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A GENERALIZATION OF MOUFANG AND STEINER
LOOPS

MICHAEL K. KINYON, KENNETH KUNEN*, AND J.D. PHILLIPS

ABSTRACT. We study a variety of loops, RIF, which arise naturally
from considering inner mapping groups, and a somewhat larger variety,
ARIF. All Steiner and Moufang loops are RIF, and all flexible C-loops
are ARIF. All ARIF loops are diassociative.

1. INTRODUCTION
A loop is an algebraic system (L; -,\,/,1) satisfying the equations
- (z\y) =a\(x-y)=(y/z) z=(y-z)/z=y-1=1-y=y .

See the books [1, 4, 13] for further information. Since loops in general form
too broad a class for detailed study, the literature has focused on various
sub-varieties of loops.

Many of these varieties are defined by some weakening of the associative
law, x - yz = zy - z. Some obvious weakenings are the flexible laws and the
left and right alternative laws:

FLEX:z-yr=2y-x RALT :z-yy=2ay-y LALT:y -yx=vyy- .

There is also the inverse property, IP. This asserts that there is a permuta-
tion J of order two such that (writing 2~! for z.J) left and right division are
given by z\y = 7'y and y/x = yz~!. To see that the IP defines a variety
of loops, note that it can be expressed by the equations x\y = (z/1)y and
y/x =y (1/x). Most of the loops considered in this paper have the IP. The
IP implies the antiautomorphic inverse property (AAIP), (zy) gl

L=y ot
so that J provides an isomorphism from the loop (L; -) onto its opposite loop
(L;0) (where x oy = y - x). Thus, in IP loops, the right and left versions of
properties (e.g., RALT and LALT) are equivalent.

In aloop L, the left and right translations by 2 € L are defined by yL(z) =
xzy and yR(x) = yx, respectively. The multiplication group of L is the
permutation group on L, MIt(L) = (R(x), L(z) : = € L), generated by all left
and right translations. The inner mapping group is the subgroup Mlt; (L)
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fixing 1. If L is a group, then Mlt; (L) is the group of inner automorphisms
of L. In an IP loop, the AAIP implies that we can conjugate by J to get:

L(z)! =R(z™Y) R(z)! =Lz

where #7 = J='0J = JOJ for a permutation 6. If § is an inner mapping,
then so is #7. This leads us to one of the classes of IP loops we study in this

paper:

Definition 1.1. A RIF loop is an IP loop L with the property that 67 =6
for all 8 € Mlt1(L). Equivalently, inner mappings preserve inverses, i.e.,
(710 = (20)~ for all § € Mty (L) and all x € L.

RIF loops include the Steiner loops, which may be defined to be IP loops
of exponent two (that is, 27! = x, so J is the identity permutation). Steiner
loops arise naturally in combinatorics, since they correspond uniquely to
Steiner triple systems; specifically, the Steiner loop L corresponds to the
triple system {{z,y,zy} :x #y & x,y # 1} on L\ {1}.

RIF loops also include what is probably the most well-studied class of
nonassociative loops, namely those satisfying the Moufang laws [11, 12]:

Definition 1.2. A Moufang loop is a loop satisfying the following equa-
tions:

M1: (z(yz))r = (zy)(zz) M2 (zz)(yz) = z((2y)z)
N1: ((zy)z)y = z(y(zy)) N2: ((yz)y)z = y(z(yx))

In fact, by work of Bol and Bruck, each of these equations implies the
other three (see Bruck [1], Lemma 3.1, p. 115). That every Moufang loop
is RIF follows from Lemma 3.2, p. 117, of [1]. It is easily seen that the
only loops which are both Steiner and Moufang are the boolean groups.
Thus a direct product of a nonassociative Steiner loop with a nonassociative
Moufang loop is a RIF loop which is neither Steiner nor Moufang.

A loop is said to be diassociative if the subloop (x,y) generated by any
two elements is a group. Diassociative loops are always IP loops, and are
flexible and alternative. Steiner loops are obviously diassociative; in fact
each (z,y) is a boolean group (of order 1, 2, or 4). Less obviously, by
Moufang’s Theorem, every Moufang loop is diassociative.

Bruck and Paige [2] defined an A-loop to be a loop in which every inner
mapping is an automorphism. An A-loop need not be an IP-loop, but they
show, by modifying the proof of Moufang’s Theorem, that every IP A-loop
is diassociative. In fact, it turned out later [8] that the IP A-loops form a
proper sub-variety of the Moufang loops. Weakening of the notion of IP A-
loop so that inner mappings preserve inverses, but not necessarily products,
we obtain RIF loops.

The notion “RIF” can be expressed by a finite set of equations (Lemma
2.2). These lead naturally (Lemma 2.4) to a slightly weaker notion, ARIF.
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Definition 1.3. An ARIF loop is a flexible loop satisfying the following
equations:

W1: R(z)R(yry) = R(zyz)R(y)  W2: L(x)L(yzy) = L(zyz)L(y)

In fact, a flexible loop satisfying either W1 or W2 has the IP and hence
satisfies both equations (Lemma 2.7). Every ARIF loop of odd order is
Moufang (Corollary 2.14) (whereas non-group Steiner loops are RIF and
not Moufang). Besides RIF loops, ARIF includes another variety of IP
loops, namely the flexible C-loops (Corollary 2.6). C-loops were introduced
by Fenyves [6]; see Section 2. There exist flexible C-loops which are not
RIF loops (Example 4.1), and there exist ARIF loops which are neither RIF
loops nor C-loops (see Section 4).

Acronym 1.4. A = Almost, R = Respects, I = Inverses, F' = Flexible.

Section 3 is devoted to the proof of our main result, a generalization of
Moufang’s Theorem to ARIF loops:

Theorem 1.5. FEvery ARIF loop is diassociative.

Our inductive proof of this theorem is patterned on Moufang’s proof, but
is quite a bit more complicated than hers, or than the corresponding proof
in Bruck and Paige [2] for IP A-loops. We do not know a simpler proof,
but Example 4.3 shows that the basic lemma on associators developed by
Moufang can fail in a ARIF loop (in fact, in a Steiner loop).

