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ABSTRACT

In this paper, we study the Bernstein polynomial model for estimating the mul-
tivariate distribution functions and densities with bounded support. As a mixture
model of multivariate beta distributions, the maximum (approximate) likelihood es-
timate can be obtained using EM algorithm. A change-point method of choosing
optimal degrees of the proposed Bernstein polynomial model is presented. Under
some conditions the optimal rate of convergence in the mean y?-divergence of new
density estimator is shown to be nearly parametric. The method is illustrated by an
application to a real data set. Finite sample performance of the proposed method
is also investigated by simulation study and is shown to be much better than the

kernel density estimate but close to the parametric ones.
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1. Introduction

In nonparametric statistics, density estimation is a difficult job. Multivariate density
estimation is even more difficult. A complete account of the multivariate density es-
timation can be found in the book by Scott [1]. The most commonly used method
of multivariate density estimation is kernel estimation. Some modifications on ker-
nel density estimation can be found in [2-4]. However, the kernel method is not a
maximum likelihood method. It is just a technique to smooth the discrete density
corresponding to the empirical distribution by choosing appropriate bandwidth. The
kernel density is actually an unbiased estimate of the convolution of the target den-
sity and the scaled kernel. Moreover, the boundary effect of kernel estimation and the
difficulty in selecting the bandwidth still prevent the improvement upon the accuracy
of estimation.

All nonparametric estimates of infinite-dimensional parameters such as continuous
distribution and density functions are based on models with finite-dimensional param-
eter. For example, the commonly used empirical distribution is based on multinomial
distribution model. Empirical likelihood method uses the same model. This model can
also be viewed as a step-function approximation of the unknown population distribu-
tion function or histogram approximation of the underlying density function. However
it is not a smooth approximation.

If a nonparametric model for density means any nonnegative function f such that
[ f(z)dz = 1, then for any = with f(z) > 0, the information for f(z) is zero [see 5]. It
was also showed by [6] that no such nonparametric model even with some smoothness
assumptions for which this information is positive. Therefore such ‘nonparametric
model’ is not useful. Box [7] noted ‘all models are wrong, but some are useful’. If this

is agreed then such infinite dimensional ‘nonparametric models’ are not even models



because they are not wrong and specify almost nothing. Therefore properly reducing
the infinite dimensional parameter to a finite dimensional one is necessary. It is well
known that in most cases the maximum likelihood method gives the most efficient
estimate. A working finite dimensional nonparametric density model is also necessary
to apply the maximum likelihood method. Just like we clearly know when an estimator
is parametric, with an approximate working finite dimensional nonparametric density
model, one can easily answer the question: ‘when is an estimator nonparametric?’ [see
§82.4.2, 6.1.3, and 6.4 of 1]

Inspired by the Bernstein [8,9] polynomial approximation [see 10,11, also.], Guan
[12] proposed the approximate Bernstein polynomial model for nonparametric density
estimation. The unknown parameters contained in this model are the coefficients and
the degree of the polynomial which is also the number of unknown coefficients. The
number of parameters could increase as sample size increases. This is one of important
features that characterize a nonparametric estimator [see §2.4.2 of 1]. The readers are
refereed to [12,13] for more references therein on applications of the Bernstein poly-
nomial in estimations of density and other smooth infinite dimensional parameters.
Unlike other nonparametric density estimation such as the kernel density and other
applications of the Bernstein polynomial in density estimations as in [14] and [15], for
instance, Guan [12]’s method is a maximum likelihood method using Bernstein poly-
nomial as an approximate model with the degree of the polynomial together with the
coefficients as a finite dimensional parameter. It has been shown that the Bernstein
density estimation can achieve an almost parametric optimal rate of convergence. Sim-
ulation study showed that the small sample performance of the Bernstein polynomial
density estimate is close to that of parametric one but much better than the kernel

density estimate.



Multivariate density estimation is crucial in many applications of statistics. For ex-
ample the Nadaraya-Watson estimator of a nonparametric regression function requires
the nonparametric multivariate density estimate. The commonly used kernel density
estimator cannot take the advantage of the boundedness of the support of a density to
be estimated and therefore its rate of convergence is bounded by the optimal minimax
rate [16]. On the other hand, however, for a density on an infinite support it is not
possible to obtain reasonable estimates of the density values outside the data range
without specification of the tail behaviors. The multivariate generalization of [12]’s
method is desired and is anticipated to provide better nonparametric multivariate
density estimate than the existing methods such as the kernel density estimation.

