebra by itself and generates the right
(space-axis) Lorentz transformation on j\ IX [3 • Note that

{S'lV, AO:[3 AY[3} == o.

Thus the brackets (3.24) are con1patible \'lith the strong validity of the con­
straints (3. r) even when all of the s,t') and -L\IX[3 are treated as independent va­

riables vvhen taking partial deri\"ativcs. In effect, we ltazJe sirlestepperf OJle stage

oj tlte Dirac prorc{!ure by starting ,vith brackets \vhich are consistent \vith
I~q. (3. I).

~cxt, \\Te sho\v ho\v to re\vrite the Euler equations (3. 8) in tcrn1S of S~l')

and r;!J.'). Using Eqs. (3.17) and (3.22), ,\~e find

t

I "'I p.'). ...
o == 2- '-'.I ai 9j Sp.,)

I C 'lV Aa [3y
---- ;:)'1.') eli - .. r'3 ai2 ;

3L
8~\~;- -
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N"0 \V I~qs. (3. I 8) and (3. I 9) 1et us rcex prcssthis as

(3. 26)

One can verify explicitly that the choice (3.6) for the forn1 of the L,agrangian
in1plies

I I I 8I,___ s't , crf~ -1- crll . s/ ~\ .!t
8j\\

'rhus the spin Euler equation can also be \vritten

(3. 28)

In order to forge a connection hetvveen I~qs. (3.26-28) and the fcuniliar equations

for the rotator (Goldstein, 1950).
. .

Lspacc === L body OJspacc X Lspacc === (external torque),

\\'C definc the hc)(l y'"-fixed SpIn

1'hcn \vhen \\'c refer S'l') to the space coordinate systcn1, \ve find that

C~on1paring to l~q. (3.26), \ve find that the n10tion of the hod Y'-fixed ~pin ill
its o\vn fran1c is

/. '?)
\3·3~

l~inally, \ve ohserve that if \VC define

cll ')
...:-1 ,

thcn the Euler equations (3.8) and (3.28) in1ply

d~1!J.'J
------- == °.
d"t'

\Ve no\v sho\v that l\1'l') is precisely the conserved generator of right (space­

axis) Lorentz transforrnations. lJndcr a right Lorentz transforn1ation, the
Lagrangian is invariant, so

(3·35)

_ c~_ (P ~ .)t + 'l... i ~ .j- d"t' !J. Ow .1 au) CPu ,
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"",here \ve used the Euler equations (3.8). Novv the infinitesin1al right Lorentz
transformation Ow has the effect

aw x/.L == (Uar3 (xC( g0tJ. - x f3 gatJ.)

aCJ) A~'" == (U\X~ (AP,a g',l';3 _ A!l~ g",a) .

From Eq. (3. I 7), we find

For arbitrary (Da~, Eq. (3. 35) in1pIies Eq. (3. 34) and:\I IW is the conserved Noether
current of right Lorentz transforlnations. By explicit con1putation using Eqs.
(3.25), we see that MWJ and p~ obey the Poincare algebra (2.25).

B. CONSTRAIXTS ON Top LAGRANGIAN

We now exan1ine the constraints which must appear in the top Lagrangian
if it is to describe a reasonable physical systeln. First \ve define the set of ten
right Poincare invariants

(Ao .\1 Al .\1 ,\2.',1 A3 .\1
az"== "'x, \lX,J.\.',IX' ',IX,

A· 0", Al A·0'1 \2 ;-\ 0'1 A3 A·2'1 A3 A-:-3\1 Al A·Iv ,\ 2 )
',I , j \I, .... \. 'I , ',I , 'I , i\. v

conlposcd of the variables (3.4) \vhich appear in the Lagrangian. The deri va­
ti ves of L with respect to these variables will be written

7-reparan1etrization invariance of the action is assured by the requirement that
L be h07nogeneous of degree one in the velocities; L (a) is thus taken to satisfy
Euler's differential equation for h01110geneous functions,

10

L(a) == ~ aiLi == aiLl"
i=1

Since the ten mOlnenta pl-t, S'W are homogeneous of degree zero in the velocities
az", at most nine momenta can be independent; there must exist a trajector.y
constraint relating the momenta,

We will restrict ourselves in \vhat follo\vs to constraints of the form

(3.42 a)
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\vhere :\12 is not a constant but is a function of the body-fixed angular I110n1Cn­
tum S == AS,A.T satisfying

(3.42 b) l\ '1 2 /-Sij -S()z\ ­
.lV ('-, )-

rrhe moti vation for this choice \vill becnn1e apparent shortly.
Next, we n1ust force our top to ha ve only the usual three spin degrees

of freedom in the nonrelativistic limit. In order to eliminate three of the six
components of S!).v, UJe hereafter restrict ourselves to Lagrangians jar 'leJhich the
relation

and Eq. (3.42) jollo'lv jront the jornz oj the Lagrangian alone. (Since PtJ.\7·Il ==-= 0,

Eq. (3.43) contains only three independent constraints). By choosing the
constraint (3.43), \ve effectively pick the physical meaning of the coordinate xtJ.
of our spinning particle. .l\ccording to I)ryce (1948), Eq. (3.43) identifies xtJ.
as a body's rest ~fralne center oj 1/z011Zentul1z, \vhich transforn1s as a four-vector.

