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Recent experiments involving tilted graphene samples in the quantum Hall regime have shown

strong evidence of a continuous phase transition in the ν = 0 bulk state. The origins of this

transition are rooted in SU(4) symmetry-breaking interactions. In this work, we present a model

with microscopic interactions that supports such a transition. The model is studied within a self-

consistent Hartree-Fock analysis. We find that the full set of possible symmetry-breaking terms in

the interactions are realized by incorporating an active window of non-zero Landau levels in the

Hartree-Fock state. Additionally, the model is studied away from integer filling, in which Skyrme

crystals supporting spin textures are stabilized by long range Coulomb interactions. We explore

how these textures evolve with the system parameters, and construct a phase diagram within the

space of the Zeeman strength and filling factor.
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Chapter 1

Introduction

Graphene, despite its initial discovery nearly 15 years ago, continues to be a platform for both

theoretical and experimental research. The material is composed entirely of carbon atoms, which

form a honeycomb lattice that is two-dimensional (2D) in the sense that the lattice itself is only

one atom layer thick. Each carbon atom has six electrons, two of which completely fill the inner

1s shell. In the presence of other carbon atoms, three of the remaining electrons bond, covalently,

through sp2 hybridization, and give rise to the planar geometry of the honeycomb lattice. This

kind of hybridization is a basic component in the formation of graphitic allotropes, like graphite

and carbon nanotubes. The last electron occupies the 2pz orbital, which is perpendicular to the

plane, and is responsible for many of the electronic properties of graphene at low energies.

Two common techniques for isolating graphene is exfoliation and epitaxy, the former being the

technique originally employed to synthesize a sample; Geim and Novoselov used adhesive tape to

repeatedly peel back layers of graphite. The flakes were then deposited on silicon substrates, and

analyzed using methods such as electron microscopy. An early study by Geim’s group showed that

the carrier density could be tuned by applying a gate voltage to the sample [1]. This property of an

electric field effect is a key component in designing electronic devices. In more recent fabrication

techniques, boron nitride has been used as a substrate for graphene, leading to higher electron

mobilities than the SiO2 substrates [2]. Because of its high carrier mobilities, among other properties,

graphene has tremendous applications in electronics.

1.1 Graphene lattice

The honeycomb lattice is constructed from two independent triangular sublattices, illustrated

in Fig. 1.1a. Each sublattice, denoted A and B, form a Bravais lattice, whereas the underlying

1
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Figure 1.1: (a) Honeycomb lattice for graphene. The hexagonal lattice is constructed from two

triangular Bravais sublattices, which are spanned by the vectors a1 and a2. (b) Reciprocal lattice of

the triangular lattice. The shaded region denotes the first Brillouin zone, and the black and white

squares denote the inequivalent K and K′ points, respectively.

honeycomb lattice does not. Atoms in one sublattice (A) have 3 nearest neighbor (NN) pairs in the

other sublattice (B), with a spacing between pairs of a = 0.142 nm. The vectors δi connect atoms

from one sublattice to another.

δ1 =
a

2
(
√

3x̂ + ŷ) , δ2 =
a

2
(−
√

3x̂ + ŷ) , δ3 = −aŷ (1.1)

The primitive lattice vectors, which span the triangular Bravais lattice, are chosen to be

a1 =
√

3ax̂ and a2 =

√
3a

2
(x̂ +

√
3ŷ). (1.2)

The area of the unit cell is Ac =
√

3ã
2
/2, where ã =

√
3a = 0.24 nm is the lattice spacing.

Bravais lattice vectors are constructed by taking linear combinations of the primitive lattice vectors:

R = n1a1 + n2a2, with integers n1, n2 ∈ Z.

The reciprocal lattice is spanned by the vectors

a∗1 =
2π√
3a

(x̂− ŷ√
3

) and a∗2 =
4π

3a
ŷ, (1.3)

2



which form the reciprocal lattice vectors, or, equivalently, wave vectors k = m1a
∗
1 + m2a

∗
2 with

m1,m2 ∈ Z. These basis vectors satisfy the condition ai · a∗j = 2πδi,j . The shaded hexagon in Fig.

1.1b shows the first Brillouin zone (FBZ). Locations of two inequivalent points, K and K′, on the

corners of the FBZ are given by

K =
4π

3
√

3a
x̂ and K ′ = − 4π

3
√

3a
x̂. (1.4)

The other K (K′) points in the FBZ can be connected to K (K ′) through translations of reciprocal

lattice vectors. As we will see in the next section, the low energy excitations occur around these

six points.

1.2 Single particle tight-binding model

In this section, we will calculate the energy dispersion for non-interacting electrons in the context

of a tight-binding model. The model will include only NN hoppings, and exclude spin labels for

simplicity. The tight-binding Hamiltonian in second quantization is

Htb = t
∑
R,R′

[
c†A(R)cB(R′) + h.c.

]
= t

∑
R,j

[
c†A(R)cB(R+ δj) + h.c

]
, (1.5)

where the operator cs(R) removes an electron on site s ∈ A,B, and t ' −3 eV [3,4] is the hopping

amplitude. The operators satisfy the usual anti-commutation relations,

{
cs(R), c†s(R

′)
}

= δR,R′ and
{
cs(k), c†s(k

′)
}

= δk,k′ , (1.6)

and their Fourier transform is

cs(R) =
1√
Ns

∑
k∈FBZ

cs(k)eik·R, (1.7)

where Ns is the number of Bravais lattice sites. Inserting eq. (1.7) into eq. (1.5), and noting

1
Ns

∑
R e

i(k−k′)·R = δk,k′ , the tight-binding Hamiltonian becomes

Htb = t
∑
k,j

[
eik·δjc†A(k)cB(k) + h.c

]
=
∑
k

ψ†(k)h(k)ψ(k).

(1.8)
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Figure 1.2: Energy dispersion for graphene in the tight binding model with nearest neighbor hopping

only. The two bands, π and π∗, touch only at the Dirac points, which coincide with the K and K′

points. Image reproduced from Ref. [5].

In eq. (1.8), ψ(k) =
(
cA(k), cB(k)

)T
, and

h(k) = t

 0 f∗(k)

f(k) 0

 (1.9)

is the Bloch Hamiltonian with f(k) =
∑

j e
ik·δj = e−iaky

[
1+2ei(3aky/2) cos(

√
3akx/2)

]
. Notice that

h(k) = h∗(−k), so that the effective Hamiltonian respects time reversal symmetry.

The eigenvalues, ελk, give the dispersion energy for the π electrons, which occupy the 2pz orbital.

Since there are two atoms per unit cell, there will be two eigenvalues, and hence two energy bands

(λ = +1 and λ = −1). The band with λ = −1 denotes the valence band, also known as the π band,

and λ = +1 denotes the π∗ (conduction) band.

ελk = λt|f(k)| = λt

√√√√3 + 2

3∑
i=1

cos(k · ai) (1.10)

In order the write the dispersion in this compact way, we have introduced a third vector a3 =

√
3a
2 (x̂ −

√
3ŷ). Fig. 1.2 shows the energy for each band. Solutions to ελk = 0 occur at the Dirac

4



points, kD, and are found by solving, equivalently,

Re[f(kD)] = 0 and Im[f(kD)] = 0. (1.11)

The latter is satisfied by kDy = 0, which then yields kDx = ± 4π
3
√

3a
.

In total, there are six solutions to eq. (1.11) that all lie on the corners of the FBZ, exactly

coinciding with the K and K′ points. The bands touch right at the Fermi level, at these zero energy

locations, making graphene a gapless semiconductor. Typically, undoped semiconductors have an

intrinsic gap. In the next section, we will see that low energy excitations yield a linear dispersion,

giving rise to Dirac cones centered on the Dirac points.

1.3 Continuum

In the low energy theory, we expand the effective Hamiltonian (eq. (1.9)) about the Dirac

points, and hence the K and K′ points, via the wave vector k = ±K + q for |q| � |K|. We first

start by expanding the functions f(k) to linear order in q:

f(±K + q) =

3∑
j=1

e±iK·δjeiq·δj

≈ e±i2π/3
[
1 + iq · δ1

]
+ e∓i2π/3

[
1 + iq · δ2

]
+
[
1 + iq · δ3

]
= ∓3a

2

(
qx ± iqy

)
.

(1.12)

Note that the expansion parameter here is |q|a � 1. There will be a copy of the low energy

Hamiltonian, h±(q), for each unique Dirac point. Inserting eq. (1.12) into eq. (1.9) then gives

h±(q) = ∓3ta

2

 0 qx ∓ iqy
qx ± iqy 0


hτ (q) = τ h̄vF

(
qxσ

x + τqyσ
y
)
AB
,

(1.13)

where σx and σy are the Pauli matrices in the sublattice (AB) basis, and vF ≡ −3ta
2h̄ > 0 is the

Fermi velocity.

σx =

0 1

1 0

 , σy =

0 −i
i 0

 , σz =

1 0

0 −1

 (1.14)
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The label τ denotes the valley pseudospin, and takes the value τ = + for the K point, and τ = −

for the K′ point.

The valley index can then be thought of as a two-level system, which can be mapped onto

the spin-1/2 problem. Hermitian operators in this two-level space can then be written in terms of

the Pauli matrices, and we define their expectation values as S = (Sx, Sy, Sz) for real spin, and

P = (Px, Py, Pz) for pseudospin. For example, a pseudospin orientation of P = (0, 0,+1) would

refer a ground state with occupation at the K point. Later in this introduction, we will use these

expectations in describing broken symmetry states.

It is helpful to introduce the four component spinor,

Ψ(q) =


ψA+(q)

ψB+(q)

ψB−(q)

ψA−(q)


. (1.15)

Notice that the sublattice order has been flipped for the ξ = − index. Using this representation,

the low energy Hamiltonian can be written as

hτ (q) = τ h̄vF (qxσ
x + qyσ

y)AB

= h̄vFσ
z
τ ⊗ q · σ

→ hτ (p) = vFσ
z
τ ⊗ p · σ,

(1.16)

with momentum p = h̄q. In eq. (1.16), σzτ denotes the last Pauli matrix in eq. (1.14), written in

the valley pseudospin basis. The form of eq. (1.16) is essentially two copies, one for each valley, of

a massless Dirac Hamiltonian in 2D, HD = vFp ·σ. This result suggests that electrons in graphene

behave in a relativistic way, allowing for the possibility of a bridge between condensed matter,

high-energy, and even neutrino physics. Electrons governed by this massless Dirac Hamiltonian

also carry charge, which is unlike most massless elementary particles that exist in nature.

To conclude this section, we analyze the form of the low energy dispersion. Using the linear

6



expansion for f(k) in eq. (1.10), we obtain

ελq,τ = λh̄vF |q|. (1.17)

Indeed, the dispersion is linear in q, and is also independent of τ . The zero energy states are thus

doubly degenerate with respect to the valley pseudospin. It is important to point out that only

the band index, λ, and the sublattice pseudospin are directly linked; the existence of the valley

pseudospin is independent of the fact that there are two sublattices.

1.4 Graphene in a magnetic field

1.4.1 Relativistic Landau levels

To introduce a magnetic field in the tight binding model above, we use the Peierls substitution,

which replaces the canonical momentum p with the (gauge-invariant) kinetic momentum Π. We

then have

p→ Π = p+ eA(r), (1.18)

where A(r) is the vector potential associated with the magnetic field B = ∇×A(r). This kind of

substitution is valid as long as the magnetic length,

` ≡
√

h̄

eB
, (1.19)

is much larger than the lattice spacing, ã. With the help of some elementary commutation relations,

it can be shown that the components of the kinetic momentum obey the following commutation

relation: [
Πx,Πy

]
= −i h̄

2

`2
. (1.20)

We can then introduce the ladder operators,

â ≡ `√
2h̄

(
Πx − iΠy) and â† ≡ `√

2h̄

(
Πx + iΠy

)
, (1.21)

7



which satisfy the commutation relation
[
â, â†

]
= 1. They also satisfy the following raising and

lowering properties:

â |n〉 =
√
n |n− 1〉 for n > 0,

â† |n〉 =
√
n+ 1 |n+ 1〉 , and

â†â |n〉 = n |n〉 .

(1.22)

In terms of these ladder operators, the low energy Hamiltonian (eq. (1.16)) becomes

hτ (Π) = τvF

√
2h̄

`

 0 â(Π)

â†(Π) 0

 . (1.23)

The resulting eigenvalue problem is then hτψn = εnψn, where the wave function, ψn, is a two

component spinor indexed by the sublattice.

ψn =

un
vn

 (1.24)

With the help of eq. (1.22), the eigenvalues are

ε2n =

(
τvF

√
2h̄

`

)2

n→ εn = λ
vF h̄

`

√
2 |n|, (1.25)

where we have used the fact that τ2 = 1. Therefore, the energies are two-fold degenerate in the

valley index. Later in the text, the spin will bring an additional two-fold degeneracy to the non-

interacting picture, yielding single particle energies that are four-fold degenerate with respect to

spin and valley.

Notice that εn ∝ 1/` ∝
√
B, unlike regular two dimensional electron gases (2DEGs), which

have a linear field dependence on their energy spectrum (see Fig. 1.3a and 1.3b). The integer n

is identified as the Landau level (LL) index, which is associated with both positive (λ = +1) and

negative (λ = −1) energy levels. The existence of negative energy LL’s is a direct consequence of

the relativistic nature of the Dirac Hamiltonian. This Dirac sea of negative energy states will play

an important role later when we consider interacting models.

8
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Figure 1.3: (a) Energy spectrum for non-interacting 2DEG systems in a magnetic field. The energy

is linear in the magnetic field, and is characterized by only positive energy Landau levels. (b) Energy

spectrum for graphene in a magnetic field. In this case, εn ∼
√
B, and energy levels are indexed by

λ = ± and n.

The components for the spinors can easily be worked out. For the special case of n = 0, note

that â |n = 0〉 = 0. We choose the forms for the components to be

ψτ,λn =
1√
2

τλ |n− 1〉
|n〉

 for n 6= 0, and ψn =

 0

|n = 0〉

 for n = 0. (1.26)

The last part of eq. (1.26) reveals that, when n = 0, all of the weight resides on a single sublattice,

which is then uncoupled from the valley index. For example, when n = 0, the K point (τ = 1)

coincides with the B sublattice, and the K′ point (τ = −1) coincides with A sublattice. The

particular spatial dependence for the orbital wave functions is worked out in the next section.

1.4.2 Orbital wave functions

The low energy spectrum for graphene in a magnetic field, derived in the previous section,

was found to be (necessarily) gauge independent. However, the spatial dependence on the eigen-

functions for the Dirac Hamiltonian are gauge dependent; the choice of the vector potential can

break translational symmetry in the Hamiltonian in various ways. We take the magnetic field to

be B = Bẑ, and choose a Landau gauge, A(r) = Bxŷ.

9



In terms of momentum and position operators, the components of the two-spinor (eq. (1.24))

satisfy the eigenvalue equations

v2
F

[
p̂x + i(p̂y + eBx̂)

][
p̂x − i(p̂y + eBx̂)

]
v = ε2v, and

v2
F

[
p̂x − i(p̂y + eBx̂)

][
p̂x + i(p̂y + eBx̂)

]
u = ε2u.

(1.27)

We need only focus on one of these components, as the final result will be the same for both

components. Notice that the left hand side of eq. (1.27) is translationally invariant in the y-

direction. Therefore the momentum py = h̄k is a good quantum number, and we can look for

solutions of the form

vn,k(x, y) = e−ikyφn,k(x). (1.28)

After a little more algebra, and use of some elementary commutation relations, the eigenvalue

equation becomes

[
p̂2
x

2m
+

1

2
mω2

c (x̂− k`2)2

]
vn,k(x, y) =

1

2m

[
ε2n
v2
F

+ eBh̄

]
vn,k(x, y) = Envn,k(x, y), (1.29)

where

wc =
eB

m
(1.30)

is the cyclotron frequency.

The form of eq. (1.29) is exactly that of a harmonic oscillator with cyclotron orbits centered at

X ≡ k`2, with X as the guiding center coordinate. The energy eigenvalues are readily obtained by

En = h̄ωc
(
n+ 1

2

)
, which then yields the same expression for εn found in the previous section. The

normalized eigenfunctions are

vn,k(r) =

(
1

π`2L2
y

)1/4 1√
2nn!

e−ikye−[(x−k`2)2/(2`2)]Hn

(
x− k`2

`

)
, (1.31)

where Ly is the length of the sample in the y direction, and Hn(x) are Hermite polynomials.
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1.4.3 Degeneracy and filling factor

There is an enormous degeneracy that emerges in this system, because the energy spectrum

is independent of the momentum, py = h̄k, carried by the plane waves. We can work out what

this degeneracy is in terms of the number of states, g, contained in a finite system with periodic

boundary conditions. The requirement that e−ik(y+Ly) = e−iky yields the condition kLy = 2πg, for

integer g. Noting that x = Lx corresponds to the wave vector k = Lx/`
2, the number of states in

an area S = LxLy is

g =
S

2π`2
. (1.32)

The degeneracy per unit area is determined by the flux density,

nB =
g

S
=

1

2π`2
=
B

Φ
, (1.33)

where Φ = h/e is a measure of flux quantum. In other words, for each LL, there is one state per

flux quantum.

Since electrons obey the Pauli exclusion principle, they will first occupy the lowest energy LL,

and then fill higher orbitals. To quantify this, we introduce the filling factor, ν, which denotes the

number of electrons per flux quantum, and is given by

ν =
ne
nB

= 2π`2ne ∼
1

B
, (1.34)

where ne is the 2D density of electrons. The filling factor gives us the number of occupied LL’s

for non-interacting electrons. Notice that ν is inversely proportional to the magnetic field. Thus,

as the field increases, the maximum occupancy for each LL grows, requiring fewer total LL’s to

be occupied. This is why it is a relatively good approximation in many high-field quantum Hall

models to project into just a few low energy LL’s, and assume the higher levels are completely

unoccupied.

In the context of undoped graphene, there are as many occupied LL’s (n < 0) as there are

unoccupied (n > 0). In the non-interacting limit, each LL is four-fold degenerate due to the two
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𝑛 = 1

𝑛 = 0

𝑛 = −1

0

𝐸

𝐾′ ↑

𝐾′ ↓
𝐾 ↑

𝐾 ↓

𝐾′ ↑

𝐾′ ↓
𝐾 ↑

𝐾 ↓

𝐾′ ↑

𝐾′ ↓
𝐾 ↑

𝐾 ↓

Figure 1.4: Schematic of the energy levels broken down first by LL index, then by spin and valley

subbranches, in the non-interacting system. For graphene, half filling of the n = 0 LL corresponds

to filling factor ν = 0. The splitting shown here is strictly for illustration purposes. The particular

configuration for the occupied levels is also for illustration purposes, which, in this case, represents a

spin polarized valley singlet state. Such a state might be realized in the presence of a Zeeman field,

but, in general, the occupation of energy levels can look quite different from what is shown here.