The paper is organized as follows. We shall give the maximum approximate Bern-
stein likelihood method in Section 2 and some asymptotic results in Section 3. The
proposed methods are compared with some existing competitors through Monte Carlo
experiments in Section 4 and are illustrated by a real dataset in Section 5. The per-
formance of the change-point method for choosing optimal degrees is also studied in
Section 4. Further remarks and comments are given in Section6. The proofs of the

theoretical results are relegated to the Appendix.

2. Methodology

2.1. Notations

In this section we first give some notations and definitions that will be used in the
following sections. Throughout the paper, we use bold face letters to denote vec-
tors. For example, * = (x1,...,24)" is a d-dimensional vector. Inequality < y is

understood componentwise, i.e., x; < y; for all j = 1,...,d. The strict inequality



x < y means x < y but * # y. We denote the taxicab norm by |z| = Zf’:l | ;]
Let C%)[0,1]¢ denote the class of functions f on [0,1]¢ that have continuous partial
derivatives () = oW f(t) /ot - tfid, where 0 < (I) =11 +---+ 13 < k.

The density of beta distribution with shape parameters (i + 1,m — i+ 1) is
Bmi(t) = (m+1)< _>t’(1—t)m ,oi=0,...,m; 0<t<1.
1

Then the generalized multivariate Bernstein polynomial, the multivariate polynomial

with positive coefficients, can be defined as
m
Z a ﬁmz CL(’L) >0, (1)

where t = (t1,...,tq), m = (m1,...,mq), & = (i1,...,0a);, D iog = Dot " 2oiieo

and Bmi(t) = H?Zl Bm,i,(tj). The maximum number of nonzero coefficients is K =

H?:l(mj +1).

2.2. Maximum Approximate Bernstein Likelihood Estimation

Let X = (X1,...,X4)" be a d-dimensional random vector having a continuous joint
distribution F and a density f with support inside the hypercube [0, 1]%. The part (iii)
of Lemma A.1 in the Appendix implies that we can model the multivariate density f

approximately by

fm(t;p) = Zp(”') ) Bmi(t)> (2)
t=0

where p = pm = {p(i) : 0 < i < m} € Sy, = {p(i) : 0 < i < m,p(i) >

0, > iyp(i) =1}, the (K — 1)-simplex. Then fy, is a mixture density of K multiple

beta distributions. Moreover, the marginal densities are also mixtures of (multiple)



beta densities. The joint cdf F' can be approximated by

Fr(t;p) = Zp(z'l, .. .yiq) - Bmi(t), (3)

where By,;(t) = H;l:l Bin,i, (tj) and Bp,;(t) is the cumulative distribution function of
beta(i +1,m —i+1),i=0,...,m.

Let ®; = (z14,-..,24)", 1 =1,...,n, be a sample of size n from F. We assume that
Pm is arranged in the lexicographical order of ¢ = (i1, .. .,44) so that p,, can be treated

as a K-dimensional vector. We can define the approximate Bernstein log-likelihood

m) = 3108 fm ;) Zlog{z ) B (1)} )
k=1

It is easy to see that if n > K — 1 then £(py,), as a function of p,,, is strictly concave
with probability one. The maximizer py, of {(pm) subject to constraint p,, € S,,
is called the maximum approximate Bernstein likelihood estimate (MABLE) of py,.
We can estimate the underlying density and distribution functions, respectively, by the

maximum approximate Bernstein likelihood estimators (MABLESs) fg(t) = fm (D) =

> (i) Bmi(t) and F(t) = Fn(t; B) = 70 B(4) Bmi(t).

2.3. Optimal Degrees

(0)

Starting with an initial value py;,, one can use the following iteration to find the

maximum likelihood estimate of p,, for any given m:

1 Z 11, o L) Tl Bt (20y) (5)

p(s—i-l)(
d b
j=1 z op Zla oy iq) Hv:1 Brmis (vaj)

oo ly

0<l, <my; 1<v<d; s=0,1,....

(s)

It follows from Theorem 4.2 of [17] that for each m, as s — 00, Py, converges to Pm,.



