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Ai)stract

We consider the two iayers shallow water equations on a bounded domain M c R?
forced ioy a multiplicative white noise, and obtain the existence and uniqueness of a maximal
patilwise solution for a limited periooi of time. The prooi relies on the Skorohod representation
tileorem, the Gy'dngy—Kryiov tileorem, stopping time arguments, and isotropic estimates
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1 Introduction

In this articie, we consider a shallow water equation model tiiat, to the best of our i(nowie(ige,
has not been studied before. In the deterministic probiem, which has been studied extensively,
one must assume that the initial data is small or, otiierwise, the solution is oniy known to exist
for a short perioci of time. In the stochastic context we consider the shallow water equations
forced ioy a multiplicative white noise representing e.g. random wind perturbations at the surface
and we opt to focus on the latter situation that is we will seek a solution up to a small stopping
time. The prece(iing paper [LNTiG] addressed the singie iayer model propose(i i)y Orenga et al in

[DMCO99] and [Ore%]. Orenga’s model omits the Coriolis term and assumes the external force
is zero in the momentum equation. In the deterministic context see e.g. [DMCO%] and [Ore%],

who omit the Coriolis term and assume the external force to be zero in the momentum equation.

In [CMZO8] and [WX05] the model is similar to that of Orenga et ai., but it has an additional

term with % in the momentum equation. The model most Cioseiy related to the present article

can be found in [Sun98] It does include a Coriolis term, but it still assumes no external iorcing

and it contains the % term. For convenience, we choose a model which omits the % term and

adds the term —8Ah to the continuity equation in order to absorb some of the terms invoiving
the gra(iient of the iieigiit of the water. Because of this extra viscous term, we require boun(iary
conditions on h, that are specii‘ieci below. We also choose to include an external force that is
inciepen(ient of the solution. A realistic formulation of the external force can be found in e.g.
[TTH], but this adds more unnecessary difficulties to the proi)iem. For more about the piiysicai

derivation of these equations, see e.g. [TMO5I

For the two iayer modei, we began with the models proposeci in [Orenga05] and [Ma(:99l but
uitimateiy decided on one more similar to [Simonig%] (see Appen(iix C) As in the singie iayer

proi)iem, the momentum equations lack any external force. We choose to include the external
forces F and G which are both inciepen(ient of the solution. We also include the extra terms
01 AR and 0oAhsy to the continuity equations for simpier calculations and to absorb terms with
the gra(iients of the iieigiits of each iayer of water.

One of the major difficulties inherent to this probiem is that we do not have the cancellation

property for the nonlinear term, as is the case in e.g. [Ben%], [GHTH], [GHZOS], and [GHZOQ]
We also do not have the assumption that vq or vy is (iivergence iree, as in the Navier-Stokes
system (see e.g. [BFOO]) In the deterministic case, this impiies tiiat, in generai, one can oniy
obtain local in time a priori estimates for the soiution, and hence local in time existence of
solutions. As we will see ioeiow, the same holds in the stochastic context. We know of very few
results of local in time existence of solutions of stochastic partiai differential equations. Local in
time solutions of the Navier-Stokes equations have been obtained in [Ben%].in a second step the

mapping (iei'ining the solutions is “randomized” to account for a white noise iorcing. In partiy
related (iirections, we would like to mention the lecture notes [Fiaiil in which the author studies

the role that white noises may have in preventing blow up. See also [Ch009], [Ciioii] in which



the author derives results of biow—up in finite time for solutions of stochastic pdes. See also
[GDSOi] in which the authors study the two iayer quasi—geostropiiic equation; these equations

have some sirniiarity with the shallow water equations iout, unlike the shallow water equations
that we consider, weii—posedness is granted for all time in the deterministic context and then in
the stochastic context.

Unlike in [BFOO], the point of view that we adopt in this article for the shallow water equations

is to leave the equations unciianged and to obtain the stochastic solution ioy deriving the suitable
a priori estimates and expioiting them in the context of the Galerkin method using the usual
compactness arguments.

In the theory of stochastic evolution equations two notions of solutions are typicaiiy considered
nameiy pathwise (or strong) solutions and martingaie (or Weak) solutions. In the former notion

the driving noise is fixed in advance while in the later case these underiying stochastic elements
enter as an unknown in the problem. For more details about the two type eoiutlonb we refer

the reader to e. g. [DPZQQ] [F a08] [FGQB] and [@ks03] In the study of deterministic noniinear

evoiutionary partiai differential equations, when the L? bounds on the time approximation so-
lutions are obtained, the Galerkin approximation scheme will provide us estimates on the time
derivatives, and the classical compactness resuits, such as Aubin-Lions or Arzéla-Ascoli can be
appiied to iieip us pass to the limit in the nonlinear terms. However, the classical compact-
ness results cannot extend to the stochastic setting due to the lack of differentiation in time of
the solutions. We will utilize a different compactness result based on fractional Sobolev spaces
that allows us to treat nonlinear stochastic equations in a way similar to the deterministic case;

see [FG%] [Tern95] Proofs of other compactness ernioedding theorems can be found in [B 95]
[CFSS], [Ros6], and [Term0i].
In this Wori<, we will use the same approacii as in [FG95] and [DGHTH] to establish the existence

of both martingaie and patiiwise solutions but our results will provide finite time existence oniy.
We first derive a formal a priori estimate for the originai stochastic system assuming that the
solutions are Suiqioientiy reguiar and then we obtain uniform bounds for solutions up to a stopping
time. However, in contrast to the deterministic setting, the positiveness of random stopping times
are not granted. The absence of lower bound on the stopping times leads to further difficulties
later on when deriving the compactness result and passing to the limit. To circumvent these
diiqicuities, we introduce the modified system which truncates the nonlinear terms. We then de-
rive the existence of giobai niartingaie solutions for this system iay using the Prokrohov tiieorem,
which is used to obtain the compactness results for the sequence of proi)aioiiity measures asso-
ciated with the approximate solutions. We then upgrade convergence in distributions to almost
sure convergences relative to the new underlying stochastic basis ioy ernpioying the Skorohod
ernbedding theorem. To deduce the existence of gioioai patiiwise solutions for the system relative
to the initial stochastic i)asis, we will empioy the Cyongy-Kryiov theorem which is the infinite
dimensional vesion of the classical Yamada-Watanabe theorem (see eg[PRO?]) Consequentiy,

we derive the existence of both local martingaie and patilwise solutions for the originai stochastic
system ioy introducing an appropriate positive stopping time afterward.

This article is organized as follows: In Section 2, we introduce the function spaces (Section 21)
as well as the deterministic and stochastic frameworks (Section 22) In Section 3, we provide

formal a priori estimates on the originai system. In Section 4, we introduce a Galerkin scheme
for the modified system, and iay rnai<ing use of an appropriate cut-off iunction, we are able
to establish uniform a priori estimates for the corresponding sequence of approximate solution.



These estimates are used to clevelop the compactness argument, then with an application of
the Skorokhod embedding theorem, which leads to strong convergence of some subsequence,
we obtain the glo]oal existence of martingale solutions to the modified system. In this section,
we also prove the pathwise uniqueness of globa] martingale solutions and ]oy an application of
the Cyéngy—Krylov Theorem we deduce the glo]oal existence of pathwise solutions. In Section
5, we establish the existence of both local martingale solutions pathwise solutions and maximal
pathwise solution by deﬁning an appropriate stopping time. FinaHy in the Appendices, we present
some measurabi]ity results and the adapted stochastic Gronwall 1emma, among the other existing
results used in the article.

For the 2—1ayer mode], we consider two fluids with different densities so that no mixing occurs.
As in [Orenga05], we have a bounded open domain M c R? with smooth ]ooundary OM and

€ (0, 00). In the equations below, U := (v1,va, hi, he).

dV1—l/1AV1dt+(V1'V)Vldt—l-thldt—i-g%Vtht—l-fk><V1dt = Fdt+o; (U)dWl in Mx (0, T),
1
(L1a)

dve — v Avadt + (VQ . V)ngt+QVh2dt+QVh1 + fk x vodt = Gdt—l—O'Q(U)dWQ in M x (0, T)

dhy +V - (hyvy)dt — 8, Ahydt = o3(U)dWs  in M x (0,T), (1.1c)

dhy + V - (hava)dt — 82 Ahodt = o4(U)dW,;  in M x (0,T), (1.1d)

with initial conditions:

vi(t=0)=v)(z,y) in M, (1.1e)
vo(t =0) =vi(z,y)  in M, (1.1f)
hi(t=0)=hz,y) >0 inM, (1.1g)
ho(t =0) = hY(z,y) >0  in M, (1.1h)

And we assume Dirichlet boundary conditions
vi=0  ondM x (0,T), (113
vo=0  ondM x (0,T) (1.1
hi=0  ondM x (0,T) (1.1k
ho=0  ondM x (0,T) (111

Here, hy := hi(x,y,t) is the depth of the top 1ayer of water and hy = ho(x,y,t) is the depth
of the bottom layer of water. We will assume for i = 1,2 that h; = H; + h;, where H; is the



average depth of the water, a constant, and hz is how much the height of the water deviates from
its average depth. Aclclitionaﬂy, vy = (ug,v1) where u; = ui(x,y,t) is the velocity of the top
layer of water in the z direction and vy := vy (x,y,t) is the velocity of the top layer of water in
the y direction, and v, = (ug,v2) where us = ug(x,y,t) is the velocity of the bottom layer of
water in the z direction and vy := vy (z,y,t) is the velocity of the bottom layer of water in the
Y direction. Also, V1 and vy are the viscosities, 41, and do are given positive constants, g is the
gravitational constant, f is the Coriolis parameter assumed to be constant, pp is the density of
the top fluid, and po is the density of the bottom fluid. Finally, F := F(z,y,t), G := G(z,y,1),
V(z,9), vi(z,y), h(z,y) and hY(x,y) are given. As in the single layer model, we will impose
certain Lipschitz conditions on oi, 1 = 1,2,3,4, which are all given, and W;,i = 1,2,3,4, are
cyhndrical Brownian motions or Wiener processes speciﬁed in section 2.2 below.

Remark 1.1. Different boundary conditions on v; and h; fori = 1,2 appear also in the literature,

such as:

vi-n=20 and curl(v;) =0 on OM x (0,T), (12)

Vhi-n=0  ondM x (0,T). (1.3)

This set of boundary conditions yields the same type of results but it requires more technical work.

Remark 1.2. Physically the depths of each layer of water are necessarily positive. For a proof
of the positivity of h;, see Appendix B.

2 Analytic Tools

In this section, we collect and define the deterministic and stochastic tools needed throughout
this article.

2.1 Function Spaces

We will use in the spaces H = Hy x Hy X Hy X Ho,V =V; X V] X Vo X Vs where

Hy = M), Vi i= (HY(M))R, Hy = L2(M), Va = BY(M). 21)

On H, and Hy, we will use the typical inner product and norm denoted by (,4) and | - |, respec-
tively, while on V4 and V4, we will use (-,-) and ||-||, which are the usual inner product and norm
of the gradients.

We also consider fractional powers of the (—A) operator with the boundary conditions (1.11),(1.1 J),(lﬂ{)

and (1.11). By the classical theory, there is an orthonormal basis {Wr}i>1 of H with an unbounded

increasing sequence of eigenvalues { k1 such that —Ay, = M. We define D(—-A) =
V N (H2(M))? and for a > 0 we take:

D((=A)%) = {u €H : i AP0y |? < oo}, (22)

k=1

endowed with the Hilbertian norm



00 1/2
ulg := [(—A)*u| = (Z Azayuﬁ) : (2.3)

k=1

Here, U=y 7o upy with \u|2 =>7 lug|? < oo.

For the Galerkin scheme i)eiow, we introduce the finite dimensional spaces H,, = span{t1,...,1¥,}
and let P,,Q,=1-P, be the projection operators onto H,, and onto its ortiiogonai Compiement.
By abuse of notation we will also use the operator P, to denote P,v = P,(v,0) and P,h =
P,(0,h). We have the generalized and reverse Poincaré inequalities which hold for any o1 < aa:

_ 1
[Prttay < A2 Prula, and |@nula, < Wi@nuiaz (24)

2.2 Stochastic Framework

In order to define the stochastic terms in (i.ia), (i.iio),(i.ic) and (i.i(i) that is o1 (U)dWy,

oo (U)dWa, o3(U)dWs3 and o4(U)dWy, we will recall some basic notations and notions from
stochastic anaiysis. For an extended treatment of this topic, we refer to [DPZ92]

To begin with, we define a stochastic basis S := (Q,]—", {Fi}t>0,P, {Wik}kzi) that is a filtered
probability space and (Q,F,P) is the underlying probability space, {Fi}t>0 is a complete right
continuous ﬁitration, and for i = 1,2, 3,4, {Wf}kzl is a sequence of in(iepemient one-dimensional
Brownian motions a(iapte(i to Fi.

Let £ be an aux1iiary separabie real Hilbert space endowed with a Hilbert basis {ej}j>1. We then

consider Wil(t, -, w) the Y—valued stochastic processes, iormaiiy representeci for the moment, as
the foiiowing series:

S Wf t,w)eg(: 2.5
=2

/=1

This expression makes each W; a cyiin(iricai Brownian motion evoiving over a separaioie space il
with ortiiogonai basis e.

We next recall some basic definitions and properties of spaces of Hilbert-Schmidt operators. To
this en(i, we suppose that X and Y are two separai)ie Hilbert spaces with the associated norms
and inner products given by |-y, |-y and (-,-)x, (-,-)y, respectively.

We denote by Lo(st, H) := {R € L(, H) : Z |Rey|% < oo} the collection of Hilbert-Schmidt
k=1

operators mapping from ¢ into X. This space Lo(U, H) is a Hilbert space endowed with the

ioiiowing inner prociuct and norm

(R, S) L, (st.m) Z Rey, Sex)u and ||R|Z2¢ gy = Y [Rexly; -

One may show that if R € Lo(4, H) and R? € £(8l, H) then R2R' and R'R? € Ly (I, H).