Image adapted from Ref. [6].
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copies of spin and valley. At zero filling, this entails occupying only two of the four configurations.

Therefore, the n = 0 LL is exactly half filled. One particular illustration of this is shown in Fig.

1.4. We can also calculate the lowest LL, nc, which must be filled in order to accommodate one

electron per atom, which is the density of mobile electrons for undoped graphene. Its value is given

by

nc =
2π`2

2Ac
. (1.35)

The factor of 2 in the denominator comes from the fact that there are two electrons per unit cell.

1.4.4 Quantum Hall effect in graphene

The quantum Hall effect (QHE) is realized in systems of charged particles, confined to 2D,

which are subject to a strong magnetic field. Before graphene, these kinds of systems had to

be engineered, typically through transistor-like devices (MOSFETs) or heterostructures. As one

particular example, GaAs heterostructures can be used to create a 2DEG at an interface, by

trapping electrons in quantum wells with various types of 2D geometry.

Because of its high mobility, and 2D structure, graphene is an ideal platform to realize the QHE.

Shortly after the material was synthesized, evidence of the integer QHE (IQHE) was observed [7,8].

The signature for this effect occurs when the Hall conductance,

σxy =
e2

h
ν, (1.36)

exhibits plateaus, while the longitudinal resistance, ρxx, vanishes, as the electron density is varied.

This is achieved by tuning the magnetic field, or by applying a gate voltage to the sample. The

plateaus occur for certain integer values of the filling factor:

νN = ±4(N +
1

2
), (1.37)

where N is a positive integer, and is equal to the highest completely filled LL. The factor of 4

is a consequence of the spin and valley degeneracy for each LL. The factor of 1
2 is related to the
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Figure 1.5: The Hall conductance, σxy, as a function of electron density, and hence the filling factor,

for a sample of graphene in a fixed magnetic field. Image reproduced from Ref. [8].

pseudospin winding number. Fig. 1.5 shows a plot of the Hall conductance measured in one of the

first realizations of the IQHE in graphene. At ν = 0, the Hall conductance is halfway between its

two nearest plateaus, confirming that the charge neutral point corresponds to a half filled LL.

The existence of plateaus in systems like this is most naturally understood by considering

impurities in the sample, which can be modeled by a small, random, potential that varies slowly

over the scale of the magnetic length. This disorder leads to a broadening of the energy for a

particular LL. Each LL can then be occupied by states that are classified as either extended or

localized. The former corresponds to states that can propagate throughout the entire sample.

Localized states are spatially confined to equipotential lines of the disorder potential, and are lower

(higher) in energy near the local minima (maxima).

Because the localized states are trapped, they cannot contribute to the transport across the

sample. The intermediate energies correspond to the extended states, which can contribute to

the Hall conductance. Therefore, as the chemical potential increases, and the localized states
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become occupied within a particular LL, there is no change to the Hall conductance. Increasing

the chemical potential further eventually leads to a percolation transition, in which extended states

begin to contribute to the conductance. After this transition, all of the current is then carried by

the edge states, within that particular LL, and there is no further change to the conductance as

the rest of the LL is filled.

There will be one factor of e2

h added to the Hall conductance for each band that is completely

filled. One way to understand where this factor comes from is by looking at the effects of an edge

potential. In the following discussion, it is also helpful to restrict ourselves to the simpler case of a

2DEG. In the semi-classical picture for conventional 2DEGs, the cyclotron orbits of electrons at the

edge causes a skipping motion as they collide into the wall. As a result, electrons will only move

in one direction along an edge, and so the edge states are said to be chiral. It is this chiral motion

that ultimately leads to the particular quantized values of the Hall conductance. To see why this

happens, we introduce an edge potential which rises steeply as we approach each boundary, i.e.

along the direction perpendicular to the plane wave motion of the electrons in the sample.

Following the formalism in section 1.4.2, and assuming that the edge potential, V (x), varies

slowly over the scale of the magnetic length, we can Taylor expand the potential about the guiding

center coordinates. The Hamiltonian of eq. (1.29) becomes

Ĥk =
p̂2
x

2m
+

1

2
mω2

c (x̂− k`2)2 +
∂V

∂x
x̂, (1.38)

where ∂V
∂x is evaluated at the guiding center. After completing the square and noting that the

system is still translationally invariant in the y direction, the corresponding energy eigenvalues are

given by

Ēn(k) = En −
1

2mω2
c

(
∂V

∂x

)2

+ k`2
∂V

∂x
, (1.39)

where En = h̄ωc(n + 1
2) are the unperturbed orbital energies. For now, we will focus only on the

case for a single LL; the argument is easily generalized to N filled LL’s.
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(a)

𝑥

𝑉(𝑥)
𝐸𝐹
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Figure 1.6: 2DEG picture for the edge potential in a single LL. Blue dots represent occupied states,

and the sample’s edges are modeled as a steeply rising potential. (a) Equal occupation of edge states

leads to a zero net current in the system. (b) A more realistic picture with a random bulk-potential.

Applying a gate voltage causes an imbalance of edge states, and leads to a Hall current localized to

the sample’s boundary. Both images adapted from Ref. [9].

We then introduce a chemical potential, and fill states up to the Fermi energy, EF (see Fig.

1.6a). Notice that the group velocity,

vk =
1

h̄

∂Ē

∂k
ŷ =

1

eB

∂V

∂x
ŷ, (1.40)

has opposite signs on either edge, corresponding to the chiral motion of the edge currents when the

system is in its ground state. Furthermore, the system is insulating in the bulk, because the band

is filled, but behaves as a metal at the edges. It is important to note that the form of the potential

does not necessarily have to be flat in the bulk, and that impurities can, and do, randomize the

potential. As long as this potential remains smoothly varying, and does not become larger than

the Fermi energy, the following calculation will hold.

If a Hall voltage is applied across the x direction, a chemical potential difference, ∆µ, will form

between each edge, and this will give rise to a net Hall current (Fig. 1.6b). To calculate this

current, we sum the group velocity over all of the filled states:

Iy = − e

Ly

∫
dk
Ly
2π

1

h̄

∂Ē

∂k
=
e

h
∆µ. (1.41)
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Noting that the Hall voltage is eVH = ∆µ, the resulting Hall conductance for a single filled LL is

σxy =
Iy
VH

=
e2

h
. (1.42)

Since the edge potential affects every filled LL in the same way, we can generalize this result to the

case when there are N filled levels by simply summing over the number of filled levels in eq. (1.41).

The result is precisely that of eq. (1.36) with ν → N , as long as the Fermi energy resides between

LL’s. Hence, there are N types of chiral modes on each edge. The edge states are also protected

from back scattering to a state with opposite momentum because of the macroscopic separation of

the two edges; therefore, excitations at the edge can only produce forward scattering. It should

also be noted that the discussion above was presented within the context of a 2DEG. The edge

state behavior can be extended to graphene quite easily, which we will do in the next section.

With fabrication techniques improving over the years, cleaner samples of graphene have been

made possible. Because these samples have inherently fewer impurities in them, it is easier to resolve

the symmetry-breaking effects in the n = 0 LL; interactions which would normally be suppressed

from disorder now have a more noticeable effect. Additional quantum Hall plateaus have therefore

been observed outside of the usual sequence given in eq. (1.37), particularly at ν = 0,±1 [10].

The states at ν = ±1 are well understood within the context of quantum Hall ferromagnetism,

which causes a charge induced gap due to strong Coulomb-driven exchange interactions [11]. This

exchange interaction competes with the disorder in the sample, and causes the system to favor a

ferromagnetic configuration in the discrete degrees of freedom. The quantum Hall state at ν = 0,

however, requires a more delicate treatment of interactions, as we will see in the next section. The

precise nature of the ν = 0 state, and the interactions that govern it, will be a large part of the

focus for this thesis.
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1.5 The quantum Hall state at ν = 0

In the non-interacting picture at ν = 0, the spin-valley subbranches in the n = 0 LL are four-fold

degenerate, and are occupied on average by two electrons. The simplest way to lift this degeneracy

would be to add a Zeeman interaction. The effect of this interaction on the bulk spectrum is fairly

straight forward, however it is important to consider what this effect will do to the edge states.

When approaching the sample boundaries, the energy dispersion for the n = 0 bands increases

with positive slope for electron-like bands, and decreases with negative slope for hole-like bands.

This behavior can be realized in the continuum model with boundary conditions appropriate for

graphene’s geometry at the edge [12].

Adding a Zeeman coupling of arbitrary strength, the degeneracy in the spin degree of freedom

is lifted, and a gap, equal to the Zeeman energy and centered at the Fermi level, opens in the

bulk. The obvious choice for the resulting bulk state is a spin polarized ferromagnet. At the edge,

two bands with opposite spin orientations cross at the Fermi energy, corresponding to counter

propagating edge states (Fig. 1.7a). These edge modes are protected from backscattering between

spin channels because of the conservation of spin within the helical edge states. The transport

direction, i.e. chirality, is linked to the orientation of the spin. Therefore, on each edge of the

sample, electrons in the spin-up channel will flow opposite to those in the spin-down channel. The

Hall conductance in this case is zero, because the net charge current on each edge vanishes. There

is, however, a non-zero spin current, giving rise to a quantum spin Hall effect.

One way of realizing the transport properties in the situation described above is to preform a

two-terminal conductance measurement. An idealized picture for this setup is illustrated in Fig.

1.7b. Two contacts are attached to the sample, and held at different chemical potentials such that

µT > µB. The current injected into the sample then flows from one contact to the other via a

single spin channel for each edge of the sample. That is, current moving in the direction of the net

current, I, will be in the spin-down channel (blue arrow) along the right edge, and in the spin-up
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Figure 1.7: (a) Bulk-edge band structure in the presence of a Zeeman splitting. The bulk ground

state is spin polarized, and, due to electron-like and hole-like dispersion towards the edge, there is a

band crossing. This yields a pair of counter propagating helical edge modes, which are characterized

by their spin polarization. Image adapted from Ref. [13]. (b) A simplified schematic for a two-terminal

conductance setup. Current flows along the edge of the sample through spin-up (red arrow) or spin-

down (blue arrow) channels. The contacts (shaded purple) are held at different chemical potentials

such that µT > µB , giving rise to a net current downward.
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channel (red arrow) along the left edge. In terms of this current and the voltage drop between

contacts, the two-terminal conductance, G, is defined as G = I/V = eI/(µT − µB).

Furthermore, because there are two spin channels carrying current from one contact to the

other, we would expect a quantized value of 2e2/h for the two-terminal conductance (one factor of

e2/h from each edge). However, the experiment in Ref. [ 14] has shown evidence contrary to this

result. They instead find that, at low Zeeman (total) field, the system becomes insulating. In these

experiments, graphene is suspended in an external magnetic field with a finite tilt angle, which

is measured between the direction of the field and an axis that is normal to the graphene plane.

Changing the tilt angle thus allows the field perpendicular to the sample (B⊥) to be smaller than the

total field (BT ). Since the orbital degrees of freedom only depend on B⊥, tilted field experiments

allow for a direct tuning of the Zeeman energy, which becomes greatly enhanced, while B⊥ is fixed.

Fig. 1.8 shows the two-terminal conductance for a wide range of BT and fixed B⊥. The system is

strongly insulating at low fields, and gradually becomes more conductive as the field increases. At

high enough external fields, the bulk state becomes a spin-polarized ferromagnet with a quantized

conductance.

The fact that the system is insulating at low fields suggests that the picture for the band-crossing

at the edge (Fig. 1.7a) is not generally correct. To be more consistent with the experiment, there

would actually need to be a gap at the edge, which would only happen if the bulk ground state was

spin-unpolarized. It is evident, then, that including only the Zeeman interaction is not enough to

describe the ν = 0 ground state.

The energy scales in graphene are primarily dominated by the cyclotron motion and the long

range Coulomb interaction, both of which preserve the SU(4) symmetry formed by the spin-valley

flavor. The Zeeman splitting is just one type of possible symmetry-breaking, and is the only

interaction which can break the spin symmetry, owing to the fact that spin-orbit interactions are

relatively weak for graphene. Lattice interactions, however, can break the symmetry in the valley
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Figure 1.8: Two-terminal conductance measurement as a function of gate voltage and total field.

The conductance vanishes at the charge neutral point (ν = 0) at low fields, and increases continuously

as the field increases. Image reproduced from Ref. [14].
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degree of freedom, and allow for a wide range of possible ground states.

1.6 Kharitonov model

There have been a number of studies [6,11,15–24] over the years that treat the possible symmetry-

breaking effects due to interactions in graphene. One of those studies [6] is of particular interest

for the current discussion. In the Kharitonov model, short-range (SR) e-e interactions which break

the valley and sublattice degrees of freedom, in addition to a spin splitting Zeeman interaction, are

explicitly added to the Hamiltonian.

The short-range interactions are given by

Ĥe−e,SR =
1

2

∫
d2r

∑
α,β

′
gαβ
[
ψ̂†(r)Tαβψ̂(r)

]2
, (1.43)

where ψ̂(r) = [ψ̂↑(r), ψ̂↓(r)]T is an eight component spinor written in the spin basis, and

ψ̂σ(r) =


ψ̂KAσ(r)

ψ̂KBσ(r)

ψ̂K′Bσ(r)

−ψ̂K′Aσ(r)


(1.44)

are the Dirac fields, written in terms of a direct product, KK ′⊗AB, for the valley and sublattice.

Here, σ = (↑, ↓) is the spin label. The matrix elements,

Tαβ = σ̃KK
′

α ⊗ σ̃ABβ ⊗ 1̂σ, (1.45)

are given in terms of the Pauli matrices, σ̃x, σ̃y, σ̃z, and α, β = 0, x, y, z.

The generality of this model comes from the fact that the sum,
∑′

α,β , runs over all combinations

of α and β, except for the special case when α = β = 0, which corresponds to the symmetric long

range Coulomb (C) interaction,

Ĥe−e,C =
1

2

∫
d2rd2r′

[
ψ̂†(r)ψ̂(r)

] e2

|r − r′|
[
ψ̂†(r′)ψ̂(r′)

]
. (1.46)
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It is understood that the operators in eq. (1.43) and eq. (1.46) are normal ordered. Lastly, gαβ are

the bare coupling constants. The model is then projected into the n = 0 LL (zLL), which is a great

simplification because the wave functions for a particular valley have weight on only one sublattice,

as discussed in I.D.1. The higher order LL effects are renormalized into the bare couplings for the

short range anisotropies. This generates, after symmetry considerations, two effective parameters,

u⊥ and uz, which are referred to as the anisotropy energies. Using these two parameters, the short

range interaction can be written in a more simplified way as

Ĥe−e,SR =
1

2

∑
s

∫
d2r
{
u⊥
[
Mx(r, s)Mx(r, s) +My(r, s)My(r, s)

]
+ uzMz(r, s)Mz(r, s)

}
, (1.47)

where

Mi(r, s) =
∑
τ1,τ2

∑
σ

ψ̂†στ1(r, s)(σ̃i)τ1τ2ψ̂στ2(r, s) (1.48)

can be thought of as a magnetization of the valley pseudospin. In eq. (1.47), s = A,B refers to the

sublattice index.

The results of the study yield a phase diagram, within the space of the anisotropy energies,

with four potential ground states. For the present discussion, we project the states into the n = 0

LL, and ignore any structure which might be present for n 6= 0. This allows us to associate a

particular sublattice with a single valley index. For example, the K ′ valley would correspond to the

A sublattice, and the K valley would correspond to the B sublattice. In addition, we assume the

states are uniform, in real space, so that they do not admix guiding centers. The ground states are

then characterized by their spin and valley structure, and can be represented by a density matrix,

〈ψ̂†στ ψ̂σ′τ ′〉. At ν = 0, the trace of this matrix, excluding any geometric normalizations, yields a

factor of 2, because there are two electrons which occupy the half filled n = 0 LL. We will define the

density matrix more concretely in Chapter 2. To better describe the ordering of the various phases,

we will make use of the Bloch vectors for spin, S = (Sx, Sy, Sz), and pseudospin, P = (Px, Py, Pz).

The ground states are as follows:

23



(a) (b)

Figure 1.9: Illustrations of the possible ground states at ν = 0. (a) Charge density wave (CDW)

phase. (b) Kekulé-distortion (KD) phase. Both images reproduced from Ref. [6].

1) The charge density wave (CDW), characterized by a valley polarized spin singlet, in which

both electrons occupy the same sublattice, but have opposite spin orientations. Occupation of the

A sublattice yields the same energy as an occupation of the B sublattice. The CDW, therefore, has

a Z2 symmetry with respect to the valley space. The density matrix is

〈ψ̂†στ ψ̂σ′τ ′〉CDW ∝ δσ,σ′δτ,Kδτ ′,K , (1.49)

where we have chosen a particular occupation of the K valley, so that the pseudospin orientation

is P = (0, 0,+1). An illustration of this phase is shown in Fig. 1.9a.

2) The Kekulé-distortion (KD) phase, in which each electron occupies the K and K ′ points with

equal weight, has a pseudospin orientation which resides on the equator of the Bloch sphere. Taking

ϕ to be the in-plane azimuthal angle, the pseudospin orientation in this case is P = (cosϕ, sinϕ, 0).

The KD phase has the property that in-plane rotations of the pseudospin vector leave the energy

for the system unchanged, yielding a U(1) symmetry in the valley space. This is the only state that

admixes the valley index, and so one may think of it as a dimerized pairing of the two electrons

between valleys. It is important to note that there is no physical distortion of the actual graphene
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(a) (b)

Figure 1.10: Illustrations of the possible ground states at ν = 0. (a) Ferromagnet (FM) phase. (b)

Canted anti-ferromagnet (CAF) phase. Both images reproduced from Ref. [6].

lattice in this phase. The KD phase, like the CDW, is spin-unpolarized, and its density matrix is

given by

〈ψ̂†στ ψ̂σ′τ ′〉KD ∝
1

2
δσ,σ′ , (1.50)

where we have chosen the pseudospin orientation to be P = (+1, 0, 0). An illustration of the phase

is given in Fig 1.9b.

3) The ferromagnet (FM), a spin polarized valley singlet state, has a spin orientation of S =

(0, 0,+1) in the presence of a Zeeman field aligned in the positive z-direction. Because the state

is spin polarized, its energy depends linearly on the Zeeman field strength. The density matrix

representation is

〈ψ̂†στ ψ̂σ′τ ′〉FM ∝ δσ,↑δσ′,↑δτ,τ ′ . (1.51)

Fig. 1.10a shows an illustration for the phase.

4) The last phase is the canted anti-ferromagnet (CAF), which is partially spin polarized along

the direction of the Zeeman field, but with opposite in-plane spin orientations between each valley.

