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where Ci7® is the Lorentz group structure constant (2.24). Equation (3.20)
means that 4;” is a realization of the adjoint representation of the Lorentz
group Lie algebra (Racah, 1963).
Now the Lagrangian depends on ¢; only through AAT = AcA”. Thus
if we define

e oL
(3.21) S -
. o6y
wWe may write
; aL 1 de*v OL I
<1 . _ ',V/
<3.22> T = 8’1'31‘ — ; "55}_’* ™Y T 4 3 \Q) Suu .

From Eqg. 73.19), we have also
D V2l

13-23

~ 1Ly p——s
S = B () TV

s

g L . . .
S™ is thus a combination of canonical coordinates and canonical momenta
. . . A W N 18
somewhat similar to the spinless Lorentz group generator ‘a” P’ — 2" P .
Using Iigs. (3.14) to (3.23), we can now express the Poisson brackets
’ N . ~ 1Ly i T~ .
73.97 in terms of S and A%. The result is

N oA 9B JA 9B v 2\ 9B
/\3'24/7 {‘—\‘ , B } T oar TAane T TaniT 2y -5 PYSTRRPVRY S
oy 3pF op™ oty o587, es™t
. W 0A 2B o oB EAY
T A\ o g e, T Yo e Ag )
AN JAMP 95gp

where A and S are to be considered as independent variables. We then find

the canonical Poisson brackets
wall ~oT
4+ Cea™ S
{ Sgw’ jxaﬁ } — J,\ocv guﬁ o 1/\a,lt g\a.’?;

3, ., :3
{P“, P/} . {X“, .’L‘l} _ {A!Luy J&V } =o.

(3.23)

Therefore S obeys the Lorentz algebra by itself and gencrates the right
(spacc-axis) Lorentz transformation on A*™. Note that

(S AP ALY =o0.

Thus the brackets (3.24) arc compatible with the strong validity of the con-
straints (3.1) even when all of the S and A™ are treated as independent va-
riables when taking partial derivatives. /e effect, we have sidestepped one stage
of the Dirac procedure by starting with brackets which are consistent with
Eq. 3.1).

Next, we show how to rewrite the Euler equations (3.8) in terms of S

and **. Using Eqs. (3.17) and (3.22)

3, we find
1 WY s s s w o« py oL I« . aB .
0= -~ ai ©;5,, Sy a —ANpgai’ - —  Sypda ¢
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Now Eqgs. (3.18) and (3.19) let us reexpress this as

<326> SHV . Su?\ 0_)\; ‘{A G!U. S):)>— 1\7@ ‘éﬁ‘f _}_ AT o —=o0.

One can verify explicitly that the choice (3.6) for the form of the Lagrangian
implies
oL

3-27) — S M S AT T A
\ A

N
. .
= ' P’ — 2’ P".

Thus the spin Euler cquation can also be written
CNTEY [N v il
(3.28) S P —’ P =o0.
In order to forge a connection hetween 1£gs. (3.26-28) and the familiar equations

for the rotator {(Goldstein, 1950).

’

[ r / — oscte .
\3-29> L~p:<l(‘€ - mely _!A space X Lspace = £ xternal tm‘(lUC> )

we define the body-fixed spin

. N \ - ufs
(3.30) S AN S, AT
Y rallV . -~
Then when we refer S to the space coordinate svstem, we find that
1 3 )
LYy s By [V ~IA Y
(3.31) Y o= A™ Sep 77— O T o N

Comparing to kq. (3.26), we find that the motion of the hody-fixed spin in
its own frame is

(/3 27) ’é‘gw _ \uk ,,EI',_ s \v). 743}47
o i BT

Finally, we observe that if we define

3.33) MY = AP P S

then the Euler equations (3.8) and (3.28) imply

(3.2, M
(3-34) =0

v W . . .
We now show that M" is precisely the conserved generator of right (space-
axis) Lorentz transformations. Under a right Lorentz transformation, the
Lagrangian is invariant, so

o N I 3L el o .
3 33> 0= 6«) L= Arth 8(0 at P 8(-) o + oo, sw P; im 523, o ¥i

= d(.l‘? <PV- Sm 'T!L + ,l‘i 80) (Pz> )
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where we used the Euler equations (3.8). Now the infinitesimal right Lorentz
transformation 3, has the effect

B 4 = G (1, 4% — 27 )

(336) W poe VB B vo
SO)AF :mxB<A 8 F—Al £ )

From Eq. (3.17), we find
(337) 8(-) ¢; = ; bkt'WA?»lL 8&) A)\V = Oap é?‘q'
For arbitrary w,s, Eq. (3.35) implies Eq. (3.34) and M"” is the conserved Nocther

current of right Lorentz transformations. By explicit computation using Egs.
(3.25), we see that M"” and P" obey the Poincaré algebra (2.23).