We also define another auxiiiary space g D U as



k=1 k=1
endowed with the norm
lvlg, = Z 72 for v = Z aek.
k=1 k=1

Note that the embeclcling of st c 4ty is Hilbert-Schmids.
Assumptions on ¢;,i = 1,2,3,4 For simplicity, we set U = (vi,va, hi, ho,t,w) and
oi(vi,va, hi, ha, t,w) = 04(U). We shall assume throughout this work that
;= JZ(U) : Hi x Hi x Hy x Hy X [O,T} x ) — Lg(u, HZ), (26)
oi=0;(U): Vi x Vi x Vo x Vo x [0,T] x Q — Ly(8, V), (2.7)

are measurable, essentiaHy bounded in time and L? in Q, {Fite>o0 adapted and satisfying the
following conditions for a.e. ¢ € [0,7] and a.s:

loi (v ot w) 13, vy < Kv (L4 ]+ [12]%) (2.8a)
loi (v, sty )17 iy < Kar(1+ VI + [Rf?) (2.8b)
loa(vi, hiyt, @) = 03(va, hay t )7, vy < Bv (L + [[vi = val* + [[h1 = ha|[?) (2.8¢)
loi(vi, hist,w) = 0i(Va, hyt,w) 13,y < K (14 [vi = val + [ha — hof). (2.8d)

Finally, given an X —valued predictable process G € L2(0; L2 ([0, 00); Lo (84, X))) one may define
the (It()) stochastic integral

M, = /0 " Gaw, (29)

which belongs to ./\/l%(, the space of all X—valued square integrable Inartingales (see eg[PRO?D

For ae. t and as., G € Lo (8, H) so that G, = G - e, € H, where {er} is the basis of . Then
(29) can be represented as

t
M; = Z/O GrdW*,
k

The martingale {M:}+>0 has many desirable properties. Most notably for the analysis here, the
Burkholder—Davis—Gundy inequality holds which in the present context takes the form,

t T T %
E ( sup / ) <CiE (/ ”GH%Q(LL,X)dt> ; (210)
tefo,7] 170 X 0

valid for » > 1. With G =G - ey, (210) can be rewritten as

’ T 00 ) 5
tes%pT] . < CiE (/O kzlua-ekuxdt> : (2.11)

Here €4 is an absolute constant clepending on r. We shall also make use of a variation of inequality
(210), which applies to fractional derivatives of M;. For p > 2 and o € [0,1/2) we have

t p Qe 2.12
E| su / <CE / G dt ), .
<t€[07pT} 0 Wayp([07T];X)> ( 0 I HLz(u,X) ) ( )

7

/ ZG.ede’“

0 k=1




which holds for all X —valued predictable G € L2(Q; L2 ([0, 00); Lo (44, X))).

loc

For the convenience of the reader, we shall recall the defiition of the spaces W ([0, T]; X) in
Section 6 below.

We can express (212) in a similar form as in (211) as

t p T
E | sup Z/ GepdW* <CE (/ > [Gerlk dt). (2.13)
e Wer(0,115X) Pk
We will also make use of the (iecomposition u= Z §i0j where & =&t w) and the ¢; are the
j=1
eigenvalues of A = —A in D(A) C H so that Au becomes ij)\jqu; andif be H, b= Z bjo;

j=1 j=1
with b; = (b, ¢;).
Throughout the articie, we denote by C the generic constant and we irequentiy use the notation
= to mean up to the multiplicative constant.

Remark 2.1 (Notation). Fori=1,2,3,4, 0i(v1,Va, h1, ho,t,w) = oi(U) as is (2.6) and W; =
pByay ekWik, we have:

(U)W = 3" 05U - exdWE = 3 (os(U)ers ) bndWV
k=1 k=1
= 3 ook (2.14)

k=1

where

oi(U) - ex =Y oty ot = (0i(U) - e, b0,
¢

which makes sense since 0;(U) - e, € H and {¢¢} is a Hilbert basis of H.

We shall assume furthermore that if v : [0,7] x @ — Hy, h : [0,7] x Q — Hy are pre-
dictable, then so is o;(U). Given an H—valued predictable process v € L2(; L2(0,T; Hy)),
h e L2(Q; L2(0,T; Hy)) the series expansion (214) can be shown to be well defined as a stochas-

tic integrai and

(2.15)

for all v € Hy, h € Hy and stopping time 7. In this context, the four equations from (i.ia)
to(i.ici) iuiiy make sense as [to integrais with values in the spaces V{, V3 after (ité) integration



from 0 to t, for ae. t € [0, T We will frequently apply the foHowing applications of the infinite
dimensional version of the Ito Formula for p=2orp>4:

d||[v1|[P + pri|Avi || |v1| P72 dt = p(F, Avy)||[v1|[P2dt — p{(v1 - V)vi, Avy)||[vi|[P72dt — pg(Vhy, Avy)|[vy|[P~2dt
—pg%th, Av)|[vi] P72 = p(fk x vi, Avy)||vi[[P~%dt + gllﬂl(Uﬂ’%Q(u,v)||V1||p_2dt

S M >
+ p(p2) > (o1(@)e, Avi)?|va|P~*dt + > plon (U)ex, Ava)|lva| P72,
k=1 k=1

(2.16)

d|[va| [P + pra| Ava*[|va|[P~2dt = p(G, Ava)||[va|[P~2dt — p((v2 - V)va, Ava)||va|[P~2dt — pg(Vha, Ava)|[va|[P~2dt
_ _ D _
— pg(Vh1, Ava)||va| [P~ — p(fk x va, Av)||va|[P~?dt + §|\U2(U)||%2(u,v)|\vz\|p 2dt

D M =
—+ p(p2 ) Z<O’2(U)6k, V2>2‘ |V2| ’p_4dt +p Z<02(U)eka AV2>|V2|p_2dW2k7
k=1 k=1

(2.17)

d|[ha| P + poy| Aha [*[| P |[P~2dt = —p(V - (hava), Aha) | [[P~%dt + §|\03(U)||%2(u,v)||h1|!p_2dt

_9) > B > _
+ P2 S U )ew, A2l +p Y o3(0)en, ) [P~2dW,
k=1 k=1

(2.18)

and  d|[hol[P + pda| Ahol*||ho|[P~2dt = —p(V - (hava), Ahg)|ha|P~2dt + §|!U4(U)\|%2(u,H)Hh2Hp72dt

—N x> 00
+p(p2 ) Z<U4(U)ek’Ah2>2|’h2”pi4dt+pZ(O’4(U)€k,Ahg)”thpfdef.
k=1 1

219)

Remark 2.2. In (216), (217), (218) and (219), (-,-) denotes the dual pairing between Vi and
Vy relative to Hy, and that between Vo and (V)" relative to Hs.

2.3 Definitions of Solutions

We now need to define what exactly we mean by a solution to problem (11) as in [GHZO9] First,

we recall what it means for a stochastic process to be predicta]ole:

Definition 2.1. For a given stochastic basis S, let ® = Q x [0,00) and take G to be the o-algebra
generated by sets of the form

(5,t] xF, 0<s<t<oo, FTEFs {0}xF FeF. (2.20)

An X -valued process U is called predictable w.r.t. S if it is measurable from (®,G) into
(X, B(X)) where B(X) is the family of Borel sets of X.



We next give the definitions of local and global solutions of (1 1) for both martingale and pathwise
|

solutions. Before that, we make some assumptions for the initial condition (v1(0), v2(0), k1 (0), ha(0)),
which may be random in general. For the case of martlngale solutlons, since the stochastic basis is
unknown, we are only able to specify (v1(0), v2(0), h1(0), ho(0)) as an initial probability measure
poon Vi x Vi x Vo x Va. For the case of pathwise solutions where the stochastic basis S is fixed

in advance, we assume that relative to this basis (vo,ho) isa Vi x Vi x Vo x V3 valued random
variable such that (v1(0),v2(0), h1(0), h2(0)) € L2(Q, Vi x V; x Vi x V3) and is Fy-measurable:

vi(0) € LP(Q, Hy), hi(0) € LP(S2, Hy) and are Fy-measurable for i = 1,2. (2.21)

Definition 2.2 (Local and global martingale solutions). Suppose that o is a probability mea-
sure on Vi x Va and suppose F € L?(0,T; Hy) and G € L*(0,T; Hy) ', and fori = 1,2,3,4,
0:(U) satisfies the Lipschitz conditions in (2.8), is predictable, and Fy-adapted. Then we say a

(3,\71,\72, hi, ho, %) s a local Martingale solution of problem (11) if
S = (Q,]:“, {J:-t}t>0 P, W, Wa, W, W4) is a stochastic basis, T is a strictly positive stopping

time (i.e. T > 0 almost surely) relative to Fy, and for i = 1,2 v;(- A7), hi(- A7) are Fi-adapted
processes in Hy, Ha, respectively, so that

Vil A7) € LA L°([0,T]; W), (2.22a)
Ri(- A7) € LA (@5 1°((0,T); V), (2.22b)
Vi(t)L<r € L2(€; L*(0,T; D(=A)), (2.22¢)
hi(t) 1<z € L*(Q; L?(0, T; D(=A)) (222d)

Furthermore, the law of (\71(0),\72(0), h1(0), };2(0)) is po, i.e. po(E) =P ((\71(0), v2(0), h1(0), ]{2(0)) € E)

for all Borel subsets E C Hy x Hy X Hy x Hsy, and (\7, E) must satisfy almost surely for every
t >0, every v € Hy, everyn € Hy and fori=1,2

tAF ~ B
(V~1(t A 7~'), ’U) + / (—VlA\fl + (V~1 . V)V~1 +gVhi + g@VhQ + fk x vy — F, U) ds
’ . (2.23)
)+ / Z 0)dWF,

tAT - ~
(Vo(t AT),v) + / (—VQAVQ + (Vo - V)Vo + gVhi + gVhe + fk x v — G,U) ds
‘ s o0 (2.24)
)+ / Z (o (U), v)dW},

o

(Rt A ?)m) + /Ot”(v.(ml)ml,) _ )+ /Wzgg ndWh. (2.25)

o0

(hNQ(t A 7:),77) —l—/ot/\% (V . (h~2V~2) - 5Ah2, ) = /t/\T Z 04 dW4 (226)

We say that the martingale solution (S,\?, ﬁ,i‘) 1s global if T = o0 a.s.

1One can also assume F and G to be random,but we choose F and G to be deterministic here, or else it will
be unnecessarily tricky for the proof of the existence of the martingale solutions later on.
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Definition 2.3 (Local, maximal and global pathwise solutions). Suppose that S = (0, F, (F¢)e>0, P, W)
is a fized stochastic basis and that (vo,ho) is a Vi x Va valued random variable (relative to S)
satisfying (222) and the same conditions hold for F' and o;, i =1, 2.

(i) A quintuplets (v1,va, hi, he,T) is a local pathwise solution to (11) if T is a strictly positive
stopping time, vi(- A7) ,va(- A7) Fi-adapted processes in Vi, and hyi(- A 7),ha(- ANT) Fy-
adapted processes in Vo (relative to the fized basis S) such that (222)7(224) hold.

(ii) Pathwise solutions of (11) are said to be unique up to a stopping time 7 > 0 if given any

pair of pathwise solutions (v1,va, b1, ho,T) and (¥1, %2, hi, he,T) which coincide at t =0
on a subset Qg of Q:

Qo := {Vl(o) = 1(0),v1(0) = ¥1(0), h1(0) = h1(0), ho(0) = iLZ(O)} cQ, (2-27)

e P (Lo,(vi(tAT) —¥1(t AT)) =0,V >0) =1, (2.28)
P (Lo, (va(t AT) — ¥2(t AT)) =0,Vt > 0) =1, (2.29)

P (Lo, (hi(EAT) = ha(tAT)) =0,¥ > 0) = 1. (2.30)

and P (Lo, (ha(t A7) —ha(t AT)) = 0,¥¢>0) = 1. (2.31)

(iii) Suppose we have {T,}n>1, a strictly increasing sequence of stopping times that con-
verge to a stopping time &, and assume that vi,va, h1 and ho are predictable continu-
ous Fi-adapted processes in Hy and Ha, respectively. We say that (vi,va, hi, ho, &) =
(v1,va, hi,ho, &, {Th}n>1) is a maximal pathwise solution if (v,va,hi,he,7,) is a local
pathwise solution for each n and

2 2 ¢ 2 ¢ 2
sup [[vi|2+ sup [[va +/ Av,| ds+/ Avo[2ds+
te[0,¢] te[0,¢] 0 0 (2 32)

2 2 ¢ 2 ¢ 2
sup |||+ sup ||hal +/ AR ds+/ | Ahs|?ds = oo,
t€[0,¢] t€[0,¢] 0 0

a.s. on the set {£ < co}. If we have

2 2 ¢ 2 ¢ 2
sup ||vi||* + sup ||val] +/ |Avy| ds+/ |Ava|“ds+
t€[0,¢] t€[0,¢] 0 0
) 2 ¢ 2 c 2 (2.33)
sup |12+ sup [|hal*+ [ 1AREds + [ [AhoJds =,
t€[0,¢] 0 0

te[0,¢]
for almost every w € {{ < oo}, then the sequence T, announces a finite blow-up time.
(iv) If (vi,va, hi, ha, &) is a maximal pathwise solution and & = oo almost surely, then we say
that the solution is global.
We now state the main results in this work:

Theorem 2.1. We are given g as a probability measure on Hyx Hyx Hyx Hy, F € L*(0,T; Hy),
G € L*(0,T; Hs) and o;(U), i = 1,2,3,4 satisfying the Lipschitz conditions (2.8), predictable,

and Fy-adapted. Then there exists a local martingale solution (S,Vﬁ,\?g, hi, hNQ,T) to (11)

11



Theorem 2.2. Assume we are working relative to a given fized stochastic basis. Suppose fur-
thermore that (222) also holds. Then there exists a unique, maximal pathwise solution

(vi,v2, b1, h2, &, (Tn)n>1) H)(l.l)

The strategy to prove both of these theorems is that we will consider a modified system with
a cut-off function damping the non-linear term, so that we have glo]oal existence of martingale
solutions and pathwise solutions for this modified system using the Galerkin approximation. We
then return to the original system (11) ]oy introducing a stopping time which will be proven to

be positive almost surely.

3 Formal a priori Estimates

First, we prove some a priori estimates on this system, assuming all of the solutions are smooth

Adding [to’s formulas from (216) to (219) with p=2 for v1i,Va, hi, ha, and adding the corre-
sponding relations yield:

dl|v1|? +2v1 |Ava|? dt +d||va || + 22 |Ava|? dt 4 d||h||* 4 261 | ARy | dt + d||he || + 202 | ARy |? dt
= 2(F, Avy)dt + 2(G, Ava)dt — 2((v1 - V)v1, Avy)dt — 2g(Vhy, Avy)dt — 2922 (Vhy, Avy )dt
P1
—2(fk x vy, Avy)dt + Z ||01(u)ek\|%/1dt +2 Z(al(u)ek, Av)YAWE — 2((vy - V)va, Avy)dt
k=1 k=1

—29(Vha, Ava)dt—2g(Vhy, Ava)dt—2(fkxva, AV2>dt+Z [lo2(u)eg] |%/2dt—|-2 Z (oo (u)er, Avy)dWY
k=1 k=1

- 2<V . (h1V1), Ah1>dt + Z Hag(u)ek]|%/2dt + 2 Z(ag(u)ek, AhﬂdVVé€ - 2<V : (thg), Ah2>dt
k=1 k=1

+ 3 [loa(w)er|[Bydt + > (oa(v, hex, Aho)dWy. (3.1)
k=1 k=1

We integrate (31) in time over [0, 7], for 0 < r < s < T, take the supremum in r over [0, s]; we

12



cleduce that

sup |]v1(r)\|2dr+21/1/0 ]Avl(r)Ier—l—Oiug \|V2<r)u2+2y2/0 (Avs(8) |2 dt

<r<s

+ sup \|h1(7«)”2+251/ A (1) dt + sup ||h2(7~)]]2+262/ Ao ()| dt
0<r<s 0 0<r<s 0

32)

< 8]vi(0)[* + 8] v2(0)[|* + 8/|A1 (0)]I* + 8[| A2(0)||* + 16/0 |(F, Avi)|di + 16/0 (G, Avg)|dt

—|—16/ \((vl-V)vl,Av1>\dt+1ﬁg/ |<Vh1,Av1>\dt+16g’;2/ (Vha, Avy)| dt
0 0 1J0

+16/ \(kavl,Avl)]dt+16/ |<(vQ.V)vQ,AV2>|dt+16g/ (Vha, Avs)| dt

+169/ I Vhl,AvQ)|dt+16/ I kavQ,AvQHdt—i—lG/ (V- (hivi), Ahy)| dt
+16/‘ h2V2 Ah2>’dt+16 sup /Z<0’1(U)6k,AV1>dW1k
rel0,s] Y0 4
+ 16 sup /Z<O’2( Jer, Avo)dWa| + 16 sup /Z<O‘3(U)6k,Ah1>dW§
rel0,s] [Y0 L4 rel0,s] |V0 . —
+ 16 sup / Z(m;( )ek, Ahg) dW4 +8/ ZHO‘l Jew||2dt
rE[Os 0 .3

+8/ Zuag Jexll dt+8/ Znag ekl dt—|—8/ Z\m Yex||2dt
S8||V1(0)||2+8||V2(0)||2+8Hh1(0)||2+8||h2(0)||2+ZJi.

