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THE ORDER OF NORMAL APPROXIMATION FOR SIGNED
LINEAR RANK STATISTICS*

M. L. PURI' AND T.-J. WU

Summary. The rate of convergence of the cdf (cumulative distribution function) of the
signed linear rank statistics to the normal one is investigated. Under suitable assumptions, it is
shown that the convergence rate is of order O(N~'/2*?) for any 6> 0.

1. Introduction. Let Yy;, 1=i= N, N =1, be independent random variables distributed
according to the cdf’s Fy;(y)=F(y—Ady;), 1=i=N, N=1, where A is an unknown real
parameter, and dy;, 1 =i= N, N =1, are known real constants. Consider the signed linear rank
statistics

o ()
1.1 SAN = ol —— Yni
(1.1) AN EICN:‘P N+1 sgn (Ya),
where R4 is the rank of | Ya;| among | Yuyl, - - - , | Yan|, ¢ai’s are known real constants, sgn (y) = 1
or —1 according as y=0 or <0, and ¢ is a score generating function defined over (0, 1). Under
suitable assumptions on the ¢’s and the score generating function ¢, the asymptotic normality
of San has been established by Huskova [3]. However, the problem of determining the rate of
convergence of the cdf of S, to the limiting normal one has not been investigated so far. The
purpose of this paper is to study this problem. It is shown that the rate of convergence is of
order O(N~"/?*?) for any & > 0 for the case A= 0 as well as A # 0. For the corresponding study
of the similar problem in the case of (unsigned) linear rank statistics of the form
N Ryi )
S = i - .}
N= L one (N+1
where Ry; is the rank of Yy; among Yy, -, Yan, the reader is referred to Jure¢kova and
Puri [5], Bergstrom and Puri [1], and Huskova [4], among others. Our methods are mainly the
adaptations of the ideas of Juretkova and Puri [5], Bergstrom and Puri [1] and Huskova [4].
Throughout the paper we make the following assumptions:
Al) F(x) is continuous and symmetric about zero,

N
A2) ¥ =1, max |en|=O(N""*/Iog N),
i=1 1si=N

A3) ¢ is not identically zero and satisfies the Lipschitz condition of order one on (0, 1),
that is, there exists a constant C such that

lo(u)—@(v)|= Clu—v|forall u,ve(0,1).

Remark. Unlike in earlier papers referred to above where the derivatives of different orders
on ¢ are assumed, here the Lipschitz condition on ¢ is the only assumption we are making.

For simplicity of notation, we shall suppress the subscript N in cn;, dni, R3s €tc., whenever
this causes no confusion.

2. Rate of convergence for A =0. Here we assume that A=0, so that Yy;, -+, Yan, NZ1,
are i.i.d. random variables distributed according to a continuous and symmetric cdf F(y). We
shall need the following theorem (cf. Petrov [7, Chap. V, Thm. 6]).

THEOREM 2.1. Let Vy, - - -, Vy be independent random variables with EV, =0, E| Vj|“6 <o
for some positive =1 (j=1,---, N). Then

N
sup_ |Gn(x) —®(x)|= ABN ™" L E|V)["",
x€&(—00,00, j=1
where A>0 is a constant independent of N, By =Z;V=1 DV,, Gn(x)=P[By/? Zf;l V,=x], and
®(x) is the standard cumulative normal distribution function.
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Now let us denote

(2.1) Tyn= ‘gn enip (F*(| Yaul)) sgn (YY), F*(x)= P[] Y| =x],

where P, means that the probability is computed under A =0, and note that T,y is a sum of
independent random variables. We shall use T, to approximate S,n-
LEMMA 2.1. Under assumptions A1-A3, we have

sup | Gon(x) —®(x)| = O(N~V*/log* N),
)

x € (—00,00

where Gy is the cdf of Ton/ ¢ |2 and Ty is given by (2.1).
Proof.  Since  E[co(F*(|Yi|) sgn (Y)]=0, and  Elap(F*(Yi|)) sgn (Y))P =
|eif? f& |@3(u)| du <o for 1=i= N, it follows from Theorem 2.1 that

N 1
(22) sup |Gon(x)—®(x)|=ABY/? ¥ IC.'ISJ. lo*(u)| du,
00) i=1 ]

x€&(—00,

where A> 0is a constant independent of N, and By =Y1v, ¢ [} ¢2(u) du. The proof now follows
from A2, A3 and (2.2).