An illustration of this phase is shown in Fig. 1.10b. The state has the property that simultaneous

rotations of the in-plane spin for each valley does not change the energy, giving the state a U(1)
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spin-symmetry. Taking sz = cos θ, where θ, also referred to as the canting angle, is the polar angle

measured from the positive z-axis of the Bloch sphere, the spin orientation for each sublattice (or

valley) can be written as

SA,B =
(
±
√

1− s2
z cosϕ,±

√
1− s2

z sinϕ, sz
)
. (1.52)

The particular choice of the canting angle is chosen such that the Zeeman and anisotropy energies

are minimized, which is determined by a competition between the anisotropic interactions which

break the valley symmetry, and the Zeeman interaction. The former prefers anti-ferromagnetic

correlations, while the latter prefers ferromagnetic ones. This results in equal spin projections

along the Zeeman direction, and anti-parallel spin orientations in the (xy) plane, as shown in Fig.

1.11a. The canting angle approaches zero as the Zeeman field is increased, eventually leading to

a continuous phase transition from CAF (sz < 1) to FM (sz = 1). All other phase transitions in

this model are first order. Fig. 1.11b shows the phase diagram within the space of the anisotropy

energies for a fixed Zeeman energy, εz. The point where the phases meet is a function of the Zeeman

energy. Thus, as the Zeeman field is increased, the FM takes up more space in the phase diagram.

The various states realized in this model, with the exception of the FM, do not host conducting

edge channels; that is, they do not have gapless charged excitations at the edge [25–30]. The FM is the

only state here that supports helical edge modes, which yields a non-zero two-terminal conductance,

as discussed in section 1.5.

While this model gives a rich number of interesting phases, it is based on interactions which

are phenomenological. There is no clear connection between the interaction parameters, u⊥ and

uz, and the microscopic interaction parameters which might be present in the physical graphene

system. This will be the subject of our study in Chapter 2. Furthermore, what becomes of these

states when the system is not exactly at integer filling remains an open question. We will study

what happens to the system when it is doped slightly away from ν = 0 in Chapters 4 and 5.
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(a) (b)

Figure 1.11: (a) Spin projections (blue arrows) on the Bloch sphere for the CAF phase. The in-

plane spin between sublattices have opposite orientations, but share a common Zeeman direction

(green arrow). The polar angle, θ
∗

s , is chosen so that the ground state energy is minimized with

respect to the anisotropy and Zeeman energies. The angle ϕs is chosen freely, due to the U(1) spin

symmetry. (b) Phase diagram for the Kharitonov model. The solid black curves denote first order

transitions between phases, while the dashed blue line represents a continuous transition between the

CAF and FM. Both images reproduced from Ref. [6].
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Chapter 2

Uniform Broken Symmetry States at ν = 0

As discussed in the introduction, it is tempting to describe the ν = 0 quantum Hall (QH) state

of graphene as a spin polarized FM. Results from early transport experiments [10] seemed to validate

this description, claiming that a spin splitting in the n = 0 LL would dominate the behavior of

the ν = 0 QH state. In that experiment, they performed measurements of the activation gap

with varying Zeeman energy (tilt), but, at that time, there was less appreciation for the variety of

potential ground states at ν = 0. In more recent years, other experiments [14,31] on clean graphene

samples concluded that the ν = 0 ground state is spin unpolarized.

The assertion is supported by considering the effects of edge state transport on two-terminal

conductance measurements, as discussed in section 1.5. If the system is truly a spin polarized FM

in the presence of a Zeeman field of arbitrary strength and no other interactions, then one would

expect such a measurement to yield a quantized value of 2e2/h. What they found, instead, was a

vanishing conductance, at low (total) fields, which increased continuously as the field was increased,

all while keeping the perpendicular field component fixed. The result indicates that interactions

which break the SU(4) symmetry play a fundamental role in determining the ground state at ν = 0.

Since Zeeman interactions can only lift the spin degeneracy, it is left to the lattice scale interactions

to break the symmetry of the sublattice/valley.

In this chapter we introduce a microscopic model [32] for the lattice scale interactions specific

to monolayer graphene, as well as the symmetric long-range Coulomb interaction. Zeeman and

cyclotron terms are included in the single particle Hamiltonian. The model is studied within a

self-consistent, numerical, Hartree-Fock (HF) approximation, which requires the assumption that

the exact ground state can be written in terms of a Slater determinant. Negative energy LL’s,

and LL-mixing (LLM) terms, are explicitly included in this study, and are shown to play a critical
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role in determining the ground state. The calculation is largely unrestricted in the sense that we

make no a priori assumption on the structure of a density matrix which represents a solution to

the HF equations. There is one exception, regarding the number of LL’s explicitly included in the

calculation, which will be discussed in section 2.3.

Before introducing the model, it is helpful to expand the field operators around the low energy

Dirac points, which coincide with the two inequivalent points

K = −K ′ = 4π

3
√

3a
x̂ = Kx̂, (2.1)

in the FBZ. The locations of the valley points can be written in terms of the valley pseudospin

index, τ = (+,−) or, equivalently, τ = (K,K ′), as ±K = τKx̂. The field operators are represented

as

Ψσ(R) ≡ 1√
Ns

∑
k∈FBZ

eik·Rckσ, (2.2)

which are separated into two equal halves in momentum space:

Ψσ(R) =
1√
Ns

[∑
q

′
ei(q+K)·Rcq+K,σ +

∑
q

′′
ei(q+K′)·Rcq+K′,σ

]
, (2.3)

where σ = (↑, ↓) is the spin label. The first sum is over q’s closest to K, and the second sum is

over q’s closest to K ′. Then, defining

Ψσ,K(R) ≡
(

2

Ns

)1/2∑
q

′
eiq·Rcq+K,σ (2.4)

and

Ψσ,K′(R) ≡
(

2

Ns

)1/2∑
q

′′
eiq·Rcq+K′,σ, (2.5)

the field operators are written as

Ψσ(R) =
1√
2

[
eiK·RΨσ,K(R) + eiK

′·RΨσ,K′(R)
]

=
1√
2

∑
τ

eiτKx̂·RΨσ,τ (R).

(2.6)

We take R to be on the triangular Bravais lattice, and add a sublattice index, s = (A,B), so that

there are two copies of the field operators for each atom in the unit cell, Ψσ,τ (R)→ Ψσ,τ (R, s).
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In the continuum limit, R → r = (x, y), and the field operators can be expanded in the basis

of single particle Landau states. Following the formalism of section 1.4.1 and 1.4.2, the operators

are given by

Ψσ,K(r, A) = − 1√
2

∑
k,n

sgn(n)h|n|−1,k(r)cnkσK ,

Ψσ,K(r, B) =
1√
2

∑
k,n

(√
2
)δn,0h|n|,k(r)cnkσK ,

Ψσ,K′(r, A) =
1√
2

∑
k,n

(√
2
)δn,0h|n|,k(r)cnkσK′ ,

Ψσ,K′(r, B) =
1√
2

∑
k,n

sgn(n)h|n|−1,X(r)cnkσK′ ,

(2.7)

where

sgn(n) ≡


−1 if n < 0

0 if n = 0

1 if n > 0 ,

(2.8)

plays the role of the band index. More specifically, we have made the replacement λ→ sgn(n), so

that negative (positive) LL’s are associated with the valence (conduction) band. The requirement

that sgn(0) = 0 ensures that the weights collapse onto a single sublattice when n = 0. In eq. (2.7),

hn,k(r) are the Landau wave functions given in eq. (1.31). In the next section, the interactions will

be introduced in terms of the discrete field operators, Ψ(R). Once we have a handle on the form

of the interactions, we will take the model to the continuum.

2.1 Model Hamiltonian

The Hamiltonian, H = H0 +Hint, is separated into a single particle term, H0, and a two-body

interaction term, Hint. In the basis described above, the continuum form of the single particle

Hamiltonian is given in terms of the LL spectrum and Zeeman energy, and is written as

H0 =
∑
n,k,σ,τ

[
sgn(n)

h̄vF
`

√
2 |n| − σg∗µB

2
BT

]
c†στnkcστnk, (2.9)
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where g∗ = 2 is the Landé factor, and µB is the Bohr magneton. The perpendicular field is related

to the total field by BT = εzB⊥, where εz is a dimensionless parameter that determines the strength

of the Zeeman energy.

2.1.1 Graphene lattice interactions

The microscopic interactions consist of Hubbard-like on-site (OS) and nearest neighbor (NN)

terms, which are treated as lattice scale corrections to the SU(4) symmetric Coulomb (C) inter-

action: Hint = H(C) + H(OS) + H(NN). We will first introduce the NN interaction, which can be

written as

H(NN) ≡V1

2

∑
R,R′

∑
s,s′

∑
σ′,σ

[
1− δs,s′

]
δR,R′

×
[
Ψ†σ(R, s)Ψ†σ′(R

′, s′)Ψσ′(R
′, s′)Ψσ(R, s)

+ Ψ†σ(R, s)Ψ†σ′(R
′ + a1, s

′)Ψσ′(R
′ + a1, s

′)Ψσ(R, s)

+ Ψ†σ(R, s)Ψ†σ′(R
′ + a2, s

′)Ψσ′(R
′ + a2, s

′)Ψσ(R, s)

]
,

(2.10)

where a1 and a2 are primitive lattice vectors, and V1 is the NN interaction strength. The three

terms in eq. (2.10) are related by 120◦ lattice rotations, and, as long as the state does not break

the 3-fold rotational symmetry, the expectation value for all three terms should be the same. We

therefore drop the last two terms in eq. (2.10), and replace V1 → 3V1.

Using eq. (2.6) to expand the fields in terms of the valley, the NN interaction becomes

H(NN) =
3V1

8

∑
R,R′

∑
s,s′

∑
σ,σ′

∑
τ

ei(τ4−τ1+τ3−τ2)Kx̂·R[1− δs,s′]δR,R′
×Ψ†σ,τ1(R, s)Ψ†σ′,τ2(R′, s′)Ψσ′,τ3(R′, s′)Ψσ,τ4(R, s),

(2.11)

where, as a matter of notational convenience, the bold face on a discrete index will refer to the 4

component set of constituent labels (i.e., τ = {τ1, τ2, τ3, τ4}). Following a similar procedure, the
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OS interaction takes the form

H(OS) ≡ V0

8

∑
R,R′

∑
s,s′

∑
σ,σ′

∑
τ

ei(τ4−τ1+τ3−τ2)Kx̂·Rδs,s′δR,R′

×Ψ†σ,τ1(R, s)Ψ†σ′,τ2(R′, s′)Ψσ′,τ3(R′, s′)Ψσ,τ4(R, s),

(2.12)

where V0 is the OS interaction strength. We then assume that, for any state of interest, the

expectation value of the four field operators, 〈Ψ†(R)Ψ†(R′)Ψ(R′)Ψ(R)〉, varies slowly on the lattice

scale. Under this assumption, when we sum over R and R′ in eq. (2.11) and eq. (2.12), only terms

which do not rapidly oscillate will add a non-zero contribution to the sum.

To enforce this, the argument in the phase factor must vanish, giving following condition on

the pseudospin:

τ4 − τ1 + τ3 − τ2 = 0. (2.13)

This condition yields two possibilities:

i) τ1 = τ4, τ2 = τ3 and ii) τ1 = τ3 6= τ2 = τ4. (2.14)

We can express possibility ii) in terms of Pauli matrices, τi, with i = x, y, z, in the pseudospin space

as

τ1 = τ3 6= τ2 = τ4 ←→
1

2

[
(τx)τ1τ4(τx)τ2τ3 + (τy)τ1τ4(τy)τ2τ3

]
. (2.15)

When case ii) is written in this way, the microscopic interactions look very similar to the short

range interactions, particularly the term accompanying the anisotropy energy, u⊥, of Kharitonov’s

model in eq. (1.47). However, notice that, if the OS and NN interactions are projected into the

n = 0 LL, both interactions vanish. This is because case ii) yields a non-zero result only if, for

example, τ1 6= τ4, whereas Ψ†σ,τ1(R, s) and Ψσ,τ4(R, s) are evaluated on the same sublattice. In

the basis of the Landau states, both of these field operators cannot be non-zero when n = 0. We

emphasize this point as further motivation to keep non-zero LL’s in the calculation.
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The electron-electron (e-e) Coulomb interaction is written as

H(C) =
1

8

∑
R,R′

∑
s,s′

∑
σ,σ′

∑
τ

e[i(τ4−τ1)R+(τ3−τ2)R′]·Kx̂ e2

|R−R′|

×Ψ†σ,τ1(R, s)Ψ†σ′,τ2(R′, s′)Ψσ′,τ3(R′, s′)Ψσ,τ4(R, s),

(2.16)

where the same assumption is made about rapidly oscillating terms in the sum overR andR′. That

is, the phase factor in eq. (2.16) will oscillate rapidly unless we have the condition: τ1 = τ4, τ2 = τ3,

which is the same result as case i) for the microscopic interactions. Thus, the Coulomb interaction

is SU(4) symmetric in both spin and valley.

We summarize the conditions on the pseudospin index for all three interactions by making the

replacement

e[i(τ4−τ1)R+(τ3−τ2)R′]·Kx̂ → f (i)(τ ), (2.17)

where the function,

f (i)(τ ) ≡ δτ1−τ4,τ3−τ2
[
1− δi,C(1− δδτ1,τ4 )

]
, (2.18)

has the form f (C) = δτ1,τ4δτ2,τ3 , for the Coulomb interaction, and f (OS) = f (NN) = δτ1−τ4,τ3−τ2 , for

the OS and NN interactions. We further note that these conditions are imposed so that any terms

which oscillate rapidly are not included in the sum over R and R′, for each interaction.

2.1.2 Interactions in the continuum

In the continuum limit, we make the substitution
∑
R → 1

Ac

∫
dr, where the normalization is

given in terms of the area of the unit cell, Ac. Furthermore, the discrete field operators, Ψ(R), are

replaced by their continuum counterparts, Ψ(R)→ √AcΨ(r). The interactions now reads as

H(i) =
1

2

∑
s,s′

∑
σ,σ′

∑
τ

∫
drdr′f (i)(τ )

×Ψ†στ1(r, s)Ψ†σ′τ2(r′, s′)V (i)(s, s′; r − r′)Ψσ′τ3(r′, s′)Ψστ4(r, s),

(2.19)

where each interaction is specified by the index i = C,OS,NN.
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Using the Fourier transform of the real space potential,

V (i)(s, s′; r − r′) =
1

S

∑
q

V (i)(s, s′; q)eiq·(r−r
′), (2.20)

where S = LxLy is the area of the sample and q = (qx, qy), the potentials read as:

V (C)(s, s′; r) =
1

4

e2

|r| , V
(C)(s, s′; q) =

1

4

2πe2

q
;

V (OS)(s, s′; r) =
V0Ac

4
δ(r)δs,s′ , V

(OS)(s, s′; q) =
V0Ac

4
δs,s′ ;

V (NN)(s, s′; r) =
3V1Ac

4
δ(r)

[
1− δs,s′

]
, V (NN)(s, s′; q) =

3V1Ac
4

[
1− δs,s′

]
.

(2.21)

Expanding the field operators using eq. (2.7), the interactions are now given by

H(i) =
f (i)(τ )

2S

∑
q

V (i)(s, s′; q)

∫
dr 〈r|τ1;n1, k1, s〉∗ eiq·r 〈r|τ4;n4, k4, s〉

×
∫
dr′ 〈r′|τ2;n2, k2, s

′〉∗ e−iq·r′ 〈r′|τ3;n3, k3, s
′〉

× c†τ1n1k1
c†τ2n2k2

cτ3n3k3cτ4n4k4 ,

(2.22)

where a sum over repeated indices is now implied, and we have defined the functions,

〈r|τ = +1, n, k, s〉 =

√
2
δn,0

√
2

[
− sgn(n)h|n|−1,k(r)δs,A + h|n|,k(r)δs,B

]
,

〈r|τ = −1, n, k, s〉 =

√
2
δn,0

√
2

[
h|n|,k(r)δs,A + sgn(n)h|n|−1,k(r)δs,B

]
.

(2.23)

We have also omitted the spin label, σ, for the present calculation. Its dependence on the interac-

tions enters only in the c operators as a discrete label.

After a little work, it can be shown that

∫
dr 〈r|τ, n, k, s〉∗ eiq·r 〈r|τ ′, n′, k′, s〉 ≡ eiqx(k+k′)`2/2T τ,τ

′

n,n′(q, s)δk,k′−qy . (2.24)

See Appendix A for more details regarding this integral. Notice that the sublattice dependence on

the right hand side of eq. (2.24) only appears in the functions T τ,τ
′

n,n′(q, s), which have the following
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forms:

T 1,−1
n,n′ (q, A) = −sgn(n)

√
2
δn,0+δn′,0

2
F|n|−1, |n′|(q),

T−1,1
n,n′ (q, A) = −sgn(n′)

√
2
δn,0+δn′,0

2
F|n|, |n′|−1(q),

T 1,−1
n,n′ (q, B) = sgn(n′)

√
2
δn,0+δn′,0

2
F|n|, |n′|−1(q),

T−1,1
n,n′ (q, B) = sgn(n)

√
2
δn,0+δn′,0

2
F|n|−1, |n′|(q),

T 1,1
n,n′(q, A) = sgn(nn′)

√
2
δn,0+δn′,0

2
F|n|−1, |n′|−1(q),

T−1,−1
n,n′ (q, A) =

√
2
δn,0+δn′,0

2
F|n|, |n′|(q),

T 1,1
n,n′(q, B) = T−1,−1

n,n′ (q, A),

T−1,−1
n,n′ (q, B) = T 1,1

n,n′(q, A).

(2.25)

In eq. (2.25), we have introduced the form factors,

Fm,j(q) ≡
(
j!

m!

)1/2[−qy`+ iqx`√
2

]m−j
e−q

2`2/4Lm−jj (q2`2/2), (2.26)

for m ≥ j, where Lαj (x) is the generalized Laguerre polynomial. Note that Fm,j(q) =
[
Fj,m(−q)]∗.

The next step will be to sum the interactions over the sublattice indices. We define the interaction

dependent functions,

M(i)(n, τ , q) ≡
∑
s,s′

V (i)(s, s′; q)T τ1,τ4n1,n4
(q, s)T τ2,τ3n2,n3

(−q, s′). (2.27)

Noting the conditions on the pseudospin index, imposed by f (i)(τ ), theM’s have the following

forms for each interaction. For the Coulomb interaction,

M(C)(n, τ, τ ′, τ ′, τ, q) =
2πe2

4q

[
T τ,τn1,n4

(q, A)T τ
′,τ ′

n2,n3
(−q, A) + T τ,τn1,n4

(q, A)T τ
′,τ ′

n2,n3
(−q, B)

+ T τ,τn1,n4
(q, B)T τ

′,τ ′
n2,n3

(−q, A) + T τ,τn1,n4
(q, B)T τ

′,τ ′
n2,n3

(−q, B)
] (2.28)
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=
2πe2

4q
D(n)

[
F|n1|, |n4|(q)F|n2|, |n3|(−q)

+ sgn(n1n4)F|n1|−1, |n4|−1(q)F|n2|, |n3|(−q)

+ sgn(n2n3)F|n1|, |n4|(q)F|n2|−1, |n3|−1(−q)

+ sgn(n1n2n3n4)F|n1|−1, |n4|−1(q)F|n2|−1, |n3|−1(−q)

]
,

(2.29)

and is independent of whether τ = τ ′ or τ 6= τ ′. The term,

D(n) =
4∏
i=1

√
2

(δni,0−1)
, (2.30)

ensures the correct normalization when one, or more, of the LL indices is zero.