Ji and J, are estimated l)y simply using Cauchy—Schwarz inequality:

s 4
J1:16/ \(F,AV1>\dt<—8/ Tak dt+”1/ Avy 2 dt.
0 141

J2:16/ (@, Avs) |dt<—/ G2 dt+”2/ |Avo|? dt.
0

(33)

(34)

By Cauchy—Schwa,rz inequality and Poincaré inequality , We obtain the foHowing estimates:

S 48g2 S 9 vy [ 9
Ty — 169/ (Vhy, Avi)|dE < —/ 1 (2)]] dt+—/ Avi |2 dt,
0 v Jo 6 Jo

484>

Jy= 169/ (Vha, Ava)|dt < 229~ th(t)sztJr%/ Avs 2 dt,

4
J5—169—/ (Vha, Avy)|dt < 25297 8”29 /Hh 1l dt+”1/ Avy [ dt

48
Js = 169/ (Vhy, Ava)|dt < —9/ ||h1(t)u2dt+ﬂ/ |Avsl? dt
T —16/ (K x vy, Avy)| di < 239 /||v1 (0)|2dt + 2 / Avi |2 di

Ty —16/ (K % va, Avy)| dt < 259 /Hv 8)||2dt + 2 / Avo|? dt

13



Jo and Jyo are evaluated based on Hélder’s inequality, Agm0n7s inequality, Young’s inequality,
Poincaré inequality and the classical interpolation Sobolev embedding. More precisely,

Jg = 16/0 |<(V1 . V)Vl,AV1>| dt § 16[) ‘V1|L°°(M)2 |VV1|L2(M)2 |AV1|L2(M)2 dt
s 1 s 3
< C [ 18 aguage V21 1991 gaags |V o aage dt = C [ 1AV e [

gﬂ/ |Av1|2dt+0/ [ v]|dt. (3.11)
6 Jo 0

Jio = 16/0 [((va - V)va, Ava)|dt < 16/0 V2| Lo (uy2 [VV2l 2002 [AVL] L2042 d
S 1 S 3
< C [ 1AValfaguape IVall* [9Velpagaas |Vl agaaye dt = C [ 1AvalFa o vl et

g@/ |Av2|2dt+C’/ Ivala. (3.12)
6 Jo 0

By adopting Ladyzhenskaya’s inequality, Young’s inequality and Sobolev em]oeddings, Ji1 and
Jio are estimated as follows

J11—16/ RACED Ah1>ydt<16/ K Vh1V1,Ah1>|dt+16/ (¥ - ve, Aby)| dt
< 16/0 VvVl pamy Vil paony [AR 22 dE + 16/0 Pl pa gy VL i gz 1A L2 g2 dE
<0 [ (19 lha1m Ly 11 18wl |l + (9l (931 181 [ . )
< c/osthH%Q |Aha| 2, [[vadt + c/osnhln V1|2, |Av |2, [ A | dt
<4 /OSIAm(t)\QdHC/OS (V@1 + 1ha )] dt + ”g/osmvl(t)@g dt. (3.13)
Similarly,

J12—16/ (V- (hava), Ahg)| dt < 16/ ((Vhava, Ahs) |dt+8/ (haV - v, Aho)| dt
16 < /0 IVValpamy [Vl oy [AR2| 2 g2 dE + 16/0 |h2l Laan) IV V2l a2 [Dh2l 22 di
<0 [ (19halhs b 1 13valhy |80l + Vol (9alhs v 10l ) a
< C [Chall s Ahalfs [villde+ C [ ol [Vvalja [Aval f |Ahal .

<52/ | Aha(t)[? dt+0/ |v2 (®)]|® + || R ()] )dt+ 5|AvZ|§2 dt. (3.14)

6

By utlhzmg the Llpschltz assumptions ( 8) we find

Ji3 + Jia + Ji5 + Jig = 32/0 Z (HUl(U)ekHz + HUQ(U)ekHQ + |’(73(U)6k‘|2 + HJ4(U)€]€H2dt>
k=1

< 32KV/0 (L4 [[va|2 + [ |® + [[vel® + [|ha]|?)dt. (315)
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Combing (33)—(315) and tai{ing the mathematical expectation on both sicies, we find:

E( sup (va(r)|2 + [va(r)l2 + 1B (r)II2 + () ]|?) + 11 /0 Av [ dt + vy /0 Aval?dt + 6, /0 Ay | dt

re(0,s]

v [ |Ah2|2dt> < E<8(IIV1(0)|I2 + [ () + [va (O] + 172(0)?)

969> N 48pag”

9] P11

s 48 48 1444> s
+/ (32Kv+V1|F|2+V2|G|2)dt+< s ) | MA@+ a1+ a2 + o) )

C/S(IIW(T)IIQ + ha ()17 + [lv2(r)[* + IIhz(T)||2)3dr>
0

>+16E< sup / Z(Ul(U)ek,AvﬁdWlk
0<r<s |v0

k=1

/ Z o1(U)eg, Av) dWI
0

0<r<s

+ 16E ( sup

)

—|—16E< sup / Z(JQ(U)ek,Av2>dW2k +16E< sup / z:<03(U)ek,AhﬁdVVéyf )

0<r<s |/0 E—1 0<r<s |40 k—1

+16E< sup / > {oa(U)ey, Ahg)dW ) (3.16)
0<r<s |40 E—1

After simpiifying and noticing that both F and G are deterministic, we obtain

E( o (i )P + Vel + 1) + ralr) ) + 04 /0 Avy[2dt + vy /0 |Avs|? dt + 6, /0 | Ay ? dt
rel0,s

" /0 atel dt) - E<8(”V1(O)”2 + [ ) + [Iv2(0) > + [I2(0)[|) + Ko

+ /0 0»117{%(IIV1(7’)||2 + 1 ha ()17 + V2 ()12 + a2 () IV () + ([ ()|

/T i<01(U)€k, AV1>dW1k

+ [[va(m)|I> + ha(r) 1P + ICﬂdt) + 16E( sup ;
k=1

0<r<s

)

+ 16E< sup /T Z(UQ(U)ek,AV2>dW2k + 16E< sup /T Z:<03(U)ek,AhﬁdWéf )
0<r<s|J/0 b—1 0<r<s|/0 =1
(3.17)
+16E< sup / TZ(@(U)%,Ahg)de )) (3.18)
0<r<s|J0 k=1
where . 48 48
Ko = / 32Ky + — [FI2 + = |G2)dt (3.19)
0 141 1)
o 1444 2 48pag”
Ky =129 X0, 200 (3.20)
41 vy P11
We observe that since V = H}(M)S, we have for o5(v, h)er € V,i=1,2, Au e H,
(oi(v,h)eg, Au) = / oi(v,h)eg - AudM. (321)
M
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By integrating by parts, this is equal to
/ Voi(U)ey - Vud/\/l—{—/ oi(U)ex(Vu -n)dS / Voi(U)ey - VudM.

By the above expression, the Burkholder- Dav1s—Cundy 1nequa11ty and by the Llpschltz assump-
tions (28), the first stochastic term is bounded as follows:

/ Z(al(U)ek, Avy)dwk

) < (With Gep, = Gy, = (01(U)ex, Avy))

( sup
0<r<s
1 1
s ©0 2 s 00 2
< C’ﬂE(/ Z(al(U)ek,Avl)zdt> < CﬂE(/ Z(Val(U)ek,Vv>2dt>
0 k=1 0 p=1
: :
< cga(/ Z|V01 YerlZy, Vil dt) < ClE( sup ||v1(r)||2/0 Z||01(U)ek||2dt>
k=1

0<r<s

< ;E< up uvl<r>u2) +01E( / Sgwxmeku?dt)

0<r<s

< §E< sup uvl<r>u2) + 0E< [ vl + aal? + frval + thll2)dt> (3.22)
0

0<r<s

We obtain the similar bounds for the last three stochastic terms

r| oo 1 s
E( sup [*|3 (ouU)en, Ava)aWh ) sxa( sup |rv2<r>||2)+CE< / (1+HV1H2+Hh1H2+HvQH2+IIh2!Q)dt)-
0<r<sJo | 2\ o<r<s 0
3.23)
r| oo 1 s
E( sup [ I3 (oa(U)er, Ab)dW ) §E< sup th(r)H2>+0E< / (1+Hh1!!2+Hh1H2+HV2|!2+thH2)dt>-
o<r<sJo [ 2\ o<r<s 0
3.24)
r| oo 1 s
E( sup [*|S (ou(U)en, bz} ) §2E< sup uh2<r>||2)+cm< / <1+||h2u2+uh1||2+||v2||2+||h2u2>dt>.
0<r<sJ0 k=1 0<r<s 0

(3.25)
Rearranging (331)7(325) and multiplying by 2, we arrive at

E< sup (\|v1(r)u2+HvQ(r)H2+Hh1(r)H2+th(r)||2)+2yl/0 \Av1|2dt+2yg/0 yAvQ\Qdeal/O (Ahy|? dt

rel0,s
+ 202 /OS |Ahy? dt) < E<16(\V1(0)!2 + 1R (0)]] + [[va(0) % + [1h2(0) | + Ko))
+ CE(/S sup ([va(r)I* + [ha(r)I* + [[va(r)I* + [ (r)*)
0 0<r<t
[V 1 ()P + [ ()2 + v ()12 + he ()22 + Ky + C’dt) +CT
< IE<16(HV1(0)||2 + 1R (0)]2 + [Iv2(0)]* + [R2(0)|* + Ko))

+ C’E(/Os Oiug (Vi) + 1ha () + [[ve ()12 + [P [NV ()12 + [ha ()12 + [[va(r)]]? + Hh2(7")\|2]2dt>

ST

+ CTK;. (3.26)
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NOW, we assume that M > 1 and consider the stopping time

r =y = inf { up (IO + eI+ w2 (DI + ha()I) > M} (3.27)

s>0

Replacing S by SATin (326) yields

SAT SAT
IE( sup (HV1(T)|I2+|hl(r)H2+IIVQ(T)||2+||h2(7“)||2>+21/1/O IAV1I2dt+261/O | Ah ? dr+

r€[0,sAT]

s [ st ar 25, | SAT||h2(r)H2dr> gmz(les(uw(m|2+||vQ<o>u2+||h1<o>||2+|rh2<o>u2>+lco>
0 0

sr

+ 0M2E< / sup (V)2 (P + a2 + Hh2<r>||2)dt> +CTK. (3.28)
Now, we define

V() == E( /0 " sup (i (I + I (DI + o)l + Hh2<r>||2>ds), (3.29)

0<r<s

and
Ks = E<16(HV1(0)H2 + [ (0)]]* + [lv2(0)|* + Hh2(0)||2)> + Ko+ CTK,. (3.30)

From (328>anc1 (329), we obtain:
V'(s) < Ko+ CM?>Y(s).
This gives .
V(s) € gy (7 1)) (3.31)
Along with (328) and (329), we deduce that

SAT SAT
IE( sup }(IIVl(r)||2+th(r)||2+HVz(T)H2+IIhz(r)!\2)+V1/0 IAV1I2dt+V2/O | Ava? dt
r€(0,sAT

Ko

CM2 €CM2SCM2

SAT SAT
+51/ |Ah1]2dt+52/ |Ah2]2dt> <Ko+
0 0

< Kp + Kpe®M (3.2)

The right hand side of (328) is bounded ]oy M if

Ko M-I
t < I = .
=oM? TG M

As long as M is large enough such that M — Ky > Ky or M > 2K, we find
0<s<sy

which yields the local existence in time.
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Hence

E( sup  [[vi(r)|*+ sup [va(r)|*+ sup [lh(r)]*+ sup [h(r)|
rel0,sAT] r€[0,sAT] re[0,sAT] r€[0,sAT]

s

SAT SAT SAT AT
+ ,,1/ |Ava|? dt + ,,2/ |Avs|? dt + 51/ \Ah|2dt+62/ yAh|2dt> (3.33)
0 0 0 0

is bounded by Mfor0< s < C’?\;Q log Mlg ]CQ, with M > 2Ky where K and Ky are at (320)
2
and (3.30)

4 The modified system with a cut-off function

This section is aimed to study the martingale solutions of the foHowing modified system

dvy + <—V1AV1 F (Vi) + [1hal? + vall? + | hol*)gVin + Q%V/w + fkx V1> dt
=F+ Y o1(U)exdWf, (41a)
k=1
dvy + (—VzAV2 + (Vi) + [1hall? + Ivall? + hol*)gVha + gVho + fk x Vz) dt

— G+ oa()erdE, (41b)
k=1

dhy + (=618h1 + 0|Vl + B |2+ Vol + b))V (hava)) dt = 3 o5(U)erdWs,  (41c)

k=1
o)

dhy + (=028 + (V1|2 + [l + [va]]? + [2]2) ¥ (hava)) dt

o4 (U)erdWy. (41&)
k=1

To simplify writing, we denote 8(||v1||2 + [[h1]|2 + |[v2||? + ||h2]|?) by 6(|[ul]) for |jul| = ||v1]? +
[h1|? + [[v2ll® + [[he]?.

Here 6 : R — [0,1] is a C* cut-off function satisfies

[ 1ib e <k,
0(6)_{ 0if | > 2K.

where K is any positive number and is independent of n. The particular choice for K will be
made more evidently in the next section.

Theorem 4.1 (Global existence of martingale solutions to the modified system). With the same
assumptions as in Theorem 2.1, there exists a global martingale solution to (41)

Theorem 4.2 (Global existence of pathwise solutions to the modified system). Under the same
assumptions as in Theorem 2.2, there exists a global pathwise solution to (41) relative to given

the stochastic basis S = (2, F,P).