B. CONSTRAINTS ON TorP LAGRANCIAN

We now examine the constraints which must appear in the top Lagrangian
if it is to describe a reasonable physical system. First we define the set of ten

right Poincaré invariants
0 v Al 2 3
a; = (A, 2", Ay 2", A5 &, A 27

(3-38) o 1 10w a2 tov 3 im a3 i a1 t1y .o
A AL A™ AL AT A AT A AT AL A AY)

composed of the variables (3.4) which appear in the Lagrangian. The deriva-
tives of L with respect to these variables will be written

oL
(3-39) L;(e) = —a;gﬂ

T-reparametrization invariance of the action is assured by the requirement that
L be homaogeneous of degree one in the velocities; L (@) is thus taken to satisfy
Euler’s differential equation for homogeneous functions,

10
(3.40) Le)= Y a;L;=aL;.
=1

Since the ten momenta P*, S" are homogeneous of degree zero in the velocities
@;, at most nine momenta can be independent; there must exist a #rajectory

constraint relating the momenta,
(3.41) FA% P AMS A ~ o,
We will restrict ourselves in what follows to constraints of the form

(3.424) PP+ M2 S~ o0
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where M? is 70 a constant but is a function of the body-fixed angular momen-
tum S = ASAT satisfying

(3.42 8) M*(SY, %) = - M* (5%, — 5%,

The motivation for this choice will become apparent shortly.

Next, we must force our top to have only the usual three spin degrees
of freedom in the nonrelativistic limit. In order to eliminate three of the six
components of S*, we hereafter restrict ourselves to Lagrangians for which the
relation

(3.43) V= S"P,~o0

and Eg. (3.42) follow from the form of the Lagrangian alone. (Since P,N"= o,
Eq. (3.43) contains only three independent constraints). By choosing the
constraint (3.43), we effectively pick the physical meaning of the coordinate x*
of our spinning particle. According to Pryce (1948), Eq. (3.43) identifies x*
as a body’s rest frame center of momentum, which transforms as a four-vector.

Equation (3.43) must for consistency have a weakly vanishing derivative:

(3.44) V=S P, LS P, ~vo.

Combining this information with the Euler equations (3.8) and (3.28), we
find
- 23 " u- P
(3-45) w ~ P (;2')
Putting this back into Eq. (3.28), we have

Sy

(3.46) S

~ 0 = (external torque),

thus completing the connection between Eqs. (3.29) and (3.31).
Now we note the general identity

~Fnk \ S ¥ I o 0P ¥
S w S}\,: b“ b}‘v - 4 g1u<b baﬁ)
where
S*lw _ i_ Ew/ic 57.5 ,
and ¥ is the totally antisvmmetric pseudo-tensor, with 0123 = -1,

Multiplying by P,, we find that the constraint (3.43) directly implies
*

(3-47) S S, A~ o0.

Thus, for example, from Eqs. (3.45) and (3.26),

% o oL
S}W A AS—K)V R O,

(3.48) i

=% &
Suv S~ o.
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(Note that

Uy ¥ 1 uvaf3 ) wa v B
S = LA, S Ap = A ( e S )A“'

1
-5

due to A" A AM AP g 5.5 = Det A g#vio — gwio),

We will not deal here with the problem of finding Lagrangians satisfving
Eq. (3.43); procedures for doing so are given in Hanson and Regge (1974
for the case of the spherical top. A simple example of a suitable spherical
top Lagrangian is
(3.49 @) L=—2%{Aw? —Bo. o+ [A#—Bos-o)f—

— 8 B(Aucon— 2 B Det o)}

. N . ;5 NN
where #?2 = u, u*, 66 = o™ oy, , oou = u, ¥’ o, 1", Det ¢ = (o™ 5,,)7/16,
and A and B are constants. Direct computation confirms that the constraints

S P, ~0

A o
(3.49 ) P* P, — 5SS *—Axo

follow from the form of the Lagrangian alone. Lagrangians also exist for which
the mass and spin are separate unrelated constants:

p* P,~A

.
(3.50) I -
, S, SV a B.

C. DIRAC TREATMENT OF ToP CONSTRAINTS

We now consider the dynamics of a relativistic top whose Lagrangian
gives rise to the following weak constraints among the canonical momenta:

PP-MQS)~o
(3:51) .
V' =8"P,~o0.

The canonical Hamiltonian is

(3.52) H=Puwu+T¢;,—L=Pu+-06,8"—L=o

I
2
and so may be taken as the initial first class Hamiltonian. However, the con-
straints (3.51) are not all first class, since
9 2 <
(PP M, V'l~o

(353) s .
(VH, V') &~ S P2,
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There are nevertheless two first class combinations of the constraints

(3.31), which we take to be

Y=P LM S)~o

N

(3.54)

* B
k’gz:SaQba X O

We observed in Eq. (3.47) that ¢, &~ o follows directly from V" ~ 0. Our
first class Hamiltonian may now be taken to be

) H = 2,(z) 91 4 22(%) 92 -

2%

(35
Since consistency requires

VM= {V* H}=~o,
any multiples of V" which might be added to H must have vanishing coct-

ficients and there are no secondary constraints.
Defining the tensor

(3-56) Lo = a5
we compute the velocities to be

. W
w = {x* H} =20, P

.
(3:57) oy o ‘ "
o= NA HY = 0, 1+ 40,577,

As in the spinless case, we may set v; = (— 7;2)'5/(2M), and similarly restrict
the form of z,. Nevertheless, there remains an arbitrariness in z; and 7, which
is eliminated only when we choose gauge constraints.