Note that if we write out the definition of diassociativity in the obvious
way, we get an infinite list of equations. The following problem, asked first
by Evans and Neumann [5], is still open:

Question 1.6. Does the variety of diassociative loops have a finite basis?

If the answer is “yes”, which seems unlikely, then inductive proofs of
diassociativity could always be replaced by the verification of a finite number
of instances of diassociativity, which could result in a simplification.

Our investigations were aided by the automated reasoning tools OTTER,
developed by McCune [10], and SEM developed by J. Zhang and H. Zhang
[14]. SEM finds finite models of systems of axioms, and was used to produce
the three examples in Section 4. OTTER derives statements from axioms,
and was used to derive enough instances of diassociativity from ARIF for
the pattern to become clear.

2. BAsICS

Following Bruck [1] (see IV.1), the inner mapping group of any loop is
generated by the inner mappings of the form L(z,y), R(x,y), and T'(z):

Definition 2.1. T(x) = R(x)L(z)~?
L(z,y) = L(z)L(y)L(yx)™"  R(z,y) = R(z)R(y)R(xy)~"

Using this, we can express the notion of RIF by equations.
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Lemma 2.2. The following are equivalent for an IP loop L:

1. L is a RIF loop.

2. L is flexible and R(z,y) = L(z~',y~') for all z,y € L.
3. R(xy)L(zy) = L(y)L(x)R(z)R(y) for all z,y € L.

4. L(xy)R(zy) = R(x)R(y)L(y)L(x) for all z,y € L.

Proof. The flexible law can be expressed as R(x)L(z) = L(z)R(z) for all
x. In an IP loop, this is equivalent to L(z~!)R(x) = R(x)L(x~1), that is,
T(x)” = T(x). Also, an easy calculation gives R(x,y)’ = L(z~!,y™!) in an
IP loop. Thus (1) and (2) are equivalent. Using the IP and Definition 2.1,
R(z,y) = L(z71,y71) is equivalent to L(zy)R(ry) = L(y)L(z)R(x)R(y).
Since the flexible law is just R(z)L(z) = L(z)R(z), (2) implies (3). Con-
versely, if (3) holds, then taking y = 1 gives the flexible law, so that (3)
implies (2). Finally, (3) and (4) are equivalent by the IP. O

Combining 3 and 4 from Lemma 2.2 we obtain the very useful identity
L(y)L(z)R(x)R(y) = R(z)R(y)L(y)L(x), which we will frequently appeal
to in our arguments.

For the next result, we introduce the notation P(z) = L(z)R(x).
Corollary 2.3. In a RIF loop, P(xyx) = P(x)P(y)P(x).
Proof. Applying Lemma 2.2 twice, P(z - yx) = R(z)R(yx)L(yx)L(z) =
R(x) L(z)L(y)R(y)R(x) L(x) = P(x)P(y)P(z). 0

The fact that Moufang loops satisfy P(xyz) = P(x)P(y)P(z) is Theorem
5.1, p. 120, of Bruck [1]. The same theorem points out that L(zyx) =
L(z)L(y)L(x) and R(xyx) = R(x)R(y)R(x) also hold in Moufang loops.
But in flexible loops, these are simply restatements of the Moufang equations
N1, N2 in Definition 1.2, so they do not hold in all RIF loops, since they

fail in any non-group Steiner loop.
Next we show that RIF loops satisfy equations W1, W2 of Definition 1.3.

Lemma 2.4. Every RIF loop is an ARIF loop.

Proof. Equations W1, W2 are equivalent in IP loops. To prove W1, start
with R(v)R(y)L(y)L(v) = L(y)L(v)R(v)R(y), which is

v(y(zv)y) = (v(y2)v)y
and set v = uz and z = u~!, so that zv = z. We get

ux - yry = (uz - yu~ ' ux)y .

But R(u!)R(ux)L(ux) = R(x)L(z)L(u) (see Lemma 2.2), so

ur - yry = (u-zYr)y
which is W1. U

Next we show that every flexible C-loop is an ARIF loop. C-loops, intro-
duced by Fenyves [6], are loops satisfying the equation ((zy)y)z = z(y(y=z)).
These have the IP (see [6], Theorem 4) and are alternative (see [6], Theorem
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3). They are not necessarily flexible (see Example 4.2). Every Steiner loop
is trivially a C-loop; in fact, Table 1 of [6], a C-loop which is not Moufang,
is just the 10-element Steiner loop.

Theorem 2.5. Fvery C-loop satisfies
R(zy)? = R(z)R(y(xy)) = R((zy)z)R(y).
Proof. Since the loop is alternative, the C-loop property can be written as
R(a)?R(b) = R(a?b). This gives us:
R(zy)’R(y™) = R((zy)*y™") = R((zy)((zy)y ™)) = R((zy)z) .

so R(zy)? = R((zy)z)R(y). Now, if z = v~ and y = v(uv), we have
ry = uv and hence R(uv)? = R(u)R(v(uv)). O

Corollary 2.6. FEvery flexible C-loop is a ARIF loop.
We now examine basic properties of ARIF loops.

Lemma 2.7. A loop satisfying

W1': R(z)R((yx)y) = R(z(yz))R(y)
is an alternative IP loop.

Proof. Let =1 denote 1/z, so that 27 '2 = 1. Applying W1’ to 2! gives
(yz)y = (z~(z(yx)))y, and cancelling gives yxr = 2~ (x(yx)). Replacing y
with (z\y)/z yields z\y = 2~ 'y. In particular 1 = z(z~'1) = zz~!, and so
(z71)~" = z. Next apply W1’ to (z(yx))~" to get ((z(yx))~'z)((y2)y) = v,
and thus (yz)y = ((x(yx))~'z)~'y. Cancelling yields yzr = ((z(yx)) 'z)~!.
Replacing y with y/z gives y = ((zy) " '2)~! and so y~! = (zy)~'z, which
implies (2y)y~! = x. Replacing = with z/y gives zy~! = z/y. Thus the
loop satisfies the IP. Setting y = 1 in W1’ yields the right alternative law
R(z)R(xz) = R(zx), and the right and left alternative laws are equivalent in
IP loops. O

Corollary 2.8. Every ARIF loop is an alternative IP loop.