Because the marginal density of X; can be approximated by a mixture of the (m;+1)
beta densities, beta(i + 1,m; —t+ 1), i =0,...,m;, [12] gives a lower bound for m;
which is mp; = max{1, [p;(1 — ,uj)/gjz — 31}, where p; = E(X;) and sz = var(Xj).
One can estimate jp; and sz, respectively, by fi; = z;. = %2?21 Zji, AJQ» = s? =
ﬁ S (zj; — Zj.)% We can select the optimal m; using the change-point method
of [12] for each j. Let M; = {mj; = mjo + 14,4 = 0,1,...,k;}. We fit the marginal
data x;1,...,2n, with the Bernstein model of degree m;; € 9; to obtain the profile
log-likelihood £j; = £j(mj;). Let y;; = £j; — £j-1, @ = 1,...,k;. We heuristically
assume that y;1,...,¥y;, are exponentials with a change point 7; and that mj, is the
optimal degree. We use the change-point detection method [see Section 1.4 of 18] for
exponential model to find a change-point estimate 7; = arg max;<,<x, { Rj(7)}, where
the likelihood ratio of 7 is

bir =4 l; _E'T E—K
RJ(T) = —TlOg <J7—]O> — (k] —T)lOg (Jk-7> +k]10g (Jka:JO>7
J

]Cj—’T

for 7 = 1,...,k;. Then we estimate the optimal m; by m; = mjz,. In case R;(7) has

multiple maximizers, we choose the smallest one as 7;.

2.4. Multivariate Distribution and Density Functions Estimation

Let Y = (Y7,...,Yy)" be a d-dimensional random vector having a continuous joint
distribution G' and a density g with support [a1,b1] X -+ X [ag,bq]. We transform
Y to X = (Xy,...,Xy)", where X; = (Y; —a;)/(bi — a;), i = 1,...,d. Then the
distribution and density functions of X are, respectively, F(x) = F(x1,...,2q4) =
G{(b—a)x+a} = G{(b1—a1)x1+a1,...,(bg—aq)rs+aq} and f(x) = (by—a1) - -+ (bg—
ag)g{(b—a)x+a} = (by —ay)---(bg — aq)g{(by — a1)z1 + a1, ..., (bg — aq)xq + aq}.

Let y; = (y15,---,%4)", J = 1,...,n, be a sample from G. We transform the data to



x; = (T1j,...,2q)", with z;; = (yij—as)/(bi—a;), j=1,...,n,i=1,...,d. Since f is
a continuous d-variate density on the hypercube [0, 1]d, we can fit the transformed data
xzj, j = 1,...,n, by the Bernstein polynomial model to get the maximum likelihood

estimate p. Then we can estimate g and G respectively by

. Yj —aj
|| mji ) 6
11, y 1 6 ,7<bj_aj> ()

W (222) @

Hz 1 z%

m d
Gely) = > plir,....iq)- [[ B

1=0 j=1

3. Asymptotic Results

In order to prove our asymptotic results we need the following assumption:

(A.1). For each m large enough, there exist a py € Sy, and k > 0 such that, uniformly

inte (0,1)4,

[fm(t;p0) — f(D)] —k/2
f(t) § C(d7 f)mO 9

where my = mini<j<qm;, and C(d, f) depends on d and f but independent of m.

A function f is said to be y—Hdélder continuous with v € (0,1] if |f(z) — f(y)] <
Clz—yl|” for some constant C' > 0. By Lemma A.1 and Remark 4 we have the following

sufficient condition for assumption (A.1) to hold.

Lemma 3.1. Suppose that fo € C([0,1]%, r >0, fo(t) > & > 0, and when (I) = r
all fél) are a-Hélder continuous, o € (0,1]. If f(t) = fo(t) ]_[l (91 — )%, where

a;’s and b;’s are nonnegative integers, then assumption (A.1) is true with k =r + a.

Intuitively, assumption (A.1) suggests that most of sample data can be viewed as

if they were from fn,(¢;po) [13]. So ¢(p) is the likelihood of @i,...,x, which can



be viewed as a slightly contaminated sample from fp,(¢;po). Hence fn,(t; p) approx-
imately targets at fm(t;po) which is an approximation of f satisfying assumption

(A.1). For a given p € S,,, we define the x?-divergence (x2-distance)

2\ _ {fmt;p) —F®)}* fmtip) 17
b (p>_/[0,1]d 7@ ‘“‘/[o,w[ o 1] o

For density estimation we have the following result.