For the OS interaction, the components of M with τ1 = τ4, τ2 = τ3 are

M(OS)(n, τ, τ ′, τ ′, τ, q) =
V0Ac

4

[
T τ,τn1,n4

(q, A)T τ
′,τ ′

n2,n3
(−q, A) + T τ,τn1,n4

(q, B)T τ
′,τ ′

n2,n3
(−q, B)

]

=
V0Ac

4
D(n)

[(
F|n1|, |n4|(q)F|n2|, |n3|(−q)

+ sgn(n1n2n3n4)F|n1|−1, |n4|−1(q)F|n2|−1, |n3|−1(−q)

)
δτ,τ ′

+

(
sgn(n1n4)F|n1|−1, |n4|−1(q)F|n2|, |n3|(−q)

+ sgn(n2n3)F|n1|, |n4|(q)F|n2|−1, |n3|−1(−q)

)
δτ,−τ ′

]
,

(2.31)

and the components with τ1 = τ3 6= τ2 = τ4 are

M(OS)(n, τ, τ ′, τ, τ ′, q) =
V0Ac

4

[
T τ,τ

′
n1,n4

(q, A)T τ
′,τ

n2,n3
(−q, A) + T τ,τ

′
n1,n4

(q, B)T τ
′,τ

n2,n3
(−q, B)

]

=
V0Ac

4
D(n)

[
sgn(n2n4)F|n1|, |n4|−1(q)F|n2|−1, |n3|(−q)

+ sgn(n1n3)F|n1|−1, |n4|(q)F|n2|, |n3|−1(−q)
]
,

(2.32)

with τ 6= τ ′.
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For the NN interaction, the components with τ1 = τ4, τ2 = τ3 are

M(NN)(n, τ, τ ′, τ ′, τ, q) =
3V1Ac

4

[
T τ,τn1,n4

(q, A)T τ
′,τ ′

n2,n3
(−q, B) + T τ,τn1,n4

(q, B)T τ
′,τ ′

n2,n3
(−q, A)

]

=
3V1Ac

4
D(n)

[(
F|n1|, |n4|(q)F|n2|, |n3|(−q)

+ sgn(n1n2n3n4)F|n1|−1, |n4|−1(q)F|n2|−1, |n3|−1(−q)

)
δτ,−τ ′

+

(
sgn(n1n4)F|n1|−1, |n4|−1(q)F|n2|, |n3|(−q)

+ sgn(n2n3)F|n1|, |n4|(q)F|n2|−1, |n3|−1(−q)

)
δτ,τ ′

]
.

(2.33)

Notice that this expression is very similar to M(OS)(n, τ, τ ′, τ ′, τ, q) since

M(OS)(n, τ, τ ′, τ ′, τ, q) =
V0

3V1

[
M(NN)(n, τ,−τ,−τ, τ, q)δτ,τ ′ +M(NN)(n, τ, τ, τ, τ, q)δτ,−τ ′

]
. (2.34)

For the case when τ1 = τ3 6= τ2 = τ4, we have

M(NN)(n, τ, τ ′, τ, τ ′, q) =
3V1Ac

4

[
T τ,τ

′
n1,n4

(q, A)T τ
′,τ

n2,n3
(−q, B) + T τ,τ

′
n1,n4

(q, B)T τ
′,τ

n2,n3
(−q, A)

]

= −3V1Ac
4

D(n)
[
sgn(n3n4)F|n1|, |n4|−1(q)F|n2|, |n3|−1(−q)

+ sgn(n1n2)F|n1|−1, |n4|(q)F|n2|−1, |n3|(−q)
]
,

(2.35)

with τ 6= τ ′. In terms of the M’s, the interactions can now be written as

H(i) =
f (i)(τ )

2S

∑
q

M(i)(n, τ , q)δk1,k4−qyδk2,k3+qye
iqx(k1+k4−k2−k3)`2/2

× c†τ1n1k1
c†τ2n2k2

cτ3n3k3cτ4n4k4 .

(2.36)

2.2 Hartree-Fock approximation

In the Hartree-Fock (HF) approximation, we assume that the ground state can be written in

terms of a single Slater determinant. The two body interactions are replaced by single particle

interactions, with effective potentials that are written in terms of direct (D) and exchange (X)
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components. Under this mean field approximation, the interactions become

H(i) → H(i)
HF =

f (i)(τ )

S

∑
q

M(i)(n, τ , q)δk1,k4−qyδk2,k3+qye
iqx(k1+k4−k2−k3)`2/2

×
[
〈c†1c4〉 c†2c3 − 〈c†1c3〉 c†2c4

]
≡ H(i)

D −H
(i)
X ,

(2.37)

where 〈c†c〉 is the density matrix, which is chosen as the order parameter for this analysis. The

full HF Hamiltonian, HHF, can then be written as HHF = H0 +H(C)
HF +H(OS)

HF +H(NN)
HF , where H0,

defined in eq. (2.9), is the single particle contribution to the underlying Hamiltonian. The rest

of this chapter will focus on states which exist exactly at ν = 0. At integer filling, we expect the

states to be spatially uniform, which forces the density matrix to have the form

〈c†τnkcτ ′n′k′〉 = δk,k′ 〈c†τncτ ′n′〉 . (2.38)

Although it was not included explicitly in the Hamiltonian for this model, there is a Coulomb

interaction between the electrons and the positively charged atoms in the (uniform) background.

The energy associated with that interaction is divergent. However, the Hartree (direct) potential

for the e-e Coulomb interaction, which is also divergent, exactly cancels the divergence of the

electron-background. For uniform states, we therefore include only the exchange term for the e-e

Coulomb interaction in the HF Hamiltonian, and take H(C)
D → 0.

In what follows, we first focus on the exchange terms for each interaction. Afterwards, we will

deal with the direct terms. With the delta function restriction in eq. (2.38), the exchange operator

for all three interactions becomes

H(i)
X =

f (i)(τ )

S

∑
q,k

M(i)(n, τ , q) 〈c†τ1n1
cτ3n3〉 c†τ2n2k

cτ4n4k

= f (i)(τ )

∫
dq

(2π)2
M(i)(n, τ , q) 〈c†τ1n1

cτ3n3〉
∑
k

c†τ2n2k
cτ4n4k.

(2.39)

Note that now the dependence on k only appears in the c operators.

A generic term in M has the form of a product of two form factors, and so the integral of
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interest here is

I
(C)
X (n) ≡

∫
dq

(2π)2

2πe2

4q
Fn1,n4(q)Fn2,n3(−q)

=

√
2e2

4`
J
|n1−n4|
min(n1,n4),min(n2,n3)δn1−n4,n3−n2

(2.40)

for the Coulomb interaction, where

Jαn,m =

(
n! m!

(α+ n)! (α+m)!

) 1
2
∫ ∞

0
dx x2αe−x

2
Lαn(x2)Lαm(x2). (2.41)

The restriction on LL’s, δn1−n4,n3−n2 , comes from the angular integral over q, and use of min()

ensures that the requirement on the form factors, Fn,m(q) with n ≥ m, carries through the integral.

The remaining integral over x is solved numerically. The OS and NN exchange integrals are

I
(OS)
X (n) ≡

∫
dq

(2π)2

V0Ac
4

Fn1,n4(q)Fn2,n3(−q)

=
V0Ac
8π`2

δn1,n3δn2,n4

(2.42)

and

I
(NN)
X (n) ≡

∫
dq

(2π)2

3V1Ac
4

Fn1,n4(q)Fn2,n3(−q)

=
3V1Ac
8π`2

δn1,n3δn2,n4 ,

(2.43)

which follows directly from the orthogonality of generalized Laguerre polynomials, and the require-

ment on the form factors mentioned above.

Using 〈c†τ1n1k1
cτ4n4k4〉 = δk1,k4 〈c†τ1n1cτ4n4〉 in the direct term, which only involves the OS and

NN interactions, leads to

H(i)
D =

f (i)(τ )

2π`2
M(i)(n, τ , q = 0) 〈c†τ1n1

cτ4n4〉
∑
k

c†τ2n2k
cτ3n3k, (2.44)

where we have used the fact that
∑

k e
iqxk`2 = S

2π`2
δqx,0. The product of form factors inM are now

being evaluated at q = 0. In that case, the only way to yield a non-zero result is if

Fn1,n4(q = 0)Fn2,n3(q = 0) = δn1,n4δn2,n3 . (2.45)

We summarize these results by defining

T (i)
X (n, τ ) ≡

∫
dq

(2π)2
M(i)(n, τ , q) (2.46)
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and

T (i)
D (n, τ ) ≡ 1

2π`2
M(i)(n, τ , q = 0), (2.47)

where direct term is only associated with the OS and NN interactions. For the Coulomb interaction,

since the form of M(C) in eq. (2.29) is independent of the pseudospin indices, we will drop the τ

dependence on T (C)
X , and write

T (C)
X (n) = D(n)

[
I(C)

(
|n1| ,|n2| ,|n3| ,|n4|

)
+sgn(n1n4)I(C)

(
|n1| − 1,|n2| ,|n3| ,|n4| − 1

)
+sgn(n2n3)I(C)

(
|n1| ,|n2| − 1,|n3| − 1,|n4|

)
+sgn(n1n2n3n4)I(C)

(
|n1| − 1,|n2| − 1,|n3| − 1,|n4| − 1

)]
.

(2.48)

The OS and NN terms, T (OS)
D (n, τ ), T (OS)

X (n, τ ), T (NN)
D (n, τ ), and T (NN)

X (n, τ ) are all written out

explicitly in Appendix B.

Including the spin label, the full HF Hamiltonian now becomes

HHF =
∑
n,σ,τ

[
sgn(n)

h̄vF
`

√
2 |n| − σg∗µB

2
BT

]
c†στncστn

+
∑
n,τ

δτ1−τ4,τ2−τ3

[
T (OS)

D (n, τ ) + T (NN)
D (n, τ )

]∑
σ,σ′

〈c†σ′τ1n1
cσ′τ4n4〉 c†στ2n2

cστ3n3

−
∑
n,τ

δτ1−τ4,τ2−τ3

[
T (OS)

X (n, τ ) + T (NN)
X (n, τ )

]∑
σ,σ′

〈c†στ1n1
cσ′τ3n3〉 c†σ′τ2n2

cστ4n4

−
∑
n,τ

δτ1,τ4δτ2,τ3T
(C)

X (n)
∑
σ,σ′

〈c†στ1n1
cσ′τ3n3〉 c†σ′τ2n2

cστ4n4 ,

(2.49)

where we have dropped the labeling of, and sum over, k since it is diagonal in all c†c operators. In

the next section, we will restrict, in a tunable way, the number of LL’s which are kept in the sums

in eq. (2.49). This is done to avoid diagonalizing very large matrices in the numerical calculation.

A discussion of the numerical HF method is also given at the end of the next section.
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2.3 Landau levels in the Dirac sea

In principle, an exact calculation of the ground state for this model would require including

every accessible LL, n, such that n ≥ −nc, where nc, given in eq. (1.35), is the lowest (most

negative) accessible LL, and is determined by assuming that there is only one electron per carbon

atom. Keeping this many LL’s in the calculation is numerically challenging. For example, with

a magnetic field of B⊥ = 15T, nc ≈ 2500. It is also possible for mixing between negative and

positive energy LL’s, so the full range for a LL index would be −nc ≤ n ≤ nc. Given the spin and

pseudospin indices, this would require diagonalization of matrices that are on the order of 20,000

by 20,000 in size. Furthermore, numerical HF, as discussed at the end of this section, is an iterative

method, and so we would need to diagonalize these matrices (potentially) many times.

To avoid this issue, any LL which is not actively included in the calculation is assumed to

be filled. These filled LL’s are associated with the Dirac sea, and are inactive in the sense that

they cannot admix with active LL’s. The range of active LL’s is centered around n = 0, so that

particle-hole symmetry is preserved. The range of LL’s in the active “window” is −nw ≤ n ≤ nw,

where nw denotes the highest active LL index, while −nc ≤ n < nw is the range for LL’s in the

sea. Any LL with n > nw is neglected in the calculation. The total number of active LL’s is then

N ≡ 2nw + 1. (2.50)

Fig. 2.1 shows a diagram summarizing the LL structure. Because the states in the sea are “frozen”

out, we require the density matrix to be diagonal in all state indices, so that

〈c†στncσ′τ ′n′〉 = δσ,σ′δτ,τ ′δn,n′ , (2.51)

for −nc ≤ n < −nw. The sea will therefore appear as an effective potential to the remaining active

LL’s.
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Figure 2.1: Schematic of the LL structure for this model. Inactive levels are assumed to be filled,

and do not admix with levels in the active window.

For the Coulomb interaction, this generates a term in the HF Hamiltonian of the form

H(C)
HF,sea = −

nw∑
n2,n4=−nw

[−nw−1∑
n=−nc

T (C)
X (n, n2, n, n4)

]∑
σ,τ

c†στn2
cστn4 . (2.52)

We define

T (C)
sea (n2, n4) ≡

−nw−1∑
n=−nc

T (C)
X (n, n2, n, n4)

=

√
2e2

4`

−nw−1∑
n=−nc

δ|n2|,|n4|A(n2, n4, n),

(2.53)

with

A(n2, n4, n) ≡



1
4

[
J
|n|−|n′|
|n′|,|n′| − J

|n|−|n′|
|n′|−1,|n′|−1

]
if n2n4 < 0 (

∣∣n′∣∣ = |n2| = |n4|)

1
2J
|n|
0,0 if n2 = n4 = 0

1
4

[
J
|n|−|n′|
|n′|,|n′| − sgn(n′) 2J

|n|−|n′|
|n′|−1,|n′| − J

|n|−|n′|
|n′|−1,|n′|−1

]
if n2n4 > 0 (n′ = n2 = n4).

(2.54)

The details in going from eq. (2.53) to eq. (2.54) are given in Appendix B. Dirac sea contributions

from the OS and NN interactions are actually diagonal in all state indices; thus, aside from a

constant shift in the energy, which we will drop, they have no effect on the active window. This is
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also shown in Appendix B. The only non-trivial contribution from electrons in the filled sea comes

from the Coulomb interaction.

We now arrive at the final form of the HF Hamiltonian for our model of uniform states. It is

written as

HHF =

nw∑
n,n′=−nw

∑
σ

[
sgn(n)

h̄vF
`

√
2|n|δn,n′ −

σg∗µB
2

BT δn,n′ − T (C)
sea (n, n′)

]∑
τ

c†στncστn′

+
∑
n,τ

δτ1−τ4,τ2−τ3

[
T (OS)

D (n, τ ) + T (NN)
D (n, τ )

]∑
σ,σ′

〈c†σ′τ1n1
cσ′τ4n4〉 c†στ2n2

cστ3n3

−
∑
n,τ

δτ1−τ4,τ2−τ3

[
T (OS)

X (n, τ ) + T (NN)
X (n, τ )

]∑
σ,σ′

〈c†στ1n1
cσ′τ3n3〉 c†σ′τ2n2

cστ4n4

−
∑
n,τ

δτ1,τ4δτ2,τ3T
(C)

X (n)
∑
σ,σ′

〈c†στ1n1
cσ′τ3n3〉 c†σ′τ2n2

cστ4n4 ,

(2.55)

where each LL index, ni, with −nw ≤ ni ≤ nw, only includes LL’s belonging to the active window.

From here, we construct the HF matrix by first choosing an initial density matrix. The HF matrix

is then diagonalized, and its eigenvectors are used to construct a new density matrix, which is then

iteratively fed back into the HF matrix.

The iterative process is repeated until the difference between two consecutive density matrices

reaches a small tolerance value, χ. The difference, or error, for the ith iteration is defined as

err(i) ≡
∑

n,n′
∑

σ,σ′
∑

τ,τ ′

∣∣ρinn′σσ′ττ ′ − ρi−1
σσ′ττ ′nn′

∣∣∑
n,n′

∑
σ,σ′
∑

τ,τ ′
[(
ρinn′σσ′ττ ′

)∗
ρiσσ′ττ ′nn′

]1/2 , (2.56)

with ρσσ′ττ ′nn′ ≡ 〈c†στncσ′τ ′n′〉. The range for the tolerance value for a typical trial run is 10−10 ≤

χ ≤ 10−8, and the density matrix is said to be converged when err ≤ χ. A converged density

matrix represents a possible ground state solution to the HF Hamiltonian, and has energy that is

(locally) minimized.

The number of iterations needed to reach convergence can vary. For example, when the energy

landscape flattens out with respect to the parameters in the system, there is very little guidance

as to what direction the HF algorithm should step towards in the parameter space in order to
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minimize the energy. Such a situation can be realized near a continuous phase transition. Trial

runs near those transitions can cycle through thousands of iterations (1,000 - 20,000) before reaching

convergence. This phenomenon is called critical slowing down. In other regions of the parameter

space, where the energy surface more steeply approaches a minimum, the number of iterations

needed to reach convergence can be on the order of a few hundred. A solution may also reside

on a saddle point in the parameter space. Such a solution is called unstable, and may appear to

be converged; however, small deviations, added in either by hand or from numerical sensitivities,

can cause the solution to drift away from convergence. Several challenges can arise in numerical

HF, especially when the number of degrees of freedom in the system are large. Overcoming those

challenges can be quite tedious. There are many techniques and methods for coaxing out converged

solutions, which we do not discuss here.

2.4 Results

In this section, we discuss the results of numerical HF for our model of uniform states at filling

factor ν = 0. The initial guess for the density matrix is taken to be diagonal in LL index for all

trial runs, and states with −nw ≤ n < 0 are taken to be completely filled. At ν = 0, the n = 0

LL is occupied by two electrons. Their spin and pseudospin structure are built into the n = 0

component of the density matrix. The (↑↓ ⊗KK ′) structure for the zeroth LL (zLL) is chosen to

resemble the states described in section 1.6, following Ref. [6]. In addition to the FM, CAF, CDW,

and KD states, we also consider the anti-ferromagnet (AF), which is only stable when the Zeeman

field is neglected. Once a density matrix is converged, the state is determined by its structure in

the n = 0 LL.

The number of LL’s in the active window, N , is treated as a tunable parameter in this analysis.