Lemma 2.9. Every ARIF loop satisfies R(x)R(y*x~)R(z) = R(zy?) and
L(z)L(z~"'y*)L(z) = L(y*).
Proof. The second equation is equivalent to the first in IP loops. So start
with R(aba)R(b) = R(a)R(bab).
Set b= a2y and a = 7! (so ab = y) to get
R(yz~")R(zy) = R(z")R(zy?).
Set b= and a = yx~!
R(y’z~")R(z) = R(yz~")R(xy).
Putting these together, we have
R(y*z™")R(z) = R(z™")R(zy”).

(so ab = y) to get
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Corollary 2.10. FEvery ARIF loop in which each element is a square is a
Moufang loop.

Proof. Now we have R(z)R(yx ')R(z) = R(zy). If we let z = yr~! and
y = zx, we get R(z)R(2)R(z) = R(zzz), which (in flexible loops) is the
Moufang equation N1 of Definition 1.2. O

In general, products of an element of a loop with itself do not associate,
e.g., x - xx # xx - x. We shall see that this problem does not arise in ARIF
loops. Until then, we let ™ denote the right-associated product.

Definition 2.11. Define ™ = (1)(L(z))" for any n € Z.

Thus, 22 = 2 - 2z, and (in an IP loop) 273 = (1)L(z~ 1) =271 . o711,
—1 T

whereas (z%) ' =2"1la71 .z

Definition 2.12. A loop L is power associative iff for allz € L, the subloop
(z) generated by x is a group, and power alternative iff L(z*) = (L(x))" and
R(z") = (R(x))" for allz € L and all i € Z

It is easily seen that diasociativity implies power alternativity and power
alternativity implies power associativity.

Now for n > 0, let us say that an IP loop L is n—PA iff L(z™) = (L(z))™
whenever 1 <m < n and z € L. So, the 1-PA is trivial and the 2-PA (that
is, zx -y = x - xy) is equivalent to the alternative law. Hence, a 2-PA loop
satisfies 23 = 2z -x = 2 -z and 273 = (23)~!. An IP loop which is n-PA
for all n > 0 is power alternative. Note that the n—PA implies that a*- 2/ =
(1L(z))L(z)* = ' whenever 1 < 4,5 < n. For 0 < j < k, set m = jk,
and suppose that L is k&-PA. Then 2™ = 1(L(x)?)* = (1)L(z7)* = (27)* by
the j-PA, so L(2™) = L(27)* = L(2)™ by the k-PA and jPA. Thus L is
m—PA, so the smallest n such that the n—PA fails must be prime.

Theorem 2.13. FEvery ARIF loop is power alternative.

Proof. By Corollary 2.8 and the preceding remarks, it is sufficient to prove
that the ARIF loop L is n—PA for all odd n > 3. So, for n = 2k +
1, & > 1, assume that L is 2k-PA. Setting y = zF in Lemma 2.9, we
get L(z)L(z~'(2*)?)L(x) = L((z*)*)z). Now (2F)? = 2% and z~'2%* =
r~ N zz?1) = 2271 and so, by the (2k — 1)-PA, we have L(z)?*+! =
L(z%*z). Applying this to 1 gives 22*T! = 222, so L(z)" = L(z™), which
is the n—PA. O

Corollary 2.14. FEvery finite ARIF loop of odd order is Moufang.

Proof. In a power alternative loop L, the subloop (x) generated by a given
x € L induces a coset decomposition of L, and so if L is finite, the order of
x must divide the order of L. Thus in a power alternative loop of odd order,
each element is a square. Now apply Corollary 2.10. O
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3. DIASSOCIATIVITY

Moufang loops are diassociative by Moufang’s Theorem. The same holds
for ARIF loops (Theorem 1.5), as we show in this section. First, a lemma
which generalizes Lemma 2.9:

Lemma 3.1. In any ARIF loop:
L R(y:vm)R(w"y‘l) = R(ya™F)R(a"Fy 1)

(z
2. R(z™y)R(y~'a™) = R(a™Fy)R(y~ta"F)
3. L(z™y)L(y'a™) = L(a™*y)L(y~ta"F)
4. L(yx™)L(z" 1) L(ya™ k) L(zmFy=1)

whenever m,n, k € Z and either k is even or m + n is even.

Proof. We focus on (1,2), since (3,4) are equivalent by the IP. Let L be a
ARIF loop. On Z?, define three relations by

(m,n) ~1 (s,t) = Va,y € L[R(yz™)R(z™"y ") = R(yz*)R(z""y )]
(m,n) ~a (s,t) ¢ Va,y € L[R(z™"y)R(y~'z") = Rz"*y)R(y~'a")]
(m,n) ~ (s,t) <— (m,n)~1 (s,t) and (m,n) ~g (s,t) .

Now (m,n) ~1 (s,t) «— (m,s) ~2 (n,t), and so
(m,n) ~ (s,t) «— (m,s) ~ (n,t) . (A4)

It is clear that each of ~1,~g, ~ is an equivalence relation. By (A) and the
fact that ~ is symmetric:

(m,n) ~ (s,t) «— (n,m) ~ (t,s) . (B)
Also, replacing by ™! we have
(m,n) ~ (s,t) «— (—=m,—n) ~ (—s,—t) . (@)
Replacing y by yz/ we have
(m,n) ~ (s,t) «— (m+j,n+j)~(s+jt+j) . (D)

So far, everything we have said holds in any IP power alternative loop. Our
goal is now to prove (m,n) ~ (m+k,n+k) whenever m,n, k € Z and either
k is even or m + n is even.