Theorem 3.2. Under assumption (A.1) for some positive integer k, and my =
On'/*). As n — oo, with probability one the mazimum value of £(p) is attained
by some P in the interior of By (rn) = {p € Sm : D?(p) <12}, where r2 = logn/n.

Consequently we have

(fn(:9) — F(0))2 log n
E/[O] w0 s T

Because f is bounded there is a positive constant C such that

logn

MISE(fp) = B[ {fmlt:p) - S0} e < C )

n

Remark 1. The result (8) is a stronger result than (9) because f can be arbitrarily
small. The rate (9) is an almost parametric rate of convergence for MISE. This rate
can be attained by kernel type estimators for analytic densities [19]. It is an interesting
to investigate the properties of the proposed method for analytic density functions.
Guan [12] showed a similar result when d = 1 under another set of conditions. The
best rate is O(n~!) that can be attained by the parametric density estimate under

some regularity conditions.

—2k/(2k+1)) for a

Remark 2. The Remark 1 of [20] mentioned a minimax rate of O(n
larger Holder class of order k of univariate density functions even with restriction to

[0, 1] [see 21, also|. This does not contradict our result because we consider a smaller



class of density functions which satisfy assumption (A.1), while a Holder class density
does not necessrily fulfill this assumption. For example, f(z) = [z(1 — x)]"T%/B(a,b),
the density of beta distribution with shapes a = b = r + 1+ «, where r is nonnegative
integer and 0 < o < 1. This is a member of Holder class of order k = r 4+ a but does

not satisfy assumption (A.1).

4. Simulation Study

Consider the two-dimensional random vector (X1, X2)* with pdf f(x1, x2) and support
[0, 1]2. We generate random samples of size n from some distributions. Simulation
results on the estimated optimal model degrees m and mean integrated squared errors
(x100) of the density estimates based 1000 Monte Carlo runs are given in Table 1.
In this table, fB represents the maximum approximate Bernstein likelihood density
estimate; fK the kernel density computed by R package “ks”. Samples of size n are

generated from the following distributions.

(i) Beta: joint beta distribution with pdf f(x1,z2) = beta(x1;7,7)beta(x2;5,5).
(ii) Normal: bivariate normal with mean p = (0.5,0.5)" and covariance matrix 3 =

0.1252(;97)-

(iii) MN: bivariate normal mixture wiN(p1,¥X1) + woN(p2, o) with parameters

w = (w1, wg) = (0.3,0.7), p1 = (0.3, 0.3)™, puo = (0.7, 0.7)7,

2 2
5, = 0.065° 0 %, = 0.065“ 0 ‘
0 0.0652 0 0.0652

(iv) P(8,8): power distribution with pdf f(z1,z2) = 4.5(2% + 25), 0 < 21,22 < 1.

From Table 1 we observe the following. The change-point method for choosing

optimal degrees seems to give consistent estimate of m for beta distribution. For non-

10



Table 1. Simulation using optimal degree m. Simulation results on estimated optimal model degree m and

mean integrated square errors (x100) of density estimates based 1000 Monte Carlo runs. fB: maximum Bern-

stein likelihood density estimate; fK: kernel density.

Beta Normal MN P(8,8)
n =20
E(r)  (10.90, 8.72) (11.50, 11.55) (43.83,44.17) ( 6.25, 6.26)
SD(rn)  (3.04,3.08)  (3.10,2.99) (12.29, 12.53)  (2.51, 2.54)
MISE(/p) 30.438 44.814 151.846 153.602
MISE(fx) 63.957 86.723 217.632 206.481
n = 50
E(rn) (1142, 8.66) (12.29,12.25) (46.05,44.80)  (5.86, 5.92)
SD(rn)  (2.41,2.26)  (2.53,2.55)  (10.54,9.95)  (1.99, 2.09)
MISE(/5) 13.812 23.427 75.429 79.496
MISE(fx) 32.680 43.904 127.248 177.962
n =100
E(r) (1179, 8.58) (12.87,12.96) (46.68, 46.27)  (5.36 5.31)
SD(rn)  (2.04,1.79) (220, 2.23)  (8.13,8.18)  (1.24, 1.25)
MISE(/5) 7.403 14.037 43.340 49.420
MISE(fx) 20.238 27.691 82.454 158.145
n = 200
E(r) (1199, 8.46) (13.22,13.13) (48.24, 48.08)  (5.95, 5.92)
SD(rn)  (1.56,1.48) (1.87, 1.77)  (6.85, 6.63)  (1.33, 1.33)
MISE(/B) 3.733 8.884 24.407 33.672
MISE(fk) 12.943 17.453 53.237 141.669