Equations (3.51) represent four independent constraints. The two com-
binations (3.5.4) are first class while the two remaining independent combina-

tions, say

(3.58) R

are sccond class:

Slz
Cr={V, V=P P
~21
N 0
3-59)
r~—177 1 o —I
‘\C / - PLL P 512"
“ 1 O,

Strictly speaking, we must replace all Poisson brackets by the correspond-
ing Dirac brackets (1.21) even in our preliminary first-class Hamiltonian

system.
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Now let us proceed directly to impose a gauge condition which is effec-
tively the  phasc space conjugate ™ of the constraint V" ar 0 on the momenta.
Physically, we want A" to be a pure rotation in the rest frame of P", just as
S" becomes a pure three-angular-momentum in the rest frame. We thercfore

conjecture that

L p*
L
(3.60) = A- 5 ~ O

Is a consistent constraint choice, where

P _ oD N
(3.61) P=(PP)

0 A0 400 . <
and Noy= Ag=--A" =1 for a pure space rotation. Since
/\362> P:::“ E.g; 42 p* E_u = 0,

only three of the four constraints (3.60) are independent.

Now we use Eqgs. (3.31), (3.46) and (3.57) to show

(363) S~ 0y (1787 - S" L)
where T% = A" I, A% Then if Eq. (3.42 4) holds and M2 (S is even under
S g()l, I (S) must be odd:

a2 i e s s s s
(364) “"_NI__ — I()z <Sz_/y Sﬂl) I IO; (St_/, . S()t) ]

3501’
We conclude that if we set
(2.6 S
(3 5) ~ O
at some point 7, we have also
(3.66) I —
(3. 6/ == 0.
Then from Eq. (3.63) we know that S” ~ 0 and so S" vanishes for o/l -
Equation (3.65) is therefore an dnvariant relation provided we restrict

ourselves to trajectories obeying Eq. (3.42).
We now define

wy
ot =A"P,.

Since V' ~ o implies

we must have

(3.67) o' = oS™ =],
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From Eq. (3.57), the equation of motion for p* is

. Fv T¥xuy
ot =+ o Mo, - 42,5 Pu -

|

We now choose the gauge

«OO ~ P = <_— Pu, P!L)é,

so that
o =P A PSP
or
% =0.
Thus from Eq. (3.67), we find
p’. X O

The equation of motion of ¢f is now

« 177 T*il TH0
frv Y o g, ST ST

O~

Pa + 42, P

O

Consistency then forces

vy = 0,

so that the gauge choice p® ~ P has fixed one of the arbitrary functions in
the Hamiltonian as expected. Furthermore

=A"P, a8 P = ~g“0 P
which is exactly equivalent to Eq. (3.50). We conclude that the constraints
Y= Aj—P'/P~o

consist of one gauge condition and two invariant relations.
We may now compute preliminary Dirac brackets consistent with the

six independent constraints
Vi=S"P,~0

(3.68) . . ,
2= A/— PP ~o

which we write as

2 1 2 3 z1 ¢«
¢ = (V,V, V5, &2
The matrices needed to compute the preliminary brackets are

o , o
) .. ls'ptp, — (P3Y - P P//PY|
(3.69) C'={¢, o'} = ( /)1
(P87 4- P" P/IP) o
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and its inversc

1 i P’ p/
» ° £ =)
'3.70 C = . L .
( ) < ) L (817—_7— P? P]<> o ql] El‘§ii£)b — P’ Sl/c P/e
R L T e

1

where P = (— P" P

We may put our brackets into a manifestly covariant form by rewriting
os
\C )1‘/ as

(3.71) (C 1y =T (CY™ Ty, { ; ! i i ’ ) g
where
(3.92 @) T, — Ty o] , [ =1,2,3

! o T lu=o0,2,2,
and

— PP’ o o
Ty = — PYP° o -1 o

— p¥/p° 0 o 41

TN
w
~I
(V)
o~
N

e - Ne10] . . .
I'he matrix C* and its inverse are simply

373 o PaPSY kg
(3-73 = pow o
&
i ~1 af
(3.74) € )" = oy
o i;". ; o quv
p o

T4y 1s now used to convert V, and £, into V, and &, by using the identities
P*V, =0 and "%, = — Pz" 2. as follows:
% v .
(A, V3T, ~{A,V Twl={A,V,},
(3.75) " . i
{AE }Tmm{A,E rlku}N{Arcau}-

Defining the eight component object

I

-0 rl 2 3 20 »1 +2 3.
o =V, V, V5, V5, 20 2, &, 2% r=1,008,
we may use Eq. (1.21) to write the preliminary Dirac brackets as

(376)  {ABY~{A,B}— | {A,V'}{%,, B} +

+ Ilzf {AA ’ au} {\/vu‘ ’ B} + {‘A’ aM}Suv{gv ) B} )
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where we use a prime to distinguish the preliminary brackets from the final
brackets.
The explicit formulas for the primed brackets of the canonical variables are

(377) 1. {P5a7) = —g"

2. {4, 2"} = —S"/(P, P

3. {P",PP}Y =0

4. {P SV =o

5. {287 = (" P —s* PP, PY)

6. {S®, Sy = s (g P PP/P, PY) — S"* (" -— P’ P*/P, P)
+ S“’( e p* PP, P — S (g - PM PYP, P

7. LAY, 2 = AP g™ — PP g™)(P, P

8. {AV,P"} =o

9. {A¥, A\“"}’ =0

1o, { A, S} = (g P PP, P — A (g™ — PY PP P
B A\”,, P g™ PB ——gﬁv PH (P, P’ .