I~quation (3.43) tTIust for consistency have a \veakly vanishing derivative:

Con1bining this infortnation \vith the l~uler equations (3.8) and (3.28), \ve
find

(3·45)

Putting this back into Eq. (3.28), \ve have

S~LV ~ ° == (external torque),

thus cornpleting the connection bet\vecn Eqs. (3. 29) and (3.3 I).
N ow we note the general identity

\vhere

S*fW == ,.~ E!).'JI.a S
2 1.0 ,

and EWJi.cr IS the totally antisYlntnetric pseudo-tensor, \vith 2°123 == I.

lVlultiplying by Pi).' \ve find that the constraint (3.43) directly implies

(3·47) Sf-LV s*"- ~v ~ o.

Thus, for exan1plc, fron1 Eqs. (3.45) and (3.26),

------

(3.48)

* Au, 8L
Sf-Lv A . --) ~ °,

dA ~
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(Nate that

(-srJ-'J ,,* _ I rJ.WJ.r1 A SYO A " == ArJ.(X (_~_ ,.. sYo) AV (3
\"- ) - 2 E:xy (3ij 2 ~:x(3y8

due to .L~p,C( .1\'1(3 A)"Y j\08 E:x(3yo == Det ..A. ErJ.'JI,O == ErJ.\Ji'o).

\\'re will not deal here with the problem of finding Lagrangians satisfying
l~q. (3.43); procedures for doing so are given in f-Ianson and Regge (1974)
for the case of the spherical top. .i\.. sin1ple exan1ple of a suitable spherical
top Lagrangian is

(3.49 a) L = - 2- l {Au2 ~ BO'· 0' [CA u2~ BO'· 0')2_

- 8 B (.L~UO'crlt - 2 B Det O')]~}~

\vhere u 2 == UrJ. u[.L , 0' . 0' == O'!.L'J crwJ , uO'cru == u[.L cr[.L'J crV/, u
l
. , Det cr == (O'rJ.'J 0':'1)2/ 16,

and A and B are constants. Direct computation confirms that the constraints

(3.49 b)

follo\v from the form of the Lagrangian alone. Lagrangians also exist for \vhich
the mass and spin are separate unrelated constants:

(3· 50)
I S S~lV B
2 '-WJ ~ •

C. DIRAC TREATMENT OF Top CONSTRA INTS

\\Te no\v consider the dynamics of a relati vistic top whose Lagrangian
gi ves rise to the following \veak constraints among the canonical momenta:

(3.5 I)

"fhe canonical Hamiltonian IS

2 -
M (s) ~ °

y'J. == S~" Pv ~ 0 .

He == p~l, U!.L T £ • L p!L I I S~'J L
~ i -- == UrJ. T "- (jWJ - == °

2

and so may be taken as the initial first class Hamiltonian. Ho\vever, the con­
straints (3.5 I) are not all first class, since

{p2 M 2, \7"1,} ~ 0

{y"", Vv} ~ S[.LV p2 .
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1"'here are nevertheless t\yO first class combinations of the constraints

(3.51), \vhich \ve take to be

We observed in Eq. (3.47) that 92 ~ 0 fo11o\vs directly frorTI \7'1 .~. o. ()ur
first class I-I an1iltonian n1ay novv be taken to be

(3 r'r')\. .))

Since consistency requIres

V (",) ~'J
2 \ ~ T2'

'·il t === {VT[.L !-1 t~1v 'J .-....,:, 0 ,

any 111ultiples of \:/t \vhich 111ig-ht be added to H 111ust ha ve vanishing coef­
ficients and there are no secondary constraints.

Defining the tensor

(3· 56)

\ve compute the velocities to be

(3·57)
uy· === {x!.L , H } === 2vI p!.L

[.LV _ \I,[.L {A v H} _ r[.LV + ('J S~*'l'J
(J - j ), , - VI 4 V2 •

...\s in the spinless case, \ve n1ay set VI === (- U
2)§)(2M), and similarly restrict

the form of V2' Nevertheless, there relTIains an arbitrariness in VI and V2 \\Thich
is eliminated only \\Then \ve choose gauge constraints.

Equations (3.5 I) represent four independent constraints. ]'hc t\'/o con1­
binations (3.54) are first class \vhile the t\VO rernaining independent con1bina­
tions, say

(3· 58)

are secoJl{i class:

Clj === {\1£ , \Tj} == p [.L pIt

Strictly speaking, \ve lTIUst replace all Poisson L)rackets by the correspond­
ing Dirac brackets (1.2 I) even in our preliminary first-class Hamiltonian
system.
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~O\V let us proceed directly to impose a gauge condition \vhich is effec­
tively the" phase space conjugate" of the constraint V'" ~ 0 on the mon1enta.
Physically, \ve \vant A'~ to be a pure rotation in the rest frame of pI", just as
S!J.

v
beCOlTIeS a pure three-angular-n10n1cntun1 in the rest fran1e. V\le therefore

conjecture that

(3.60)

IS a consistent constraint choice, \vhere

(3.6 I)

and j\0
0==1\0

0 == . - )\.00 == I for a pure space rotation. Since

only three of the four constraints (3.60) are independent.

:\'" O\V \VC use Eqs. (3.3 I), (3.46) and (3.37) to sho\v

-S:Oi .~ r (1°/, S-. i _ -SOA 1-. i)
"'C. VI ~. I. . ~ A'

h I-U.')\.')''X \')(3 h E ( b h ld d 2 (-S) . d\v ere ' == j ~ 1~t3; . 1"' en if . q. 3.42 ). 0 s an 1\1 IS even un er
SOi -~ _ SOi, lOt' (S) n1ust be ocld:

'"'1M 2
ell.. _ ~Ioi (-Sij -SOi, _ -loi /-Sij -SO£)
---::-- - ~,~) - -.--- \ ,- L •

CiSoi

\\Te conclude that if \ve set

at son1e point 't'o, \VC ha ve also

(3. 66) rO/ == 0 .

l'hen from Eq. (3.63) \ve know that SOi ~ 0 and so SOi vanishes for all T.