11



polynomial density distributions the optimal degrees seems increase slowly as sample
size n with decreasing standard deviation. The proposed density estimate fB could be
3 times and at least 1.3 times more efficient than the kernel density fK The relative

efficiency of fg to fk seems increases as n.

5. Real Data Application

The joint density of duration Y; (in minutes) of eruptions and the waiting time Y5 (in
minutes) of the Old Faithful is bimodal. Based on the data set containing n = 272
observations which are contained in [22] and also in [23]. Density estimation based on
these data are also discussed by [24] and [23]. Petrone [25] provides a comparison with
the Baysian Bernstein density estimate.

We truncate the data by rectangle [a1,b1] X [ag,bs] = [0,7] x [0,120] and trans-
form the data to X; = (Y; — a;)/(bi — ai), i = 1,2. Using the change-point method
of [12] as described in Section 2.3 we obtained optimal degrees m; = 95 and
mo = 88 by fitting the duration and waiting time data separately with the Bern-
stein polynomial model. The maximum approximate Bernstein likelihood estimate
gp of the truncated density based on the data Y;’s with m = (95,88) is trans-

formed to give the maximum approximate Bernstein likelihood estimate fB of f:
fo(®) = g{(x1 — a1)/(br — ar), (w2 — a2) /(b2 — a2)}/[(br — a1)(bs — a2)]. Figure 1
shows the density estimates, the proposed method of this paper fB, the kernel density
fK using R package ks based on mixture data, and the parametric estimate fp using
R package mixtools, the mixture normal model, and the histogram fH of the data.
Figure 2 compares the four estimates by contours. From these graphs we see that the

proposed estimate is a little bit more smooth and looks more like mixture normal as

many authors have assumed.

12
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6. Concluding Remark

Due to the many parameters to be estimated, the only drawback of the proposed
method is the slow convergence of EM iteration. The computation cost seems unavoid-
able to achieve the much better efficiency. It is a challenge to find better algorithm
to speed up the computation. Although assumption (A.1) is not easy to check, the
sufficient condition given in Lemma 3.1 with all a;’s and b;’s equal to zero is fulfilled
by non-vanishing densities. A nonparametric density estimator should be obtained by
fitting a working nonparametric model for density. A useful and working nonparamet-
ric model should be an approximate model which contains unknown but finite number
of parameters. The method described in this is implemented in R language [26] and
will be added as a component to R package mable, maximum approximate Bernstein

likelihood estimation [27], which is available on CRAN.
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7. Appendices
Appendix A. Mathematical Preparation

We denote the modulus of continuity of function f by w(f,h) = maxs_¢<p |f(s) —
f(t)|, h > 0. Define wy,(h) = w(f™),h), W (h) = max iy, wr(h), and A, = Ay (t) =
max{n~1, 8, (t)}, 0 = 0n(t) = \/t(1 — t)/n. I n < 4 then A, (t) =n~! forall t € [0,1].
If n > 4 then

on(t), |t—0.5]<0.541—4/n;

n~t,  elsewhere.

An(t) =

Let f be defined on the hypercube [0,1]%. The multivariate Bernstein polynomial

approximation [28-30] for f(t) is

Bi(t) = > f(i/m) bmi(t), (A1)
1=0
where % = <rerll’ e TZerd), bmﬂ'(t) = H;lzl bmﬂ‘j(t]‘), and bmz(t) = (T)ﬂ(l — t)mfi,



1=0,....m; 0<t <1

The best degree of approximation by B (t) is (’)(Z;»lzl m;l) provided that f has
continuous second or even higher partial derivatives. Most of the applications [see
14,15, for example] of the Bernstein polynomial so far in statistics are limited to
estimating f (%) using empirical distribution. So they are far from optimal if the un-
derlying distribution has a smooth density function. One such example is [31] who used
Bernstein polynomial to approximate multivariate distributions in terms of empirical
Bernstein copulas.