These brackets are now compatible with setting the constraints V* and

£" identically zero. Note that the position variables a* have wonsero brackets
{Prvce, 1948). Nevertheless, the Poincaré algebra (2.23) is still satisfied in the
primed bracket system and a* transforms like a four-vector.

Since V* and £ vanish strongly, S vanishes also:

(3.78) SY = A% S A = — PSP A (— P =0,

Furthermore, from Eq. (3.64) we find
(3.79) 0=T1"= A%I"AY = — P, I® A% (— P%

fod
As a consequence, I ® now obeys

(3.80) I pP,=o.

We can form a Hamiltonian from the remaining first class constraint,
(3.81) H = v(z) (P* P, + M*SY)).
M?* no longer depends on S" because of Eq. (3.78).
The velocities are simply
w = {x* H} = 22"

<382) AT ' !
V= AM{AS, HY = ol
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We now eliminate all arbitrary functions by selecting a gauge constraint
conjugate to the trajectory constraint. Making use of the iterative property
of the Dirac brackets, we choose the final constraints

(3.85) o= PP, + M) ~ 0

gy =20 — 10

and impose them on the primed brackets (3.77).
The required matrices are
o —2P’
== { CPI. , [ }/ p—i 0
i 2P o

I o 1
Ci =2 [—1 o]

Equation (1.21) with all Poisson brackets replaced by the primed brackets
(3.77) gives the form of the final Dirac brackets, which we now denote with
stars. The results are

(3-84)

(3.83) L{wfr:_yuiwww

2. {7V = 4 SYME— (P S — P S M P =
— S“'/M2 (P” S PP — P S PO (PY

3. {PY P} =o0
4. {P 8" =0

VA ¥ wy 1y ‘.ul v P+ ov ph 0 1yve
5. {2 S = — [ 8P P") + g " P —S" PY)

6. {S‘“ a,, 1* _ S“a( v - P’ PB/I\42> Mr@(gvzx_],_ P’ Pa/M2>
+ Sav/ uf 4} Pu. Pﬁ/M ) SBV (gu«x _{“ PH PO(/NIZ>

7. {Auv) & }* _ I‘ AY (I_)V gozl _p gw) +
+ poymE W P* A¥, (P* g% — Ph™) — PO - g0 AB TP
8. {AY,P*} = — 3,130_ 2 AN T
0. {AM AP - PO - AR (PP g™ — P g™ A%, T 1
+ _2?3@’ A% (P g% — PP g™y A¥, 17
to. (A", ST = AT AT '*Ps‘f\'ﬁ AB TV (P* S PP S™)—

AVICN

e AP P P PR g 1 P

where M = (— P* P = [M2S)T, L = SM2/2S* and 1 P, = o.
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The Hamiltontan is
L

(3.86) H=7? =@ - M5 ¢

while Hamilton’s equations of motion are

dA _ BA 257 b
= AL @+ MEY)h
(3.87)
JA ) 0%
= -5 H{A, P}"

Here we have used the traditional notation 20 = ¢ to emphasize that x® is
now a parameter and not a canonical variable.
The Poincaré group generators are now written

P’=H
Pi — Pi

(3-88) o . o; S, o
M” = /P — 2" H + 8% = /P’ — 2 H—S” P//H
M7 = x' P/ — 7 PP 4 57

The star Dbrackets of these quantities obey the Poincaré algebra Eq. (2.23)
and the theory is again Poincaré-covariant. Applying Eq. (3.87), we confirm
that the generators (3.88) arc constants of the motion with respect to 29 = #
The transformation of x* under the Poincaré group is altered in the star
brackets. 1% = ¢ is now just a parameter, while x transforms as follows:

(P vy ={H, +}=—PH
(P 2/ ) = —3"

(3-89) . L L
B A e e
(MY A = — 8" - 2 PYH.

The extra term in { M%), 2*}* is just the correction discussed in Chapter 2
which maintains the validity of the constraints (3.83) in the new Lorentz
frame.

D. QuaNTUM MNECHANICS

In principle, the system of single-particle positive-cnergy quantum-
mechanical operators describing the relativistic top can be deduced directly
from the final Dirac brackets (3.85). In practice, however, this can be quite
difficult unless we are able to construct from the original set of variables a re-
duced set of independent variables (1.85) obeving canonical brackets. For the
top, the appropriate variables correspond to the Pryce-Newton-Wigner varia-
bles (Pryce, 1935: Newton and Wigner, 1949) supplemented by the Luler
angles. We define

Sz' — ~l) S{jk S/’l‘
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and take our new variables to be
(3.90) P =1
e SXP o SY
=% HH+M H 4 M

M . P(P-S)
J=7S8+ H (H + M)

RY =AY — A" P//(H 4 M)
A pFp/

= A T

P=P
P'=H = (@’ -+ M*(J))".