Equation (3.65) is therefore an invariant relation provided \VC restrict
ourselves to trajectories obeying Eq. (3.42).

\Ve no\v define

Since Vi ~ 0 implies

-S1)"
~ Pi ~ 0 ,

we must have
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Fro111 Eq. (3.57), the equation of Inotion for prJ- is

\\Te no\\?" choose the gauge

pO ~ I) == (~ P
rL

P1L)~,

so that

or
ty,. == o.

'Thus fro111 Eq. (3.67), \ve find

'T'he equation of motion of pi IS no\v

Consistency then forces

so that the gauge choice pO ~ P has fixed one of the arbitrary functions In
the Han1iltonian as expected. Furthermore

It _ A!LV P ~'L P _ ,,0 pp - J 1. v ~ 00 - - g

vlhich is exactly equivalent to Eq. (3.50). We conclude that the constraints

consist of one gauge COJlfiz'tion and t'lRJO invariant relations.

\\le may now compute preliminary Dirac brackets consistent \vith the
six independent constraints

\vhich \ve \vrite as

i === (VI V2 V3 ~1 y2 ~3)ep '" s , C:, , s ,

I'he n1atrices needed to compute the preli111inary brackets are

Z === 1,···,6.

o
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and its Inverse

o

We Inay put our brackets into a manifestly covariant forn1 by re\vriting
(C-1),j' as

(C L T (C- Laf3 rr)'i === £a ) jf3 ,

\vherc

z',j==: I,···,6

a,~==I,···,8

(3· 72 a)

and

(3· 72 b)

rr,{'!l 0rr/ ex ==
0 rrk~l

_ pi/pO 0 0

rrk~l == _ p2/pO
0 -+- I 0

_ p3/pO 0 0 +1

k== 1,2,3

[1.===0,2,2,3

l'he Inatrix Cexr, and its in verse are sin1ply

cexf3 ===
Pg!l\J

/c-1. ex(3
\ ~ ) ==:

°

°
p

_SWJ

T'kp. is no\v used to can vert Vl~ and ~k into \Jp. and ~!J. hy using the identities
prJ. V!J. == 0 and p~L~!J. == - p;'t ~!1. as follows:

(3· 75)
{i\., yk} Tk!J. ~ {A, ykTk!l'} === {A, V rJ.} ,

{A , ;k} T k!J. ~ {A , ~k l'k!J.} ~ {A , ~!l.} .

Defining the eight component object

ex == (y-'-o \Tl \12 V3 ~0;:1 ~2 ;:3)'cp ", ,~,~,~,~ IX==: I,'·', 8,

\ve nla y use Eq. (1.21) to \vrite the prelinlinary Dirac brackets as

(3· 76) { A B ) I t:'..I {;\ B } I {A "' T~L l f ;: B l, f rv ....!J.., - P , v J t ~!1. , J +

+ .._.~- {A , ~!J.} {y!J. , B} + {i\. , ~!J.} S!J.v { ~'J , B} ,



- 45-

\vherc \ve use a prin1c to distinguish the prelirninary brackets fron1 the final

1)rackcts.
1~he cxplicit forn11das for the prin1cd brackets of the canonical variables are

( ) I . { Prt, x') ....j' =~= _ g'LV\,3·77 - \. =

2. {x~t ,x'J}' === -S~'J/CPCl. pCl.)

3. {pl-t, p'J }' == 0

4. {P!L, S'JI, }' == 0

5. {x tL , S'JA}' == CS~w pl. _ S(LI, P'))/CPC( pCl.)

6. {StJ.'), SCl.13}' == StLC((g'Jr3 _ p'J p13/p). PA) _ SU13 (g'Jc( __ p'J pcx/PA pi)

+ SCX') (g't13 _ ptL p13/PA I)A) _ S13'J (gILCX _IJ!t pCl./P
A

pI,)

7. { j\.11-'), xC( }' == A~l.rj (p'J gC(13 __ pr3 gCl.'J)j(P
A

PA)

8. { j\.,t'), p cx }' == 0

9. { j\11. '), j\.C(13 }' == 0

10. { ..;\!l'), SC(13 }' === J\!)''X (g'J13 __ p') I>f3 jP" pA) _ j\.,t13 (g'Jcx __ p'J petIP), pI,)

-i\P'crpG(gC('J p13 _ g13') PC()/(Pj. P").

l~hesc brackets are no\\· con1patiblc \vith setting the constraints V'1. and

~rl identically zero. Xote that the position variables x P' have nOJlzero brackets

(Pryce, 1948). )Jevcrtheless, the Poincare algebra (2.25) is still satisfied in the

prinled bracket systen1 and X IL transforn1s like a four-vector.
C' \"",), 1 ylt • 1 I -S·o/ . h I
..:JIllCC " au( C;' vanI:) 1 strong y, ~ vanlS es a so:

(3.78) -S·~Ol· === j\.o c lX r3 !\i == _ P sc<13 '\.1' (_ p2 \-J ===
~ ex. ,J .. f3 C( .. J 13 ) 0 .

FurtherlTIOre, from l~q. (3.64) \ve find

1-\s a consequence, I cx13 no\v obeys

(3. 80) Iet13
P~ == o.