LEMMA 2.2. Under assumptions A1-A3,
E(Son — TON)ZK =0[ N7X (log N)K]

for any fixed positive integer K, where Syn and T,y are given by (1.1) and (2.1) respectively.
Proof. Put Z,=[¢(R%/(N+ 1);’— o(F*(1Y:|))]sgn (Y;). Then, for arbitrary nonnegative
integers p,, p», -+, pn satisfying ¥;_, p;=2K we have

(2.3) E(f[ zg«) =0,

=1

if at least one of the p,’s is an odd number. Then using (2.3) we obtain

N 2K
E[(Son — Ton)FPX = E[( Zn ciZi> ]

K K K 21 N
(2.9 =y ¥ Y C%{icfllcgz . cN"’E( m zf’()
1,=0 I,=0 In=0 i=1
R Ny
K N N N
=X|ZZ )X
m=1 Liy=1 i,=1 im=1
i <iy<---<i,
X X X 2K 21 l
. r¥ry -+ % Cicth. .. cgmmE(zf"lzgzlz “e Z‘;’:‘m]],
L=11=1 L,=1

L+l++l =K
where
(2K)!
L=(l, by o+, 1) and C3=
;= L j) and  Cy QL)L) - - - 2!

Now, by the generalized Cauchy-Schwarz inequality and A3, we have forany i, <i,<: - - <i,,, m;
=1,---,K;j=1,-- -,m,z;';l l;=K, that

forj= N or m.

m 1/m
mzzy- - zims( fi i)
J

=1

m 1/m
(2.5) ={,r=11 E[¢(R‘1’/(N+1))—¢(F*(|Y,|))]2'"’:}

K m R(l’ 2mi Y1/ m
=C E - F*(Y, = K
(o) ™) 2w
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where Mg is a constant depending only on K. To obtain the last inequality in (2.5) we have
used the well-known fact (see e.g. Kallenberg [6, p. 406]) that

Ry * 2 -p
E(NH"F <|Y1|>) ~O(N")

for any positive integer p. Also, in view of A2, there exists a constant My (depending only on
K) such that

(2.6) lethellz - -« e = M N™¥ (log N)¥

forany i) <::-<i,,m=1,-: ',K,andany L=1,---,K;j=1,-- -,m,z;"=l I; = K. The proof
now follows from (2.4), (2.5) and (2.6).
The main theorem of this section is the following.
THEOREM 2.2. Under assumptions A1-A3, we have for any 6 >0 that
xe( |E0N(x) e(x)|= O(N7V/2*%),
where Fyn is the cdf ofSON/|<p||2.
Proof. For any £ >0 and any N, we have

Q.7 P[“q)“;lSON§xlép["q)I‘;lTONéx+e]+P[“‘P“;l|SON —TonlZ €]
and
(2.8) P[“q)“;lsoN éx]—Z—P["(b";lTON =x- E]—P[||<I)";1|SON - T0N| zel

It then follows from (2.7), (2.8), Lemma 2.1, Lemma 2.2 and Markov’s inequality that for any & >0
O(N~¥(log N)¥)
(el ®])**

holds for an €>0 and any K =1. Now, pick K large enough such that (2K +1)"' <28 and
put £ = N™V2+1/QEK+D) Then using (2. 9), the proof follows immediately.

(2.9) Sup |Fon(x) = ®(x)|= O(N"Y%log® N)+ O(e) +

3. Rate of convergence under near alternatives. In this section, we assume A# 0 so that
Yn1>** *» Yan, N Z1, are independently distributed with cdf’s F(y —Ady,), * * -, F(y — Adnn),
N =1, respectively. Furthermore, besides the assumptions A1-A3, we assume:

B1) F is absolutely continuous, f(x) = F'(x) is absolutely continuous, and there exists a
constant 6,> 0 such that

sup
0€[—80,80]

dx <o,

r’ Lf'(x=0)7
J(x)

and

N N
B2) g dih = 1’ Z le' =09 N= 2, 3, T, ll;lixN |dN,| = O(N_I/ZV log N).