4.1 The Galerkin Scheme

Consi&ering the projection P, defined as in (24), we introduce the Galerkin approximation

U™ = (v}, v, hit, h3) of (41), with v? and A functions from some interval (0, 7,) into P, (V; x

18



Vi x Va x V3), namely,
v — i AVTdE + Py [e () (V2 - V)v? + gVh! + Q%th b teatitf kK" x vﬂ dt
1

= Pt 1S Pao (U)erd W,
k=1
(422)

vl — i AVIdE + Py [e () (v2 - V)vE + gVhi + gVhy + Lk vg] dt

= P,Gdt + i Puoy(U™)erdWy, — (4.2b)

k=1
dh?—l-P { (51Ah —I-Q(HunH) 1V1 } ZP”U?’ ede3, (42C)
dhl + P, [ AL 0w )V - ( ;‘vg)} dt = 3" Puos(U™)erdWW}, (4.24)
k=1
v(0) = vl = Pyvio,  h(0) = h% = Pyho,, for i =1,2. (4.2)

4.2 Uniform Estimates for the Galerkin System

The essential estimate for our study below is the fouowing:

Lemma 4.1. Let v,vy,hT and hy be the solutions of (41) and assume that vi(0),v2(0) €
LP(Q), Fo, H1), h1(0), he(0) € LP(Q, Fo, H2), F,G € LP(Q2 x [0,T], H) for some p > 2, we obtain
the following estimates

B (s IVEOIP & s IO+ sup SO+ sup ISP ) < (L
0<r<T 0<r<T 0<r<T 0<r<T
and
T 2 T 2 2 T 2
E / AV dt+/ IARDP + |AVE| dt+/ AREP dt ) < Ko, (4.3b)
0 0 0

where K1 and Ko depend only on the data and are independent of n.
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Proof of Lemma 4.1:  We apply the [to formulas from (2.16)‘50 (219) for v, vy, hY and hy

and add the corresponding relations, which yields:

dIVT P+ prr | AV Pdt + d| VB[ + pra| AVE Pt + dI|RT|* + poy [ART | dt + dI[hE P + poy | AR dt

= p(PuF, AV VT |IP=2dt — pg (VAT AVT) VT [P~2dt — p(Pa[0(|[u” ) (v] - V)VI], AvE) ||V [P~ 2dt
— p{PaG, AVE) V5|72 dt — pg(Vhi, AvY) ||V [P~ 2dt — pg%Wh’é‘, AVD) [VEIP~2dt — p(fk x v, AvE)|vi|[P~dt
£ DS P Ol PN P2t + p Y (Pacr (U™)er, AV [ P2

k=1 k=1
= p(Pal0([[u” ) (V5 - V)VE], AVE) [VE[P~2dt — pg(Vhi, AvE)|[VE|[P~2dt — pg(VhT, Avy)|[v5|[P~%dt

— p(fk x V5, AV VI 2dt + p 3 (| Paca(U™)ex| PINIP2dt + p 3 (Paoa(U)ex, AV) V3172w

k=1 k=1
= p(Ba[0(|[u™ )V (RIVE)], AR [RP(P~2dE + p Y || Paos(U™)ex || AP~ 2dt + p > (Paos(U™), ARD)|| BT |P~2dWE
k=1 k=1
— p(Pu[0([0" )V (hyvi)], AR R P2dt +p > lloa(U™)ex| PR P~ 2dt +p Y (Paoa(U™)er, Ahy) [R5 P2 dW.
k=1 k=1
p(p —2) . 2 p—4 p(p —2) - 2 p—4
+ 5 Z<O’1(U)€k, Avy)?||v||P dt + 5 Z(og(U)ek, Ava)?||vo| [P dt
k=1 k=1
- = ) e
P82 S (os()ex, Am)? =t + P22 S o @)y, Aol e (44)
k=1 k=1

We integrate (44) in time over [0, 7] for 0 <r < s < T, take the supremum in r over [0, s]; we
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deduce that:
sup (ISP PP+ [ ARV 2t [ AVE RISty [ AR g P2
+p02 /05 ARG [R5 [P~2dt < 8(IV1(0)|""'+HVQ(0)I”+Hh1(0)||1"+||hz(0)IIP)+81>/0 (P, AV [V [P ~2dt
+ 8pg /08 (VA AV VTP ~2dt + SP/OS(PnW(IIu”II)(V? - V)viL AV Vi [Pt

+8p [ (PG AV V3 1P 2dt-8ng [Tk AV w717 2dt+sg [ 21Oh5. Avp)vp 2
+8p [0 v AV v P+ s [ ZIIP o1 (U el PV P
+8p [ Z| Pars(U™)ew, AVE) [V 1P2WE +8p [ (P01 (v - 9)v3L, AVE) [V [~ 2a
+8pg [ (Vg AV} [V 2de + pg /0 (TR, A5 P dt
wsp [ 108 v AVBIINGIP a4 8p [ 3 [P )enl PIvEP-2ar
=1
+ep [ Z (Para(U™)ew AVB) V3 1P2aWE + 8p [ (POl )V (501, A7) [ |7t
8 [ ;||Pn03w">ekn2uh?np—?dt+8p / ng(mAh?>||h?\|ﬁ—2dwf
+8p [ PO (k53] A7 P2+ 8 [ iua4<U">ek||2Hh§||p*2dt
8p/ Z ox(U™)er, ARD||h3|[P~2dWE.
+dp(p—2) [/ Z o1 ek,AV1>2HV1Hp4dt+/Oskzl(ag(U)ek,AvQ>2|]vQ|p4dt}
4p(p — 2) [/0 §<03(U)ek, Av1)?||hy||P4dE + i((u(U)ek, Av1>2uhgup—4dt} :

k=1

= (V1O + [Iv2(O) [ + 11 ()" + A2 (0)7) + 3 i

Note that we can drop P, in all of terms since P, is self—acljoint and P,AvV! = Av}, P,Ah} =
AR fori=1,2.

All the linear terms are treated using Cauchy—Schwarz inequality and Young’s inequality
S S S
Tim [ UPF AVDIIVEIP2dt = [C1E AV IvgIPae < [P jAv] v -2
0 0
S
< o) [ IPPINEIP2 4+ 2 [T av vy ae (45)

v S
< Cloom) [ 1Pat+Coon) [ IviIPae+ P [ v vy ae
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Toi= [ PG AR NS 2de = [ (G AV N3P 2de < [ 1G] 1A vy~ 2ar
< Cp) [ IGRIvEI 2 + 22 [ Avy P v 2de (46)

S S 1
< o) [ 1GPdt+Co) [CIv3IPa+ 22 [ vy vy ar

Jyi= [UVHL AV VIR < [ RV V-2
< o) [ VR Par+Co) [CIviIrae+ B [ v vy ae

S S v
< Clpo) [ IgIPae+ Coon) [CIviIPae+ 22 [T jave vy fae (47)

Jii= [V AV VPt

S S v S
< Clpon) [ I317d+Clovn) [ IviPa+ 22 [T javi? viae (48)

Js = [V, A gt

S S L
< Clp,m) [ W37t + Clpion) [ IViIPat+ 22 [C1avs? Ivslar (49)

Joi= [ 1(TRT AV V312
< Clpow) [ IV Par+Cpv) [ IviIPat+ 22 [Cjavy v ae (4.10)
By Young7s inequality and Poincaré’s inequality, the next two terms are bounded as follows
Jri= [l avi) vy e

$ 1%
gc(p,ul,Al)/o v (Pt + P2 1/ AVEP veIP2ae (4.11)

Joi= [ ko< Vg AV V2

S 1%
< o) [ I3IPat+ B2 [ v vgr2ae (4.12)

We obtain the bounds for non-linear terms ]oy employing Helder's inequality, Cauchy Schwarz
inequality and Young’s inequality along with (4),

Joi= [ ORIV - 9)vE AV [v7 7 2dt
< [ IRV e 199z [AVE a1V 12
< I, [ I9VEE VR -2+ B2 [ avq P vp e
0

< C(p, K, 1) /0\|v’f||pdt+p”1/ AVEP VEIP2ae (4.13)
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Similarly,

s n n n n n - s n pl/2 s n n -
=[O - Vg AR V372t < Clp.KC,ve) [ INgIPa+ 22 [ v v -2ar
(4.14)

di= [T - v, sy P2t = [ (61 I)V - vag. An) g P2
(O VRV, ) ]
< [ [ 00 gl (9981 18R g2t + [ 1001 o 1A |0 2]

s s 0 s _
bk [Ivilr+ [Cie| + 25 [ nea. (415

Jo =[O - (g, Ang)| de
y n s n pd s n n —
.o kcr) [ I3l + [Img17] + 752 [ g ng e-2ae - (1.16)

By adopting Lipschitz assumptions (28) and Young7s inequality, we obtain:
s X s 00
Jis+Juu+ Jis + Jig = 810[/0 ZHPnal(U")ekHQHV?HP_2dt + /0 Z||Pn02(U”)ekH2vaHp_th
k=1 k=1

+ / S 1P (U™ ek |07 [P~ 2dt + / ZHPnu(U")ekn?Hhsnp-zdt}
0 k=1 0 k=1
< 8Kyp /0 (LHIVEIPHIVE P IBE 1P+ RS 1) (VP2 I P24 VB P2+ BT P2+ 2)
< C(Kv,p) /0 (VPP + V517 + [BE1P + kg ]P)de + CT. (4.17)

By Lipschitz assumptions (28) and integration by parts, we obtain
Jir+Jig+Ji9+Jog = 4p<p—2) |:/0 Z<O’1<U)ek, AV1>2‘ ’V1Hp74dt+/0 Z<O’2(U)ek, AV2>2‘ ’V2Hp74dt
k=1 k=1

/0Z(Us(U)@mAh1>2Hh1Hp_4dt+/O Z<U4(U)€k,Ah2>2Hh2!p‘”‘dt}
k=1 k=1

= 4p(p — 2){/0 Z(Val(U)ek,Vv1>2Hv1Hp_4dt+/0 > (Vo (U)er, Vva)?||vo| [P~ dt
k=1 k=1

- /0 > (Vos(U)ex, Vha)?||hy|[P~4dt + /0 Z<va4(U)ek,Vh2>21|h2|\1?—4dt}
k=1 k=1
< 1617(19—2)1%/J VTP IV 12+ IRT P+ BT IR AVEIP =2+ (15 P2+ BT P2+ [R5 [[P~2)
SC(Kv,p)/O (VEIP + V5P + DR IP + B8 ]17) + C(Kv, T,p)  (4.18)

Gombining (4.5)7(4.18), multip]ying by 2, and taking the mathematical expectation on both

sides, we obtain
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E( sup [[v1(r)[|” + sup [va(r)[[" + sup [[RT(s)[” + sup ||h3(8)||p+m/ |AVE ()| ([P~ dt
<r<s <r<s 0<r<s 0<r<s 0
(4.19)

v [C1AVEOP Iv3IP2de+ o0 [ 1ART@P 7172+ 02 [ |Ang (0 Hhsup-zdt)
<E(VO)IP + MO + IO + B3 0)17) + E ([ (317 + Iv31P + WP + [a317)at
< sup > < sup
r€|0,s] rel0,s]
( sup > ( sup
rel0,s] rel0,s]

—l—C(p, V1,V2,(51,52,/C1) (420)

/0 z Paoy (U™)er, AVY) V2 [P~ 2d W

/0 z Paoa(U™)er, AVE) V3 [P~ 2dW}

)

I Z (Puoa(U™)er, AR) 13 [P=2 (V3 [P-2d Wk
0

I z (Paos (U™ ere, ARG |7 [P~ 2d W
0

)

By utilizing integration ]oy part, BDG’s inequaiity, and Youngvs inequaiity, two stochastic terms
are bounded as follows:

/0 z o1 (U™ er, AVE) VI[P 2w}

l
< Sl[tp > <C </ E a1 (U")ex, AvY) ||V1||2p 2)dt>
re s

_CE(/ Z (Vo (U™)er, VVI)2|[vE|[2P=Dd )2 <CE (/ Z|V01 U™ey|” |[VVE[ HVilHZ(p_Z)dt)
0 k= 0

k=1

N|=

1 1
2
<ce( [ Zwm W erl VIOt ) < CR( sup I [ Zm ")erfat)’

p

1 s & :
< 5B sup Vi + CE( [* 3 [Vor(Umenf at)
2 r€[0,s] 0
1 n s = n n n n
<1g ( s <r>||p> +CE( [1S2+ I+ INBIP -+ 101 + 1) ), (421)
rel0,s k=1

The last line hold true due to the Lipschitz assumptions (28) and Holder’s inequaiity.

We also obtain
( sup / Z oo (U™)er, AVEYdWY )
rel0,s] 1 /0 —

< iE <sup Iv3(r IIP>+CE< A ZI(H||v1‘||p+||va‘llp+llhi‘Hp+Hhé‘llp)dt), (422)

re|0,s

( sup / Z o3(U™)eg, ARY)YAWY >

rel0,s] 10 4

< 3% (s 1)+ (7SS I I s e ). (429
T‘E 8 =1
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( sup )
r€l0,s]

< SE ( sup ||h3<r>up> +ce( | S;u VP VB + [P + gt ). (1.24)

r€(0,s]

/204 ek, ALY AWE
0

k=1

Rearranging (418)7(424), and multiplying by 2 we obtain:
E( sup [[vi(r)[[” + sup [[vy(r)[[” + sup [[A7(s)[" + sup [[h5(s)[”
0<r<s 0<r<s 0<r<s 0<r<s

+V1/ \Av?(t)]zdt—l—ug/ yAvg(t)FdH(sl/ \Ah?(t)\zdt—i—ég/ yAhg(t)yZdt>
0 0 0 0
<E (MO + VO + 11 0)1P + 11301 +E ([ (7 + 67y

B ([Tt + 1317 + 1P + 1g17)de )

<E(VO17 + SO + 87 + 110)1) + E ([ (FF + |Gt ) +

S
+E (/ [Sup VT (r)I[P + sup [[va(r)[[” + sup [|AT(r)[[” + sup |hg(r)[]”
0 |o<r<t 0<r<t 0<r<t 0<r<t

dt) +C., (425)

where = means < up to a multiplicative constant.