Here M?(S7) can be taken to be a function only of

/391) Tli — Rl‘_/ Jf
hecause
/\392> gl'j- — R,-/é <€Hu Jn> R’/l/ _ g’j’é jl' ‘

Here we have obscrved that RY is an orthonormal matrix,

(3.93) R*R* = R RY = 5"

and used the identity €7 R* R R* = ¢ Det R = &,
Defining
M2 (]) M2 (]

(3.94) I' = =

) i Il

we find by direct computation from Egs. (3.90) and (3.85) the following brackets:

(3.95) 1. {P,@ ) =—3
{H,¢ }=—1r/H
2. {¢,¢ =0
3. {PYP =0
4. {P, V¥ =0
5. {¢, ] =0
6. {J, 1 =c"]
7. {R7,{'} =0
8. {RY, P} =o0

{RY, HP =— | R¥eMU
{ R{j’ R/m }* —05
10. { Ji, R” = =7 R%
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Equations (3.95) now form the basis for our quantum mechanical system,
We begin by choosing the Hilbert space norm

(3.96) (@, 0) = | P2xd*(x,r) D(x, 7).

We then take
¢t = ¢% = ¢-number
(397) 2 e oNT2 N
M = —DP" P, = M*(J) = g-number,

and the Hamiltonian
(3.98) H =@+ M (D),

where the twelve independent operators are
¢', P', J° and three of the RY.

Starting from the Dirac brackets (3.93), we postulate the commutation relations
(399)  i[Pg]=13"

i[P, J'] =[P, P/] = ¢[P,R"] =0

ie' ¢'1=ild, V1 =ilg’, R* ] =0

AV, == )

J[JF, RV] = — 7% R¥

Z.[sz’ R/m] =0

We also observe that

(3.100) 4[], V]1=o0
Z[J T] z]ka
()R] = +~”"°‘

so J commutes with right vectors and transforms left vectors. The Hamil-
tonian (3.98) has the commutation relations

i[H,q]=PH
(3.101) i[H,Pl=o0
i[H,J]=o0

We omit the explicit computation of 7[H, R’j] due to nontrivial ordering

problems.
The Poincaré group algebra is generated by the operators H, P, and

-v[yj Q PJ 7] Pi _%ﬁ Eijk JL
(3.102) . . ' oy
M" = /P'— 3 (¢ H+ He) + iy
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The Hamilton equations of motion for an operator A are
’ 7([17\“ — ~ JA .
(3.103) G HL AL

An explicit realization of the algebras (3.99) and (3.100) in terms of dif-
ferential operators is the following:

1 0
P=
i 99
4 I _lmn pkm o
N — i
(3.104) ] ; € R R
74 . Imn ymk 2
] = 2¢& R *51“{;; .

To get explicit expressions for J and J in terms of the three independent
Euler angles, we first define the 3 X 3 matrices

N 1
; - J—
(3.103) (L] = = S

realizing the algebra of the J”s, and then write RY as

7 —7al; —ifL, —ivL
(3.106) R7(a,B,y)=¢"""¢ e
coso —sinae o] cosB o sinB|]|cosy —siny o
=| sin « cosz O o I 0 sin vy cosy O
0 o} Ij|—sinB o cosB|| o o} I
coso cosf cosy -—sina siny —cosx cosf siny —sina cosy cosa sin 2
==|sina cosP cosy +-cosasiny —sina cosP siny -l-cos« cosy sinea sinf |-
—sinf cosy sinf siny cos B

Then we see that J may be written

1_/._cosy9_‘_.ﬂrair‘ ) P
J "‘( Sinp ox oMY 5 7 cosy cot B 5

Ja =1 —;{—
while J is
jl — (— cos o cot ch —sin % _D% - :S?% ;})
F= 'a’i '
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Thus the Schrédinger picture wave equation which is the counterpart of the
Heisenhberg picture equation (3.103) is

(3.109) HY(#, % RY) = (V- M (o =7 ),

where J is taken to be the operator (3.104) or (3.108). (We make no attempt
here to resolve ordering problems which may arise when M? Y is expressed
as an operator). Equation (3.109) is nonlocal; a local equation, which could
be the starting point for a quantum field theory of relativistic tops, might
take the form

5 ) = _—
(3.110) (_ '9;;&,.;,‘ +M (J)) Lp(x ; R/) =o0.

We cenclude with the remark that Dirac’s procedures can also be carried
out for the electrically charged relativistic top. However, since this system
becomes exceedingly complicated and is still imperfectly understood, we will
not attempt to treat it here (see Hanson and Regge, 1974).