In what follows E, and E, will denote the expectations computed under A 0and A#0
respectively. Furthermore, P,, will denote the restriction of P, to the set Dy = {l'[, S(Yni) # 0}
so that for any measurable function h of (Y, Y5, -, Yn)

EArh(Yl’YZy""YN)=I h()’u)’z,‘",yN)
3.1) {ITi=1 f(yi) =0}

N
. -];Ilf(y.' —Ad;) dy, dy, - - - dyn,
ie, Eoh(Y,, Yo, o, YN)=E {h(Y,, Y, -, Yn)IDN(Yl, Y,, -+, Yx)}, where I denotes

the indicator function.
LEMMA 3.1. Under assumptions Al, Bl and B2,

P,(DY) = O(N~V%/log> N)
holds for any A #0, where DY, is the complement of Dy.

Remark. Our assumption Bl is equivalent to assumption V in Huskova [4]. In fact,
Huskova’s assumption V implies our assumption B1 and her Lemma 3.5 implies our Lemma 3.1.
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Proof. By Lemma 3.5 of Huskova [4] and B2, there exists a constant C; (independent of
N) and a positive integer N, such that for all N= N, we have

PA[ ﬁ (YY) =0] = CllAl3 g ldi|3 = O(N-l/zV 1083 N).
i=1 i=1

The proof follows.

LEMMA 3.2. Under assumptions Al to A3, Bl and B2, it holds true for any positive integer
K and any A#0 that

(32)  {EAl(San— Tan)Ipg(Yn, * - -, Ya)IPPX = O[(N ™% (log N)**)'"/@P(log N)*¥]

forallp=1,2,---.
Proof. By the Holder inequality, the left-hand side of (3.2) is bounded by

(3.3) [Ea(San = Tan)?P1</P[ Po(DR) PR C-1/CPD
for any p=1, 2, - -. Thus the assertion (3.2) will be proved in view of (3.3) and Lemma 3.1, if
we can show that E,(Sy,n — Tan)?* = O[(log N)*’] for any p=1,2, - - - . Now, put

R}
Zm=[¢( )—‘P(F*(IYED)] sgn (Y;).

N+1
Then from (1.1), (2.1) and (2.4) we have

N 2p
Ea(San — Tan)? =E, [( z ciZiA) ]

i=1

G4 2p N N 2p 2p
=Y |2 2| T % Clle chEa(Zha - Zho) ||,
m=1 Li,=1 im=1L1L=1 =1 "
I <e-<i,, L+l =2p
where
»__ (2p)!

D (Y

We now consider the expectation E,Z%{ for any g=1,2,---and any i=1,---, N.
From A3 it follows that

2 2 R? 2
E 29 < q LIRS ~ ]
2= comy (S P vi))
(35) R\
§22"_1C2q[EA(N__;_1"VﬁA> +EA(ViiA_F*(IYiI))2q]:

where V;,=EA(R?/(N+1)|Y;). By Lemma 2.1 (after slight and trivial modification) of
Bergstrom and Puri [1] we obtain

R} 2

(3.6) EA(I_‘I’_;‘_"I“‘ VtiA) =O(N™), q=1,2,---,

uniformly in i=1,2,- - -, N. Using the Mean Value Theorem and B1, we can easily show that
(3.7 Ey(Vaa = F*(Yi)** = O( max |4[*), ¢=1,2,-",

uniformly in i=1,2, -+, N. It now follows from B2, (3.5), (3.6) and (3.7) that

(3.8) E,Z?i=0O[N %(log N)?], g=1,2,--",

holds uniformly in i=1,---, N. In view of (3.4) and (3.8), it follows, by using arguments
analogous to those in the proof of Lemma 2.2, that

(3.9) EA(San— TAN)ZP = O[(log N)ZP], p=12--.