By appiying the deterministic Gronwall inequaiity to

Y(s) = E< sup [[vi(r)[|” + sup [|va(r)[[” + sup [[h7'(r)|[" + sup IIhEL(T)!p>,

r€(0,s] re(0,s] s€l0,s] rel0,s]

we obtain:

E( sup [[Vi(r)[|” + sup [[vy(r)|[” + sup [y (r)[|” + sup HhEL(T)Hp)
rel0,s] rel0,s] s€[0,s] rel0,s]

= (VRO P + V3O + [BF )P + [R5 (O)[F) + E ( [ ier+ rG|pdt) . (4.26)
From (425) and (426), the lemma is proven. [

Lemma 4.2 (Estimates in Fractional Sobolev spaces). Under the same assumptions as in The-
orem 2.1, we consider the associated sequence of solutions {(v}, vy, hY, hy)}n>1 of the Galerkin

system (41) Let p > 2 and E(||vi(0)[|P + [|[v2(0)||P + [|h1(0)||” + ||h2(0)||?) < oco. Then there
exists a finite number IC > 0 (depending only on the data) such that

(‘/ ZP oi (U™ erdW}

t oo
_ / S Pooy(v", h")dWE
0

k=1

p

) <K, fori=1,2, (427&)

Wep ([0.7);Hy)

) <K,, fori=34, (427]3)

p

/ZPU U™)erdW;

0 k=1

Wep([0.T];Hz)
2

—/ZPO’ v, AW

0 p=1

) <K, fori=1,2, (427(:)

W2 ([0.7):Hy)

) <K, fori=12j=34 (427

2

W1.2([0.T];H2)
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Proof of Lemma 4.2: Proof of (4.27a). We have for Gey, = o1 (U™)er, = 03(U™)ey,

p p
<E| sup
W ([0,T);Hy ) t€[0.T] Weer([0,T];Hy)

< K / Z\al (U™)erl?, dt) < (E (/ o @™ dt)

¢+ 00
/ > Puoi(U™)erdW)
0

/ ana, U™)epdWF
0 k=1

k=1

(SIS

| /\

1 + VI VB R+ \h?IQ)dt>

IN

0

IN
’ﬂ

cE LA V{7 + [lvg 1”4 [1A7" + IIh”II”)dt>

0

| /\

E ( [t v e+ |h3|p>dt)
T

(/ Sup (L + (VTP + [lvg [P+ (AT + ||h”||1’)dt>

0 t¢e€fo,T

a s. by Lemma 4. 1)

The proof of (4.27]@) follows analogously.

Proof of (4270) for i = 1: integrating (4.2a)on (0,¢) 0 <t < T, we obtain

t t
v — 1/1/0 Avids + /0 P,[o(U™)(v] - V)V] + gVh] + g&th + fk x vi]ds

_/ PFds+/ ZP o1e (UM dWF + v (0).
O k=1

Hence
E(v
:E(

i n n
0z ([u"|)vi

—/ ZPn(H ekdwl

2
Wl’Q([OkaHl))

2
/ Z P,o (U ede1
0

d
+ — V? — Z PnO'l ekdI/Vl
0 k=1

| )
L2([0,T];Hy)

L2([0,T;H)

Sland

9%(||unH)Vv’f‘L2(M) <1, we find

using
E ( v

T
gda(uw(on%u | 1avi@Pde+g sw @1+ 2 s [m)E+ [ <1+|F|2>dt)
0 0<r<T P1 0<r<T 0

<K (by Lemma 41) (428)

’LQ(M)

—/ ZP o1 (U™)epdWF
0 =

| )
WL2([0,T];H1)

(|rv1< WP+ [ A OP de+g [ v+ g2 g+ 0+ (P >dt>

The proof of (427d) can be derived in the same manner. O
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4.3 Compactness Arguments

We fix a stochastic basis, S = (Q, F, (F)i=0, P, Wi, Wa, W3, Wy), and given initial distribution s
on Hy x Hy. We define (v9,v9, h9, h9) which is Fo-measurable and has distribution 1. Then we
go back to the finite dimensional approximations relative to S and (v, v9, hY, hY). We define the

phase space
4

X =Xy, X Xy X Xy X Xy x [ X
i—1

where

Xy, = Xy, = L2(0,T; Vi) NC([0,T]; V),
14
)

X, = X, = L2(0,T;Va) N C([0,T7; V3), (4.29)
X, = Xw, = Xw, = Xw, = C([0,T]; o).
We consider the pro]oability measures
1wy, () = 1y, () =P (v" € -) € Pr(L*(0,T; Vi) N C([0, T}; V7)), (4-30)
ph, () = pp, () =P(R" € ) € Pr(L*(0,T; V2) NC([0,T}; V3)), (4-31)
and  pw, (1) = . () = P(W; € ) € Pr(C([0,T);8lo)), for i =1,2,3,4. (4.32)

This defines a sequence of pro]oa]oi]ity measures (' = py, X = fiy, X fp X iy X H?:l My, on X.
Then we have the foHowing tightness result:

Lemma 4.3. Consider the measure u™ on X defined as above in (430)7(432) Then the se-
quence {p" }n>1 is tight and therefore weakly compact on phase space X.

Proof: By applying Lemma 6.1 with & = D(-A), & =V, p=2,p=1/5, for i = 1,2, we
deduce that

L*(0,T; D(—A) nWY52(0,T; Hy) cc L*(0,T; V;),
For R > 0, and i = 1,2, we define the sets
Bl = {U € L2(0,T: D(=A) N WY32(0, T3 Hy) : U R 20,10 + U520 1) < B2

which are compact in L2(0,T;V;). Thanks to the Chebyshev inequality, the uniform estimates
(427), and Lemma 41, we obtain:

15, (BR)) = P (V32 0.msp-a) + IVF 11/ 0.y > B?)
R? R?
< B(INBx0roi-an = = ) + P(IV Baaorny 2 5 )

2 T
< R?E</o |AV? % dt + ‘V?|%/V1/5’2(0,T;H1)>
C

<. (4.33)
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Similarly, due to Chebyshev inequality, using (427]3), (427&), we estimate for i = 1,2
1 (BR)E) =P (I3 13 202.0(-a) + I f1ss20 72y = )

R? N R?
(‘h ||L2(0TD( A)) > 2) +P<”hi HI2/VI/5’2(07T;H2) = 2>

n|2 ni2
< RQE(/O IARPR dt + V! le/m(O,T;H?))

<< (4.34)

For p > 2 we choose o such that ap > 1, as in Lemma 62, we infer the foHowing compact
embeddings: for & = H;, € =V/, i=1,2

Wh2(0,T; H;) cc ¢([0,T); V), and  WeP(0,T; H;) cc ¢([0,T); V/) for i = 1,2.

Let BR and B%Z be the balls of radius R in Wh2(0,T; Hy) and WeP(0,T; Hy), respectively. It
follows that
B} = 33 't BR is compact in C([0, T); V{).

Similarly, Let BR and B;{Z’Q be the balls of radius R in W12(0,T; Hy) and WeP(0,T; Hy),
respectlvel y. It also follows that

B} = B;l%’l + B;;’Q is compact in C([0,T7]; (Vz2)').

Observe that for i = 1,2

{(v?) c B3} D {v? — /tzpnai(Un)ekdI/Vik c ijgl} N {/tzpnai(Un)edeik c Bj’;f} ,
0 % 0
and for (i,7) = (1,3),(2,4)

4 t
{(h?) c BE} > {h? - / > Puo(v", B")epdWE € B;%él} n {/ > Pooi(U™)erdW) € B;;’?} :
0% 0k

By the Chebyshev inequality, the uniform bound, and the uniform estimates in (427a)-(427d),
we infer for i = 1,2 that

1wy, (BR)Y) <P (

2
v —/ Z Pooi(U™)epdWF > R2>
0 WL2(0,T;Hy)

k=1
p
i )
We.p(0,T;H1)

/0 anaz (U™)epdW}F
< %, (4.35)

k=1
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and for (i,7) = (1,3),(2,4)

uh, (BR)C) <P ( /ZP o (U™)erdWE

2
> R?
W1’2(07T;H2)

p
> RP
We.p (OzT;HQ)

(| / anaj (U™ erdW*

< R2 (4.36)

Since B, N B3, is compact in L2(0,T; V1) NC([0, T); V{) and B%N B} is compact in L2(0, T; Va) N
C([0,T); V5), from (433)7(436), we have for every R > 0:

W (BN BRO) < i (BRC) + 1, (BRC) < o (4.37)
and uf, (BR0 BRC) <l (BRO) + 1, (BRO) < . (439)
Then we take AYi .= Bt /3T N Bi/@ and Ahi \/@ N B4 AT This gives us for any

e >0, for every n, and i = 1,2

E(AY) > 1 - and  pp(AM) > (4.39)

col o
col o

For the constant sequences { u%}, 1=1,2,3,4, which are Weakly compact, we see that they are

also tight by Proposition 61, and hence there exist compact sets fl’e C C([0,T7]; 4o) such that for
each n,

Now, for any € > 0, we define K := AY x AY2 x AP x Al x T, A’ which are compact in X.
We see that for every n

©K) > (1 - ;)8 >1—e (4.41)

This proves that the sequence {u"} is tight in X and by Prohorod Theorem (Proposition 6.1),
u" s weakly compact on X. O

4.4 Passage to the Limit
Suppose Lo 1s a probaility measure on Hy X Hy x Hy x Hy satisfying

Jao|? pro(dps) < o0 (442)

/I{l ><H1 ><H2><H2

where ug = (uf, ud, u?); by the previous lemma we have shown that the sequence of measures
{1 b1 associated the Galerkin sequence {v, v, hl' hy Wy, Wy, W3, Wy} are weakly compact
in . This imp]ies the existence of convergent su]osequence ui and to simplify writing, we write
J for n;. We now apply the Skorohod em]oedding theorem to infer the following theorem.
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Theorem 4.3. Given s stochastic basis S = (Q, F,P) and pg is a probability measure on Hy x Hy

satisfying (442) Then there exist a probability space (Q,]:“, ]f”) and a sequence of X-valued

random variables (ff{,\?{, B{, ]NZ%, V~V1], sz, Wg, WZ), such that

(i) (Vi,vl,h{,h%,Wj Wj Wj,VVj) has the same law with (v7, 7, Wi, W3)

(ii) (¥, b, hd, Wf,W W W4) ‘converges almost surely in the topology of X to an ele-

ment (V1, V2, by, he, W1, W2W3,W4) i.e.

v — ¥ in L2(0,T; V1) N C([0,T); Hy) i = 1,2 a.s,
Rl — By in L2(0,T;V3) N C([0,T): Hy) i = 1,2 a.s,
sz — W in C([0,T];4p), i =1,2,3,4 a.s.

(1.43a)
(4.43b)
(4.43¢)

(iii) Each Wij, i =1,2,3,4 is a cylindrical Wiener process relative to the filtration th given

by » N o
Fi = a(Wi(s), W3 (s), v/ (s),h(s),s <t).

(iv) Each (¥],¥3, b, b3, Wi Wi, Wi, W) satisfies:

dv] = At + Pl (917 + 9317 + 10 |1 + 13”17 (3 - A)¥

+gVIn’ + fk x W]dt = PyFdt + Y Paor (07)epdW}7,

k=1
a4 — vo At + Pl (9117 + 957 + [0 + 112" |1?) (+% - 2)%3

+ gVhy + fk x ¥)dt = P,Gdt + > Pooa(U7)erdWy |

k=1
dh] + Pol0 (19912 + 53112 + 10 |2 + (17212 ) AR #) — 61 AR]Jdt

=" Poos(T7)dWy?,
k=1

dh + Pl (12 + 5512 + 10112 + 152" |[2) A(R5w5) — doARS]dt
=" Pooy(T7)dW,?,

e
Il
—_

1(0) = Py(v?) = v BJ(0) = Pj(hY) = hY >0, i =1,2.

L@t S = (Q, j:, (]t—t)tzo, Wl, Wg, Wg, W4), where
Fi = o(Wy(s), Wa(s), Ws(s), Wa(s), v1(s), Va(s), hi(s),, ha(s)s < t).

Then (S’,\N/l,\?g, Blﬁg) s a global martingale solution in the sense of Definition 2.2.

(4.44)

(4.45)

(4.46)

(447)

(4.48)

Proof: The proofs of (1) and (ii) can be deduced from the Skorohod embedding theorem. In

order to prove (iii), it suffices to show that for i = 1,2:

(iii)A: W/ (t) is measurable with 77, .

)

)

(iii)B: W/ (t) — W (s) is independent of F7.
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Proof of (iii)4: is trivial from the defiition of F7.

Proof of (iii)p: Since vI(s),v3(s), hi(s), k4 (s) and Wi (s), W (s) are adapted to F,, we obtain
o {v](r), vh(r), By (r), B (r), WY (r), W4 (r), W (), WY (r),r < s} C F,
since W (t) — Wi (s), Wa(t) — Wa(s), Ws(t) — Ws(s), Wa(t) — Wy(s) are independent of F,.
Hence Wi (t) — Wi(s), Wa(t) — Wa(s), Wa(t) — Wa(s), Wa(t) — Wa(s) are independent of
o {v](r), vh(r), B (r), B (r), WY (r), W (), W (r), Wi (r), 7 < s}.

By (i), it implies that W1 (£) =W, (s), Wa(t)—Wa(s), Wa(t)—Ws(s), Wa(t) — Wa(s) are independent
of
{9 (r), V3 (r), 1 (r), iy (r), WH (), W3 (r), W3 (), W (), 7 < s}

as desired.

To show (iv), it is easy to see all the statistical estimates for vy and hi,i=1,2are valid for \7{ and
Isz Hence (\7{), i = 1,2 belong to a bounded set of L2(Q; L2°(0, T; Vi) N L2(€; L2(0, T; D(—A)),
there are Vi, Vo in this intersection space such that

\7? — ¥; weak-star in L2(€; L=(0,T; V1)), (449)
and \7{ — ¥; weakly in L2(Q; L2(0, T; D(—A)). (450)

Similarly, there exist an hq, ho in L2(€; L°(0,T; Vo) N L2(; L2(0, T; D(—A)) such that

71,5 — h; weak-star in L?(Q; L=(0,T; V3)), (451)
weakly and ﬁ{ — hy in L3(Q; L*(0,T; D(—A)). (452)

Com]oining with (4.43&), (4431)), by applying the Vitali convergence theorem, we obtain

Since v — v in C([0,T], Hy) as., we can deduce the existence of sets Q;,i = 1,2 such that
P(€;) = 1 and on these sets, the below convergence hold
lim (v}7(0) — v;(0),¢) 2 = 0, i = 1,2. (4.53)

Jj—00
Similarly, there exist two sets Q; C Q,i =3,4 of full measure such that

lim (A9 (0) — hi(0), )2 =0, i = 3,4 (4.54)
j—00
Set © = Q\UL, Q and we now show that the convergence of the other terms hold in L2(Q2x [0, 7.
Due to the strong convergence in (4 43&) and the estimates for V 0 =1,2 ]:)y using the Vitali

Convergence Theorem, we imply that v converge to v; in L2(Q, L2(0,T, V1)) and A7 converges
to h; in L2(Q, L*(0,T, V2)), for i =1, 2 Hence, ]oy extracting some su]osequences, we deduce
that v ~’ — V; a.e an& P- as.in 1} and h I — h; a.e and P-as. in Vs, that is, there exist
QL C Q x [0, T, for i = 1,2,3,4 with full measure such that V(w, ) € QL, Q2

ggouv —%illy, =0 (4.55)
Analogously, V(w,t) € O3, 04 i

lim [|A}7 — hyl|v, = 0 (4.56)

J—00
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From Which, we imply that
lim (v;" () = ¥(t), ¥) = 0, and lim (A" (£) = hi(t), ) = 0 (4.57)

j—o0 Jj—oo

The convergence for the linear terms are straight forward. Indeed, due to (455) and (492), there

exist sets QZT,i =5,...,15 of full measure w.r.t dP ® dt and some extracted su]osequences still
denoted ]oy v, R such that for all (w,t) € QiT,z' =5,..,14, the foHOWing convergences hold as
J — o0,

1

t . T . 2
/yi<A(vg—vi),w>ds < ¥ (/ ||\7§—\7¢|!2d8> — 0, (4.58a)
0 0

t . _ T _. ~ 2
/ g(V(h] = h), )ds| < ¥ (/ ||hz—hz-||2ds> — 0, (4.58b)
0 0
/t<gp2v(ﬁg—ﬁ2),v>ds < C sup |v(r)| (/Tnhgi_ﬁiH?dS)Q -0, (4.58¢)
0o P 0<r<T 0

¢ o T 3
/ Si(A(h] — hi), )ds| < || (/ th—hﬂﬁds) — 0, (4.58d)
0 0

¢ , T 2
/0<ka(\7§—%),¢>% =¥l ( ; IIVi—%I\?ds) — 0. (4.58¢)

Furthermore, in virtue of Lemma 41 the foHowing estimates can be easily obtained

)ds dt = HzﬂHE( sup ||v:‘7\|2> < K. (459&)
<T
P)ds dt< W”E( sup Hh”’||2> K. (4.59b)
P2 (Vh ) ds e ||1/;||IE( sup th]||2> . (4:59)
2 . 4.59d
b, p)ds| dt < HwHE( supTth) < K. (1594
E/ 9 ab)ds dt = Hl/}HE( supTHV?jHQ) < k. (4.59e)

CoHecting all above estimates and by Le]oesgue Dominated Convergence Theorem7 we conclude
that

Jim |1 / (AVE — A, )| o oz = 0 (4.60a)
Jim |lg / VR = Vha, ¥)dsl|axgoiny = 0 (4.60b)
s lg [ (9 VB, )l e = 0 (4.60c)
Jim |, / (AR — A, ¥)ds|| o oz = 0 (4.60d)
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hm H (fk X (V?j - Vi)’¢>d8||L2(Q><[0,T] =0 (4606)

Jj—=oo " Jo

Along subsequences, there exist subsets Qéﬂ,i =15,..,23 with full measure such that on these
sets, the convergence in (495) hold pointwise.