\Ve can forrn a I-Iamiltonian from the remaining first class constraint,

') -0'
lVI""' no longer depends on S I because of I1~q. (3.78).

The velocities arc sin1ply

uP. == {X!L, H }' === 2 IV 1)'1

[L'J _ ;\,.,1. { \.'J H l' _ r.' 111.'J
() - J . j J, , J ---- LJ •
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'vVc no\v elitninate all arbitrary functions by selecting a gauge constraint
conjugate to the trajectory constraint. IVIaking usc of the iterati ve property
of the Dirac brackets, we choose the final constraints

and ilnpose then1 on the printed brackets (3· 77).
The required rnatrices are

.. [0CtJ == { ((). ([).}' == 0
Tt' I} 2P

-1 I [ 0 I]C·· --
lJ - 2 po -I 0

Equation (1.2 I) with all Poisson brackets replaced by the primed brackets
(3.77) gi ves the fornl of the final Dirac brackets, \vhich \ve no\v denote \vith
stars. The results are

(3. 85)

2.

3·

4·

5·

6.

7·

8.

9·

{x'\ x'J}* == S~LV 11\II~ ~ (P'''' SO') _ I)') SO~")/(M2 pO) ==
== S~') /1\11 2 _ (P') S~ll' pi _ p~l S'Ji pi)j(:\I2 (poy~)

{P~\ pV}* == 0

{ P~, S'JA}* == 0

{ X''', S'JI'}* == __ .1.. rsf-t'J !J I. _ S,l}. p'J) -t- ~~_ (SOV pI, _ SOl, pv)
M2 \ '- POl\1 2 '-

{S~'), SCX r3 }* == S'"CX(g'J~ + pv p~jl\f2) _ S~~(g')CX + pv PCXjM~)

+ Sc('J (g[J.~ -1- p~ P~1M2) __ S~') (g[J.cx -+_ pf-t PCX/M 2)

{ _\'W /\ (X~l.* == _ I ;\~ (PA Ov _ pv OA) AC( f(r3 +
j '~J 2 po 1\1 2 .J. 1-, g g y

+ __~__ ACX (Py Or3 _ pr3 Oy) AtJ. II.,)
2 po M2 Y \ g g I.
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The Hamiltonian IS

(3. 86)

\vhilc Han1ilton's equations of Inotion are

4-1- - dt + {A , (p2 + M2(S'J))t}'

Here \ve have used the traditional notation x O == t to en1phasize that xO IS

no\v a parameter and not a canonical variable.
]"'he Poincare group generators are no\v \vritten

pO == H

(3. 88)
pi == p'"

M Oi == tP'" - ~'tJ H -t- SOi == tp t
• - Xi H ~ sii P.ijI-I

1\1 ')" == Xi pi _ xi pi -t- S')" .

]"'he star brackets of these quantities obey the Poincare algebra Eq. (2.23)
and the theory is again Poincare-covariant. Applying Eq. (3.87), Vle confirm
that the generators (3.88) are constants of the motion \vith respect to xO == t.

The transfornlation of x P' under the Poincare group is altered in the star
hrackets. x O == t is no\v just a parameter, \vhile x transforIns as follo\vs:

{ Po _.i}* - { H i 1,* - _ pi jH,J:, - ,X J -

{ P i .. jt* == _ ~Jj
,~t J 0

{ 1\. -1 ij k '\ * ~ i;" j ~ jk l'
1 1 ,x)- ==0 X"---o x

rrhe extra tern1 in {lYrOi
, x

k }* is just the correction discussed in Chapter 2

\vhich n1aintains the validity of the constraints (3.83) in the ne\v Lorentz
fran1e.

D. QUANTU!vl l\TECHANICS

In principle, the system of single-particle positive-energy quantum­
nlcchanical operators describing the relati vistic top can be deduced directly
froIn the final Dirac brackets (3.85). In practice, however, this can be quite
difficult unless \VC are able to construct fron1 the original set of variables a re­
duced set of independent variables (r .85) obeying canonical brackets. F'or the
top, the appropriate variables correspond to the Pryce-Newton-Wigner varia­
bles (Pryce, 1935: N c\:vton and ",Tigner, 1949) supplemented by the I~uler

angles. We define

s z' == -A- siik Sjk
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and take our ne\v variahles to be

qO === t
s x P . sOt

q - X -rt
- - H (H + lVl) -~. ~-- -I-I"+·KT

J === M S + p (P . S)
H H(H + M)

R ij == A ii _ j\iO pilCH + lVI)
/j A ik pk pi

=== j\' - H (H + M) .

p===p

pO === H == (P'~ + lY12 (j))~.

2 -i' .
Here IVI (S J) can he taken to be a functIon only of

J'" === R"j]i

because

Here we haYC observed that Rij is an orthonormal I11atrix,

R ik R.ik === Rki Rki === ~l".i

and used the identity Ezjk Rai Rbi Rck === subr Det R === S"bc.

l)efining

\ve find by direct C0I11putation fr0111 E:qs. (3.90) and (3.85) the follo\\'ing brackets:

(3·95) I . { pi, r }: = - ai~

{ I-I , qJ} === - 1).1IH

2. { q£, qi }* === 0

3· { p~L, p" }* === 0

4· { p~, Jj } * === 0

5· { qi, ] j }* === 0

6. { ]i, Ji 1.* _ -::-iik ]kJ - .....

7· { R iJ , qA' }* === 0

8. { Rii, I)k }* === 0

{ R ii , H }* === -
I R ik sP'/ II

:2 H.