If d =1 and f has a positive lower bound and higher than second order continuous
derivatives [10] showed that there exist better choices of nonnegative coefficients than
f(i/m1) which result in the so called polynomial with positive coefficients and degree of
approximation better than O(m; ). We shall generalize the result of [10] for univariate
polynomial with positive coefficients to multivariate case with a little improvement.

Let A = A5 My, M,), M, = (M; = M;,__;,,2 < (i) < r), be the class
of functions f(¢) in C("[0,1]¢ with the properties § < f(t) < My, |f®(t)| < M;,
t € [0,1], for some 6 > 0, M; > 0, 2 < (i) < r. The following is an enhanced
generalization of Theorem 1 of [10] to the multivariate positive polynomial which

might be of independent interest.

Lemma A.1. (i) If f € CM[0,1]¢, 7 = 0,1, then with Cpg =d+ 1

d

£(@) = B(@)] < Craw® (i 8, (2) [ 30 ()] . 0@ <l (A2)

j=1
(i) If r > 2, 6 > 0, M; > 0, be given, then there exists a constant C,q4 =
Cr.a(0, My, M,.) such that for each function f(x) € Agd)(é, My, M) one can find a

sequence Pp(x), m > 1, of polynomials with positive coefficients of degree m satisfy-
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mng
d
/(@) ~ Pra(@)] < Crgi”) (Do (@) D 2(@) [ S b, 2)] . 0 @<t (A3)
j=1
where Do (%) = maxi<j<q A, (x5). (4) If f € Agd)(é, My, M,) is a probability den-
sity function, and fél) is a-Hélder continuous, o € (0,1], (I) = r, then normalizing
the coefficients of B%(m) or Pp(x) we obtain fm(x;p) = > oo p(2) - Bmi(x) with

coefficients p € Sy, which satisfies

. . —(r+a)/2
‘f('m)_fm(xap” SC;’d(lIgilgdmi) , 0z <1, (A4)

for some constants C! .
b

Remark 3. If d = 1 and r > 2, then an improved version of Theorem 1 of [10] is
() = Pa()] < Coo2(OAL 2(Bwn(An(t), 0<t<T, n=1,....  (A5)

This indicates that the approximation P, for f performs especially good at the bound-
aries because the errors are zero at t = 0, 1. However, results of [10] do not imply this

when r > 2.

Remark 4. The requirement that f has a positive lower bound ¢ can be relaxed to
allow f to vanish only along the edges of [0, 1]%. For example, f(x) = fo(x) Hl Lz (1-
z;)%, where fy € A,(ﬂd)(é, My, M,), a;’s and b;’s are nonnegative integers. Because
P,,(x) is a polynomial with positive coefficients so is Py, (x) Hf-l:l 28 (1 — x;)b. Thus

part (ii) of Lemma A.1 is still true.

Using the notations of [10], we define Tp,5(x) = Y 1 _o(k—nx)*ppi(z), s = 0,1,.... It
is convenient to denote Tps(x) = n~*Tys(z) and T (z) = n T (x) :==n"5Y ] _ |k —

nx|*ppk(x), s = 0,1,.... In order to get a non-uniform estimate, we need an improved
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version of Lemma 1 of [10]:

Lemma A.2. For s > 0 and some constant Ag
Tiy(x) < A0y (2) A0~ (x), (A6)

where aVb = max(a,b), and aAb = min(a,b). Particularly Ao = A1 = Ay =1, A3 =2

and Ag = 4. The equality holds when s =0, 2.

Remark 5. Lemma 1 of [10] gives T, (7) < A;AS(x), s > 1, which does not imply

zero estimates at x = 0, 1.