4. STRING MODEL

Our examples thus far have dealt only with point-particle mechanics,
where all canonical variables depend only on a single parameter . As our
first example of a ficld theory with continuous degrees of freedom, we examine
the relativistic ** string model 7 (Goddard e a/., 1973; for a review, sce Rebbi,
1974). We take as the action functional the reparametrization-invariant
expression for a surface embedded in a D-dimensional Minkowski space, ana-
logous to the reparametrization-invariant Zine element (2.4) chosen as the
point-particle action. The Nambu action is then

T2 Gy(T)
SR ’ (3t Oy \2 Srt Q| 3t Gry \ |12
<4I) b [ﬂ,‘L] —_— 1\ ’ d v -J dG{(’&’% ’3(;’) —_ ( 5:7 *5;’) (“LTG“ ""&“&")J .
T‘l 01(7)

N is a normalization with dimensions of Planck’s constant divided by length-
squared, and one conventionally chooses

N = __1
(4.2)

G, = 0, Gy == 7.

The D canonical coordinates a*{x, 6) now are two-dimensional field densities
with continuous degrees of freedom labeled by 6. Any transformation of the
form

g

T—> 7(x,0)

4.3
“-3) 6~ G(7,06)

leaves the integrand of (4.1) unchanged.
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A metric is induced in the (7, 6) spacc by its embedding in a“-space.

However, we can avoid explicit use of this metric by working exclusively
with ~, 06, and the quantities

o oz* (v, o)
i
4.4 @) .
( )
- oG
and
(4.4 &) E =12, G =12, F=uwv.

Then we may write the Lagrangian density of the string as

L= —N {(u- v)z — " B}
45 ,
= —N{F—EG"

. W . .
The canonical momentum 2" is then written

Qlju Jo,

T (—— \) (" 2% — u* (v - u))

= — N2 #1Go" - N2 271Gyl

It is convenient to define also

(47 == = () @ =)

'y Suy

= — N 1 E;* L N2 &gt Fp”,

Now we require the variations of the action functional (4.1) to vanish.
FFor the moment, we continue to allow o, and 6, to depend on =, thus obtaining

T2 Gy(T)
) ’ P on*
(4-8) 0=985= (d'“J dode(— 2 — % )
NG \
G(7) K
v L T=n |o=0u(7)
. j do (35, 7+ [ d=(3s(2) 2) o
64(7) o T1 -

]

[ e b ) [I1 (o) — 22 9 (o)) i (o) [ 1P () — 2 2" ()]

The Euler equations are therefore

. 2P oI
(4.9 e + e 9
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while the boundary conditions are

dxt(ry,0) =8 (7p,06) =0

l

[ %)

- n N ; W, .
(4.10) I1 (r,o—,)—h_—:@ (r,0;,) =0, Z
FLlrt,0) =L (7,06, =0.

Hereafter, we will treat mainly the conventional case with =-independent
boundaries in the de integral and will choose
6, =0

(4.11)

Gy =— TC.

The boundary conditions that we need to use explicitly then hecome

N"(z,6=0)=o0

1.12
W12 Mm(r,e==x)=o.

A, SyYsSTEM WITHOUT GAUGE CONSTRAINTS

From Eq. (4.6), we find the following two primary constraints,

(4.13 @) Yy =22+ Nu-uno
(4.13 6) by =P u ~ 0.

A dynamical relation,

(4.14) II-11 4+ N?v.0 = o0

follows from Eq. (4.7). Equations (4.12) and (4.14) imply that ¢2 == o at
6= 0,n If we define our canonical Poisson brackets to be

{P(r,0),x(r,6)) = —£"8c—0d)
(4.1%) {.@“(T,c),.@v(':,c/)}:o

{2*(z,0),2"(x,6)} =0,
then we find that ¢; and ¢, are first c/ass:

5 3 ’ A
{%(T,G) s (lJl(_T,G/)} = 4N2(\52K7:G> + 2’;2(’1',6'))—;—;;8’\6——6/\ ~ O
(416)  {da(s, ), (s, 00 = (s, ) + % (s, 0)) o 85— ) ~ 0
9 ,
{e(m, 00, da(7, 00} = (97, 0) + a(7,0)) 5 0(6—c) ~o0.

(See Appendix B for a discussion of the relation between Egs. (4.16) and Egs.
(1.83)). Hereafter, the explicit dependence of the canonical variables on =
will be dropped if no confusion arises.
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Now we examine the canonical “ energy-momentum tensor ”’ in (7, 5)

- L | 1 Wome g 2T i — [
space. If we let w, = vt ="y =t = x, with 2+ = (), 2y), the

tensor may be taken as

a ag L a
(4.17) [6.1%,= o uy — 8 &L

a
o, — L Pu,
= T &
1w, e, — 2

Formally, the canonical tensor is conserved,

310,17,
—_— =0

ot oo

Since [0,]%~ o is obviously first class, we may add linear combinations of
the first class constraints {4.13) to form the density which is integrated to give
the first class generators of gauge-like transtformations in = and 6. Thus we

define the total “ energy-momentum tensor’’ in (7, ¢) space to be
J \ ’ / 1

(4.18) 0% =U%g - Vigs~ o0,

so the generators of v and ¢ transformations arc

H. :J de 0
0
(4.19) -
H, = fdc 0L .
o
0

H. and H, have weakly vanishing brackets with one another because the vy,
arc first class. The brackets with a*, however, arc nontrivial and we may

b b -
place restrictions on U%and V% by requiring

" 1 . -1
A=t = (2 H ) = 2UL 2V
\
(4.20) 1 -1
== {l"u s Hc} =20, P4V "

Thus the definition (4.6) of 2" tells us that the choice

Ul = — £ Vi = T
(4.21) 2N?G G
UL, =o0 Vi, =1.

reproduces (4.20).