9· { R ij
, RIm }* === 0

10.
{]i R~j 1.* _ -::-ijl, R fl,

, j -- \000 ~.
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Equations (3.95) now forn1 the basis for our quantum mechanical system.
vVe begin by choosing the Hilbert space norn1

(<I> , <1» = Jd3 x<l>* (x , t) <I> (x , t) .

We then take

t == qO == c-number
2 . 2 -

M === - p~l P (1. == IVl (J) == q-nun1ber,

and the Hamiltonian

where the t\velve independent operators are

q£, pi, Ji and three of the R il.

Starting froIn the Dirac brackets (3.95), \VC postulate the comn1utation relations

(3·99) i [P i, qj] == ~ ij

i [pi, Ji] == i [pi, pj] == i [pi, R z
O

k ] == 0

i [qi, qi] == i [qi, ]i] == i [qi, Rik ] == 0

i [J i, ] i] == - S iik Jk

i []£, R li ] == _ szjk R1k

i [R zi , RIm] == 0 •

We also observe that

(3. 100) i [J£, Ji] == 0

i [1£, Ji] == + s£ikJk
i [Ji, R il

] == + Siik Rkl
,

(3. 101)

so f COIntTIutes \vith right vectors and transforms left vectors. The Han1il­
tonian (3.98) has the comtTIutation relations

i [H , q£] = piJH

i [H , pi] == 0

i [H , ]£] = 0

We omit the explicit computation of i[H , RZi] due to nontrivial ordering
problems.

l'he Poincare group algebra is generated by the operators I-I, P, and

lVI'i == qi pi _ qi pt· siik Jk

(3. 102)
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l'he Han1ilton equations of tTIotion for an operator i\ are

ciA. 8A----- == z [H A] + -- .
dt ' 8t

i\n explicit realization of the algebras (3.99) and (3. roo) in terITIS of dif­
ferential operators is the follo\ving:

})1 == ~_? __
i 8ql

rro get explicit expressions for J and J in terI11S of the three independent

Euler angles, \VC first define the 3 X 3 I11atrices

(3· lOS)

realizing the algebra of the Jl ,s, and then write Rtj" as

(3. 106)
R(j ( ~ ) - iaLa - if3L 2 - iyL 3a, ,y==e e e

cos (I., -slna 0 cos ~ 0 sin ~ cos y ~sln y 0

SIn 7.. cos 7.. 0 0 0 sIn y cos y 0

0 0 _~ sin ~ 0 cos ~_ 0 0

cos rt.. cos ~ cos y --sin a sin y -cos 7.. cos ~ sin y -sin a cos y cos (/.. sin ~

sin (/.. cos ~ cos y -1-- cos 7.. sin y - sin rt.. cos ~ sin y cos rt.. cos y sin C( sin ~ •

-sin ~ cos y sin ~ sin y cos ~

Then \ve see that J lTIay be \vritten

F = i (- ~~~ ~ :x +- sin y ~ -+ cos y cot ~ :y)
'J • ( sin y 8 -L d. d )J'" == Z -.- ---- I cos Y 8S- - sIn y cot ~ ~(

SIll ~ 8rx I I ,

\vhile J IS

-1 . ( 8. 8 cOS'Y. 8)'J == I - cos 7.. cot ~ ~- -SIn rt.. -:y:- + ---:----(.-\
ox C!i3 SIn ,j oy

(3. 108)
) ( dJ:' == i -- sin (/.. cot ~ ~

-:3 . d
J === ljrx •
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Thus the Schrodinger picture \:va ve equation which IS the counterpart of the
I--Ieisenberg picture equation (3.103) is

?] 1(!J
i\ -1- .... (J \) 2 ! == .1. T
lV \.) ~ Z 'at '

\vhere j is taken to be the operator (3.1°4) or (3.108). (We make no atten1pt
here to resolve ordering problen1s \vhich n1ay arise \:vhen 1\12 (J) is expressed
as an operator). I:~quation (3.109) is non10ca1; a local equation, \vhich cculd
be the starting point for a quantu111 field theory of relativistic tops, I11ight
take the form

(3. 110)

We ccnclude \vith the relnark that [)irac's pr·ocedures can also be carried
out for the electrically charged rclati vistic top. I-Io\vever, since this systen1
becolnes exceedingly c0I11plicated and is still ilnperfectly understood, \:ve \vil1
not atten1pt to treat it here (see Hanson and l~egge, 1974).

4. STRING MODEL

Our examples thus far ha ve dealt on1 y with point-particle mechanics,
\,\tThere all canonical variables depend only on a single parameter 7. As our
first example of a field theory \vith continuous degrees of freedom, \ve exan1ine
the relativistic" string n10del " (Goddard et al., 1973; for a revic\:v, see RelJbi,
1974). V\Te take as the action functional the reparametrization-invariant
expression for a surface elnbedded in a ])-din1ensionallV1inko\vski space, ana­
logous to the reparametrization-invariant line elenzent (2.4) chosen as the
point-particle action. '[he N an1bu action is then

"t'2 G2(T)

S [xP<] == - N _I'~ dTJ" dcr((_~~~?-~~)2 _ (.?-=~_ !~~_) (dXr-t ~v. )\l/:!
d"r d(J / d"r v,!, 2cr dcr JJ .

T"l Gler)

N is a normalization \vith dimensions of Planck's constant divided by length­
squared, and one convcntionally chooses

'[he 1) canonical coordinates ~y!J. (7 , cr) no\v are t\vo-dinlcnsional field densities
vlith continuous dcgl-ees of frcednI11 labeled by cr. .l\ny transforn1ation of the
fornl

.... (-- )
(j -r G \" , cr

leaves the integrand of ~4.I) unchanged.
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~~ rnetric is induced in the (':-, (5) space by its embedding in x~-space.

