Revisiting the least force required to keep a block from sliding

This article pertains to a problem on static friction that concerns a block of mass M resting on a
rough inclined plane with an inclination angle @ > tan™" x as shown in Fig. 1, where s is the

coefficient of static friction between the block and the incline. Familiar textbook versions of the
problem require the student to find the minimum required magnitude of the force F exerted on
the block so that the block won’t slide down. In the textbook versions though, the direction of the
force F is usually specified in the problem, commonly either along the incline and up the
incline* (when ¢ =0 in Fig. 1) or perpendicular to the incline and into the incline? (when

¢ =90° inFig. 1). We make a practical extension of the problem by posing it this way: what is

the absolute minimum value of F needed with its direction being flexible so that the block does

not slide down?

In order to find the solution, we take the force F making an arbitrary angle ¢ with the incline as

shown in Fig. 1. Fig. 2 is the free-body diagram of the block showing all the four forces acting
on it, the x and the y axes defined as shown in Fig. 2 as well. W is the force of gravity having a
magnitude of W=Mg, n is the normal force exerted by the incline and f; is the force of static
friction from the incline acting along the incline and up the incline. For the x and y components

of the net force exerted on the block, we write

Z Fnet,x =0

or

Mgsind—f,—Fcos¢g=0 | 1)

and

z Fnet,y =0

or



—Mgcos@+n—Fsing=0 . (@)

Now, we remember that the minimum value of F for a fixed ¢ pertains to a situation where the

block is on the verge of sliding, and hence
fs,max = :usn : (3)

After putting f, = f in equation (1), using (1), (2) and (3) we obtain after some rearranging,

s,max

Mg (sin 8 — u cos6)
F = _
(cosg + ugsing) 4)

The above expression of F pertains to its minimum required value for a fixed ¢. The next step is
to minimize the expression of F in equation (4) with respect to ¢ to find the absolute minimum
of F. The derivative of F with respect to @is

dF _ Mg(sin@ — u cosd)

dg (CoS @ + p, Sin ¢g)? (41, cos =sing) : ®)

Equating the above derivative to zero, we obtain the expression for the critical value of ¢ that

yields a minimum of F to be

_ tan-1
g =tan " pg (6)

It is interesting to note that the expression in (6) is the same as the expression for the maximum
value of the inclination angle @ itself beyond which we need the extra force F to keep the block

from sliding.

The expression corresponding to (6) for the absolute minimum value of F is



_ Mg(sin & — ug cosd)

min M ) (7)

It is worth noting here that the above minimization of F can be performed without resorting to

F

calculus as well, namely by identifying the expression in (4) as

_ Mg(sin @ — ug cos 0)

Sl uZoosp-g) ®)

F

Since we know that the cosine is a maximum when its argument is zero, at this point it becomes

clear that F is indeed a minimum for ¢ =g, since the cosine is in the denominator in the

expression for F in (8).

We observe several interesting points about the solution. First of all, the expression for ¢ in (6)
tells us that ¢ is independent of 6. Second, the expression for ¢ turns out to be the same as
that for the maximum value of & itself beyond which sliding occurs unless the extra force F is

acting on the block.

As an example, we take M=1Kg and z4=0.5. Fig. 3 shows the plots of the minimum F needed
versus the angle ¢ for a number of values of the inclination angle . We see that the minima for
all the plots indeed correspond to the same ¢ = 26.6° a value obtained from (6), which is

independent of 6.

To conclude, the problem in its most general form, as presented in this paper, starts with an

interesting and practical question. It turns out to be a challenging and yet accessible exercise to



students that can be included in introductory physics textbooks, perhaps as a “harder problem’, in
addition to the relatively simpler versions with a specified direction of F that are prevalent
already. The fact that the critical value of ¢ turns out to be independent of the inclination angle
6 makes the solution all the more intriguing. Since the minimization of F can be performed with
or without calculus, the problem can be included in both calculus-based as well as algebra-based

physics texts.
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