For N > 1, in all converged ground states, we find that the program self-consistently generates LL

mixing (LLM) terms only between particle-hole pairs, despite having started with a density matrix
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(a) (b)

Figure 2.2: Phase diagrams for N = 1. (a) Diagram for εz ≈ 0. The FM (blue) and CDW (red) are

degenerate at V0 = V1 = 0. (b) Diagram for εz = 2.

that is diagonal in LL index. In what follows, we will present phase diagrams in the N -V0 -V1-εz

parameter space. Recall that εz is a measure of the Zeeman field strength, and is defined in terms of

the total field, BT = εzB⊥. The perpendicular field is fixed with magnitude B⊥ = 15T throughout

the calculation.

2.4.1 V0-V1 phase diagrams

We first present results of the phase diagrams within the 2D space of the OS and NN interaction

parameters, for fixed εz. For each value of V0 and V1, we input, as an initial guess for the density

matrix, states representing the CDW, FM, KD, AF, and CAF phases. The ground state energy

was compared for all converged solutions, and the HF ground state was determined by whichever

state had the lowest energy.

Fig. 2.2a shows the phase diagram for N = 1 and εz ≈ 0. Notice that only the CDW and

FM phases appear in this diagram. The boundary shared between the two phases is first order.

When the OS interaction is attractive, electrons tend to occupy the same sublattice. In the n = 0
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LL, each sublattice exactly coincides with a single valley; hence, the valley polarized CDW appears

primarily for V0 < 0. For a repulsive OS interaction, the two electrons occupy different valleys, and,

in the presence of an infinitesimal Zeeman field, it is favorable for the electrons to be spin polarized.

We note that in the complete absence of a Zeeman field, the AF and FM states become exactly

degenerate, for N = 1. Fig. 2.2b shows the phase diagram for a larger value of the Zeeman field

(εz = 2). On a more general note, we also find that the KD phase is never the lowest energy solution

for any set of parameters that we consider, despite being a stable solution for some parameter range.

When we allow for the possibility of LLM (N > 1), the situation becomes more interesting.

Fig. 2.3a shows the phase diagram for N = 3 and εz = 0. The AF phase now appears in a portion

of the diagram, and the phase boundaries between all three phases are first order. In Fig. 2.3b, we

show the phase diagram for N = 3 and εz = 2. Similar to the case for a single LL (N = 1), the

FM now takes up more space in the diagram, however, now, the AF is replaced by the CAF.

The boundary between the CAF and FM is second order, and the transition from CAF to FM is

described by a continuous evolution of the canting angle. When the angle goes to zero, the electrons

become fully spin polarized along the direction of the Zeeman field. Transitions between FM-CDW

and CAF-CDW remain first order. The observation that the FM state fills a larger region of the

parameter space, as the Zeeman field is increased, is consistent with the transport experiment in

Ref. [14]. Note that N = 3 is the smallest window size in which the CAF phase can be realized.

This result was also observed in Ref. [20]. We will return to this point in Chapters 4 and 5.

The OS and NN coupling strengths for a real sample of graphene are likely to both be positive.

We therefore expect a real experiment to occur somewhere in the first quadrant of the phase

diagrams above. Notice that the CAF-FM transition for N = 3 (Fig. 2.3b) occurs at a very large

value (∼ 300 eV) of the OS Hubbard parameter. This value is nonphysical; the estimates for the

Hubbard parameters specific to graphene are on the order of a few eVs [33]. This is resolved by

including more active LL’s in the calculation. Fig. 2.4 shows the phase diagram for N = 5 and
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(a) (b)

Figure 2.3: (a) Phase diagram for N = 3 and εz = 0. The FM is still a stable solution in the region

where the AF (green) now appears, but is higher in energy. (b) Phase diagram for N = 3 and εz = 2.

(a)

Figure 2.4: Phase diagram for N = 5 and εz = 2.
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εz = 2. Notice the dramatic shift in the location of the CAF-FM boundary, compared to the

N = 3 diagram (Fig. 2.3b). Other than this shift, the qualitative structure for the two phase

diagrams remains roughly the same. In each phase diagram for N = 7, 9, and 11, we found the

same qualitative structure. The only quantitative difference is an overall shift in the location of

the CAF-FM phase boundary, which occurs at decreasing values of V0 with increasing N .

To obtain the most accurate picture for this model, the calculation should, ideally, include all

accessible LL’s in the active window. However, for B⊥ = 15T, this would require keeping N = 5261

active levels in the diagonalization. We therefore use an extrapolation method to obtain our final

result, which we will discuss below.

2.4.2 Stability of the AF/CAF state

The results above suggest that LLM plays an essential role in the appearance of the CAF phase

for N ≥ 3. In what follows, we wish to see in more detail why this happens. For simplicity, we will

drop the Zeeman and NN couplings (εz = V1 = 0), and focus on the case for N = 3. From Fig.

2.3a, we can see that the FM and AF states share the same energy at V0 = 0. In the absence of

Zeeman, the AF and FM phases are SU(2) symmetric in the spin space. We therefore choose their

density matrix elements to be diagonal in spin and valley indices.

Given a HF state for each of these phases, we can then write the OS energy as

〈H(OS)〉 =
V0Ac

4

∫
dr
∑
s

n↑(r, s)n↓(r, s), (2.57)

where

nσ(r, s) ≡
∑
τ

〈Ψ†σ,τ (r, s)Ψσ,τ (r, s)〉 (2.58)

is the spin resolved density. We then use eq. (2.7) to expand the continuous field operators in terms

of Landau states. Integrating out the spatial dependence so that nσ(r, s)→ nσ(s), the density for
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the A sublattice becomes

nσ(s = A) =
1

2(2π`2)

[ 1∑
n=−1

(
2δn,0ρ(σ,K, n;σ,K, n) + (1− δn,0) ρ(σ,K ′, n;σ,K ′, n)

)
+

1

2

(
ρ(σ,K,−1;σ,K, 1)− ρ(σ,K ′,−1;σ,K ′, 1)

+ρ(σ,K, 1;σ,K,−1)− ρ(σ,K ′, 1;σ,K ′,−1)
)]
,

(2.59)

where ρ(σ, τ, n;σ′, τ ′, n′) = 〈c†στncσ′τ ′n′〉 is the density matrix. To obtain nσ(s = B), we interchange

K ′ ↔ K in nσ(s = A). Note that ρ(σ, τ,−1;σ, τ,−1) + ρ(σ, τ, 1;σ, τ, 1) = 1 for both the AF and

FM states.

The small, but non-zero, LLM that the program self consistently generates in the density matrix

for each of these states yields parameters that appear with a particular sign signature. For matrix

elements which are off-diagonal in LL index, these parameters have the form

ρFM(↑,K, 1; ↑,K,−1) = a1 , ρAF(↑,K, 1; ↑,K,−1) = a2;

ρFM(↓,K, 1; ↓,K,−1) = −b1 , ρAF(↓,K, 1; ↓,K,−1) = −b2;

ρFM(↑,K ′, 1; ↑,K ′,−1) = a1 , ρAF(↑,K ′, 1; ↑,K ′,−1) = −b2;

ρFM(↓,K ′, 1; ↓,K ′,−1) = −b1 , ρAF(↓,K ′, 1; ↓,K ′,−1) = a2,

(2.60)

where a1, a2, b1, and b2 are positive constants. The magnitudes of these constants are the result of

minimizing the energy for each HF state. Given these parameters, the spin resolved densities for

the FM state become

nFM
σ (A) =

1

2π`2

{
ρFM(σ,K, 0;σ,K, 0) + 1

}
,

nFM
σ (B) =

1

2π`2

{
ρFM(σ,K ′, 0;σ,K ′, 0) + 1

}
.

(2.61)

The OS energy is then

〈H(OS)〉FM
= g

V0Ac
2π`2

, (2.62)

where g =
LxLy
2π`2

is the LL degeneracy. For the AF state, the spin resolved densities become

nAF
↑ (A) =

1

2π`2
[
2 + (a2 + b2)

]
, nAF
↓ (A) =

1

2π`2
[
1− (a2 + b2)

]
;

nAF
↑ (B) =

1

2π`2
[
1− (a2 + b2)

]
, nAF
↓ (B) =

1

2π`2
[
2 + (a2 + b2)

]
,

(2.63)
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yielding an OS energy that is then given by

〈H(OS)〉AF
= g

V0ac
2π`2

[
1− a2 + b2

2
− (a2 + b2)2

2

]
. (2.64)

In summary of the calculation above, we find that the LLM terms which contribute to the OS

energy for the FM state vanish completely. The AF state, however, can take advantage of these

contributions in a way that lowers its energy. For this reason, 〈H(OS)〉AF
< 〈H(OS)〉FM , when

V0 > 0. We note that analogous sign signatures to those in eq. (2.60) persist for larger values of N.

The CAF state, like the AF state, can also take advantage of the LLM. However, now, the effects of

the Zeeman energy are in direct competition with the gain in energy from the LLM; therefore, if the

Zeeman field is big enough, it will overcome the LLM contributions which stabilize the AF state,

yielding a spin polarized FM ground state. Hence, OS interactions tend to favor anti-ferromagnetic

correlations, which are made possible by LLM.

2.4.3 εz-V0 phase diagrams

Since all the phases can be realized by retaining only the OS interaction, phase diagrams were

constructed within the εz-V0 parameter space, for V1 = 0. Fig. 2.5a shows the phase diagram for

N = 7. Again, the CAF-FM boundary occurs around nonphysically large values of V0. Fig. 2.5b

shows an evolution of the phase boundaries for various values of the window size. Notice that the

boundaries move significantly as N is increased. Due to computational constraints, we were not

able to exceed a window size of N = 301, which is quite far from the required value of N = 5261

at B⊥ = 15T. We extrapolated the results for N ≤ 301, in order to estimate the positions of the

physical phase boundaries at N = 5261.
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(a) (b)

Figure 2.5: (a) Phase diagram for N = 7, with V1 = 0. (b) Phase boundaries for N =

57, 119, and 301.

2.4.4 Extrapolation and conclusions

Critical values for V0 were obtained along the CAF-FM and CDW-FM phase boundaries for a

variety of window sizes (57 ≤ N ≤ 301) and Zeeman parameters (1.0 ≤ εz ≤ 17.3). The data was

fit to a power law, V0(N) = aN−b, for fixed εz, where a and b are fitting parameters. Fig. 2.6a

shows the result of the extrapolation on the phase boundaries. We obtained the error bars by using

different sample sizes of data points in the extrapolation.

The range of physical Zeeman fields for this model has a minimum value of BT = 15T, since

εz ≥ 1 in a real experiment. Furthermore, Ref. [33] gives an estimate for the OS Hubbard interaction

energy of V0 ≈ 9.3eV. In the extrapolated phase diagram, the CAF-FM transition, at V0 = 9.3eV,

passes right through a physical range of accessible Zeeman fields (Fig. 2.6b). We therefore conclude

that the conductance transition as a function of Zeeman field (Fig. 1.8), observed in Ref. [14], is

most naturally understood in terms of a CAF-FM transition.

We summarize this section by commenting on the physical insights gained from this window

size study. For small window sizes, with the exception of N = 1, the correct qualitative behavior of
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Figure 2.6: (a) Phase diagram after extrapolating the phase boundaries to N = 5261. (b) Close

up of the CAF-FM phase boundary. The dashed line represents the estimate for the OS Hubbard

parameter, V0 = 9.3eV.

the phase boundaries is captured; however, the energy scales at which those phase boundaries occur

are greatly overestimated. This point is illustrated by comparing the results for N = 7 (Fig. 2.5a)

with the results of the extrapolation (Fig. 2.6a). In that comparison, the critical value of V0 for

the CAF-FM transition, at εz = 1, differs by an order of magnitude. In our study of non-uniform

states in Chapters 4 and 5, we will exploit this insight by keeping only three LL’s in the calculation.

52



Chapter 3

Charged Excitations and Lattice Formations

We now discuss the structure of various ground state excitations that one might expect to find

near integer filling. In this chapter, to more simply introduce the concepts of these excitations, we

will focus mainly on two-level systems where spin is the only discrete degree of freedom. We study

the form of single particle excitations in the first part of this chapter. We will then consider lattice

formations of these excitations, and briefly outline how information about those lattices is encoded

into a density matrix. A Hartree-Fock study of the crystal states will be the focus of Chapters 4

and 5.

3.1 Single particle excitations

The ground state for a conventional 2DEG at ν = 1 is a ferromagnet, which is stabilized

through Coulomb exchange interactions and the Pauli principle. In fact, the system will still be

spontaneously ferromagnetic even without a Zeeman field present. This is mainly because the scale

of the Coulomb interaction is so much larger than the Zeeman interaction. The spin component

of the many-body, fermionic wave function is symmetric, when all of the spins are aligned. This

forces the spatial component of the wave function to be anti-symmetric, which ultimately lowers

the Coulomb energy per particle. Hence, the Coulomb interaction favors configurations that keep

the spin locally parallel.

For 2DEGs in a realistic material, the Zeeman energy is typically much smaller than the cy-

clotron and Coulomb energy scales. For example, in graphene, the gap due to the cyclotron energy

between n = 0 and n = 1 is
√

2h̄vF /` ≈ 424
√
B[T] K, while the Coulomb interaction energy is on

the order of e2/(4πε0ε`) ≈ 218
√
B[T] K, with ε = 3. (For a typical substrate, or even suspended

graphene, the dielectric constant ranges roughly from 2 < ε < 5 [33,34].) Both of these energy scales
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(a)

(b)

(c)

Figure 3.1: Low energy excitations for a two-level spin system in a single LL. (a-left) Qausi-electron.

(b-left) Qausi-hole. (c) A spin skyrmion formed by admixing consecutive angular momentum states

between spin branches, as shown in (a-right) and (b-right). The blue regions indicate a net spin-up

polarization, while the red regions indicate net spin-down. By smearing the charge over many angular

momentum states, or equivalently over long distances, the spin gradient is able to vary more smoothly

in space.

are much bigger than the gap in Zeeman energy, 2µBBT ≈ 1.34B[T] K. Near integer filling of a

subbranch, we therefore expect low-lying excitations to occur between subbranches belonging to

the same LL.

One type of excitation involves adding (Fig. 3.1a-left) an electron to, or removing (Fig. 3.1b-

left) an electron from, a filled subbranch, leaving behind a qausi-electron (q-e) or quasi-hole (q-h),

respectively. In either case, there is a large energy cost due to exchange interactions. It turns out,

that energy cost can be reduced by forming linear combinations of consecutive angular momentum

states, ki, between the lower and upper branch. For example, in the q-e configuration, we form a

linear combination between the state at k0 in the spin up (lower) branch, and the state at k1 in

the spin down (upper) branch, as shown in Fig. 3.1a-right. By choosing the appropriate weights,

the majority of the occupation (darker circles) at small angular momentum is in the spin down

branch. Gradually, the occupation shifts to the spin up branch at higher angular momentum. The
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result for the q-e (q-h) configuration is Fig. 3.1c, which represents a skyrmion (anti-skyrmion). In

this case, the charge has been smeared out in such a way that the spin is changing more smoothly

as a function of angular momentum, which lessens the cost in exchange energy. There is an added

cost, however, in Zeeman energy, due to the additional spins that are now pointing in the opposite

direction to the ground state. The discussion above can be extended to real space, since angular

momentum and physical position are tied together within a given LL.

When the Zeeman energy is not too large, it has been shown [35], for conventional 2DEGs, that

the lowest energy single particle excitations are skyrmions. Skyrmions are a type of topological

soliton that host “spin textures”, and have smoothly varying spin gradients around their cores.

Remarkably, skyrmions carry physical charge, which we will discuss in more detail below.

3.1.1 Skyrmions

Skyrmions can be realized within the O(3) nonlinear sigma model, which is commonly used to

study QH systems such as chiral magnets and magnetic thin films. The Lagrangian for this model

has the form

L = −Js
2

(
∂µφ

)(
∂µφ

)
, (3.1)

where Js is the spin stiffness, φ = (φ1, φ2, φ3) is a 3-component vector field, and repeated indices

are summed over. The fields are written in 2D so that φi = φi(x, y). To ensure that the energy in

this model remains finite, we require

lim
r→∞

φ(r) = φ∞, (3.2)

a constant. Furthermore, the fields are subject to the normalization condition φ2 = φiφi = 1. Given

these constraints, we may choose the boundary conditions on the individual field components so

that

lim
r→∞

φ1(r) = 0, lim
r→∞

φ2(r) = 0, lim
r→∞

φ3(r) = 1. (3.3)

55



(a) (b)

Figure 3.2: Textures for the (a) skyrmion and (b) anti-skyrmion. Both images reproduced from Ref.

[37].

By minimizing the gradient energy,

E =
Js
2

∫
d2r

(
∇φ
)2
, (3.4)

the vector fields which describe a skyrmion may be expressed [36], in polar coordinates, as

φ1(r) =
2λr

λ2 + r2
cos(θ − ϕ),

φ2(r) = ± 2λr

λ2 + r2
sin(θ − ϕ),

φ3(r) =
r2 − λ2

λ2 + r2
.

(3.5)

In eq. (3.5), λ is a constant that determines the size scale of the skyrmion, and ϕ is a constant that

controls the (in-plane) orientation of φ1 and φ2. The ’+’ on the right hand side of φ2 corresponds to

a skyrmion (Fig. 3.2a), while the ’−’ corresponds to an anti-skyrmion (Fig. 3.2b). The arrows point

straight down at the center in each figure, and gradually rotate, pointing up at infinite radius. At

intermediate distances, the in-plane components of the skyrmion have a vortex-like winding; that

is, if we move in a circle, say clockwise from above, around the core, then the in-plane components

of the arrows also rotate clockwise. If we move around the core in the same sense, and the in-plane

components rotate counter-clockwise, then we have an anti-skyrmion with an anti-vortex structure.
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For either case, the in-plane components rotate by a full 2π around any closed path circling the

origin. The energy for each of these objects is independent of ϕ, yielding a U(1) symmetry with

respect to global in-plane rotations.

For the case of magnetic skyrmions in 2DEGs, the field, φ, is replaced by an order parameter

that describes the local magnetization, m(r, θ), with φ1 → mx, φ2 → my, and φ3 → mz. We can

now describe the boundary conditions in eq. (3.3) as a requirement on the magnetization, far from

the core of the skyrmion (r >> λ), to point in the direction of the ground state. In the core, when

r → 0, we have m = (0, 0,−1). Furthermore, skyrmions covers all directions of magnetization on

the Bloch sphere exactly once. This property is independent of the direction of the ground state.

Another interesting feature of the QH skyrmion is that it carries electric charge, which is induced

by the addition of an electron, or hole, on top of the filled, spin-polarized subbranch. As charge

moves through the magnetization field, it acquires an additional Berry phase (in addition to the

one induced by the Zeeman coupling). The curl of the corresponding Berry connection yields a flux

that is proportional to the topological density, or Pontryagin density, which is written as

ρtop(r) ≡ 1

8π
εαβm ·

(
∂αm× ∂βm

)
. (3.6)

Following Ref. [38], this flux is also proportional to local changes in the charge density, δρ(r), due

to the rotation of the spin within a filled subbranch of a single LL. This leads to the identity,

δρ(r) = νeρtop(r). (3.7)

This remarkable result implies that the charge density couples directly to the local spin orientation.