In the equations

R(yzy)R(z) = R(y)R(zyx) ; R(azyz)R(y) = R(z)R(yzy) ,
ap=1 and y = ba’. Then, by power alternativity,
2y = a0y L pad = @ (bad) ! - ba® = a®F0
so that zyz = a?*t°b~! and yzy = ba®t2°. We get:
R(ba*")R(a®b™1) = R(ba®)R(a®*Tb71)
R(a>*Pp HR(ba®) = R(a“b HR(ba®+?) .

The first of these equations implies (« + 20, —a) ~1 (0, —2ax — §), while the
second implies (—2a — 6,9) ~2 (—a, a + 29), so (B) yields (a + 26, —a) ~

set xt =a



8 M.K. KINYON, K. KUNEN, AND J.D. PHILLIPS

(0,—2c¢ — 9). Set @ = —m —2c and 6 = m + ¢ to get (m,m + 2¢) ~
(m + ¢, m + 3c). Iterating this:

(m,m +2¢c) ~ (m+je,m+ (j+2)c) (E)

for every m, ¢, j € Z. But by (A), we also have (m,m+c) ~ (m+2¢,m+3c),
and iterating this we get:

(m,m+c) ~ (m+2jc,m+(2j+ 1)c) (F)

for every m,c,j € Z.
Now, in view of (D), the lemma is equivalent to:

n even or k even — (0,n) ~ (k,n+k) . (%)

We prove by induction on n that (x) holds for all k. By (C), it is sufficient
to consider n > 0, and the n = 0 case holds by the IP. Now, fix n > 0.

If n is even, we need to prove (0,n) ~ (k,n + k) for all k. Setting
c=%,m=kin (E) we get (k,n+k) ~ (k+75,n+k+j5), so it is sufficient
to prove (0,n) ~ (k,n + k) whenever 0 < k < 5. But since this is the same
as (0,k) ~ (n,n + k), it follows by applying (x) inductively to k, since n is
even.

If n is odd, we need to prove (0,n) ~ (2k,n + 2k) for all k. Setting
c =n,m = 2k in (F) we get (2k,n + 2k) ~ (2k + 2jn,n + 2k + 2jn),
so it is sufficient to prove (0,n) ~ (2k,n + 2k) whenever 0 < 2k < 2n.
Now n is odd, so 2k # n. If 0 < 2k < n, then (0,n) ~ (2k,n + 2k)
(equivalently, (0,2k) ~ (n,n+2k)) follows by applying (*) inductively to 2k.
If n < 2k < 2n, then induction gives us instead (0,2n — 2k) ~ (—n,n — 2k),
and hence (by (A,C)) (0,n) ~ (2k—2n,2k—n). But also (0,n) ~ (—2n, —n)
(by (F) with c=n,m =0,j = —1), so (2k,n + 2k) ~ (2k — 2n,2k — n) (by
(D)), and hence (2k,n + 2k) ~ (0,n). O

We remark that one cannot remove the restriction on m,n, k. For exam-
ple, if R(yz)R(y~!) = R(y)R(xy~ 1) (that is (1,0) ~ (0, —1)) holds, then the
loop must be Moufang (see the proof of Corollary 2.10). Conversely, Mo-
ufang loops satisfy the lemma for all m,n, k. To see this, note that we now
have (m+1,m) ~ (m,m—1) for every m, and hence (m+1,m) ~ (n+1,n)
for every m,n. So, (m,n) ~ (m + 1,n + 1) for every m,n, and hence
(m,n) ~ (m+ k,n+ k) for every m,n, k.

The following lemma will be useful in the proof of diassociativity:

Lemma 3.2. In a ARIF loop, suppose that p,a,q satisfy:

p-ag=pa-q
pa-alg=pat-ag=pq .

n—k

Then pa™ - a™q = pa™* - a"*q for all m,n, k.

Proof. We first verify

p-atg=pat-gq
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Applying Definition 1.3 twice, R(x)R(y)R(zyzr) = R(zyz)R(y)R(x). Let

z=qand y=q¢ 'a"!, so zyx = a~'q. Let 2 = pa. Then

zR(@)R(y) = (pa-q)(¢ e ) =(p-aq)(¢'a ) =p ,

) =
so zR(x)R ( JR(zyr) = p-a~tq. Also, zR(wyx) = pa-a~tq = pq, so
)E(y)

R(y)=pq-q 'at=pa?t aq)-¢lat =pat |

so zR(zyx)R(y)R(z) = pa~" - q.

Apply ( ~la 1) (a**1q) = R(q'a")R(aq) to pa® - a'q = pa' - a’¢ to
get pa -a*Tlg = pat-a’q Whenever s is even. Then apply L(a’p~!)L(pa') =
L(a='p~Y) L(pa'*t') to get pa' - a*Tlq = pa'™' - a®q whenever s,t are even.

2R (zyz

Now, the same argument starting from pa® - a7 l¢ = pa~! - a’q results in
pat - a*Tlq = pal~! - a*t2q whenever s,t are even. Applying these with
(5,t), (s4+2,t—2), (s+4,t—4),---, we get pa'Tt-a*T1~q = pa'ti.a51-Jq for
all 7, 7 whenever s, ¢ are even. But this implies that pa™-a"q = pa™t*.a"Fq

whenever m + n is odd.

Now apply R(¢~'a™')R(a*t'q) = R(¢~'a®)R(a’q) to pa™'-a'q = pa®-a’q
to get pa~!-a**t1q = pa®-a®q whenever s is even. Then L(a'p~!)L(pa'~!) =
L(a®p~Y)L(pat) yields pa'~! - a**t1q = pa® - asq whenever s,t are even. The
same argument starting from pa'-a"'q = pa® - a%q results in patJrl a* g =
pa -a®q whenever s,t are even. Iterating as before, we get pa!™® - a*~iq =
paltd - a*7Iq for all i,j whenever s,t are even, which implies pa™ - a"q =
pam+k . a”_kq whenever m + n is even. O

A special case of this lemma, is where p, ¢ are both powers of some element
b. Now, in a flexible power alternative loop,

@' (ya?) = (y)R(x) L(x)' = (y)L(z)' R(z)’ = (z'y)2’ |
so the notation z’yz’ is unambiguous.