The proof follows.
LEMMA 3.3. Under assumptions A1-A3, B1 and B2, it holds for any K =1,2, - - - and any
A#0 that

(3.10) EaL(San —EaSan) — (Tan —EsTan) X = OLN~XO7VCP)(Jog N)xr]
forallp=1,2,- -, where qx, =(5-3/(2p))K.
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Proof. The left-hand side of (3.10) is bounded by
(3.11) 22K71E,,(San — Tan) ™  + 22X '[E4(San — Tan) K.

In view of Lemma 3.6 of Huskova [4], there exist a constant C, (independent of N) and a
positive integer N, such that for all N= N

(3.12) EA (San— TAN)ZK = C{Eo(Son — TON)4K}1/2 = O[N_K (108 N)K 1,
where the last equality is by Lemma 2.2. Next, we have
[EA(SAN - TAN)]ZK = {EAr(SAN - TAN)+EA[(SAN - TAN)ID,S( Yx, Y YN)]}ZK

= 22K—1[EAr(SAN - TAN)]ZK + ZZK“I{EA[(SAN - TAN)ID,f,( Yy, 0, YN)]}2K~
Using (3.1) and Jensen’s inequality, it follows that
(3'14) [EA'r(SAN - ’TAN)]2K gF‘A"(SAN - TAN)ZK-
The proof now follows from (3.11)-(3.14) and Lemma 3.2.

The following lemma is an immediate consequence of the previous lemmas and the Markov
inequality.

LEMMA 3.4. Under assumptions A1-A3, Bl and B2, it holds true for any A # 0 and £ >0 that
PAll(San —EaSan) —(Tan —EsTan)l l0ll3' > €]

= Myp[N"/%log® N + (|l @) XN~/ (log N)xr]
forall K,p=1,2,- - and for all N = N,x, where N,y, is a positive integer, M, is a constant
independent of N and qx, = (5-3/(2p))K.

Proof. For any &€ >0, the left-hand of (3.15) is bounded by
(3.16) Py(D%)+ Ps,[1(San —EaSan) —(Tan —EsTan)l loll3! > €].

(Recall from (3.1) that P,,(A) = P,(AN Dy) for any measurable set A.)
The first term in (3.16) is of order O(N~"%/Iog® N) as can be seen from Lemma 3.1. The
second term in (3.16), by Markov’s inequality, is bounded by

Ex [(San —EaSan) = (Tan _EATAN)]ZK(IHDHZB).—ZK forany K=1,2,---.

The lemma now follows from Lemma 3.3.
THEOREM 3.1. Under assumptions A1-A3, B1 and B2, it holds true that

8P |Gan(x) —@(x)| = O(N""*Vlog* N),

(3.13)

(3.15)

where G,y is the cdf of (Tan —EaTan)|@|l3! and Ty is given by (2.1).
Proof. Let us denote‘ Wis = @(F*(|Y}]) sgn (Y;). Then using (2.1), we have Tony —EsTyn =
Yi1 6 W;s—E, W,,) which is the sum of independent random variables, and by A2 we have

IDaTan— "‘P"%I =

N

Z‘ HEAWis—ll@ll3 — (Ea Wia)’]

(3.17) =
= 2 2 12
= max [EsWis—llellal+ max, [Es Wial®.

Now, using A1, A3, Bl and the Mean Value Theorem we obtain

max |[EsEfs—[l¢|3= max j l*(F*(Ix+Ady]) - o*(F*(|x]))| dF (x)

1sisN =isN

0

=2|l¢[oC max I |F*(1x + Ady|) - F*(|x])| dF (x)

—00

(19) <2lplec [ (FH(x1+ max 184D

— F*(|x| -  max |Ad;|)] dF(x)
= O( max |d)=O(N~"*/log N)
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and similarly

1I.<:léxN |EAW,a| = 1212(1\1 [EaW;s—Eo W,

I1=isN

= max JM l(F*(x+Ad;)) - (F*(x))| dF(x)

(3.19) + max jm"’|¢<F*(—x>)—¢(F*(—x—Ad.~))| dF(x)

1=isN | _

MIA
+ max j le(F*(|x+ Ady])) sgn (x+ Ad;)

1=i=N

= @(F*(|x])) sgn (x)| dF(x),

where M;, =max (0, —Ad;) and m;, =min (0, —Ad;). The third integral in (3.19) is of order
O(max, <;=n |d;|) since ||<I>||°°< coand F(M;,) — F(m;,) = O(max, <;<  |d;|). The first and second
integrals are also of order O(max,<;<y |d;|), which can be proved as in deriving (3.18). It then
follows from B2, (3.17), (3.18) and (3.19) that

(3.20) IDsTan = ll¢ll3l = O(N"*VIog N).