In an ordinary scale-invariant two-dimensional field theory with the
canonical tensor [0]%== 0, there is an infinite class of symmetry generators
found by integrating combinations of [0 ]% over an arbitrary function. These
(nonvanishing) generators produce all of the transformations mapping the two-
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dimensional space pseudo-conformally into itself {sce, ¢.g., 'ubini, Hanson and
Jackiw, 1973). We may construct a similar class of generators for the string
using the weakly zero tensor (4.18).

We begin by defining 7" (6) and #' (6) for —n <6 <" 0 by
(122) w* (— o) = — " (o)
4.22) O o
P () =+ P (5)

(Rebbi, 1974). Then we may write the generator of all © and ¢ reparametriza-
tions as the functional

4230 LIf= [ds{(£(6) LA (=@ N D) 42N [f () ~f=)| 20}

o

0

— 41N ’ de f (o) (2} N7/>2 ;

where

{4.23 ) L[f] ~o.

The functionals L[ /] form a closed algebra in the Poisson brackets,
(4:24) {LIf], L{gl = LIf&"— fgl

The familiar Virasoro functionals are essentially the Fourier components of
{4.23) and arc defined as

ki

| do e (L -+ Nu) .

/425) Lzz = L [ginr)] = N
Za
Classically, the L., obey the algebra
(4.206) {L, L.}=—7ln—u)L,p.

We emphasize that the L, are weak/v zero because they are formed from the
first class primary constraints (4.13).

We now turn to the generators of the Poincaré group transformations
of the fields #*(=, 6). Since the 2*{x,6),u =0, -+, D -1, arc D separate
scalar fields in the two-dimensional (=, o) space, symmetries acting on
the index p are more like internal isospin symmetries than spacetime symme-
tries of a conventional field theory.

We compute the Nocther currents generating Poincaré transformations
of the #* by examining the corresponding variation of the Lagrangian density,

with Doundary conditions (4.10):
0=38%=P" v, + 11" du,

(4.27) 3 ST
=g (P8 £ g (I 8.
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If 3x* is an infinitesimal translation,

(4.28 ) St = et
we find the usual Euler equations
o™ oI1*
(4.28 6) o T =
The ~-independent ¢ charge’ generating infinitesimal translations of a* is
therefore
gz(‘f) b

(4.20) P (1) = ' de#'(z,0)= | do ?"(z,0).

(=) i

We revert for a moment to ~-dependent boundaries for 6 and note that both
the Euler cquations and the boundary conditions (4.10) enter into the deriva-
tion of the t-independence (conservation) of P":

dP!L - dGz J . dGl i . I
dr ~ dr ( 2) T d- J 1) ‘9&'
(4.30) 1 1 o
acy 1L L dcy ' -rl
= 2 P () — 1" (63) — T P (o) + I1 (o) = 0.

If 8a* is an infinitesimal Lorentz transfomation,

4-31 ) Bt = (3% g — x° g%
we find

d WV v u o oYy 2T ==
(4.31 6) 5 P = P+ (& It II"y =o.

This equation also follows from LEgs. (4.6—4.7) and the Euler equations. The
generator of infinitesimal Lorentz transformations is thus

T

(4.32) M" = f do (& P — " P .
&
Using Eq. (4.31 6) and the boundary conditions (4.12), we find that M"" is

conserved:

ame
(4:33) 1 =

The canonical Poisson brackets (4.15) may now be used to show that the
full Poincaré algebra is satisfied,
{P*, P} =0
(4.34-) {1\4]1}\/ , Pfl} glla P \A I)IL
{M™, M7} = C M




— 57 —

where C2*® is the structure constant (2.24). It is also clear the 2* trans-

forms as
{P", 2" (x,0)} = —g¢"

,
435) Wy a ne v y

° WYk - N MY - N v M N
(MY, 2" (z,0)}=¢"2" (v,0)—g x (v, 0),

so that P" and M"" indeed generate the infinitesimal Poincaré transformations

of ' (=, ¢); no integrals of the first class constraints (4.13) need to be added

A

to the canonical expressons for P" and M.

B. ORTHONORMAL GAUGE CONSTRAINTS

We will now choose a convenient set of gauge constraints to fix the scale
of = and ¢ relative to +*. We begin by taking an arbitrary constant vector 7.,

and examining the consequences of the gauge choice

(4.36 @) A (JC‘U‘ (tr,0)— I‘)\u:—) A~ 0
(1.36 6) (72, 0 — ") ~o.

N is defined as usual as the normalization appearing in the action (4.1) and
P" is the translation generator (4.29). Note that the conditions (4.36) are
nonlocal in o.

If we differentiate (4.36 @) with respect to ~ and ¢, we find

2P AP
)\ U R N= N*'&‘ -
(4-37)
AuxO0

Equation {(4.36 &) and the Euler equations imply

(4.38) ,

3P dpe1ny
—8::_.___ —_—— /’\/O

2o
so the boundary condition (4.12) requires
(4.39) - Il(=,6)~0
for a// 6, not just 6 = o, 7.