Lemma 3.3. In a ARIF loop, z'y™-y"a? = 2’y "I for alli,j,m,n € Z.

Proof. We apply Lemma 3.2. 2'-yz? = z'y-27 holds by power alternativity.
But also

gyt yad = (@Y (ya T2 ) =2
Lgd, U

i+j
by the IP, and likewise z'y -y~

Remark 3.4. A commutative flexible power alternative loop which satisfies

(xiy™)(y"2?) = 2ly™ "I for all 3,5, m,n € Z is diassociative.

Proof. Fix a,b, and let L = {(a'b™) : i,m € Z}. By commutativity,
(@'d™)(a?b™) = a"T7b™ " which implies both that L is a subloop and that
L is associative. O

In particular, every commutative ARIF loop is diassociative. To prove
diassociativity in the non-commutative case, we set up some machinery. For
a set A, let A* be the set of finite sequences (or words) from A; i.e., A* is
the free monoid generated by A. For a word W € A*, let |IW| be the length
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of W,so |()| =0 and |(a,b,c)| = 3. In particular, |-|: A* — N is just the
unique homomorphic extension of A — {1}. If W,V € A* then W™V will
denote their concatenation.

Now let L be a loop. For B,C C L,let B-C ={b-c:be B & ce C}.
For a word W € A* from some A C L, we wish to define the set of products
of W under all possible associations. We do this inductively as follows.

Definition 3.5. Define II(()) = {1} and I1((x)) = {x}, and, when |W| >
2:
(W) = {II(V1) - TI(Va) : Vi Va=W & Vi# () & Va# ()}

W associates iff I(W) is a singleton.
Alternatively, TI(W) can be described as follows. For A C L, let A’ be the
free groupoid-with-identity on A. Let p : A’ — A* and q : A’ — L be
the unique homomorphic extensions of the identity map on A. Then for
W e A I(W) = q(p~{W}).

Among the products in II(WW) is the right associated product mr(W)
defined inductively as follows.
Definition 3.6. Define mr(()) =1 and 7r((z)) = x, and, when |W| > 1:

mr((x)"W) =z - 7r(W)

Alternatively, for A C L, let L* : A* — MIt(L) be the unique homomorphic
extension of L : A — MIt(L);x — L(z). Then the right associated product
of We A* is mr(W) = 1L*(W). W associates iff II(W) = {mg(W)}.
Lemma 3.7. A loop L is diassociative iff for all a,b € L, every W €
{a,b,a=,b71}* associates.

Now, one might try to prove that all such W associate by induction on
|W |, in which case the following definition and lemma might be helpful:
Definition 3.8. If W = (a1,...a,) and 1 < k < n — 1, then 7*(W) =
7TR(CL1, v ,ak) . 7TR(CLk+1,. .o ,an)

Lemma 3.9. If W = (aq,...ay), then W associates iff:
1. 78(W) = nd (W) whenever 1 < j,k <n —1, and
2. The words (a1, ... ,ar) and (ags1,- .. ,an) associate whenever 1 < k <
n — 1.
In our proof that ARIF loops are diassociative, we induct not on |W|, but
on the block length of W, defined as follows:
Definition 3.10. B(()) = 0 and B((z)) = 1. If W = (z,y)"V, then
B(W)=B((y)~V) ifv € {y,y~ '}, and B(W) = B((y)"V) + 1 otherwise.
Thus, B(a,a,a”',b,b=!,b,a) =3 if a # b and a # b~ L.
Definition 3.11. An IP loop L is D — associative iff for all a,b € L, every
W e {a,b,a"",b=}* such that B(W) < D associates.
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Lemma 3.12. For any IP loop L:

= L is power associative iff L is 1 — associative.
= L is power alternative iff L is 2 — associative.
= L is diassociative iff L is D — associative for all D.

So, we already know that every ARIF loop is 2 — associative.

Lemma 3.13. Suppose that an IP loop L is (D — 1) — associative, and
D > 3. Then L is D — associative iff whenever 2 <i< D—1, xz,y € L, and

n,k,my,mse,... ,mp € Z, the appropriate one of the following equations

holds:
(™ty ™2™y ™) (Yt ™) =

(1) (@my Mgy TR (R )
(xmlym&xms ceeg™i) - (gMy™er ymD) =

(2) ( MLy M2 M ,xmi—k) . (xn-i-kymz-H -ogy™D)
(™Y™Y - (YT 2P =

(3) (@Mym2s R L (R D)
(g ) () =

(@ (g gk @y )

i is even in (1,3) and odd in (2,4), and D is even in (1,2) and odd in (3,4).

Note that by (D — 1) — associativity, the parenthesized expressions in
Lemma 3.13 are unambiguous. Also, note that by power alternativity, it is
not necessary to consider the cases ¢ =1 and ¢ = D. By Lemma 3.3,

Corollary 3.14. FEvery ARIF loop is 3 — associative.

Now, in proving D — associativity by induction on D, equations (1,2,3,4)
give us four different cases to consider. Case (4) is handled easily by conju-
gation. First, note that 3 — associativity implies that conjugation commutes
with powers:

Lemma 3.15. In any 8 — associative IP loop, (x 'yx)" = 2~y x for all
n e Z.