But A3 implies that ||¢{|,> 0. Thus there exists a positive integer N’ such that 3||¢ |3 <DaTan <
3| @||3 for all N= N%. Consequently we have for all N = N,

|_ lell: | _IUel:=VDaTan) (1] + VD Tan)|
VDTN VDsTan(ll@ll2+vVDaTan)

(3.21)

3llelz? -
=22 1o13-D, Tunl = O (N vIoE M),

Now let us denote the cdf of (Tyn —EsTan)(DsTan) "2 by G- Since E4|c;( Wiy —E, Wiy)IP <
0, i=1, , N, we obtain from Theorem 2.1 and (3.20) that there exists a constant A (indepen-
dent on N ) such that for all N = NJj,

N
|G§N(x) - qo(x)| =A(D, TAN)_s/2 Z I‘%PE Wia—Es VViAP

U
xe(——olo)oo)

(3.22)
=16vV2Al e’ ell% Z lel.

We now consider the uniform distance between G, 5 and . It follows from the triangle inequality
and (3.22) that

LS9 [Gan() = @)= sup [GEn(xl|la(DaTan) ™) -0 (x)|

I

efllol:o’m) |GEn(x]l¢|2(Ds TAN)_I/Z) —@(x|ell(Dy TAN)_1/2)|

(3.23) +XE§H£QO) |(D(x“¢"2(DATAN)_1/2)_‘:D(x)l

A

N
O<§1|Ci|3) S“P "q)(x"‘PHZ(DATAN)—I/Z) —®(x)|

+ sup |q)(x"‘P"2(DATAN)_1)_q)(x)l'
xI>Vicg N

On the right-hand side of the last inequality in (3.23), the second term, in view of (3.21) and
the Mean Value Theorem, is bounded by

(3.24) [|9']lvIog N “\/—Dl%—lﬂ; “=0(N_”2 log N),
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and the third term, by the triangle inequality and the monotonicity of ®, is bounded by
sup |1 ~@(xllel(DaTan) ™+ sup [1-(x)]

x>+1og x>+vlog N
(3.25) =[1-®(iog N[ ¢[l2(DaTan)""*)]1+[1+®(Viog N)]
=[®(Viog N) - @(vIog N)| ¢[(DaTan)""*)1+2[1 - ®(Viog N)]
which is of order O(N~"21og N) as can be seen from (3.21) and from Lemma 2, Chapter VII
of Feller [2]. The rest of the proof follows from A2, (3.23), (3.24) and (3.25).

We now prove the main result of this section.
THEOREM 3.2. Under assumptions A1-A3, B1 and B2, it holds true for any § >0 that

Sup | Fan(x)—®(x)| = O(N~V2*+8),

x€(—00,00

where F, is the cdf of (San—EaSan)|®|z".
Proof. For any £ >0 and any real number x, we have

Pol(San —EaSan)ll@ll7' = x1= PAl(Tan —EaTan) | @llz' = x+ €]

(3.26) -

: + PA[l(San —EsSan) —(Tan —EaTan)l @ ll2" > €]
and
(3.27) Py[(San _EASAN)”‘P";1 =x]= PA[(Tan —EATAN)"(P";l =x—e¢]

= PA[|(San —EaSan) = (Tan —EaTan)| lellz! > €].
It follows from (3.26), (3.27), Lemma 3.4 and Theorem 3.1 that for all large N
sup | Fan(x) —®(x)| = O(N"V%/log® N)+ O(¢)
x&(—00,00
(3.28) +([l@]l,e) PO NG~V (1og N)5=3/@pK

holds for any K, p=1,2,- - -, and any £ >0. Now, pick K large enough so that 2K +1)7'<3§,
let p= K(2K +1), and put £ = N""2+1/(2(2K +1)). The theorem then follows from (3.28).
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