Ho\vever, \NC can avoid explicit use of this ll1etric by \vorking exclusively
\vith '7, (J, and the quantities

(4.4 a)

and

dXP-("t',O')
"t~ == v~ === --­

d't'

dX~ ("t' , 0')
x'!J.=== u~ === --­

dO'

(4.4 b) E === v2 , G === u 2 , F===u·v.

rrhen \ve ll1ay \vrite the Lagrangian density of the string as

OJ _ N {( )2 2 2 }1/2
~-- u·v -v u

=== - N { F2
- EG }1/2.

The canonical 1110mcntun1 &'1 is then \vritten

=== - N2 ~1 Gv!-1 + N:! ~-1 Gu'~.

I t is con venient to define also

N 0\V \ve require the variations of the action functional (4. I) to vanish.
For the 1110111ent, \NC continue to allo\v (51 and (52 to depend on T, thus obtaining

-r2 02(-r)

o = (')S = I dTJdIT (')Xf' (- _d~l" - d~r)
't'l 0 1(:)

02(-r)

+JdIT ((')x1" ,9
1
") 1::::

Ol(-r)

't"2

+JLIT {(')Xf' (a2) [ TIl' (IT2) - ~11:2 giL (IT2)] - (')X1" (ITl) [IT" (ITl) - _~1~1- giL (ITl)])

rrhe l~uler equations are therefore
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while the boundary conditions are

~x!J. ("rl , a) === ~x!J. (72 , a) =-= 0

i === I '?, ..., ,

Hereafter, \·\ye \vill treat n1ainly the con ventional case \yith 7-indcpcndent
boundaries in the da integral and \vill choose

'[he houndary conditions that \VC need to use ~xplicitly then ])CCOn1C

Il tJ
- ("r , a === 0) === 0

Il fl ("r , a === n) === 0 .

i\.. SVSTE!vf 'Vrr:f-lOUT GAUGE CO~STRAI~TS

Froln Eq. (4.6), \ve find the follo\ving t\VO prin1ary constraints,

(4· 13 b)

A d ynalnical relation,

. ~1 === f!lJ. f!lJ

~2 === f!lJ. u

,>
N'""u· u ~ 0

;~ o.

follo\vs fro111 Eq. (4.7). Equations (4· 12) and (4.14) in1ply that 1,2 =-= 0 at
a === 0 ,n. If \VC define our canonical Poisson brackets to be

{ f!}J!J. ("r , a) , XV ("r , a')} === - g!J.v ~(a - a')

{gJ!J.("r, cr), pjJV(7, cr')} === 0

{ xi! C·r , cr) , x') (r , a')} === 0 ,

then \ve find that '~l and ~2 are fi1~St class:

{ ~l (-, , IT) , ~1 (, , a')} = -+ ~2 (Y2 \' , a) + 'h (, ,a')) -;r; a(a - a ') .~ a

1

(4· I 6) { Y2 (,,: , a) , Y1 (": , a')} === (,~ 1 (,,: , a) Y1 Cr , a')) -~~ ~ (a - (J') ;~ 0

{ ,L (- ~1 ,L (- ~')} - (~'J (- a) + tlJ (- a')) --~--- ~ (~ -- ~') .~ 0't'2 "', \.J) , 't'2 \... ,v - \.. T 2 \. , 'T 2 I., 6() 0 v v ro.,;:, •

(See .l\.ppendix B for a discussion of the relation bet\veen Eqs. (4.16) and Eqs.
(1.83)). Hereafter, the explicit dependence of the canonical variables on T

will be dropped if no confusion arises.
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N O\V \VC cxarnine thc canonical " energy-monlentU111 tensor" in (1", a)
space. If we let zit == vt-L == .iP. U)L == 1IY' == ':r'1J. \vith uY· == (utJ. 1/)1) the

1 ' :! " , aI' 2 '

tensor may be taken as

[6 r = }~ u~ - o~ fI!
c b dU~

,~!L V
p
• ~__ 2

IT'l VtJ.

Formally, the canonical tensor IS conserved,

~ o.

Since [()c](lb ~ ° is obviously first class, ,ve Inay add linear conlbinations of
the first class constraints (4. I 3) to forn1 the density ,vhich is integrated to gi,'c
the first class generators of gauge-like transforn-lations in 7 and cr. Thus \VC

define the total "energy-Inomentllln tensor" in (1" , cr) space to be

na Uia,f, -L Va I
U b == I b 't'l j b !f2 ~ 0 ,

so the generators of ~ and cr transformations arc

1'C

HT = Jda 0\
o

1t

H a = ( cia 0\.
-J
o

l-L-; and I-I cr ha ve \veakly vanIshIng brackets ,vith one another becausc the Yi
arc first class. rrhc brackets \vith J::1J., ho\vever, are nontrivial and \ve I11aV

place restrictions on Uab and '.lab by requiring

"1.'!I:= 'l _ { JL H t - "JUl .. OlJp,
~ ---u- X, crj-'" 2;-:;r

Thus the definition (4.6) of g;'" tells us that the choice

VI == I .
2

reproduces (4.20).
In an ordinary scale-in variant t\vo-dinlcnsional field theory \vith the

canonical tensor [8[]a
b

0, there is an infinite class of symrnetry generators
found by integrating combinations of [OJah over an arhitrary function. These
(nonvanishing) generators produce all of the transforlnations 111apping the t\VO-
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dinlcnsional space pseudo-confonYlally into itself (see, e.g., r'"'ubini, I-Jansoll and
]acki\v, 1973). We 111ay construct a similar class of generators for thc string
using the zt1eakly zero tcnsor (4. 18).