Proof. This is clear for n = 0 and n = +£1, so it is sufficient to prove it
for n > 1, which we do by induction on n. Assume it holds for n. By 3 —

associativity, 2"t = zy -y '2". Let 2 = v lou = v 0? v luw and y =
wlv. Then zy = v w2 and 2" = v 1oy = v o™ lu, soy 1" = v lu.
Hence, (v tou)"+! = :L""“ =zy- -y la" =u 0?0 1u =y "ty O

Lemma 3.16. Suppose an IP loop L is (D —1) — associative, where D > 4,
and assume that 2 < i < D —1 and D,i are both odd. Then equation (4) of
Lemma 8.13 holds.
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Proof. Under the substitution u = 2™ yx~"1 y = x~™ux™!, equation (4)
reduces to:

(um2$m3 . $mi+m1) . (x”_ml ML mD+m1) —

c e

(umgxmg . xmi+m1—k) . (xn—m1+kumi+1 . mD+m1)

..x s

which is an instance of (D — 1) — associativity. O

Next, observe that in ARIF loops, Lemma 3.2 implies that we need only
consider (1,2,3,4) in two special cases:

Lemma 3.17. Suppose that a ARIF loop L is (D — 1) — associative, and
D>3. Fixiwith2<i<D-1, and fix my,mo,... ,mM;—1,Mit1... ,mp €
Z. Fix x,y € L. Assume that the appropriate equation from (1,2,3,4) in
Lemma 8.13 holds in the three special cases m; = k= —n=1,m; =k =
—n=—-1,and m; =k =1; n=0. Then the same equation holds for all
values of m;, k,n.

Proof. For example, say D and i are even, so we are considering equation
(1). Let p=a™y™m2g™s ... x™i-1 and let ¢ = 2™+ ... y™DP . Then the three
special cases give us py -y 'q = pq, py~' - yq = pq, and py - ¢ = p - yq. But
then Lemma 3.2 yields (1) for all m;, k,n. O

Actually, we shall combine the first two cases and handle m; = k = —n in
Lemma 3.19. First, a preliminary lemma, which is a variant of Lemma 3.2.

Lemma 3.18. In a ARIF loop, suppose that p,a, q, s are elements such that:

a. p-as=pa™-s ; s -amg=s"ta™-q ; p-a™qg=pa™-q
B. stams-s7lg = s la™q

v. ps-sta™q = pa™s-s71q = pa™q

5. pa™s- s ta™q = pq
for allm € Z. Then
A. pa™s-sTla"q = pa™ g

for all m,n € Z.

Proof. Let v = s7'as and v = s~'¢. By (B8) and Lemma 3.15, v/u =
s~ 'a/q and hence u~'v/ = g~ 'a’s for every j. By Lemma 3.1, R(v™"u) =
R(v™™u)R(u~ 0™ *)R(v™""%u) whenever k is even or m + n is even. Ap-
plying this to pa™s and using (), we have

1 —1_m+k 1_—n—k

a"q=1[pqg-q a""s]-s7 a7 q .
1a—m—

pas - s”
But (§) also implies that pg = pa™*s - s~ kg, so by the IP we have

1 ks_s—la—n—kq )

1

pa™s - s taT"g = pa™"

If £ equals either —m or —n, then this yields pa™s - s~ a™"q = pa™ "q by
(7). So, let k = —m if m is even and let k = —n if n is even. If m,n are
both odd, then m + n is even and there is no restriction on k, so k& can be
either —m or —n. O
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Lemma 3.19. Suppose a ARIF loop L is (D —1) — associative, where D >
4, and assume that 1 < i < D. Then the appropriate equation (1,2,3,4)
from Lemma 3.13 holds whenever m; = k = —n.

Proof. First, consider (1). When m; = k = —n, this reduces to:

(xmlymmeS - xmi—lymi) . (y—mixmi+1 .. ymD) —
xm ym2xm3 e xmi71+mi+1 . ymD

If we let ©w =y ™ xy™ and x = y™uy "™, then this becomes
(ymiumlym2um3 . umifl) . (umi+1 . ymD—mi) —
ymiuml ym2um3 cooqMi-1tMit ymD—mi

which is an instance of (D — 1) — associativity. A similar argument works in
cases (2) and (4) but not in case (3), where D is odd and i is even.
To illustrate case (3), consider D =7 and i = 2, 4, or 6. If i = 6, we must
verify
($M1ym2$M3ym4$M5ym6) . (y_mem7) - $m1ym2$m3ym4$m5+m7
This is no problem, since it is equivalent to
My M2 BT 5 MG — (xml mexmsym4xm5+m7) . (x—m7ym6) 7

which is an instance of 6 — associativity. Likewise, the case i = 2 is no
problem. But, when ¢ = 4, we must verify

my m2$m3ym4) . (y—m4$M5ym6xm7) — $m1ym2$m3+M5yme$m7

@™y

This is equivalent to

TR S T (T g2 SIS TG R INT ) (2T G g A
which requires 8 — associativity. However, this equation requires only 6 —
associativity in the special case that ms = —ms, and this case is sufficient
by Lemma 3.18, applied with s =y, a =z, p = ™ y"2, and g = y™ez™".
The special case is condition (§) of Lemma 3.18, and conditions («, 3,7) are
verified using 5 — associativity.

The general situation is handled similarly. We must verify

(:Eml ym2$m3 . :Emiflymi) . (y—mi$mi+1 . :EmD) —
mly
where D is odd and ¢ is even. By mirror symmetry, we may assume that
i > (D+1)/2. Fix D,i,z,y. Let H(r) be the assertion that this equation
holds in the special case that m;;, = —my;_y whenever 1 < ¢ < r. So,
we want to show H(0). Now, H(r) holds for r large enough by (D — 1) —

associativity, and H(r + 1) — H(r) holds by Lemma 3.18, so we are done.
To be more specific, H(r) asserts that

mp

m2.ms o 7

mi—1+mit1 |,

x T

(xmlym2 e gMimr =20y Mi—r—1 ,Mi—r xmiﬂymi),

(y

ym2 e gMimr—2 qp Mi—r—1FMitr41 ,Mitr42 ... 2MD

T M1 L T M M1 M2 L L me) —

m
" ,
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where (z,w) is (x,y) if r is odd and (y, ) if r is even. This is of form db = ¢,
which is equivalent to d = ¢b~!. Now, ¢ has D — 2r — 2 blocks and b~! has
D — i+ 1 blocks, and ¢ ends with = while b~! begins with z, so that the
expression c¢b~! has 2D — 2r — i — 2 blocks, so H(r) follows from (D — 1) -
associativity whenever 2D —2r —i—2< D —1,orr > (D —i—1)/2.
Now, assume that r < (D —i — 1)/2 — 1 and assume that H(r + 1)
holds. H(r + 1) is the special case of H(r) with m;y,4+1 = —m;—p—1. We
conclude H (r) by applying Lemma 3.18, with a = w, s = 2™i—7 ... g"i=1y™i,
p=a™Mym2...zMi—r=2 and q = zMi+r+2...g™P_ Condition (9) is H(r+1),
and the conclusion, (A), is H(r). We must verify that conditions (a, 3,7)
require only (D — 1) — associativity. («,7) are easy. For (), the expression

s~ lw™ss™1q has no more than

r+)+14+@EF+)+r+)+(D—i—r—1)—1=D —i+2r+2
blocks. Since 2r +2 < D —i—1 and 2i > D + 1, we have
D—14+2r4+2<2D-21—-1<D -2 .
O