Now for the nonlinear terms, Weﬁrst denote O(||vi7 |12 + lvy’ |2 + A7 )12 + [|R57[12) by 6(]|v;])
and 0(||¥1]12 4 [|[V2|? + [|R1]|? + || 22]|2) by 0(|¥]]) to simplify the exposition.
ext, for i = 1,2, we have:

[ RO - D0 = 019D - D) s
/ (PO ) (v - 9] = PO (95 - V)%, s + / (QuO([¥]) (¥ - V)i, )ods].

< [ 1OV Vv = 019D - Dywivhds] + [ 1@uoUIT I (- V)il
=: 11 + Is.

Thanks to (492) and (493), we see for all (z,w,t) € M x Q3. and (z,w,t) € M x QF
Jim 01w, ) (v} - Vv = 0193 V) (461)
Next, due to Lemma 4.1 and Holder’s inequality, we are able to derive the following bounds

t t 1 s 1 n.
/O [{OCIV; 1D (v - V)V, 9)ds < C/O 10ClIv4lD)2V - v [ |0([v; )2 v |2l = (11l
(4.622)
And

2

B[ [ 100 9w, uds

I is evaluated in the same way as I;. More precisely, we infer from Lemma 4.1 and Holder’s
inequality that

it = HWE( E?ETHV?J'H?) <c (4.62b)

= 1(Qu, 01191 (75095, 0] < [Qu, 0011912 ¥l 2 0191 F V9 s

V1) 932 00191 V4] o ; (4.63)
We can deduce the simﬂar estimates as in (498)
[ 1@, 151 53,031 < [ (4.64a)
2
V)%, 0)ds| dt < E(OEgETHviH?) <c (4.64b)

From (461) to (4101) and with the Lebesgue Dominated Convergence Theorem, we imply that

t .
tim || [ (Pal6(v; 1D - V)V = 691D (@ V)9 6)dsl a@eory =0 (469)

]—)OO

By extracting subsequences, we imply there exist 9%4 and Q%S such that for all (w,t) € Q2T4 So

that
t

lim [ (Pa[0(]1v; ) (vi” - V)vi] = O([9]))(¥1 - V)1, $)ds = O (4.66)

Jj—o0 Jo
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And for all (w,t) € Q2 the below convergence holds

t

tim [ (Pl0(v; ) (V5 - )] — 6(19])(92 - V)9, 46)ds = 0 (4.67)

= Jo
It is not difficult to deduce the foﬂowing convergence

hmu/ 0(118 )V (RI¥77)] — 0|8l V (hi¥:), )| 2 o fo.77) = O- (4.68)

We can extract two sets 029 and 9%7 and extracted subsequences still denoted by vi7, n}7 and
I

V2 ,h2 such that on these set, the lowmg convergence hold respectlvel
t

lim [ (P [0([07[)V(R]¥;7)] = 0(|all)V (hi¥i), v)ds = 0. (4.6%)

J—=Jo
We address the Stochastic term by using Lemma ?N?. We first simp]ify the expositions by intro-
ducing U = (V:Lj, {’gj, h;ij, h;j) aind U = (V1,Va, hi, ha).
From (??), we know that Wz-n] - W;,Vi=1,2,3,4in pro]aability in C(0,T; ) and thus it suffices
to show that P, 0i(U™) = o3(U) in L?(0,T; Ly (84, V)) except on a set of measure zero of Q and

hence in proba]oility. We utilize the Poincare inequality, the hypothesis (??), (24) and (??) and
we estimate:

1P, 03 (U™) = 0i(U) 125wy < 1Py (U™) = Py o (U L0017y + 1@, 0 (D) 20

< |lU™ ~ Ul +

(L4 |U|I*) — 0 as nj — oo.
.

Thus, we conclude that || Pjoy(U7) — o1 (D) Loy = 0,V(w, t) € QF, as j — oo.

On the other hand, we observe that due to (??) and (41),

E(/O Pillor ()12, o dt) < cxa(/oT(H HWHQ) <c (4.70)
With (??), (470) in hand and the Lebesgue Dominated Convergence Theorem, we infer that
Py, 0(0") — o(@) in L*(Q; L*([0, T], Lo (4, V). (4.71)

This implies that the fOHOWing convergence holds almost surely and in particular, it holds in
pro]oa]:)i]ity:
Pp,0(@") — o(@) in L*([0,T], La (8L, V). (4.72)

Combining with (??), Lemma 77 is applied and we infer that
/ Py, 0 (@")dW™ — / @)dW in L2([0,T],V). (4.73)

By making use of the Burkholder- Davis—Cundy inequality and the bound in (41), we can easily

obtain the foHowing estimate:

“(

2 2

)<2( o )

% 0<t<T 1%
T SPNTD) T NI

< CE(/O ||Pnja(u"7)||L2(u7V)dt> < CE</0 Ha(unJ)HLQW)dt)
T

gcu-«:(/ (1+||ﬁ”j||2)dt§0. (4.74)
0

- t -
(@) dW™ / Py o(@" )dW™
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By utilizing the Lebesgue Dominated Corlvergence Theorem one more time, we obtain that the
convergence in (471) holds further in £2(Q; L2(]0, T, Lo (8, V)). Hence, by the stochastic Fubini

theorem, we can extract a su]osequence and we find a set of full measure 0% c Q x [0,T] such
that the convergence of the stochastic term holds for all (w,t) e Qs..

4.5 Global Pathwise Uniqueness

Now we prove that the g]obal martingale solution for the modified system is pathwise unique.

Proposition 4.1. Suppose that (8,\71,\72,31,%) and (S,¥1,%2, h1, ha) are two global Martin-
gale solutions of(l 1) relative to the same stochastic basis S := (0, F, (Ft)e>0, P, Wi, Wa, W3, Wy).
Pathwise umqueness means that if we define Qo = {v1(0) = ¥1(0),¥2(0) = ¥2(0), h1(0) =
h1(0), ha(0) = ho(0)}, then (V1,Va, hi, ho) and (V1,Va, hy, ho)) are indistinguishable on Qg in the
sense that

P(La, (V1(t) — v1(t) =0, ¥t > 0) =1,
P(La, (V2(t) — Vo(t)) =0, ¥t > 0) =1,
P(Log(hy(t) — k1) =0, ¥t > 0) =1,

And

Proof: FOI‘ 1= 1,2 we WiH 1et V; = \A/Z‘ — {Ii,hi = ?LZ — ili,Vi = ﬂﬂovi and Hz = ]lgohi.

We will also need the foHowing stopping times

t
N inf{/o Av1P|[v1]2 + [va 2||Ava| 2ds > n} (4.75)

t>0

Substituting A4 and vo into (11) and taking the difference between these equations, we arrive at

the foHowing equations:

A

dvi — 1 Apvidt + fk x vidt + gVhydt — g thdt —0(U) (V1 - V)¥1dt + 0(U) (¥ - V)¥1dt

Z O)epdWF — Zal YerdWF,

v(0) = v1(0) — v2(0)
(476

dVg — I/1A2V2dt + fk X ngt = —thth - thldt + 9( ) )(A . )\A’th - 9([7)(\72 . V){’th
= o5(U)erdWy — Z ok (0)erdW,
k=1

v(0) = v1(0) — v2(0)
477)

dhy — 6 Ahydt = 0(U)V - (hi¥1)dt — 0(U)V - (hv1)dt + Z ok (U)dWk — Z ok (O)awk,
k=1
(4.78)
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oo

dhy — 61 Ahodt = 0(U)V - (ho¥1)dt — 0(U)V - (haVa)dt + Z ok (O)awf — > ok (U)dw}.
k=1 k=1
(4.79)

Applying the Ito formulas in (??) and (??) with p=2to both equations (477) and (479) and
adcling the corresponding relations together yields

d||vi||? + 2v1 |Avy|? dt + d\mu? + 2uy | Ava |2 dt + d||h1||? + 261 | ARy | dt + d||ha|? + 265 | Aho|* dt
—2¢g(Vhy, Avy)dt — 2g <Vh2, Avy) — 29(Vhy, Avy)dt — 2g(Vhy, Ava)dt — 2(0(0) (V1 - V)91, Avy)

- 2<9(U)(V2 . V)Vg, AV2> + 2<9(U)(V1 . V)Vl, AV1> + 2<(9(U)(V2 . V)Vz, AV2> - 2<0(U)V . (?11{’1), Ah1>dt

200(0)V - (ha¥), Aha)d = Y~ [|of(U) = o1 (va, ho)|[Pdt + Y [lo5 (U) — o5 (U)|dt

k=1 k=1
+ZHU3 ) — o5 (va, ha) Hth—i-ZHUz; ) — ok (U)|*dt
k=1
+2 Z ot (U) — o1(U), Av)dWF + 2> (o5(U) — 02(U), Ava)dWy + 2 (o5(U) — o3(U), Ahy)dWy
k=1 k=1
+2 Z (74 — 04 U), Ahg)dWlk + 2<fk X Vi, AV1>dt + <fk X Vo, AV2>dt

(4.80)

Now we fix n and stopping times 74, T3 such that 0 < 7, < 7, < (), and we integrate (480) in
time, multiply by 1oy, and take the expected value to obtain

o2
E( sup H\7||2+21// |AV[2dt + sup HhH2—|-25/ ‘Ah‘ dt)

t€[ra;m] t€[ra,m]
< 2(IS I + Ih()I?) + S (481)
=1
Where
sup [[V[I* = sup [[Vi[*+ sup [|v2]*.
tE€[Ta,7p) tE€[Ta,7p) tE€[Ta,m
sup [[A]? = sup [[h]®+ sup |hof?. (4.82)
tE€[Ta,7) tE€[Ta, 7o) tE€[Ta,7)
Tb Th Tb
21// |A\7|2dt:2y1/ ]A\71|2dt—|—2y2/ AV 2 dt (4.83)

Aﬁl’2dt+252 / " AEg’th (4.84)

Ta

96 /Tb ‘AE‘th%l /Tb

We treat all the nonlinear terms by simply using Gauchy—Swarz inequality as follows:

Jp o= 2gE</T:b |<w{1,v‘1>\dt> < CE(/SIIMH%) + EE(/: |A\71|2dt). (4.85)

36



Ty = 29’21}3(/: |<Vh2,v1>|dt> < CE(/Ta |h2||2dt> + 1O]E(/: yAv1|2dt>. (4.86)

Jy = ng</ b |<Vﬁl,vQ>\dt) < CE(/ beL_1H2dt> + EE(/ b |sz]2dt). 1.87)

Ty - Ty _ 9 123 T _ 2
J4 = 2gIE / |<Vh2,V2>‘dt SCE / ”hg” dt +EE / |AV2’ dt ).

Js = 29[E</T: |(fk><v1,AV1>dt) 1IE( sup || hal] dt> + 101@(/5 |Av‘1]2dt>. (4.89)

—_—

188)

o

t€[7a,m)
And
Jo == 291@(/ ’ |(fk x VQ,AV2>dt> < 11@( sup Hi_lezdt> + E(/T |A\72]2dt>. (4.90)
Ta 4 te€(7a,7) 10
Next,

Jr + Jg = 2E</Tb (O(U) (¥ - ¥1)%1 — 0(0) (¥ "71)‘71,AV1>|dt)

<E 8(17)) (91 V)\?l,A\?l)]dtJrE/Tb (%1 - V)1 — (%1 - V)91, Ava)|dt
= J78 + JZ. (4.91)

J718 and J728 are majorecl lay Holder’s inequality, Agmon’s inequality, classical Sobolev interpola—
tion; Jig is treated as follows

Tb _
T < 0E< / (VL + 121 [¥1] oo a2 1991 22 (a2 1AV 2 py2 dt)
Tb _ _ L .3 B
<CE / L+ 1) [A¥1 22 py2 (V1] 22 oy 1AV 2 g2

v Ty _ Ty B _ R R
s@&z( / |Avl|2dt>+0E< / <||v1||2+||h1u2>|Av1\%z(M)z||vl||%p(M>2dt>-

Next we give the estimate for J2s:

Th
J728 < C]E(/ ’<(\A71 V)\All (\71 . V)\Nfl,AV_ﬁ‘ dt)

e [
(1

| /\

V1) - V¥ — (V1 - V) (V1 — V1), Avy)| dt)

Il
Q

E V1 V V1 (V1 . V)\/Tl, AV_1>‘ dt)

= CE( (Vilpa [VVilpa + [Valpa [VV1 1) [AVA] 2 dt)
<CE \Vl\Lz !VV1!L2 \VV1|L2 !AVHLQ + |V1|L2 \Avl\Lz !VVHLQ) NG dt)
141
< OE</ AV, 2, dt) + CIE(/ AR GARISAPEALARIN AN dt) (4.92)
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Similarly,

Jo + Jig := QE(/Tb (O(U) (2 - 2) Vo — O(U) (V2 - ¥2)Va, AV_2>’dt>

1% Ty _ Ty _ R B 5 B
< 131@(/ INZI dt) +CE</ AR GARINAPE \|v1\|2|AvQy§2)dt> (4.93)