We begin by defining z£'" (cr) and :?/J~l (a) for - 1t ~ a ~;: 0 l)y

uY (j) === --- U tL ((j)

a) ==

(Rebhi, 1974). rrhen \ve rnay Vv·rite the generator of all T and cr rcparall1ctriza­
tions as the functional

it'

(4. 23 a) L[f]= 4~ (cla{[f(a) ~j(__ a)](Y'2 fN2Z/H-2N[j(a)-j( -cr)jY. u}
.1

o
Tt'

-1:\ I cia j (a) ([J}J NU)2 ,

\vhere

rrhe functionals I~ [fJ forn1 a closed algehra in the Poisson brackets,

{ L [f] , L [g]} == L [fg' - f' g] .

'[he fan1iliar Virasoro functionals are essentially the 11"'ouricr cOlnponcnts of

(4.23) and are defined as
it'

L,,== L [ei",,] = -4k (cia eill" (.9' + Nu?
-Tt'

Classically, the LJl ohey the algehra

{ Lm , I-'Jl } == -- i (7ll ~ JI) L ,1 -+- m •

\Ve clnphasize that the I-'1l are 'Zueak~v :::,'),"0 hecause they are fOrIllCd froll1 the
first class pritnary constraints (4. I 3).

\Ve no\v turn to the generators of the Poincare group tranSfC)rnlations
of the fields xP. (7 ,cr). Since the x!l- (7 , a) , l-L == 0 , .. " D - I, are D separate
scalar fields in the two-dinlensional (7, a) space, syrnmetries acting on
the index !J.. are IT10re like internal isospin symn1etries than spacetirne S}"111111C­
tries of a convcntional field theory.

\Ve con1putc the ~oether currents generating Poincare transfornlations
of the x!-L by cxalnining the corresponding variation of the Lagrangian density,

\vith boundary conditions (4.10):

o == 0P == g;~l. DVp• + Tpl. DUll-

___ 8 / ))j!t ~) 8 (nIt ~ )
---- -:;,- (.T oXrl- + .r---- ox".

c~ , c'cr r
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If ox!J. is an infinitesimal translation,

we find the usual Euler equations

dqJfL dill-!'
~-8:r~--- + -8~- === 0 .

The --r-independent "charge" generating infinitesimal translations of x p
• IS

therefore
~2(1') 1t

pl'Cr) = I dcr&J!LCr, cr) = ( dcr&J!'('t', cr).
J ~

crIer) 0

\Vc revert for a lTIOment to --r-dependent boundaries for (j and note that both
the Euler equations and the boundary conditions (4.10) enter into the deri\?a­
tion of the T-independence (conservation) of pl-t :

If ox!). is all infinitesimal Lorentz transfoI11ation,

(4.31 a)

we find

(4.31 b) d ( 11, f]lJv V Y'!t) I d ( I" 11v v TPl) _-§r- X -x -r 2cr x -x -0.

'I'his equatioll also follo\vs from Eqs. (4.6-4.7) and the l~uler equations. '1'hc
generator of infinitesimal Lorentz transformations is thus

it'

M'L>' = {dcr (x" fJJv - XV &J") .
.Jo

Using Eq. (4.31 b) and the boundary conditions (4.12), \\?e find that lVI,tV IS

conserved:

cl:Vll-t"·,
d-r-- == 0:

The canonical Poisson brackets (4.15) I11ay nc)\v be used to sho\v that the
full l)oincare algebra is satisfied,

{ pC( , pf3 } === 0

{M'tv , pC( } === g~lc( p" _ gV'l. p'"

{MI-tV , lVfxf3 } === c~~ctf3 M°-r
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\V herc C~~C(r3 is the structure constant (2.24). I t IS also clear the xtJ. trans­

forms as

(4·35)

{ pIt, XV (-r , O')} == _ g~L'\'

{
j\ 'l!tV C( ("'I"" )} _ !let ." (...,.. ,,_ Vet.!-L ( "
.iV ,x w, 0' - g r't ., (J) g x ~,(J),

so that p'l and IVrlv indeed generate the infinitesin1al IJoincarc transfortnations
of X'I (7 , 0'); no integrals of the first class constraints (4. I 3) need to be added
to the canonical expressons for p,t and M!IV.

13. ORTIIONORl\fAL GAUGE CONSTRAINTS

\\Te \\Till no\v choose a convenient set of gauge constraints to fix the scale
of ':" and (J relative to x tJ-. \\rc begin by taking an arbitrary constant vector I,p.

and examining the consequences of the gauge choice

(4.36 a)

(4.36 b)

(
pp. )

AtJ. xtJ. (~ , (J) - N':-· ~ 0

N is defined as usual as the normalization appearing in the action (4. I) and
p,t is the translation generator (4.29). Note that the conditions (4.36) are

nonlocal in a.
If \VC differentiate (4.36 a) \'lith rcspect to ':" and a, \\·e find

1\' u'~ o.

Equation (4.36 b) and the Euler equations in1ply

so the boundary condition (4. I 2) requires

A . IT (~ , (J) ~ 0

for all (J, not just (J == 0 , n.
Next \\·c observe that the definitions (4.6) and (4.7) of ,3'" and nIl, together

\\·ith }=q. (4.37), in1ply that

A . {lj> ~ - (A . v) ~2 Gj2

,~ - (/\ . f?/J) XG /fE~l~ 0 .