Proof. The special results for s = 0,1,2 are obvious. By the formulas on P. 14 of

[11] we have Ty (z) = Tpa(z) = n=282(2)[3n(n — 2)62(x) + 1] < 462(z)A%(x). By
the Schwartz inequality, we have T’;(z) < [T (z)T%,(2)]Y2 = 6,(2)[T,(2)]Y/? <
202 (2)Ap (7). For s > 4, both Ty, 2,(x) and Ty, 2,11(x) can be expressed as nx(l —
x) ;&[nx(l — 2)]'Q(z), where Q.(z) are polynomials in 2 with coefficients
depending on r and [ only [see Eq.5 of 32]. Similar to [10], this implies that
T

n,2r

(z) = Tnor(z) < A902(2)A%2~2(z). By Schwartz inequality again T;,2r+1($) <

[Tho () Thar(x)]Y/? < Agpi162(x) A2~ (x). The proof of the Lemma is complete. [

Appendix B. Proof of Lemma A.1

Similar to [10], we want to prove that, for r > 0, there exist polynomials of the form

d

QL () = Z{ +Z Z( IRt Hﬁimjuj,mj)}pm,k(m), (B1)

k=0 j=1
where (@) = ( (@) ) is the multinomial coefficient, and 7,;(x, m)’s are polynomials,

115..050d

independent of f, in x of degree i, in m of degree |i/2], such that for each function
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fecmipo, 14,

:|2/\'r (Bz)

d
(@) ~ Q@) < O Dm@IDR D (@) 3 61, 1)
7j=1
with C;’ 4 depending only on 7 and d.
If f e C™0,1]% r > 1, by the Taylor expansion of f(k/m) at x, we have

r@ =1 -3 > (% )H ) O ()
i=1 " (i)=i

3 £ O 10000 - o)

(@) =r
where 5,(:) is on the line segment connecting x and k/m. This equation is also true
when 7 = 0 by defining &,(CO) = k/m and the empty sum to be zero. Multiplying both
sides by pm, k(x) and taking summation over 0 < k < m, we obtain
IR ol D\ T ("
fa) =@ -3 3 (% )H (@) + )@, (B3)
=2 (i)=i =1

where r > 0, empty sum is zero, and

R = {Z<>ZH ; m]xn'pmjkxw»[f“)(w)—f@(a&’“’ﬂ}'

(3) k—0j=1""

For each § > 0, define A = A(x,y;0) = ||z — y|/d], where |z] is the integer part of
x> 0. Then \d < |z —y| < (A\+1)d, and for g € C[0,1]%, |g(x) —g(y)| < (A+1)w(g,d).
If f € C"0,1]% r = 0,1, then similar to the proofs of Theorems 1.6.1 and

1.6.2 of [11, pp. 20~ 21] and by (B3) we have |f(z) — Bi(z)| = |R\ (x)|. Because
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Mz, k/m;6) <61 2?21 |k; —mjxj|/mj, by Lemma A.2 with s = 0,1, 2, we have

- d
@)= Bl < 3 o) [T 00 5223; ) ) )

(i)=r 1<j<d
J#l
- d d
< 3 w)| [« Z oo IT o] )
(3)=r Lj=1 =1 1<5<d
J#l

The estimates in (A2) follow from (B4) with § = max;<;<q 0m, (;). This also proves
(B2) with » =0, 1 and Qi = BY. So part (i) is proved.

If r > 2, then we have

- d d
r 1 T 1 — —
@< g 3 ()| I st + 53Tt IT T o)}
C N (@)= Lj=1 =1 1<j<d
il
{5 (ot Flaszrsgcrie
r! e 7 L
1< . . .
+3 > A a2 D @) AQ U () T Ai, 6 () A s =2) (%‘)] }
=1 1<j<d

J#1

Choosing § = Dy, (x), we have

=
3=
&
IN

w(T)((; { Z ( ) HAzJ(SanMJ ZL‘J AO\/(ZJ )(ZL‘])

(@)=r

d
Jrz ( ) ll+162/\z,( AO\/ i — HA 52/\7,J :E] AO\/(ZJ )(SU])}

=1 (3)=r 1<5<d
J#l

d
< C(r,d)w™(5) max Afnf xj) [Z(SmJ (x5) } .