Furthermore, the topological charge,

Qtop =
1

8π

∫
d2r εαβm ·

(
∂αm× ∂βm

)
= ±1, (3.8)

for the fields given in eq. (3.5), where Qtop = −1 (+1) corresponds to the skyrmion (anti-skrymion).

Thus, at ν = 1, we conclude that the skyrmion (anti-skyrmion) carries the same charge as the

electron (positron).
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In a physical system, the reason why skyrmions are stable is related to the energy cost for spin

gradients. The spin texture makes those gradients as small as possible, so that the spin is changing

slowly in space. In an adiabatic way, this allows local spins to remain, approximately, parallel.

Within the core, there are many spins that point in the minority direction relative to the Zeeman

field. A balance is then struck between the cost in Zeeman energy for flipping spins in the “wrong”

direction, and the amount of Coulomb energy saved by having a slow rotation of the spin. That

balance determines the size of the skyrmion. Thus, when the Zeeman is small, it pays to form a

spin texture. If the Zeeman is big enough, the texture will collapse, and the system will become a

q-e or q-h type excitation.

3.1.2 Merons

Another type of topological object which is relevant to our study is the meron. The distinguish-

ing feature for a meron is that its magnetization only covers half of the Bloch sphere. One way to

capture this feature is to let

lim
r→∞

mz(r) = 0, lim
r→∞

[
mx(r) + imy(r)

]
= e±iϕ, (3.9)

where ϕ represents the azimuthal angle of the position vector, r. In this representation, the

magnetization is confined to the x-y plane at large radial distances, forming a vortex (eiϕ) or anti-

vortex (e−iϕ) that persists arbitrarily far from the core of the meron. To avoid a singularity in

the gradient energy, the magnetization at the center of the core (r → 0) must be m = (0, 0,±1);

approaching the core center, the magnetization rotates smoothly, up or down, out of the x-y plane.

This requirement, together with the two types of vorticities, yield four flavors of merons, shown in

Fig. 3.3a.

The full magnetization field can be modeled as

m(r) =
{√

1− (mz(r))2 cosϕ,±
√

1− (mz(r))2 sinϕ,mz(r)
}
, (3.10)
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(a) (b)

Figure 3.3: (a) Four flavors of merons. They are distinguished by their vorticity and polarity at

the core center. The topological charge is the same for the merons shown in the top left and bottom

right, and for the merons shown in top right and bottom left. (b) Bound meron pair with opposite

vorticities, topologically equivalent to a skyrmion/anti-skyrmion. In this representation, the natural

direction for the ground state would point to the right. Both images reproduced from Ref. [39].
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which yields a topological charge of

Qtop =
1

2

[
mz(∞)−mz(0)

]
nv, (3.11)

where the winding number, nv, is +1 (-1) for a vortex (anti-vortex). With four types of merons,

the only two unique outcomes for the topological charge are such that Qtop = ±1/2. Hence, merons

carry a physical charge of ±νe/2, and the sign is determined by the vorticity and the polarity in

the core, mz(0), of the meron.

The energy of a meron, by itself, diverges logarithmically with the area of the system, because

the winding persists arbitrarily far from the core. However, a bound pair of merons with opposite

vorticities can combine to yield a net magnetization that is uniform at large radial distances.

Moreover, if each of these bound merons carry the same charge, so that one of them covers the

south pole while the other covers the north pole of the Bloch sphere, then the meron pair is

topologically equivalent to a skyrmion; the magnetization covers the entire Bloch sphere exactly

once (Fig. 3.3b). We conclude by noting that, as long as the Zeeman energy is not too big,

vortex/anti-vortex pairs of merons can crystallize to form a lattice, when the vortices are dense

enough. These lattices will be discussed in more detail in the next section.

3.2 Lattice structures

3.2.1 The Skyrme lattice

Near odd integer filling in a two-level system, a finite density of quasiparticles can crystallize

into a lattice. For the conventional 2DEG near ν = 1, the ground state is a lattice of spin textured

skyrmions [40], based on Hartree-Fock (HF) calculations. When the skyrmions are very dilute,

the ground state is a triangular Skyrme lattice, consistent with the Madelung energy for point

particles on a 2D lattice. In fact, for charged particles in a classical 2D lattice with a 1/r Coulomb

interaction, a triangular configuration yields the lowest electrostatic energy [41]. When the textures
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(a) (b)

Figure 3.4: Unit cell structures for the (a) triangular and (b) square lattice of skyrmions obtained

from HF calculations of conventional 2DEG materials. The arrows represent the x-y components of

the spin density, and their lengths are proportional to the local magnitude of the in-plane spin. Both

crystal states were obtained using the same Zeeman coupling and filling factor (ν = 1.1). Both images

reproduced from Ref. [40].

begin to overlap, which can occur for a relatively dilute density of skyrmions, the ground state may

choose a square lattice.

The in-plane (x-y) components of the spin density in the unit cell of the HF state, corresponding

to a triangular and square lattice of skyrmions, are shown in Figs. 3.4a and 3.4b. In these pictures,

the Zeeman field is taken to point along an axis with mz = 1. The center of the cores are marked

by filled circles. Notice that the triangular lattice has the same azimuthal orientation, m⊥, between

cores of neighboring skyrmions; they all have orientations pointing inward. The magnitude of m⊥

is small for regions of mz near +1 (outside of the cores) and for regions of mz near -1 (close to the

core center).

For the square lattice, there are two skyrmions. One is located at the center, and the other

is represented on the corners of the unit cell. Moreover, the azimuthal orientation is reversed

between neighboring skyrmions. In either lattice, the textures between neighbors begin to overlap
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as the density of skyrmions increases. This forces the spin, along a line between two neighboring

skyrmions in the triangular lattice, to rotate by π over increasingly smaller distances, which leads to

a high cost in exchange energy. The square lattice does not have this limitation. Hence, the square

lattice is the preferred ground state for sufficient deviations away from ν = 1. The instability of the

triangular lattice is an example of geometric frustration. The square lattice avoids this frustration

by arranging nearest neighbors in a bipartite lattice with a two point basis. In this way, there is

almost no rotation of in-plane spin components in regions between nearest neighbors.

The global U(1) rotational symmetry here is broken, however local U(1) rotations about the

Zeeman axis do not change the energy. Therefore, this representation is just one of many degenerate

HF states. Notice, for the square lattice, that the in-plane spin components respect the symmetry

of the lattice; as we rotate in space, at fixed radius, around the origin by some angle, the in-plane

spin also rotates by the same magnitude of that angle. We will use this crucial observation in our

HF study of textured states in graphene in the following chapters. We conclude this section by

noting that, at sufficiently large densities, the spin textures will collapse, forming a Wigner crystal

of q-e’s or q-h’s.

3.2.2 The meron lattice

So far, this chapter has focused on two-level spin systems for conventional 2DEGs. In the

context of graphene, the valleys also play the role of a two-level, pseudospin index. Thus, if we

assume the real spin is fully polarized, it is possible to form pseudospin textures by taking linear

combinations of angular momentum states between pseudospin branches. This has been shown in

Ref. [42]. In that study, the model Hamiltonian included an SU(4) symmetric Coulomb interaction

and a Zeeman coupling. Since only the spin degree of freedom is sensitive to the latter, it is

possible to realize a meron crystal, hosting a pseudospin texture, in such a system; the pseudospin

textured skyrmions become very large, since they are unaffected by the Zeeman energy, and they
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Figure 3.5: Unit cell for a square lattice of pseudospin textured merons at filling factor ν = −1.2

in graphene. This configuration is continuously deformable to a unit cell containing two (pseudospin

textured) skyrmions. Since the Zeeman coupling does not affect these textures, the cores of the

skyrmions become very large, and they overlap. It is energetically favorable for the skyrmions to then

crystallize into their constituent merons. by Image reproduced from Ref. [42].

strongly overlap with one another. The energy is then minimized by crystallizing the skyrmions into

their constituent merons. The result is a square formation of meron pairs with vortex/anti-vortex

structures, and opposite pseudospin polarities at their core centers. The resulting merons all have

the same physical charge.

Indeed, a HF ground state resembling a square lattice of merons was found for a range of

filling factors near odd integer filling of the n = 0 LL. The lattice is shown in Fig. 3.5, where the

pseudospin components are plotted for the unit cell, with lattice spacing a0. The arrows represent

the in-plane components of the pseudospin, (Px, Py), while the contours represent Pz. Green regions

represent areas where Pz = 0. There are four merons (all with charge −e/2) per unit cell, two of
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which have Pz = −0.5 (red) at the core centers, while the other two have Pz = 0.5 (blue). This

type of lattice is continuously deformable to a lattice of skyrmions

3.3 Lattice representations in a HF state

In this section, we will outline how the lattices, described above, are represented in a HF state.

For states hosting a texture, these representations hinge on the fact that the in-plane spins respect

the symmetry of the 2D lattice. The section is concluded with a discussion about the particular

problem we wish to solve in the remaining chapters of this thesis.

The model Hamiltonian, eq. (2.9) and eq. (2.36), presented in Chapter 2, is written in terms of

a momentum basis in k. The connection between that basis and the lattice representation is given

by the operator,

ραα′(q) =
1

g

∑
k,k′

e−iqx(k+k′)`2/2δk,k′+qyc
†
αkcα′k′ , (3.12)

where α → {σ, τ, n} represents a set of labels corresponding to the spin, valley, and LL indices,

respectively. The inverse of this operator is easily shown to be

c†αkcα′k′ =
∑
q

eiqx(k+k′)`2/2δk′,k−qyραα′(q). (3.13)

Note that, for k = k′, ∑
k

c†αkcα′k = gραα′(q = 0), (3.14)

so that the expectation value, 〈
ραα(q = 0)

〉
= να, (3.15)

gives the filling factor, νστn, in the nth LL for a given spin and valley index.

Furthermore, the expectation value, 〈ρ(q)〉, for a crystal HF state is non-zero only when q = G,

where G = (Gx, Gy) is a reciprocal lattice vector (RLV). RLV’s are specified in terms of the lattice

spacing, a0, with G ∝ 2π/a0, which further depends on the filling factor. Hence, the lattice spacing
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depends on the density of quasiparticles,

nqp =
Nuc

Auc
, (3.16)

where Nuc is the number of quasiparticles per unit cell, and Auc is the area of the unit cell. For

crystal states with a texture (i.e., a lattice of skyrmions), Nuc = 2. We can write the filling of

quasiparticles as

νqp = 2πnqp`
2. (3.17)

Note that, depending on the filling factor, we can also have a hole lattice of quasiparticles. The

particular form of eq. (3.17) will be specified in the next chapter.

The rest of this thesis will focus on a study of HF states in graphene near ν = 0. In what

follows, each LL will have four components (↑↓ ⊗KK ′). We will choose
〈
ραα′(G)

〉
as the order

parameter for the study. It is reasonable to believe that ground states supporting textures will be

present, but the way in which textures manifest themselves in the discrete degrees of freedom is

unclear.
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Chapter 4

Non-uniform States Near ν = 0

In this chapter, we further develop the model, presented in Chapter II, to accommodate the

types states we expect to find at noninteger filling factors. We provide an overview with some

simplifications to the model, and outline the assumptions we use in the calculation. Following

that, the non-interacting Hamiltonian and HF interactions, eq. (2.9) and eq. (2.37), are expanded

in the RLV basis using the operators, eq. (3.13), introduced in the last chapter. We then use

an equation of motion approach, with single particle Matsubara Green’s functions. In this way,

the order parameter,
〈
ρ(G)

〉
, is calculated through an iterative diagonalization scheme, similar to

the one used in Chapter 2. We conclude the chapter with a discussion on how the numerical HF

calculation is carried out.

4.1 Overview

In this study, we are looking for classes of crystal states that fall into two categories: 1) states

with textures and 2) states without textures. Our goal will be to construct a phase diagram within

the space of the Zeeman parameter and the filling factor. Filling factors near ν = 0 are considered,

and we expect hole crystals (ν < 0) to be particle-hole conjugates of electron crystals (ν > 0). We

choose to focus on filling factors with ν < 0. It is important to add that we only consider square

lattices of hole crystals in this thesis. The square lattice qualitatively captures the kinds of states

we expect to find near ν = 0, based on our results at ν = 0, and they allow the crystal to host

spin textures as described above. The other reason why we only consider these types of lattices

is due to the already large parameter space inherent to the problem; it would be very difficult to

explore an exhaustive study involving several types of lattices (e.g., rectangular and triangular).

The implications of this restriction will be described in the results of our study (Chapter 5).
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For a square lattice, RLV’s have the form

G =
2π

a0

(
mxx̂ +myŷ

)
, (4.1)

where mx and my are integers. From eq. (3.17), the lattice spacing between hole-like quasiparticles

is determined by

a0 =

√
2πNuc

|ν| ` ∝ 1√
B
, (4.2)

where |ν| is the same as the quasiparticle filling, νqp, near ν = 0. Notice that the lattice spacing

for the quasiparticle crystal depends on the magnetic length, ` = 25.6nm/
√
B[T]. For typical

parameters in this model, we are always in the regime a0 >> ã = 0.24 nm, the lattice spacing of

graphene.

To initialize a HF state with a texture, we need to build the symmetry of the (real-space) lattice

into the off-diagonal components of the discrete indices in the order parameter. For example, to

initialize a spin texture on the square lattice, we assume the order parameter has the form

〈
ρ↑↓(G)

〉
= eiθG , (4.3)

where θG is the angle between G and the x-axis. Notice that π/2 rotations of θG also rotate the

in-plane spin by π/2. Furthermore, we only need to initialize the first shell of RLV’s, which belong

to the set of RLV’s with the smallest non-zero magnitude. In this way, the spin texture is initially

built into the components of G with (mx,my) = (1, 0), (0, 1), (−1, 0), and (0,−1). Specifying

this symmetry condition, in addition to the filling factor, is enough for the HF algorithm to self

consistently generate a HF state with a spin texture.

Another type of state that we expect to find in this analysis are Wigner crystals, which are

essentially a lattice of quasi-electrons or quasi-holes. Such a state is approximately modeled by a

Gaussian in |G| = G. For example, to initialize a Wigner crystal of spin polarized quasiparticles,

we take 〈
ρ↑↑(G)

〉
∝ e−G2`2/4 and

〈
ρ↓↓(G)

〉
= 0. (4.4)
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These types of lattices do not host spin textures, so there is only one quasiparticle per unit cell

(Nuc = 1). However, we want to allow for the possibility of textured HF states, whenever they are

energetically favorable. Therefore, in the program, we always take Nuc = 2, so that there are more

RLV’s than are needed to describe a Wigner crystal. An order parameter that represents a Wigner

crystal thus has the form, 〈ρ(G)〉 ∝
[
1± eiπ(mx+my)

]
.

In Chapter 2, we saw that all of the phases (CDW, CAF, and FM) appearing in the phase

diagram could be obtained by just keeping the OS interaction. Therefore, we do not include

NN interactions in our model of crystal states; there’s no reason to believe that, by including

NN interactions, we will obtain states, with or without texture, that we would not obtain with

only the OS interaction. Another result from Chapter 2 is that all of the phases at ν = 0 are

qualitatively captured by keeping only three LL’s (n = −1, 0, and 1) in the calculation. To keep

the parameter space as small as possible, we will only keep three LL’s in our study of crystal states.

This simplification will qualitatively capture the nature of the phase diagram, at the cost of having

to use an unphysically large OS interaction parameter (V0). Another observation from Chapter 2

was that the Kekulé (KD) phase never appeared in the phase diagram. This is the only state, of

the four possible ground states at ν = 0, that admix different pseudospin indices in the density

matrix; that is 〈c†τ cτ ′〉KD 6= 0 for τ 6= τ ′. Therefore, in the numerical calculation, we take the order

parameter to be diagonal in pseudospin.

4.2 Model Hamiltonian

We begin with the non-interacting Hamiltonian in eq. (2.9), which can now be written as

H0 = g
∑
n,σ,τ

[
sgn(n)

h̄vF
`

√
2 |n| − σg∗µB

2
BT

]
ρστn,στn(q = 0), (4.5)

where we have used eq. (3.13) to rewrite the c†c operator in terms of the ρ operator. The contribu-

tion from the Dirac sea will be added later. For now, all summations over LL indices will include

all accessible LL’s. Recall that states in the filled sea are inert and uniform, so their contribution
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will appear with the factor ρ(q = 0) in the non-interacting Hamiltonian.

Recall the HF interactions, given by eq. (2.37),

H(i)
HF =

1

S

∑
ξ,k

f (i)(τ )δσ1,σ4δσ2,σ3
∑
p

M(i)(n, τ ,p)δk1,k4−pyδk2,k3+pye
ipx(k1+k4−k2−k3)`2/2

×
[
〈c†ξ1k1cξ4k4〉 c

†
ξ2k2

cξ3k3 − 〈c†ξ1k1cξ3k3〉 c
†
ξ2k2

cξ4k4
]

≡ H(i)
D −H

(i)
X ,

(4.6)

where ξj → (σj , τj , nj) is a composite index, and i = C,OS, for each interaction. We will write

the elements of the interactions explicitly in terms of the state indices, so there is no confusion.

Inserting eq. (3.13) into eq. (4.6), the exchange component, after summing out the k indices,

becomes

H(i)
X =

g

S

∑
ξ

f (i)(τ )δσ1,σ4δσ2,σ3
∑
q,p

eip×q`
2M(i)(n, τ ,p)

〈
ρξ1ξ3(q)

〉
ρξ2ξ4(−q), (4.7)

where p× q ≡ pxqy − pyqx, and g = S/2π`2 is the LL degeneracy. Similarly, the direct component

becomes

H(i)
D =

g2

S

∑
ξ

f (i)(τ )δσ1,σ4δσ2,σ3
∑
q

M(i)(n, τ , q)
〈
ρξ1ξ4(−q)

〉
ρξ2ξ3(q). (4.8)

The q = 0 (uniform), divergent term for the Hartree Coulomb interaction is again cancelled by the

positive background; it is implied that the sum in H(C)
D only includes terms with q 6= 0.

Similar to the functions given in eq. (2.46) and eq. (2.47), we define

T (i)
X (n, τ , q) ≡

∫
dp

(2π)2
eip×q`

2M(i)(n, τ ,p) (4.9)

and

T (i)
D (n, τ , q) ≡ 1

2π`2
M(i)(n, τ , q), (4.10)

where the sum over p has been converted to an integral ( 1
S

∑
p →

∫ dp
(2π)2

). The form of the integral

in eq. (4.9) is worked out in Appendix C. Interchanging indices (3↔ 4), and shifting the sum over
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q → −q, in the direct component, the HF interactions can now be written as

H(i)
HF = H(i)

D −H
(i)
X

= g
∑
q,ξ

{
f (i)(τ34)δσ1,σ3δσ2,σ4T

(i)
D (n34, τ34,−q)

− f (i)(τ )δσ1,σ4δσ2,σ3T
(i)

X (n, τ , q)
}〈

ρξ1ξ3(q)
〉
ρξ2ξ4(−q)

≡ g
∑
q

∑
ξ2,ξ4

H
(i)
ξ2,ξ4

(q)ρξ2ξ4(−q),

(4.11)

which defines the interacting HF matrix (IHFM), H
(i)
σ2τ2n2,σ4τ4n4(q), expressed as a function of q

for the OS and C interactions. In eq. (4.11), the label, τ34 and n34, stands for a reordering of the

constituent labels. For example, τ34 = (τ1, τ2, τ4, τ3).