The next two deterministic terms are handled as follows:

Ty

Jin 4 Jia = 2[E</ OO - (191) — OOV - (r91), )| dt)

Tb
=
Tb
+ QE(/
Tb ‘
cuf

e(U)avﬁl\Lm 0(0)2 %1

Lo (M)

Ah}‘dt) g?ﬂ«:(/b A

Analogously,

b

Jig + Jig = QE(/ OOV - (haVa) — O(U)V - (hy¥), Ah‘2>] dt)

< 215(/;’ 0(07)3 Vs e 6(0) s o A dt)
+2E(/Tb R N AR A ‘Ahgldt>
§4E(/Tb ’dt)g(;gE(/Tb A ’2dt>+0. (4.95)

For the next four terms, we simp]y use the Lipschitz assumption (28)

A ~ Ty —
Dt Dt Dt s = Y B ( /7S a0 —m(U)eku?dt) <c ([T (F1? + 1RIPat).

i=1 @ k=1
(4.96)

We obtain the estimates for the last stochastic terms by using the BDG inequality and the results
are similar to (322) and (312)

Jig 1 = 2E< sup

/ S ok () — ok (0), Avi)awh

tE€[Ta,Tp) a fo—1 (497)
1 B _
<12 (s ti?) + ([0 1A
tE[Ta,Tp) Ta
Jog 1 = < sup / Z (o5(U) — ok(U), Avo)dW} )
t€[7a,m] |V Ta —1 (498)

1 B —
< e ( s )+ cm( [0+
tE[Ta,Tp) Ta
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Com]oining the last two term, we obtain the estimate:

Jig+ Joy i = 2E< sup

t€(Ta 7]

/ S (oh () — o (0), Avy)dwh

@ k=1

[y

)—l—ZIE( sup
tE[Ta,Tb a fo— 1

(4.99)
< 1E< sup |!\71|!2> +CE(/Tb(Hv|]2 4 |yﬁ|y2)dt> + 11@( sup ||x71||2> (4.100)
=1 . 1

tE€(7q,7p) tE[Ta, )
Rearranging (481)—(498) and multiplying i:)y two, we obtain

12 yN: 72 T 7|2
E( swp 9124w [T 1avPae sup 72+ [ |aRf

tE€[Ta,7) tE[Ta,T]

< 28 (|lv(ra) I + ) )

T —
+CE (/ (017 4+ IRIZ) (1 4+ A0 P [0 + [ATL 2 [91]%) + [AV[* [[92]]* + |AT2 H%Hz)> dt

(4.101)

4.6 Compactness Revisited

Having established the existence of martingaie solutions and patiiwise uniqueness for the modi-
fied system (41), we may appiy the Gyéngy—Kryiov theorem (see [GK96]), which is the infinite

dimensional extension of the Yamada-Watanabe Theorem (see [YW?i]), to infer the existence

of a local pathwise solution (v,k). To do so, we return to the sequence {(v},v%, h?, h2)} of
Galerkin solutions relative to the given stochastic basis S. We argue in a similar manner to
[DCHTH] by Consi(iering the collections of joint distributions Py = gy X g X gy X and

fp " = X X X R We define the extended phase spaces

XJ::vavathXhvavaxththleXXWQXXWSXXW4,
X = Xy X Xy X Xy X Xy X Xy x Xy x X x Xy, (4.102)

v,

As above in (430) and (431) we let for i = 1,2 and 7=12,3,4

pt (E) = Pr(v? € E) for E € A,
uy (E) = Pr(h} € E) for E € A,
puw, (E) = Pr(Wj € E) for E € &y,.

We tiien tai{e

m,n __ m m n n m m n n
v - :u"l)1 X l["l/’UQ X :u"l)1 X lLl/’UQ X :u‘hl X /’LhQ X Mhl X :u‘hz X MWl X /’LW2 X :LLWB X /“[/W4

Lemma 4.4. The collection {v"™"} is tight and hence compact on X7.
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Proof: The proof follows exactly that of Lemma 4.3. We take B}%, BI%LB% and B}l% as in Lemma
4.3, We can therefore choose A Ah2 | Avr| Av2 A1) A2) A3 A* compact in X, Xo, Xy, Xivys Xivs, Xiv,,
respectively, so that

HHA) 2 1= o g (AR) 2 1= oy (A)— 21— o (4.103)

We take A, = =AY x AY2 x Al x Al x A1 X A2 X A3 X A4 which is compact in X7, and by

(4 103) we see that
(A = ((1- ;)4 (1- ;)2 >1-¢,

which holds for all 0 < e < 1. The proof of the lemma is Complete.
O

We now suppose that {Z/mk’”k}kzo is any subsequence. By the above 1emma, this sequence
is tight and hence ]oy Proposition 0.1 (Prohorovjs Theorem), we may choose the su]osequence
k' so that v converges Weakly to an element v/. Then by Proposition 6.2 (Sl{orohod’s
Theorem), we infer the existence of a proba]oility space (Q .7:" If”) upon which is defined a se-
quence of random elements (vﬁmk Vo™ :vln;c :VQn;C Ry by i hlnk Jho k Wk, Wk, Wk/,W4/>
converging a.s. in X7 to an element (Vl,VQ,Vl,VQ,hth,hl,hQ,Wl,WQ) in such a way that
@((vm%,én’k,ﬁmk,hnk,wl W) e

= um;c’”ﬁe(-), an

P ((V~1,V~2,V:1,\;:2,E, ;L, Wl, Wg) S ) = I/,('). (4104)

Note that in partlcular IR and ,uznk’n’“ converge Weakly to py and Uhs respectively, defined by

() =P ((v,v)e-) and pp(-):=P ((ﬁ,ﬁ) € ) . (4105)

We then infer exaetly as in the preceding section that both (\7 ﬁ) and (\:/ ;L) are martingal

solutions over the same stochastic basis. One can easlly prove that these solutions agree with
each other at time ¢t = 0 a.s., and hence, by uniqueness, we see that ( ) (\:/' ~) in Ay, x A&},

a.s. In other Words,

v ({(xl,:pg,yl,yg) € Xi{h DX = T,y = yg}) =P ((\7, l~1) = (\:/, ﬁ) in X, x Xh) =1. (4106)
This implies, by Proposition 6.3, that the original sequence (v{, vy, hi, hY) defined on the initial
probability space (Q, F,P) converges to an element (vi,vao, hi,hg) = (\7\72]{1, hjg), in the topology

of X, iefori= 1,2,

Vi — V; a.s. in L2(0,T;V1) nC([0,T); Hy), (4107)

A — h;  as. in L2(0,T;Va) NC([0,T]; Hy). (4.108)

By applying Section 45, we may conclude that (vi,vo,hi,hs) is a global pathwise solution of

(1),
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5 Existence and Uniqueness of Solutions for the Original System

5.1 Local Martingale Solutions

Theorem 4.3 already shows that (S,v1,va,hy,ho) is a global Martingale solution for (41) Now
for M > 0 we set

7= inf { S (v ()1 + v ()1 + 1 ()17 + [h2(r)]?) > M+

(5.)

V1) + [[v2(0)[I* + [[h1 (0)]* + Hh2(0)ll2} AT

By the foﬂowing 1emma, T is strictly positive, and we observe that for i = 1,2

tAT

tAT tAT tAT
/ G(Vi, hl)V(hZVZ)dS = V(hlvz)ds and / Q(Vi, hl)(Vl . V)Vids = / (Vi . V)vids.
0 0 0

0

We obtain that (S,v1,ve,h1,he,T) is a local martingale solution. The proof of Theorem 2.1 is
complete.

Lemma 5.1. The stopping time T defined in (51) is strictly positive.

Proof. We integrate (??) from 0 to s and take the supremum for s over [0, 7 A €] to obtain

TANE TNE
sup (vl + Ival®) +n [ valPdt oo [ valPde+ sup (i + [laa])+
s€[0,7 €] 0 0 s€[0,7A€]

TAE TAE
[ Pt + 0 [ halPdt < i (O)F + 1 O)]2 + [v2(0) + [[1a(0)]

TNE
C/ L+ [F?+ G+ [vall? + 1 hal® + [[val® + [[h2]|*)dt

sup / Z (¥ (U), AV)dWF| +2 sup / Z (o5(U), ARYdWY|,
86[0 TAe) 10 s€[0,7A€] k 1
sup / Z (o5(U), Av)dWE| +2 sup / ARYAWY|,
56[0 TAe 10 s€(0,7Ae] 10 1 — 1
52

which yields

sup (Il + lvalP + [l + el ) = (2@ + [ma@) P + 2] + [a(0)]

s€[0,7A€]

< C/ +IFP G + [vill? + [l + [[v2]® + [lh2]|*)dt

sup / Z o (U), Av)dWF| +2 sup / Z ok (U), Ahg)dW¥|.
SE[O TNe| 1 /0 s€[0,7A€] | /O

sup / Z 03 ), Ava) dW3 +2 sup / Z 04 ), Ahg) dW4
SE[OT/\€] 0 3 s€l0,7Ae 10 14

<c/ (L PR 4+ 6P + P+ [+ [vall + [l + 3
=1
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All I’s terms can be treated by employing the BDG’s inequality as we carried out the uniform
estimates for v, vy, hY, hy and we arrive at the conclusion

E sup ([lvalf o vl + [+ ) = EIva @)1 + [ 0)1 + [v2(0)] + a0} )

s€[0,7Ae]
TNE
jE</ (1+|F|2—i—|G|2>dtjlimsupe(|F|%oo + G2 )
0 e—0
54

O

5.2 Local Pathwise Solutions

We let 7 be as in (9.1 , and use an identical argument to Section 4.6 to conclude that (v,h,T) is

a local pathwise solution of (11)

5.3 Maximal Pathwise Solutions

We also see that the local solution can be extended in time to be a maximal solution.

Proposition 5.1. There exists a unique mazimal solution (v, h,§) and a sequence pr announcing

£.

Proof. With the uniqueness already proved, we consider the set L of all stopping times such that
7 € L if and only if there exist processes (vi,va, h1,ha) s.t. (vi, Ve, hi, he, T) is a local pathwise
solution. Clearly if two stopping times are in £, then so is their maximum and if ¢ € £, then so
is p A o where p is any stopping time. Let £ = sup £ and choose an increasing sequence 73, € L
such that 7, — £ a.s.

For each 13, denote by (vig, Vo, 1k, hak) the corresponding process that makes (vig, vog, R1k, b2k, Tk)
a local pathwise solution. Let

Qk,k’ = {Vlk(t/\Tk /\Tk/) = Vlgc(t/\Tk /\Tk/),hlk(t/\Tk /\Tk/) = hl;c(t/\Tk /\Tk/), (5 5)

Vo, (E AT AT ) = Vzk,(t ATl N T )y ho, (8N T AT ) = hgk, (tATE AT );t > 0}

Then, by uniqueness, we see that = Nk i s a set of full measure. For w on this set and
every t > 0, the sequence {vy, (1ar,) Li<e, { Vo, (tary) Li<es P1, (EA Ti) Li<g, B2, (E A 73) Ty<¢ is Cauchy
in H1 X H1 X H2 X HQ. Let

Vi(t) = kh%rgo Vik(t/\q—k)ﬂt<£ and Ez(t) = kh%rgo hik(t/\rk)]lt<£ a.s for ¢ = 1, 2. (56)
Then for any T' > 0, we have

IE( sup |[Vi|?+ sup |vo|*+ sup Hh~1H2+ sup Hh~2H2+
te[0,6NT) te[0,6NT) te[0,EAT] te[0,EAT)

ENT ENT ENT 2 ENT 12 (57)
/0 |A\71]2dt+/0 |A\72|2dt+/0 ‘Ahl’ dt+/0 |AR,| dt) < 0.
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We may then define for i = 1,2 ,v;(t) € Hy, h;(t) € Hy by:

tAL - - ~ ~ P2 oy -
(vi(t),v) +/ (=1 AV + (V1 - V)V 4+ gVhy + g—Vha + fk x v1,v)ds
’ tAE tAE & (58)
= (v1(0),v) + /0 (F,v)ds + /0 Do) )t
tAE . -
(Vl(t), ”U) + / (—I/QAVQ + (\72 . V)\’:Q + gVhi + gVhs + fk X Vo, v)ds
e » (5.9)
= (v2(0) +/ (F,v ds—l—/ Z oo(U)eg, v)dWy,
(h(t),n) + /M —0Ahy + V- (hyvy),n)dt = (h1(0),n) + /Mf Z o3(U)er, n)dW¥, (5 10)
tAE 5 - 12%3
(h(t),n) +/0 (=6AR+ V - (h¥),n)dt = +/ Z oa(U)eg,mydwf, — (5.11)

for any t > 0,v € Hi,n € Hy. Clearly for t < &(w), v(t,w) = v(t,w), h(t,w) = h(t,w), and v
and h are weakly continuous a.s. in H; and Ha, respectively. Thus, (v,h,§) is a local pathwise
solution.

For R > 0, define the stopping time

t t
P inf{ sup [[vi]2 + sup |va|yQ+/ |Av1|2ds+/ Ava[? ds+
t20 \ sef0,4] s€[0,4] 0 0

t t
sup [[h1|? + sup ||h2|y2+/ |Ah1\2ds+/ |Ah2|2ds>R}A§. (5.12)
0 0

s€[0,4] s€(0,4]

+ Then (v, h, pr) is a local pathwise solution for any R > 0 and {pr}r>0 announces &.

To conclude, we have completed the proof of Theorem 2.2.

6 Appendices

Appendix A

NOW, suppose that H is a separable Hilbert space. Given p>2,a€(0,1), we define the fractional
derivative space Wo» (0,T;H) as the Sobolev space of all u e L? (0,T;H) such that

T’u
// |t_s|1+apHdtd 5 < 00 (6.1)

endowed with the norm

|
oty = [ 1O+ [ “t_sprdtds. (62)
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We have appliecl the foHowing 1emmas, the proofs of which can be found in e.g. [FG95]

Lemma 6.1. Let & CC £ C &1 be Banach spaces with the injections being continuous and &y, &1
reflexive. For p € (1,00),a € (0,1), we have
LP(0,T; &) N WP (0,T; &) cC LP (0,T;E). (6.3)

Lemma 6.2. If £ CC £ are Banach spaces and p € (1,00),a € (0,1] are such that ap > 1, then
Wer (0,T;€) cc C (0, T);€) . (6.4)

We additionaﬂy often use the foHowing stochastic version of the Gronwall lemma (see e.g.

(GH1709])

Lemma 6.3. Fiz T > 0 and assume that X, Y, Z, R : Q% [0,T) — R are non-negative stochastic
processes. Let T < T be a stopping time such that

E(/ (RX + Z)ds) < o0 and / Rds < k, a.s.
0 0
Suppose that for all stopping times 0 < 7, < 7, < T

E( sup X + bYds) SCOE(X(TG)+/b(RX+Z)ds),

tE€[Ta,p) Ta

where Cy is independent of T, and 1,. Then

E( sup X + Yds) < CIE(X(O)—i—/ st),
te[0,7] 0 0

where C' is a constant depending only on Co, T, and k.