1<5<d

Similar to [10] we shall prove the existence of Qfm by induction in r. Assuming that

all Qfm- for ¢ < r are established, we iteratively define

Ql () S Z()ﬁ DO (@), (BY)

’LQ (z =1
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By Lemma A.2 and the inductive assumption, (B2) is satisfied by (B5) as following.

r . d )
@) - Q@) < Y- 5 3 (T T )l V() - Q) + 15 @)
1=2

(i)=1 j=1
T C//d ’ d 2
< Z ;!7 Dm(w)Z_Q(x) [Z 5m_7‘ (xJ)]
i=2 j=1

A d
O [ Dy ()] DY) () [Z Om, (25)

Since f(x) > § > 0, by an obvious generalization of remark (a) on p. 241 of [10]

with b = 1/m we know that P, ,(x) = Qfn-(x) is a d-variate polynomial of degree

m-+r = (my+r,...,mg+r) with positive coefficients for all m > m,(m, .#,) so that
d 2
(@) = Prir(@)| < Crqw'” Dy ()| D}y, * () [Z Om, (mj)] '
j=1

Then (A3) follows for all m and a larger C, 4 from A, = O(A,,4,) for all ©» > 2.
The proof of part (ii) is complete.
We omit the proof of part (iii) because it is almost the same as that of Lemma 3.1

below.

Appendix C. Proof of Lemma 3.1

By parts (i) and (ii) of Lemma A.1 we have fo(t) — P (t) = Rm(t), where Py, (t) is a
polynomial with positive coefficients and Ry, (t) satisfies | Ry, (t)| < Co(d, f)m(;(TJra)/Q,
0 <t <1 8o f(t)— Qm(t) = Rm(t), where Qm(t) = Pm(t) [T, t5(1 — ;)" =
ZZO a(2) - Bmi(t) is a polynomial of degree m = m + a + b with positive coefficients,
Rin(t) = Ron(t) [I, £ (1 — )%, and |Rpp(t)] < Co(d, f)mg "™ 0 < t < 1.

For large m, pm = f[o 1) R (t)dt < Co(d, f)m _(r+a)/2 < ¢p < 1. Since f(t) and
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Brni(t) are densities on [0, 1]°, 2?10 a(2) = 1 — ppm > 0. So normalizing a(¢) we obtain
Fn(tp0) = Qm()/(1 = pm) = X0 po(4) - Brai(t), where po(d) = a(§)/(1 — pim).

Noticing that fo(t) > dp > 0, we have

| fn(t;00) — )|/ f(t) = (1= pm) " | R (£)/ f(t) + pml
= (1= pm) " [Bm(t)/ fo(t) + pml

< (1= co) "' Co(d, £)(1/80 + 1)ymy "2,

The proof is complete.

Appendix D. Proof of Theorem 3.2

The approximate Bernstein log likelihood is ¢(fm) = £(p) = Y i, log[fm(xi; p)].
Define the log-likelihood ratio R(p) = 4(f) — ¢(p), where £(f) = >""" ;log f(x;). For
an ¢ € (0,1), we define subset Ay, (¢g) of Sy, so that, for all € [0,1], | fm (z;p) —
f(x)]/f(x) < e < 1. Clearly, such an Ay, (e) is nonempty since py € Ap,(€g). By

Taylor expansion we have, for all p € Ay, (€p),

1

Rp) = =Y |Z(p) = 522P)| + ORuma(p)) as.
i=1

whete Bna(p) = S0y Z2(p), and Zi(p) = [fm(ip) — F@a)l/f(@e)y i = 1,....m.
Since E[Z;(p)] = 0, 02[Zi(p)] = E[Z%(p)] = D?(p), by the law of iterated logarithm
we have

S Zi(p)/o1Z(p)] = O(/nloglogn) a.s.

=1

By the strong law of large numbers we have

R(p) = =D?*(p) — O(D(p)y/nloglogn) + O(nD?*(p)) a.s. (D1)

n
2
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If D%(p) = r2 = logn/n, then, by (D1), there is an > 0 such that R(p) > nlogn,
a.s.. At p = po, if mg = Cn'/* then by assumption (A.1) we have D?(pg) = (’)(mak) =
O(n~1). By (D1) again we have R(pg) = O(v/loglogn) a.s.. Therefore, similar to the

proof of Lemma 1 of [33], we have

Y [fm(z;p) — f(2)]? . < losn
D (P)—/{md (@) da < =

The inequality (8) follows immediately. Based on (8) and the boundedness of f, the

inequality (9) is obtained.
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