It is helpful to find a relation between H
(i)
ξ,ξ′(q) and H

(i)
ξk,ξ′k′ , the IHFM written in terms of k, k′.

Using eq. (3.12) to expand the ρ(−q) operator in the last line of eq. (4.11), we obtain

H(i)
HF =

∑
ξ2,ξ4

∑
k2,k4

[∑
q

H
(i)
ξ2,ξ4

(q)eiqx(k2+k4)`2/2δk2,k4−qy

]
c†ξ2k2cξ4k4 . (4.12)

The form of the equation above is very similar to that of eq. (4.6). To see this, we interchange

indices (3↔ 4) in the direct term of eq. (4.6), and define a new IHFM, H
(i)
ξ2k2,ξ4k4

, so that

H(i)
HF ≡

∑
ξ2,ξ4

∑
k2,k4

H
(i)
ξ2k2,ξ4k4

c†ξ2k2cξ4k4 . (4.13)

Comparing the expression above to the one in eq. (4.12), we see that

H
(i)
ξ2k2,ξ4k4

=
∑
q

H
(i)
ξ2,ξ4

(q)eiqx(k2+k4)`2/2δk2,k4−qy . (4.14)

We now include the contribution to the Dirac sea of LL’s, following exactly the same procedure

presented in Chapter 2; a LL index with n < −nw belongs to the Dirac sea, and is prevented from

admixing between LL’s with −nw ≤ n ≤ nw. The contribution is added to the non-interacting

Hamiltonian, which now reads as

H0 = g
∑
σ,τ

nw∑
n,n′=−nw

h0
στn,στn′ρστn,στn′(q = 0), (4.15)
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where

h0
στn,στ,n′ ≡ sgn(n)

h̄vF
`

√
2|n|δn,n′ −

σg∗µB
2

BT δn,n′ − T (C)
sea (n, n′), (4.16)

and T (C)
sea (n, n′) is given by eq. (2.53). All LL summations in eq. (4.11) now include indices for

which −nw ≤ nj ≤ nw.

As described at the end of Chapter 3,
〈
ρ(q)

〉
is non-zero only when q = G, a reciprocal

lattice vector. Therefore, we will replace q with G in what follows. In Chapter 2, the numerical

method that we used to find a HF state involved diagonalizing the full HF matrix, which included

contributions from non-interacting and interacting terms. The IHFM is now written as a function

of G, and it is not obvious how one would carry out a similar diagonalization scheme. In the next

section, we will introduce a new matrix that can be iteratively diagonalized. The eigenvectors of

this matrix are shown to be directly connected to the order parameter,
〈
ρ(G)

〉
.

4.3 Matsubara Green’s functions

In this section, we introduce the Matsubara (single particle) Green’s functions,

G(α, β; τ̄) ≡ −
〈
Tτ̄ cα(τ̄)c†β(0)

〉
, (4.17)

where α, β are an arbitrary set of state labels that we will specify shortly, τ̄ has units of time, and

Tτ̄ is the time ordering operator. Notice that

G(α, β; τ̄ = 0−) = 〈c†βcα〉 (4.18)

gives the density matrix, with a reordering of the state labels. Furthermore, the Fourier transform

of the Green’s functions, between time and frequency domains, is given by

G(α, β; τ̄) ≡ 1

βT

∑
m

e−iωmτ̄G(α, β; iωm), (4.19)

where ωm is a fermionic Matsubara frequency, and βT = 1
kBT

, with temperature, T , and Boltzmann

constant, kB.
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To apply the Green’s functions to our model, we use a Heisenberg equation of motion,

∂

∂τ̄
(...) =

[
H− µN, (...)

]
, (4.20)

where µ is the chemical potential, N = c†c is the number operator, and we have set h̄ = 1. The

following method was originally developed in Ref. [ 43] to study collective modes of 2D Wigner

crystals in conventional 2DEG systems. The method has also been applied in graphene to study

Wigner crystals and textured states near various integer fillings [42,44,45]. However, these models

only retained the SU(4) symmetric Coulomb interaction.

The formalism is developed in Appendix D, where we work out the main result needed for our

study: (
iωm + µ

)
G(α, β; iωm) = δα,β +

∑
γ

[
h0
α,γ +Hα,γ

]
G(γ, β; iωm), (4.21)

again, where α, β, γ are an arbitrary set of state labels. In eq. (4.21), Hα,γ =
∑

iH
(i)
α,γ , with i =

C,OS, is the component of the HF matrix arising from interactions, and h0
α,γ is the non-interacting

component. We now insert the set of state labels, α→ {ξ, k}, β → {ξ′, k′}, γ → {ξ′′, k′′}, keeping

ξ → (σ, τ, n) as a composite index, in the original basis of the Hamiltonian. The equation of motion

now becomes

(iωm + µ)Gξξ′(k, k′; iωm) = δξ,ξ′δk,k′ +
∑
ξ′′

[
h0
ξ,ξ′′ +

∑
k′′

∑
i

H
(i)
ξk,ξ′′k′′

]
Gξ′′ξ′(k′′, k′; iωm), (4.22)

where we have used the fact that h0
ξk,ξ′′k′′ = δk,k′′h

0
ξ,ξ′′ .

To write the Fourier transform of the Green’s functions in reciprocal lattice space, we note,

using eq. (3.12) and eq. (4.18),

〈
ρξξ′(G)

〉
=

1

g

∑
k,k′

e−iGx(k+k′)`2/2δk,k′+GyGξ′ξ(k′, k; τ̄ = 0−), (4.23)

so that

Gξξ′(G; τ̄ = 0−) =
1

g

∑
k,k′

e−iGx(k+k′)`2/2δk,k′−GyGξξ′(k, k′; τ̄ = 0−), (4.24)
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with

Gξξ′(G; τ̄ = 0−) =
〈
ρξ′ξ(G)

〉
. (4.25)

The Green’s function, written in frequency space, transforms in the same way as eq. (4.24).

Multiplying eq. (4.22) by 1
ge
−iGx(k+k′)`2/2δk,k′−Gy , and summing over k, k′, then gives

(iωm + µ)Gξξ′(G; iωm) = δξ,ξ′δG,0 +
∑
ξ′′

h0
ξ,ξ′′Gξ′′ξ′(G; iωm)

+
1

g

∑
i

∑
ξ′′,k′′

∑
k,k′

e−iGx(k+k′)`2/2δk,k′−GyH
(i)
ξk,ξ′′k′′Gξ′′ξ′(k′′, k′; iωm).

(4.26)

We now insert eq. (4.14) into the last line of eq. (4.26), to rewrite the IHFM in terms of RLV’s.

After evaluating the straight forward phase factor algebra, the equation of motion becomes

(iωm + µ)Gξξ′(G; iωm) = δξ,ξ′δG,0+
∑
ξ′′

h0
ξ,ξ′′Gξ′′ξ′(G; iωm)

+
∑

i

∑
ξ′′,G′′

eiG
′′×G`2/2H

(i)
ξ,ξ′′(G−G′′)Gξ′′ξ′(G′′; iωm)

= δξ,ξ′δG,0+
∑
ξ′′G′′

U
[
ξ,G | ξ′′,G′′

]
Gξ′′ξ′(G′′; iωm),

(4.27)

where we have defined the Hermitian matrix,

U
[
ξ,G | ξ′′,G′′

]
≡ h0

ξ,ξ′′δG,G′′ + eiG
′′×G`2/2

∑
i

H
(i)
ξ,ξ′′(G−G′′). (4.28)

Our next task will be to connect the U matrix to the order parameter. In terms of the eigen-

vectors, V j , which diagonalize U , and the corresponding eigenvalues, εj , we can write

∑
ξ′′,G′′

U
[
ξ,G | ξ′′,G′′

]
V j(ξ′′,G′′) = εjV j(ξ,G). (4.29)

The Green’s functions are expanded in the basis of these eigenvectors,

Gξ′′ξ′(G′′; iωm) =
∑
j

Aj(ξ
′)V j(ξ′′,G′′), (4.30)

for each RLV, which is then inserted into eq. (4.27) to give

δξ,ξ′δG,0 = (iωm + µ)
∑
j

Aj(ξ
′)V j(ξ,G)−

∑
j

Aj(ξ
′)εjV j(ξ,G). (4.31)
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We obtain the coefficients for the Green’s function expansion by multiplying eq. (4.31) by (V j′)∗(ξ,G),

and summing over ξ and G. The coefficients are

Aj(ξ
′) =

(V j)∗(ξ′,G = 0)

iωm + µ− εj , (4.32)

so that the Green’s function is written as

Gξ′′ξ′(G′′; iωm) =
∑
j

(V j)∗(ξ′,G = 0)V j(ξ′′,G′′)

iωm + µ− εj . (4.33)

Noting eq. (4.19), we now take τ̄ → 0−. Then,

Gξ′ξ(G′′; τ̄ = 0−) =
∑
j

{
1

βT
lim
τ̄→0−

∑
n

e−iωnτ̄

iωn + µ− εj
}

(V j)∗(ξ,G = 0)V j(ξ′,G′′)

=
∑
j

nF (εj − µ)(V j)∗(ξ,G = 0)V j(ξ′,G′′),

(4.34)

where the frequency sum has yielded the Fermi distribution function, nF . At zero temperature,

the Fermi distribution becomes a step function. Recalling that 〈ρξξ′(G)〉 = Gξ′ξ(G; τ̄ = 0−), the

order parameter is finally written as

〈
ρξξ′(G)

〉
=

∑
j≤jmax

(V j)∗(ξ,G = 0)V j(ξ′,G), (4.35)

where jmax is the largest j which satisfies εj < µ; that is, we only sum over eigenvectors belonging

to states with eigenenergies below the chemical potential. Thus, the order parameter is constructed

from the eigenvectors of the U matrix.

4.4 Numerical HF loop

To obtain a HF state, we follow a similar procedure to the one outlined in Chapter 2. The main

difference is that we must now diagonalize the U matrix, given by eq. (4.28), instead of the HF

matrix. The HF loop begins by initializing the order parameter, which is then used to construct the

U matrix. The eigenvectors are then used to construct the next iteration of the order parameter,

from eq. (4.35), and the process is repeated until the order parameter is converged. The error on
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the ith iteration is determined in a similar way as before, and is given by

err(i) ≡
∑

ξ,ξ′
∑
G

∣∣∣〈ρiξξ′(G)〉 − 〈ρi−1
ξξ′ (G)〉

∣∣∣∑
ξ,ξ′
∑
G

∣∣∣〈ρiξξ′(G)〉∗ 〈ρiξξ′(G)〉
∣∣∣1/2 . (4.36)

A state is converged when err ≤ χ, the tolerance value, which we take to be in the range 10−10 ≤

χ ≤ 10−8.

In principle, there are an infinite number of RLV’s in this model. However, the interactions

appearing in the previous sections come with a product of form factors, given by eq. (2.26), which

are proportional to a Gaussian, F (G) ∝ e−G
2`2/4. The Gaussians are highly suppressed for large

magnitudes of RLV’s, so we introduce a cutoff, Gmax, and keep only the RLV’s with

G =
2π

a0

(
m2
x +m2

y) ≤ Gmax ≡
2π

a0
s2

max (4.37)

in the numerical calculation. There is some trial and error involved in determining the cutoff value.

It is typically chosen to give the best convergence for the order parameter; if too few RLV’s are

used, the error never reaches the tolerance value. Furthermore, we find that states hosting spin

textures need more RLV’s to reach convergence, while Wigner crystals need much fewer. For a

typical trial run involving spin textures, a value of smax = 8.5, corresponding to NG = 225 RLV’s,

is found to give well converged solutions. Keeping three LL’s, and including spin and pseudospin,

the size of the U matrix in this case is 2700 × 2700. However, since we do not include terms in

the order parameter which are off-diagonal in the pseudospin index, the problem is reduced to

diagonalizing two matrices, each of size 1350× 1350. For the parameters chosen in this model, we

are always in the regime where the RLV cutoff is much smaller than the magnitude of the Dirac

point, Gmax << K = 4π
3ã = 17.45 nm−1 , which justifies the use of the continuum approximation.

It is helpful to introduce a new measure for the filling factor. The trace of the order parameter,

with 〈ρστn,στn(G = 0)〉 ≡ 〈ρστn(G = 0)〉, gives the value

∑
σ,τ,n

〈ρστn(G = 0)〉 = 4nw + ν̄, (4.38)
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where 2nw + 1 is the number of active LL’s (in this case nw = 1), and ν̄ > 0 is the filling factor

for the partially filled n = 0 LL, in the non-interacting limit. The total filling is then given by

ν = ν̄ − 2 < 0. For example, a value of ν̄ = 1.8 corresponds to total filling factor, ν = −0.2 of

holes. When the order parameter is constructed from the eigenvectors of the U matrix, the value

of jmax, in eq. (4.35), is determined so that the trace of the order parameter yields the correct

electronic filling factor, νe = 4nw + ν̄. To obtain the right filling factor, it is often necessary to

interpolate between the eigenvector V jmax , and its adjacent eigenvector, V jmax−1 or V jmax+1. It is

also possible to construct the order parameter using the Fermi distribution function at very small,

non-zero temperatures. In that case, the chemical potential is chosen so that the trace of the order

parameter yields the correct filling.

To better visualize a HF state, we construct the expectation value of the real space density,

which is defined in terms of the (continuous) field operators. With s = A,B for each sublattice,

the density is given by

〈n(r, s)〉 =
∑
στ

〈
Ψ†στ (r, s)Ψστ (r, s)

〉
. (4.39)

Summing over the pseudospin, and using eq. (2.7) and eq. (3.13) to expand the field operators in

terms of LL’s and RLV’s, the density becomes

〈n(r, s)〉 =
1

2π`2

∑
G

[
nK(G, s) + nK′(G, s)

]
eiG·r. (4.40)

The term in the square brackets above yields

nK(G, A) + nK′(G, A) =
∑
σ,n,n′

√
2
δn,0+δn′,0

2

[
sgn(nn′)F|n|−1, |n′|−1(−G) 〈ρσKn,σKn′(G)〉

+F|n|, |n′|(−G) 〈ρσK′n,σK′n′(G)〉
] (4.41)

for the A sublattice, where Fn,n′(G) is the form factor given by eq. (2.26). For the B sublattice,

nK(G, B) + nK′(G, B) is obtained by interchanging K ↔ K ′ on the right hand side of eq. (4.41).

It is also useful to calculate the local spin density, which is given by〈
Si(r, s)

〉
=

1

2

∑
σ,σ′,τ

〈
Ψ†στ (r, s)

(
σi
)
σσ′

Ψσ′τ (r, s)
〉
, (4.42)

76



where σi is a Pauli matrix and i = x, y, z. In terms of LL’s and RLV’s, the spin density on the A

sublattice is 〈
Si(r, A)

〉
=

1

4π`2

∑
G

[
SiK(G, A) + SiK′(G, A)

]
eiG·r, (4.43)

where

SiK(G, A) + SiK′(G, A) =
∑
σ,σ′,n

2δn,0

2

(
σi
)
σσ′

[
sgn(n)F|n|−1, |n|−1(−G) 〈ρσKn,σ′Kn(G)〉

+Fn,n(−G) 〈ρσK′n,σ′K′n(G)〉
]
,

(4.44)

is written as a trace over the LL index. In a similar way as before, SiK(G, B) + SiK′(G, B) is

obtained by interchanging K ↔ K ′ on the right hand side of eq. (4.44).

One of the motivations for this study is to determine the nature of the CAF-FM transition,

when the system is doped away from integer filling. Our hope is to find spin textured HF ground

states that host some kind of canting structure. For this to happen, one might expect formations of

spin textures for each valley pseudospin, when the density of quasiparticles is dilute enough. Our

results of the numerical HF calculation are presented in the next chapter.
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Chapter 5

Numerical Results at Noninteger Filling

In this chapter, we present the numerical results of the HF study at noninteger filling. The

phase diagram is shown in Fig. 5.1, plotted as a function of total filling factor, ν, and Zeeman

parameter, εz, which relates the total field and the perpendicular field (BT = εzB). Throughout

this study, unless stated otherwise, the perpendicular field, OS interaction parameter, and the

number of RLV’s for each HF trial run are all fixed at values B = 2T, V0 = 500 eV, and NG = 225,

respectively. Recall that, for V0 > 0, the only two ground state phases at ν = 0 included the CAF

and the FM; the CDW appeared only for V0 < 0. As discussed in the previous chapter, we include

only N = 3 active LL’s in the main calculation, and omit the NN interaction, so that we only have

on-site (OS) and Coulomb (C) interactions.

5.1 Phase diagram

A number of phases are obtained throughout the parameter space. We will first describe

the phases without any spin texture. These phases consist of the FM, CAF, and the collinear-

ferrimagnet (co-Fi), a new phase that did not appear at integer filling. Each phase is characterized

by the orientation of its (global) spin majority, which is represented by the arrows in Fig. 5.1 for

each valley pseudospin index, K and K ′. If we take the Zeeman direction to be in ẑ, the CAF

always has in-plane (x-y) components that are anti-parallel with respect to the two valleys. Fur-

thermore, we define θK (θK′) to be the angle between the net spin in the K (K ′) valley and the

polar axis of the Bloch sphere. For the CAF phase at integer filling, we always had θK = θK′ ,

with 0 < θK ≤ π/2. In that case, θK = θK′ = π/2 corresponds to the situation when the Zeeman

field was absent, and θK = θK′ = 0 yielded the FM. At noninteger filling, the CAF phase is now

described by polar angles with 0 < θK′ < π and 0 < θK ≤ θ̄K , where θ̄K is a function of the
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Figure 5.1: Phase diagram at noninteger filling. Solid (dashed) black lines represent first (second)

order transitions. The brown symbols represent the more relevant points, around the phase boundaries,

where the numerical calculation was carried out. The FM (square), CAF (brown circle), and co-Fi

(diamond) phases do not host spin textures, and their spin structures are represented by the arrows,

for each valley. We find spin textured skyrmions with ferromagnetic cores (upside down triangles) and

anti-ferromagnetic cores (right-side up triangles), with a crossover phase resembling a meron lattice

(black circles) between the two phases of skyrmions. The X on the vertical axis at ν = 0 represents

the CAF-FM transition point (εz = 2.23) at noninteger filling.
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total filling factor. Furthermore, we now have θK 6= θK′ , for the CAF. The co-Fi is obtained when

θK′ = π and θK = 0.