In addition, Eq. (4.39) requires

A . IT ~ (/\ . v) N2 FIfE ~ 0 .
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\\TC first conclude that

(4.42 a) 'ZJ' It.~ O.

Secondly, E~q. (4.40) tells us that NGj!f/ ~ -~- I, so \ve discover that

(4.42 b)

By definition, f~qs. (4.42) sho\v that the gaugc choice (4.36) has resulted in an
ortlzornor7Jzai jJara7J1etrzzatioJl of the surface s\vept out by the string.

I'he value of the Lagrangian can novv be \vritten

(~) NT /F2 EG)1f2 NG + N' 1....",z;===-l'( --- -i I ~--l ~ ..L ,:..

N (1-- C-"~ 2 ~ --T)

so the follo\ving slgn con vention results:

fIlL ~ ~ N U'L == -- Nx',t.

'I'he }~uler equations and boundary conditions novv take the forIn

(4.45 a)

(4.45 b) cr==o,7t,

\vhere \\'e nlust continue to bear in Blind the orthonornlality conditions (4.42).

7he solutions of l~q. (4.45) IZd've 710 plz~vsical JJlea71ing unless they are cOllsistent

l£'itlz tIle constraints.

It is \\'orth\vhile to ren1ark that in1posing l~qs. (4.~r2) alone docs not fix
the gauge completely in thc \va y that (4.36) cIoes. By 111aking a rcparanlctri­
zation

such that

(4.46 a)

'1-' ':J-'ocr C''t''

d(1 J-r

':\'"" 2;;0(1

J"; '\ocr

\vhere

=== 0 ,



- 59-

\\'C 111<1 Y prcscr\'c I~qs. (4.42 ) ,

\vhere J'P' === .y1J. C:- (7 , a) , a (T ,G )). l"hus \ve ll1ay rCll1ain in an orthonortl1al

gauge \\'hile ll1aking a different linear cot11bination of the x P' (-:- , a) proportion­

al to -:- in (4.36 a).

C. DIRAC BRACKETS

\\Tc no\\' proceed to develop a set of Dirac hrackets c0111patible v\'ith the

prin1ary constraints (4. I 3), the gaugc choice (4.36), and the boundary conditions

(4. I 2). Only then can \\'C take I~qs. (4.45) to be strongly valid. "le first ex­
tend the canonical \'ariables to all \'alues of their argull1ents h~/ defining a

nc\v periodic Poisson bracket

(4·47)

\vhere

and

{ .qJJ~ t (1" , a) , XV (1" , (j')} == _ g' t V ~ (a , a')

~ (a , a') ~~= ~ r (a , cr')

00

~± (0 , a') == 2: [0 (a - a'
11=-00

2 U1t) ± 0(a + a' + 27Z1t)]

0/
()

da ~± (a, a')f(a) == f(a') , o ~ a's 7t .

\\le \,vill need the follo\ving properties of ~± ,

d~ (0' ,0") _ 2-1_ (cr , cr')
---d-O'- - - -~-~d----~--

and
2~/2a - ° at a - 0, 1t

2~/2a' - ° at a'== 0, it

L-/- ~/2a 2cr' - ° at (J - ° , it

~2 ~/2(J2
=-1= ° at 0,a - 1t

l'hus \ve see that J~q. (4.47) is COll1patible \vith the boundary condition (4.45 b).



- 60-

()ur full set of constraints is no\v

CPl (a) === f!JJ. It ~ 0

cP1 (a) === I. . x ~ 'TA . !)IN1t ~ 0

rrhe Inatrix of Poisson brackets is

(4.5 0 ) Cij (a , a') === { CPi (0") , CPj (a')} ~

o

o

o

o

A·p \.,~
o ". tl(cr,cr')

T: C(J

o

A'P d
TI: -6cr'..i (cr , a')

') '" 1)
... A· A ( ')---.:.....1cr,cr
~

oJ (' A ( , I
-A~ L1\(J,cr) - .....

I",

o

o

o

o

I-Ierc \Ve ha ve 111ade use of the constraints (4.49) after C0111puting the lH-ackets,
as \VC are al ,vays entitled to do.

To comput~ the Dirac brackets, we need the in n~rse matrix Ci/ (v , (;')
defined by

.J cIcr" Clk (cr , cr") C,;/ (cr", cr') = 1'1 (v , v') =
o

~- (a , a') 0 0 0

0 L1 (a , a') 0 0

0 0 L1 j (a , a') 0

0 0 0 ~ (a , 0")

I'he appearance of ~- in the first diagonal entry of the generalized unit 111atrix
I ij (a ,a') and ~ in the ren1aining positions is dictated by the boundary
conditions. If \ve differentiate (4.5 I) \vith respect to a and evaluate the result
at a == 0 or 0' == TC, Eqs. (4.50) and (4.48) imply

d J1

" d "C ( If) c····· 1(" ') J I (') L
Ja a 14 a, a 41 a ,0' i (j = 0 ,;: === :}cr 11 \ () ,a (J = 0,;: =j 0 .

The corresponding expressions for the other diagonal elements of Iti vanish
and they accordingly 111ay be set consistently equal to L1 (a, a').

To determine Ill' \ve first observe that the solution of

Jcicr" C41 (cr , cr') Ci"l (v", cr') = 144 (cr , cr') = ~, (cr , cr')
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