Next we observe that the definitions (4.6) and (4.7) of #" and II", together
with Eq. (4.37), imply that
APy —(0)NGIZ

(4.40) I
~— - P)NG|FA 0.

In addition, Eq. (4.39) requires
(4.41) I~ -)NPFlZ~o0.
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We first conclude that
(4.42 @) ''=v-u~o.
Secondly, Eq. (4.40) tells us that NG/ ~ -— 1, so we discover that
(442 6) E+G=¢v|+w2~r~o.

By definition, Eqgs. (4.42) show that the gauge choice {41.36) has resulted in an
orthornormal parametrization of the surface swept out by the string.

The value of the Lagrangian can now be written
‘ 4= —N(F" —~EG)"a~ — NG~ +NE
443) N

N - - N, ¢
— P 2. RS VXA
o 5 <IL (ﬂ =5 K4 =,

so the following sign convention results:
P~ N = N

(444) ) ‘ ,
M ~ — Nz == — Nx'™.

The Euler equations and boundary conditions now take the form

) \ 32"
445 @) 32
oxtt
(4.45 6) 5 O, G=0,T,

where we must continue to bear in mind the orthonormality conditions (4.42).

The solutions of I<q. (4.43) have no physical meaning unless they are consistent
with the constraints.

It is worthwhile to remark that imposing £qs. {4.42) alone does not fix
the gauge completely in the way that (4.36) does. By making a reparametri-

zation
v,6>%(7,06),5(7,0)

such that

o6 %
, d ¢
(4.46 a) }

oG o

= 7 o
where

32z =z

(4.46 6) e T e =0
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we may preserve Eqs. (4.42)

At Sy,
P Y
3 <
ort 3z, Sxy, dat

~ 0,

55 o T o5 98

Y. Thus we may remain in an orthonormal

/7t

gauge while making a different lincar combination of the (<, &) proportion-

where a# == 2% (= (% ,6),6{(7 ,6

al to © in (4.36 ).

C. DIrRAC BRACKETS

We now proceed to develop a set of Dirac brackets compatible with the
primary constraints {4.13), the gauge choice (4.36), and the boundary conditions
{1.12). Only then can we take Eqs. (4.43) to be strongly valid. We first ex-
tend the canonical variables to all values of their arguments by defining a
new periodic Poisson bracket
) _— v : :

(4.47) (7,00, (5,0} = —¢"As, o)
where
Ale,6) = A, (6,5

and

(1.48 a) Ay(o,0) = Z [8(c — 6" -F2num) + 3(c + 6 + 2 um)]

=)

1 Y . f s ,

— 2 n(c-o -o

= (811(0 ) % PdCR: )>,
= = -—oc0

'chi(o,G')f(G):f(c"), oZ¢ <=w.

0

We will need the following properties of Ay,

A(s,¢") FA_(s,0")
o¢ o &
4.48 &
(4:480) A{,o) 3 (s,0)
> - 6
and
e =0 at c=o0,™
A6’ =0 at ¢'=o0,%
4480 :
F A6 =0 at 6=0,7
FPARE =0 at 6=o0,7.

Thus we see that Eq. (4.47) is compatible with the boundary condition (4.45 é).



— 60 —

Our full set of constraints is now
p1(c) =2 - u~o
o o(6)=%-x—1A-P/Nr~~o
-49) 93(0) = P2° - N"2% ~ 0

wy(6) = k- P—%-Plx ~ 0.

The matrix of Poisson brackets is

<4'SO> C:‘j (G’ Gl) = { P: <6> » P (GU} ~
| AP2
o o o —— < As,0)
=
272..P :
| o o /;I" A{s,0") /.""(A (5,6 — i)
~ | ; .
| o _ ?/:_'P A, o) o o i
N ) ol n )
| — '7_} S Ao, -—75(;3:’\0',6)—7::—) o o

Here we have made use of the constraints (4.49) after computing the brackets,
as we are always entitled to do.

To compute the Dirac brackets, we need the inverse matrix C,}l(c, 6"
defined by

(4:51) | do”Carlo, ") Cif' (67, ) = Ly(o, o) =
i
} A (6,06 o} o} o
j o A (c,q") o o
- o 0 A (s,c") o
0 0 o} A (6,6)

The appearance of A_ in the first diagonal entry of the generalized unit matrix
[,;(c,0") and A in the remaining positions is dictated by the boundary
conditions. If we differentiate (4.51) with respect to ¢ and evaluate the result
at 6 =0 or ¢ =7, Eqs. (4.50) and (4.48) imply

3 - 3
s o 12 ’ i -1 12 I o ]
(4.52) v | d67Ciy(o,6") Cy (67, &) = . Ij(s,06" ==o0.
©G o=0,7 ey o=0,7
The corresponding expressions for the other diagonal elements of I,; vanish
and they accordingly may Dbe sct consistently equal to A (¢, d".

To determine I;;, we first observe that the solution of

J ds"Cy (s, 0) Ca' (6", 6) = Iu(o,6) = A (5, 0"
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