By this lemma and Lemma 3.17, the requirement for D — associativity
simplifies to Lemma 3.21:

Definition 3.20. W (z,y;m1,ma, ms,... ,mp) denotes the word of length
D, (x™ y™m2 ™3 .. 2™P) where z is x if D is odd and y if D is even

Lemma 3.21. Suppose a ARIF loop L is (D — 1) — associative, where D >
4. Then L is D — associative iff W (x,y;m1, ma, ms, ... ,mp) associates for
every x,y € L and every my,mo,ms,... ,mp € 7Z.

To aid in proving this associativity:

Lemma 3.22. Suppose a ARIF loop L is (D —1) — associative, where D >
4, and W = W (z,y;m1,ma,ms,... ,mp). Then n*(W) = a"+2(W) (see
Definition 3.8) whenever 1 <k < D — 3.

Proof. Say k is even; the argument for odd k is the same. Then we must
prove
(ﬂjmlymzﬂjmg .. ymkxmk+1ymk+2) . (xkarS . ZmD) —
(xml ymzxms ... ymk) . (xmk+1ymk+2xmk+3 ... ZmD)
We apply Lemma 3.2, with p = x™ty™2x™3 ... ¢y"* g = g"k+3...2™MD and
a =y "+27Mk+1 Now p - aq = pa - q follows by (D — 2) — associativity,

and pa-a~'q = pa~!-aq = pq follows by (D —1) — associativity plus Lemma
3.19. So, p-a~'q=pa~! - ¢ follows by Lemma 3.2. O

Lemma 3.23. Suppose a ARIF loop L is (D—1) — associative, where D > 5
and D is odd. Then L is D — associative.
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Proof. If W = W (x,y;m1,... ,mp), then Lemma 3.16 implies 72(W) =
73(W). Thus, applying Lemma 3.22, the 7*(W) (for 1 < k < D — 1) are all
the same. It follows by Lemma 3.9 that W associates, so L is D — associative
by Lemma 3.21. U

Lemma 3.24. Suppose that a ARIF loop L is (D — 1) — associative, where
D >4 and D is even. Then L is D — associative.

Proof. Again, we must show that each W (x,y;mq,... ,mp) associates. Let
H(r) be the assertion that W(x,y;mq,... ,mp) associates for all z,y € L
and mq,...mp € Z with m; = 1 whenever r < ¢ < D. So, our lemma, is
equivalent to H(D). Let H™(r) be the assertion that W (z,y;m1,... ,mp)
associates for all z,y € L and mq,...mp € Z with m; = 1 whenever r < i <
D. So, our lemma is also equivalent to H+(D — 1). We shall in fact prove:

1. H(1).

2. H(k—1) — H(k) whenever 2 <k <D — 1.

3. H(D — 1) —s H*(1).

4. H*(k —1) — H™" (k) whenever 2 < k< D — 1.

Applying these items in order yields H*(D — 1) and hence the lemma.

First, note that, as in the proof of Lemma 3.23, W = W (z,y;m1,... ,mp)
associates if 7F(W) = 7*+1(W) for some k with 1 <k < D — 2.

To prove H(1): Let W = W (x,y;m,1,1,... ,1). We prove that W asso-
ciates by showing that 7' (W) = 72(W); that is, 2™ -yzy - - -y = 2™y-xy - - - ¥.
Letting u = xy so y = ™ 'u, this reduces to 2™ (z " 'u-uP 1) = 2™ ly-uP-1,
which is true by 2 — associativity.

To prove H(k — 1) — H(k) when 2 < k < D and k is odd: W is
now (z™,y™m2,x™s ... y™-1 2™ oyl xl . yl), and we shall prove that
7P Y (W) = 7F(W). Let p = a™y™2 2™ ... and q = ylat -y =
y(zy)P=F=1/2 We need to show that p - z™q = pz"™ - q. When my, = 1,
this is true by H(k — 1). But also pz - 2~ '¢ = px~' - ¢ = pq by Lemma
3.19. H(k) now follows by Lemma 3.2.

The proofs for H(k—1) — H(k) for k odd and for H*(k—1) — H* (k)
are the same.

Finally, we assume H(D — 1) and prove HT(1). Let p = 2 (yz)(P~4/2,
We prove that W = W (z,y;m1,1,1,... ,1,mp) associates by showing that
aP=2(W) = 7P=1(W); that is, py - 2y™P = pyx - y™P. By Definition 1.3
applied twice, we have R(aba)R(b)R(a) = R(a)R(b)R(aba). In particular, if
a=y ' and b = yry™PT! then aba = zy™P, so we get:

R(zy™)R(yzy™ P R(y~!) = Ry~ ") R(yzy™> ) R(zy™) .
We apply this equation to py~™Pz !
Now, py~™Pz~! . 2y™P is a product of a word with D blocks, and by
Lemma 3.19, this is equal to p . Thus, applying Lemma 3.22 and power
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alternativity:
(py~"™Px ) R(zy™P)R(yzy™ P TRy ™) = (p- yay™ Pty =
(pyx -y )y~ = pyx - y™P
Likewise, py~™Px~! . y~1 is a product of a word with D blocks, of form
W(z,y;mq,1,---,1,—mp,—1,—1). This word associates by H(D—1), since
it is the same as W (z,y~*;mq, —1,--- ,1,mp, —1,1). Thus,

1

—-mp,.—1 1 —-mp—1,_.—1, — .
Ty ;

py "Prl oy =y ey T =y -y
the second “=” is obtained by applying Lemma 3.2, with ¢ = y and ¢ =
z~ 'y~ We thus have

(py~"Pa " )R(y ) R(yzy™P ) R(zy™P) =

[(py -y~ P ™y D (yay™ Y] (2y™P) = py- (ay™P) |
and hence H(1). O

Finally, Lemmas 3.23 and 3.24 complete the proof of Theorem 1.5.