Fina]ly, we require the Vitali convergence theorem (see e.g. [F0199l):

Theorem 6.1. Suppose that a sequence of functions {f,} are LP integrable on a finite measure
space, where 1 < p < co. Then this sequence converges in LP to a measurable function f if the
following conditions are satisfied:

(i) {fn} converges to f in measure; and
(ii) the functions {|fn|P} are uniformly integrable.

Remark 6.1. One can easily prove for p > 1 and a nonempty family X of random variables
bounded in LP that if supxcy || X||r < 00, then X is uniformly integrable.

Appendix B
Definition 6.1. Suppose (X,d) is a complete separable metric space with B(X) its associated
Borel o-algebra. Let Cy(X) be the set of all real-valued continuous bounded functions on X, and

Pr(X) be the set of all probability measures on (X,B(X)). A collection A C Pr(X) is tight if
for every € > 0 there exists a compact set K. C X s.t.

w(K)>1—e€ Y € A. (65)
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A sequence { i }n>0 C Pr(X) converges weakly to a probability measure p if

/fdun —)/fdu Vf € Cy(X). (6.6)

The proofs of the foHowing results can be found in e.g. [DPZ92]

Proposition 6.1 (Prohorov’s Theorem). A collection A C Pr(X) is weakly compact if and only
if it is tight.

Proposition 6.2 (Skorohod Representation Theorem). Suppose that a sequence {pn}n>0 con-

verges weakly to a measure . Then there exists a probability space (Q,JE , I~P’) and a sequence

of X-valued random variables {Yn} ~0 relative to this space such that Y, converges a.s. to
n_

the random wvariable Y and such that the laws of Y, and Y are p, and p, respectively, i.e.

in(E) =P (Y, € B), u(E) =P (¥ € B) ,VE € B(X),

Finally, we suppose that {Y,}n>0 is a sequence of X-valued random variables on a probability
space (9, F,P) and let {ttm.ntmn>0 be the collection of joint laws of {Y,}n>o, Le.

i (E) :=P((Yim,Yn) € E),  VE € B(X x X). (6.7)

We also need this result from ’CK%]

Proposition 6.3 (Gyongy-Krylov Theorem). A sequence of X -valued random variables {Yy, }n>0
converges in probability if and only if for every subsequence of joint probability laws, {tim, n, k>0
there exists a further subsequence which converges weakly to a probability measure p s.t.

p{(z,y) e X x X :x=y}) =1 (68)

Lemma 6.4. Let (2, F,P) be a fized probability space, X a separable Hilbert space. Consider
a sequence of stochastic bases Sp, = (Q, F,{F{" }t>0, P, W', W3'), where each W] is a cylindrical
Brownian motion over Y with respect to Fj*. Assume that {G"},>0 are a collection of X-
valued F* predictable processes such that G™ € L?*(0,T; La(4h, X)) a.s. Finally, consider S =

(Q, F, {Fi}i>0,P, W1, Wa) and G € L?(0,T; La(4, X)) a.s., which is F; predictable. If

G"— G in probability in L*(0,T; Ly (4, H)), (69)
wn—Ww in probability in C([0,T7]; o), (610)
then
t t
/ GrdW™ — / GdW in probability in L*(0,T; X). (611)
0 0

Appendix C

In this appendix, we consider the deterministic problem (0’2‘ =0 fori= 1, 2). Our goal is to show

Why we use these particular boundary conditions and to derive the variational formulation which

45



is used in the It5 formula. We begin with (??) which we multiply by 7€V and integrate over
M:

((% ) — (A, 5) + (v V)V, 5) + g(Vh 5) + (fk x v,5) = (F, 7). (6.12)

—. 9
ot

The second term can ]oe calculated as:

~v(Av,v) = v(ewl(curl(v)), ) = v(V(V - v), )

= v(curl(v), curl(d)) — V/a/\/t curl(v) - (o An)dS (613)
(Y v,V-5) — V/W(v.v)(@-n)ds.

Since & € V, we need only assume that curl(v) =0 on OM to get rid of the boundary terms.
With this assumption, we see that

— v(AV, ) = v((v, D)), (6.14)
where ((-,-)) denotes the inner product on V. For the nonlinear term in (612), we obtain:

(v-V)v,5) = %(v#, %) + (curl(v)a(v), 9)

_ —%(VQ, vV - f[)) + (Curl(v)a(v), f}) + % /8M |V‘2(1~) . Tb)dSa

(6.15)

where again the boundary term vanishes since & € V. Another application of the divergence
theorem yielcls:

g(Vh, o) = —g(h,V-0) +g » (@ - n)dS. (6.16)

Now we take (??), multiply it by h eV, and integrate over M:

(‘ZL, 13) + (V- (hv), h) — 6(Ah, h) = 0. (6.17)

The second term can lae rewritten as:

(V- (hv),h) = —=(hv,Vh) + [  hh(v-n)dS. (6.18)
oM

If we assume that v-n = 0 on oM, then the ]ooundary term vanishes. For the third term in

(617), we have

—6(Ah,R) =68((h,h)) =6 |  h(Vh-n)dS =6((h,h))—6 [ h(Vh-n)dS. (6.19)
oM oM
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To get, rid of the boundary term, we must assume that VA-n=0or h =0 on M. We see that
with these boundary conditions (or Dirichlet boundary conditions on v and h):

v.n=0 ondMx(0,7T), (6.20)
curl(v) =0 on OM x (0,7T), (621)
and Vh-n=0  ondM x (0,T), (622)

the original pro]o]em is equivalent to the variational pro]olem:

Find v e L2(0,T; V)N L>(0,T; H), h € L?(0,T; V) N L>°(0,T; Hy) s.t.

(a",a) F (v, 5)) — 2(v2, V- 5) + (curl(v)a(v), 5) — g(h, V- 5) + (fk x v,7) = (F,5) Vo€V,

ot 2
(6.23)
(g?, E) — (hv,VR) +6((h,h)) =0 Vhe Vs, (6.24)
v(t=0)=vz,y), and At =0)=hrzy) >0 in M. (625)

Appendix D

In this section, we prove the positivity of h. Recall that % = % %% + %% is the total

derivative of f(z,y,t). Then we can rewrite (??) as

d(in(h)) 0 1 dWy
along the characteristics u = % and v = %. Hence,
t 0 t1
h(t) = hg - exp{/ -V -v+ —Avds +/ —oa(v, h)de}. (627)
0 h 0 h

If we assume that v € C’l, then the characteristics cover all of M and we see that the exponent
above is bounded. This implies that & is strictly positive due to the positivity assumption on hg
in (77).

Acknowledgement.

47



References

[Ben3|

[BFO0)

|Bil95)

(CDS0I]

s3]

[Cho9)
(Chol 1]
[CMZ0§
[DGHT11]

DCT7]

A. Bensoussan. Stochastic Navier-Stokes equations. Acta Appi. Matii., 38(3)2677
304, 1995.

Alain Bensoussan and Jens Frehse. Local solutions for stochastic Navier Stokes equa-

tions. M2AN Math. Model. Numer. Anai., 34(2)2417273, 2000. Speciai issue for R.
Temam's 60th ]oirtiiciay.

Patrick Biiiingsiey. Probabiii‘cy and measure. Wiiey Series in Probabiii‘cy and Math-

ematical Statistics. John Wiiey & Sons, inc., New Yori(, third e(iition, 1995. A
Wiiey—lnterscience Publication.

igor Ciiuesiiov, J ingiao Duan, and Bj(irn Schmalfuss. Probabilistic (iynamics of two-
iayer geophysicai flows. Stoch. Dyn., 1(4):4517475, 2001.

Peter Constantin and Giprian Foias. Navier-Stokes equations. Chicago Lectures in

Mathematics. University of Ciiicago Press, Ciiicago, iL, 1988.

Pao-Liu Chow. Unbounded positive solutions of nonlinear parai)oiic [to equations.

Commun. Stoch. Anai., 3(2)2117222, 2009.

Pao-Liu Chow. Expiosive solutions of stochastic reaction-diffusion equations in mean

LP-norm. J. Differential Equations, 250(5)256772580, 2011.

Qiongiei Ciien, Changxing Miao, and Zhifei Ziiang. On the Weii—poseciness for the
viscous shallow water equations. SIAM J. Math. Anai., 40(2):4437474, 2008.

Arnaud Debussciie, Nathan Giatt—Hoitz, and Roger Temam. Local martingaie and
patiiwise solutions for an abstract fluids model. Phys. D, 240(14—15)112371144, 2011.

A De]oussciie, N. Giatt—Hoitz, R. Ternam, and M. Ziane. Global existence and reg-

uiarity for the 3d stochastic primitive equations of the ocean and atrnospiiere with
muitipiicative white noise. Noniinearity. (to appear).

[DMCO99] B. Di Martino, F. Ciiateion, and P. Orenga. The nonlinear Galerkin method

[DPZ92)

[FCY5)

[Fla8]

appiieci to shallow water equations. Math. Models Methods Appi. Sci., 9(6)8257854,
1999.

Giuseppe Da Prato and Jerzy Zai)czyi(. Stochastic equations in infinite (iirnensions7
volume 44 of Encyciope(iia of Mathematics and its Appiications. Garn]ori(ige Univer-
sity Press, Cam]oricige, 1992.

Franco Flandoli and Dariusz Gatarek. Martingaie and stationary solutions for

stochastic Navier-Stokes equations. Probab. Tiieory Related Fieicis, 102(3)3677391,
1995.

Franco Flandoli. An introduction to 3D stochastic fluid (iynarnics. In SPDE in

iiy(irociynarnic: recent progress and prospects, volume 1942 of Lecture Notes in Matii.,
pages 51-150. Springer, Beriin, 2008.

48



[Flal]

[Fol99)

(GHT11]

(GHZ0S]

[GHZ09

K9

[LNT16]

[Mac99]
NP

[Oks03)

[OI'€95]

Franco Flandoli. Random perturbation of PDEs and fluid dynamic mocleis, volume
2015 of Lecture Notes in Mathematics. Springer, Heideiberg, 2011. Lectures from
the 40th Probabiiity Summer School held in Saint-Fiour, 2010.

Gerald B. Folland. Real anaiysis. Pure and Appiied Mathematics (New Yori(). John
Wiiey & Sons, inc., New York, second edition, 1999. Modern techniques and their
appiications, A Wiley—interscience Publication.

Nathan Glatt-Holtz and Roger Temam. Pathwise solutions of the 2-D stochastic
primitive equations. Appi. Math. Optim., 63(3)4017433, 2011.

Nathan Glatt-Holtz and Mohammed Ziane. The stochastic primitive equations in

two space dimensions with multiplicative noise. Discrete Contin. Dyn. Syst. Ser. B,

10(4):801-822, 2008,

Nathan Glatt-Holtz and Mohammed Ziane. Strong patiiwise solutions of the stochas-
tic Navier-Stokes system. Adv. Differential Equations, 14(5—6):5677600, 2009.

[stvan Gyongy and Nicolai Kryiov. Existence of strong solutions for [t6’s stochastic
equations via approximations. Probab. Theory Related Fieids,105 (1996) 105(2)1437
158, 1996.

Josh Link, Phuong Nguyen, Roger Temam. Local Martingaie Solutions to the
Stochastic One Layer Shallow Water Equations ( to appear).

Macias, Jorge; Pares, Carios; Castro, Manuel J. Improvement and generaiization

of a finite element shallow-water solver to muiti—iayer systems, Internat. J. Numer.

Methods Fiui(is, 31 (1999), no. 7, 1037-1059.

Phuong Nguyen and Du Pham. Stochastic System of Diffusion Equations with Poiy—
nomial Reaction Terms, Asymptotic Anaiysis, 99 (2016), no.2, 125-161.

Bernt Oksendal. Stochastic differential equations. Universitext. Springer—Veriag,
Beriin, sixth edition, 2003. An introduction with appiications.

Pierre Orenga. Un théoreme d’existence de solutions d'un probleme de shallow water.

Arch. Rational Mech. Anal., 130(2)1837204, 1995.

[Orenga05] Di Martino, B.; Orenga, P.; Peybernes, M. On a bi—iayer shallow water model with

[PROT

[Ros?

rigi(i—iici hypothesis. Math. Models Methods Appi. Sci,15 (2005), no.6, 843U869

Claudia Prévet and Michael Rockner. A concise course on stochastic partiai differ-

ential equations, volume 1905 of Lecture Notes in Mathematics. Springer, Beriin,

2007.

Sheldon M. Ross. Stochastic processes. Wiiey Series in Probability and Statistics:
Probabiiity and Statistics. John Wiiey & Sons, Inc., New York, second edition, 1996.

[Simon1998] Simonnet, E.; Temam, R.; Wang, S.; Ghii, M.; I(ie, K. Successive bifurcations

in a shallow-water ocean model. Sixteenth International Conference on Numerical

Methods in Fluid Dynamics, (Arcachon, 1998), 225-230.

49



[Sun8]

[Tem3|

[TMO5|

TT1]

W3]

[WX0]

YWT]

Linda Sunciiaye. Global existence for the Cauciiy probiem for the viscous shallow
water equations. Roci(y Mountain J. Matii., 28(3)113571152, 1998.

Roger Temam. Navier-Stokes equations and nonlinear functional anaiysis, volume 66

of CBMS-NSF Regionai Conference Series in Appiie(i Mathematics. Society for In-
dustrial and Appiie(i Mathematics (SIAM), Philadelphia, PA, second e(iition, 1995.

Roger Temam. Navier-Stokes equations. AMS Chelsea Pui)iisiiing, Providence, Ri,
2001. Tiieory and numerical anaiysis, Reprint of the 1984 edition.

Roger Temam and Alain Miranville. Mathematical mO(ieiing in continuum mechanics.
Gami)ridge University Press, Gamioricige, second e(iition, 2005.

Kevin R. Tubbs and Frank T.-C. Tsai. GPU accelerated lattice Boltzmann model

for shallow water flow and mass transport. Internat. J. Numer. Methods Engrg.,

86(3):316-334, 2011.

Wolf von Wahl. The equations of Navier-Stokes and abstract paraboiic equations.
Aspects of Mathematics, ES. Friedr. Vieweg & Soiin, Braunschweig, 1985.

Weike Wang and Ciiao—Jiang Xu. The Cauchy proi)iem for viscous shallow water
equations. Rev. Mat. iberoamericana, 21(1)1724, 2005.

Toshio Yamada and Shinzo Watanabe. On the uniqueness of solutions of stochastic
differential equations. J. Math. Kyoto Univ., 11:1557167, 1971.

50



	Introduction
	Analytic Tools
	Function Spaces
	Stochastic Framework
	Definitions of Solutions

	Formal a priori Estimates
	The modified system with a cut-off function
	The Galerkin Scheme
	Uniform Estimates for the Galerkin System
	Compactness Arguments
	Passage to the Limit
	Global Pathwise Uniqueness
	Compactness Revisited 

	Existence and Uniqueness of Solutions for the Original System
	Local Martingale Solutions
	Local Pathwise Solutions
	Maximal Pathwise Solutions

	Appendices