4. EXAMPLES

DIASSOCIATIVE
ARIF

RIF

_
N—_—

FIGURE 1. Some Varieties of Loops

Figure 1 depicts the sub-varieties of diassociative loops discussed in this
paper. All claimed inclusions have already been proved. All regions shown
are non-empty, as can easily be inferred from results in the literature plus
FExample 4.1: The loops which are both Moufang and Steiner are the boolean
groups and clearly are a proper sub-variety of the extra loops, which are the
loops which are both Moufang and (flexible) C (see Fenyves [6]), and these
in turn are properly contained in the Moufang loops. If A is, say, the 10-
element Steiner loop, then it is not a group and hence not Moufang. The
product of A and any non-boolean group will be a RIF flexible C-loop which
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is not Moufang and not Steiner. The product of A and any Moufang loop
which is not an extra loop will be a RIF loop which is not a C-loop. Example
4.1 is a flexible C-loop which is not a RIF loop. Crossing this with a non-
extra Moufang loop yields a ARIF loop which is neither C nor RIF. Finally,
for every odd prime p, there is a diassociative loop of order p? which is not
a group; see, e.g., the proof of Theorem 5.2 in [7]. Such loops cannot be
Moufang by Chein [3], and hence not ARIF by Corollary 2.14.

Example 4.1. There is a flexible C-loop which is not a RIF loop.

Proof. Consider the loop in Table 1. The nucleus is N = {0, 1,2}, and all
squares are in N, so that L/N is the 8-element boolean group. This is not
RIF because (3-12) - (15-(3-12)) # (3-((12-15) - 3)) - 12, so that (3) of
Lemma 2.2 fails. O

1011121314 1516 17 18 19 20 21 22 23
10111213 141516 1718 19 20 21 22 23
11 9 13141216 17151920 18 22 23 21
1014121317 1516 20 18 19 23 21 22
8§ 1819202122231213141516 17
6 19201822232113141216 1715
720181923212214121317 1516
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TABLE 1. A Flexible C non-RIF Loop

Example 4.2. There is a C-loop which is not flexible.

Proof. Consider the loop in Table 2. The nucleus is N = {0, 1,2}, and all
squares are in N, so that L/N is the 4-element boolean group. This is not
flexible because 3- (6 -3) # (3-6) - 3. O
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e|01 234567891011
0(01 234567891011
111 2 045 3 7 8 610119
2120153486 711910
3134501210119 8 6 7
4453120119106 7 8
5534201910117 8 6
6|6 7 8119100 1 2 4 5 3
77T 86 910111 2 05 3 4
818 6 710119 2 01 3 4 5
91910117 8 6 5 3 4 0 1 2
10j11011 9 8 6 7 3 4 5 1 2 0
11111 910 6 7 8 4 5 3 2 0 1

TABLE 2. A non-Flexible C-Loop

The three examples in this section were found using the program SEM
[14], which simply outputs tables, such as Tables 1 and 2. We do not see a
really simple way of checking that Examples 4.1 and 4.2 are both C-loops,
with the first one also flexible. However, the reader can easily write the
obvious computer program (entering each loop as an array) to check these
facts; it is not necessary to verify that the code for SEM itself is correct.
Likewise, a program easily checks that the nucleus is {0, 1,2} for both loops.
On the other hand, Example 4.3 below is a Steiner loop. For this one, it
was easy enough to match SEM’s table with the known triple systems, and
then verify its properties directly from facts about such systems.

The proof of diassociativity of ARIF loops in Section 3 is by induction
on the number of blocks, as is Moufang’s proof for Moufang loops in [11,
12], but her proof is quite a bit shorter than ours. She first shows that
whenever (vu)w = v(uw), the same equation holds if the elements u, v, w
are permuted or replaced by their inverses ([12], pp. 420-421). Using this
fact, the step from 3 — associativity to full diassociativity is quite easy (the
details are in [11]§1). Actually, as Bruck pointed out, by using this fact
one can give a somewhat simpler “maximal associative set” argument which
avoids mentioning blocks at all (see [1], §VIL.4). However, as the following
example shows, this fact does not hold in all ARIF loops, or even in all
Steiner loops:

Example 4.3. There is a Steiner loop of order 14 with elements u,v,w
such that (vu)w = v(uw) but (uv)w # u(vw).

Proof. Let L = Z13 U {e}. Here, e is the identity element of the loop, so
re = ex = x and xx = e by definition. Products zy for distinct elements
x,y of Z13 = {0,1,...12} are computed in the usual way from a Steiner
triple system S on Zq3; that is, S is a set of 3-element subsets of Zi3, and
xy = yr = z, where z is the (unique) element of Z;3 such that {z,y,z} € S.
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For S, we take one of the standard examples of a triple system (see, e.g.,
Example 19.12 of [9]): S contains blocks of the form A, = {n,n +2,n + 8}
and B, = {n,n + 3,n + 4}, where n € Z3.

So, for example 1-0 = 10 (since Bjg = {10,0,1}), 10-5 = 12 (using Aj9),
0-5 =7 (using As,), and 1-7 = 12 (using Aj2). Thus, (1-0)-5 = 1-(0-5) = 12.

However, (0-1)-5=12%#3=0-(1-5), since 1-5 = 4 (using B;) and
0-4 =3 (using By). O

Acknowledgement: Thanks to the referee for useful suggestions.
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