One of the main results of this study is that the hole charge only forms quasiparticle crystals

in a single valley, which we will refer to as the partially filled valley. The other valley is completely

filled and spatially uniform, yielding HF states that are, overall, partially valley polarized. We

will refer to this configuration as the “closed shell” configuration. There is also no preference as

to which valley forms the quasiparticle crystal. This result is still present in the textured phases,

which we will discuss in more detail shortly.

For the phases with no texture, the quasiparticles form a Wigner crystal (WC) of quasi-holes

in a single valley. The inset of Fig. 5.1 illustrates such a WC on a square lattice, where the yellow

contours represent ground state regions with ν = 0, and the darker regions show the locations of the

quasi-holes. The perimeter of the unit cell is outlined by the dashed line. Furthermore, since these

states have no texture, the spin direction is uniform throughout the entire unit cell. Therefore, the

unit cell drawn here is actually twice as big as it needs to be.

The magnitudes of the net spin for each valley are not equal; the length of the spin vector

for the filled valley is longer than that of the spin vector for the partially filled valley. Fig. 5.2

shows a plot of the spin components as a function of the Zeeman parameter for each valley at

total filling factor ν = −0.2. In this case, the electronic filling for the K ′ (partially filled) valley is∑
σ,n 〈ρσK′n,σK′n〉 = 2.8, while

∑
σ,n 〈ρσKn,σKn〉 = 3. As discussed in the next section, the Coulomb

interaction, particularly the intra-valley exchange contribution, is what drives the stability of the

closed shell configuration.

At smaller hole densities, we obtain spin textured HF states. These states have a square lattice

of (hole) skyrmions in a single valley, while the other valley is completely filled, spatially uniform,

and always spin polarized in the direction of the Zeeman field. For small values of the Zeeman

parameter (εz < 1.1, below the black circles in Fig. 5.1), the skyrmions have ferromagnetic cores;
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Figure 5.2: Components of spin for each valley at ν = −0.2. The blue curves correspond to the

K ′ (partially filled) valley, while the red curves correspond to the K (filled) valley. The components

of spin along the Zeeman axis, taken to be in ẑ, are represented by the solid lines, and the in-plane

components, 〈S⊥〉 = ±
√
〈Sx〉2 + 〈Sy〉2, are represented by the dotted, red and blue, lines. The

magnitude of the total spin, 〈S〉 =

√
〈S⊥〉2 + 〈Sz〉2, is given by the black dotted line for each valley.

Continuous transitions occur at εz = 0.22 (co-Fi-CAF) and εz = 2 (CAF-FM).
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Figure 5.3: Lattice of skyrmions in the partially filled valley at filling factor ν = −0.11. The colored

contours shown in the top panels represent the local charge (occupation) density at εz = 0.3 (left) and

εz = 1.9 (right). The perimeter of the unit cell is shown by the dashed line. Ground state regions,

between the locations of the hole charge, correspond to ν = 0, where the occupation of holes is zero.

The bottom panels show the local spin density, where the contours represent the component of spin

along the Zeeman axis, and the arrows represent in-plane spin components. For both spin plots, the

Zeeman field points out of the page.

82



that is, the spin points in the direction of the Zeeman field at the core center. Away from the

cores, the out-of-plane component of the (local) spin points in the opposite direction as the Zeeman

field, yielding a spin majority that opposes the Zeeman field in the partially filled valley. Thus, the

(ground state) regions between the skyrmions have the form of a co-Fi. The charge (top) and spin

(bottom) densities for this type of lattice, at εz = 0.3 and ν = −0.11, are shown in the left panels

of Fig. 5.3. Notice that the hole charge is centered on the edges of the unit cell in this case.

For values of εz > 1.1, and below the transition to the FM, we obtain a lattice of skyrmions with

anti-ferromagnetic cores. The out-of-plane components of the spin, in regions between skyrmions,

now point in the same direction as the Zeeman field, yielding a HF state whose spin majority

resembles the FM. Charge and spin densities of the unit cell for this state, at εz = 1.9 and ν = −0.11,

are shown in the right panels of Fig. 5.3. In this case, the hole charge is located at the center and

corners of the unit cell. The number of skyrmions per unit cell in both of these charge figures is

Nuc = 2.

Near εz = 1.1, the black filled circles in the textured region of the phase diagram, we observe an

interesting crossover phase resembling a lattice of merons. If we imagine starting at small values of

the Zeeman parameter, say εz = 0.3, the majority of the hole charge is located on the edges of the

unit cell. As we gradually increase the Zeeman parameter, the hole charge continuously migrates

from the edges of the unit cell to the center and corners. The migration continues until there is an

equal density of hole charge located at the center, edges, and corners of the unit cell, which occurs

roughly at εz = 1.1 over a range of filling factors in the textured regions.

Furthermore, the global spin component along the Zeeman axis in the partially filled valley

increases, and reaches zero at the crossover point, yielding a meron lattice. The overall, qualitative,

structure of the spin density remains the same throughout this migration process. Charge and spin

densities for the lattice are shown in Figs. 5.4a and 5.4b, respectively. For εz > 1.1, the hole

charge continues to migrate so that the majority of the charge is located at the center and corners
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Figure 5.4: Lattice of merons in the partially filled valley at filling factor ν = −0.11. (a) Charge

density, represented by the colored contours, with dashed lines encompassing the unit cell. Since a

meron can be essentially thought of as half of a skyrmion, there are four merons within the unit cell.

(b) Spin density, with the Zeeman direction pointing out of the page. The contours represent the local

spin along the Zeeman axis, while the arrows show the local in-plane spin directions.
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of the unit cell, and we obtain a lattice of skyrmions with anti-ferromagnetic cores. Throughout

this process, the energy is a smooth function of the Zeeman parameter. The question of whether

the meron lattice signifies a phase transition will be discussed in last section of this chapter.

When the hole charge becomes very dilute, more RLV’s are needed in the HF algorithm in order

to reach convergence. Since the holes are very localized in real space, their density profiles become

very spread out in reciprocal lattice space, and more RLV’s are needed in order to fully capture

the structure of the quasiparticles. For this reason, we were not able to explore the phase diagram

for filling factors −0.1 < ν < 0. We will discuss the states that might be present for this range of

filling factors in the next section.

5.2 Stability of the closed shell configuration

Near ν = 0, we would expect to see a lattice of spin textured quasiparticles (i.e., skyrmions

or merons) with an underlying CAF spin structure, since the CAF is the ground state for small

εz at ν = 0. Moreover, there should be an equal density of holes with the same filling factor in

each valley for such a state. Over the range of parameter space that we studied in this model,

the HF algorithm was never able to stabilize a CAF state with spin textures in both valleys. The

valley structure for every stable, well converged HF state always had the form of a closed shell

configuration. Furthermore, a filled LL subbranch cannot host quasiparticles, and, hence, cannot

form textures. An analogy can drawn here to Hund’s rule for Fermions occupying sublevels of an

orbital.

To better understand the stability of the closed shell configuration, we carried out a HF calcu-

lation, keeping only G = 0 terms in the order parameter (terms with G 6= 0 will not contribute

to the energy as greatly as the uniform ones), for two types of valley configurations: closed shell

and equal hole density (equally filled valleys). Keeping three LL’s in the calculation, we found that

the Coulomb energy contributed the largest difference in energy for these two valley configurations.
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The energy difference for the OS interaction was one to two orders of magnitude smaller than the

Coulomb energy difference. For G = 0, only the Coulomb exchange energy is non-zero. The (di-

vergent) Hartree energy is canceled by the uniform background. A plot of the Coulomb exchange

energy, as a function of filling factor for each valley configuration, is shown in Fig. 5.5a. Indeed, the

closed shell configuration is always lower in energy. Notice, however, that the two configurations

become closer in energy, as we approach integer filling. For this energy calculation, we chose a spin

polarized FM, although we obtain similar results for other types of spin configurations (i.e., CAF,

AF, and co-Fi).

This effect can be seen analytically, even by retaining a single LL (n = 0) in the interaction

energy. From eq. (4.7), the Coulomb exchange energy, E
(C)
X ≡ −

〈
H(C)

X

〉
, for a given HF state is

E
(C)
X = − g

S

∑
ξ

f (C)(τ )δσ1,σ4δσ2,σ3
∑
p

M(C)(n, τ ,p) 〈ρξ1ξ3(G = 0)〉 〈ρξ2ξ4(G = 0)〉 . (5.1)

The functions, M(C), are given by eq. (2.29), and, since the Coulomb interaction is symmetric in

valley, f (C)(τ ) = δτ1,τ4δτ2,τ3 . Keeping only the terms with n = 0, converting the sum over p to an

integral
(

1
S

∑
p →

∫ d2p
(2π)2

)
, and noting that

∫
d2p

(2π)2
M(C)(n = 0; τ, τ ′, τ ′, τ ;p) =

2πe2

4

∫
d2p

(2π)2

e−p
2`2/2

p

=
e2
√

2π

8`
,

(5.2)

the Coulomb exchange energy reduces to

E
(C)
X = −g e

2
√

2π

8`

∑
τ

∑
σ,σ′

〈ρστ,σ′τ (0)〉 〈ρσ′τ,στ (0)〉 , (5.3)

where we have excluded elements of the order parameter with τ 6= τ ′, and dropped the labels on

the LL index.

The two valley configurations of interest are modeled by

∑
σ

〈ρσK′,σK′(0)〉 =


1 + 1

2ν (equal hole density)

1 + ν (closed shell),

(5.4)
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Figure 5.5: Coulomb exchange energy as a function of the total filling factor for the (a) numerical

calculation with N = 3 and (b) the analytic calculation with N = 1. Terms with G 6= 0 in the order

parameter were not included in either of these calculations. For both plots, the dashed/dotted lines

correspond to the equal hole density configuration. The closed shell configuration is represented by

the solid line in both plots.

and ∑
σ

〈ρσK,σK(0)〉 =


1 + 1

2ν (equal hole density)

1 (closed shell),

(5.5)

for each valley, with total filling factor ν < 0. Assuming the state is spin polarized, the Coulomb

exchange energy for each valley configuration becomes

E
(C)
X = −g e

2
√

2π

4`


(1 + ν + 1

4ν
2) (equal hole density - FM)

(1 + ν + 1
2ν

2) (closed shell - FM).

(5.6)

The form of the polynomials in eq. (5.6) always leads to a lower energy for the closed shell

configuration, and the energy difference between the two configurations becomes larger as the hole

density is increased. The energies are plotted in Fig. 5.5b, and are, qualitatively, very similar to

the numerical result with three LL’s (Fig. 5.5a). For the case when all LL indices are zero, and

for G = 0, the OS interaction only includes intra-valley terms. This ultimately leads to equal, and

opposite, Hartree and exchange energies, which sum to zero, for the spin polarized case.
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As we approach ν = 0, the energy difference for the two configurations tends to zero, suggesting

that the closed shell configuration may not be stable at hole densities that are sufficiently dilute.

The large number of required RLV’s for filling factors −0.1 < ν < 0 makes it numerically difficult to

probe the region where the quasiparticles are dilute. It is likely that textured states with underlying

CAF spin structures will be present in that region. However, even at ν = −0.07, with NG = 317,

we were not able to reach a reasonable convergence for our trial states.

5.3 Concluding remarks and connection to experiment

Throughout this study, we have only allowed for the possibility of square lattices of quasiparti-

cles. This assumption is justified, at large filling of holes, when the charge is sufficiently dense, since

square configurations accommodate textures that are lower in energy than, say, triangular lattices.

However, it may be more appropriate to use a triangular or rectangular lattice when the density

is more dilute. In that case, we may find that regions of the phase diagram in Fig. 5.1, closer to

ν = 0, are unstable to transitions to these other lattice types. Moreover, by using a rectangular

lattice in the calculation, we can continuously deform the square lattice into a triangular lattice

with two quasiparticles per unit cell. When the charge is dilute enough, one possible outcome is

that the states in the textured regions will form a rectangular lattice of meron pairs.

The nature of the meron phase observed at the crossover point remains to be determined.

There is a discrete symmetry present in the meron lattice, in which in-plane, π/2 rotations of the

local spin, in addition to a translation of the unit cell by half a lattice constant, leaves the state

unchanged. It also has the property that the spin component along the Zeeman axis in the partially

filled valley vanishes, while the filled valley remains spin polarized.

A natural explanation for this behavior would be that the exchange interaction with the filled

valley is acting like an effective Zeeman field, which is then canceling the real Zeeman interaction

in the partially filled valley. If this were true, then small rotations of the spins away from the
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Zeeman axis in the partially filled valley would leave the energy unchanged. However, such spin

rotations lead to an increase in the state’s energy. We therefore cannot classify the crossover as a

phase transition using this type of rotational symmetry. In general, a ground state with a broken

continuous symmetry has Goldstone modes, which means that there are excitations above the

ground state that are gapless. Both types of skyrmion phases, on either side of the crossover, have

a gapless collective excitation (Goldstone mode) associated with their broken U(1) symmetry. If

there is an additional gapless collective mode present for the meron lattice, then the crossover point

can be characterized as a phase transition. A more thorough investigation of the crossover phase

would entail computing the collective excitations within the time-dependent HF approximation.

For any charged lattice, there are phonon excitations present. Furthermore, the broken U(1)

symmetry for the CAF and spin textured phases support gapless, low energy spin wave excita-

tions [46,47]. For the textured states, these spin waves are coupled to the phonon excitations, be-

cause of the spin-charge coupling arising from a non-zero Pontryagin density. The spin orientation

is uniform throughout the lattice for the CAF phase, and so the Pontryagin density in that case

is zero. Therefore, the phonon modes are completely decoupled from the spin waves. In principle,

if it were possible to perform spin wave measurements in graphene, there should be signatures of

phonons in the magnetic response and signatures of spin waves in the charge response, when the

system is in one of these textured phases. Older experiments [48–50] in conventional 2DEG materials,

such as GaAs heterostructures, used inelastic light scattering (Raman scattering) to measure spin

wave excitations. When the sample absorbs circularly polarized light, and hence absorbs angular

momentum, a spin flip excitation can occur, forming a spin wave. Unfortunately, these kinds of

measurements prove much more challenging in graphene.

A more recent experiment [51] in graphene has observed signatures of spin wave excitations, built

on top of the CAF (ν = 0, for low enough Zeeman) and FM (ν = ±1) bulk ground states at integer

filling. For the FM ground state, the central region of a dual-gated graphene device is tuned to

89



Figure 5.6: Experimental setup for generating and absorbing sipn waves. Figure reproduced from

Ref. [51].

ν = 1, while the adjacent sides are tuned to ν = 2, corresponding to the fully filled, nonmagnetic,

n = 0 LL (see Fig. 5.6A). Chiral edge states with opposite spin orientations propagate along

the boundaries of the sample. Green arrows correspond to electrons whose spins are aligned with

the external magnetic field and orange arrows are antiparallel to the field. A chemical potential

difference, µ, is applied between the leads, so that edge channels labeled “hot” have a higher

chemical potential than the “cold” edge channels. The Zeeman energy is given by Ez, and, as long

as |µ| < Ez, scattering between edge channels of opposite spin polarization is forbidden, since the

system cannot absorb the resulting change in angular momentum [52,53].

When |µ| ≥ Ez, a spin down electron in a hot edge channel decays into a cold spin up channel.

Figs. 5.6B and 5.6C show the two ways this decay process can happen. The spin flip results in the

creation of a spin wave, which then propagates through the ferromagnetic bulk to a distant corner

of the sample, and is absorbed by scattering an electron from a spin up channel to a spin down

channel. When the spin wave is absorbed, the conductance at the edge deviates from the quantized

value of e2/h, indicating that spin and energy has been transported across the bulk of the system.

Through a similar detection process, spin waves excitations were also observed for the CAF ground
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state at ν = 0.

When the system is doped away from integer filling, it may be challenging to distinguish between

phases with and without textures. For example, in the context of our model, both the CAF and

the spin textured phases, separated by a first order phase boundary (Fig. 5.1), will have spin

wave excitations. The experimental geometry of Ref. [ 51], or other types of thermal transport

experiments [54], could be one way of distinguishing the spin waves generated from these two phases.

If the filling factor could be tuned in such an experiment, then, in principle, there should be some

signature in the thermal conductivity when the system transitions from one phase into the other;

moving through the transition should have a dramatic effect on the velocity of the spin waves,

which may manifest as a cusp or a jump in the thermal conductivity, as a function of filling factor.
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Chapter 6

Conclusion

6.1 Summary of thesis

In this work, multi-component phases of monolayer graphene in the quantum Hall regime near

ν = 0 were studied within a mean field Hartree-Fock (HF) approximation. The model was presented

in the continuum limit, where the low energy physics is localized around two distinct Dirac points.

The Dirac points also coincide with the two unique points, denoted K and K ′, in the first Brillouin

zone for each of the two triangular sublattices. Collectively, the K and K ′ points can be thought of

as a two-level pseudospin, also referred to as the valley pseudospin. Combinations of spin and valley

(↑↓ ⊗KK ′) degrees of freedom form a single SU(4) isospin, which gives rise to a four-component

sublevel structure within each Landau level (LL).

In the non-interacting picture, the cyclotron energies are degenerate with respect to both spin

and valley. The model in this thesis included SU(4) symmetric electron-electron Coulomb inter-

actions, in addition to SU(4) symmetry-breaking interactions. Spin degeneracies are lifted by the

Zeeman splitting, while the microscopic on-site (OS) and nearest neighbor (NN) two-body inter-

actions break the SU(4) symmetry with respect to valley. The microscopic interaction strengths,

V0 and V1, for OS and NN, respectively, were treated as tunable parameters. An “active window”

of LL’s was explicitly retained, allowing for the possibility of LL mixing. The size of the window

was left as a tunable parameter in the HF calculation. States with LL indices outside of the active

window, and associated with energy levels below the chemical potential, belonged to the Dirac sea,

and were “frozen” out of the calculation. We showed that only the Coulomb interaction contributed

non-trivial structure to the Dirac sea, which was then included as a uniform background potential

in the HF Hamiltonian.
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At integer filling (ν = 0), we found that LL mixing played a crucial role in determining the

phase diagram; without higher order LL’s (|n| > 0), only the ferromagnet (FM) and charge density

wave (CDW) appeared in the phase diagram. Retaining a minimum of N = 3 (n = −1, 0, 1) LL’s

was enough to stabilize the canted anti-ferromagnet (CAF) in the phase diagram. A continuous

transition between the CAF and FM phases was observed. However, for small window sizes, the

transition point occurred at unphysically large values of V0 and V1, one to two orders of magnitude

larger than their realistic values. Including more LL’s in the active window greatly renormalized

the phase boundaries. Using an extrapolation method, the final phase diagram (see Fig. 2.6a)

showed excellent agreement with experiment [14]. The Kekulé-distortion state was never stable in

the phase diagrams that we obtained.

At noninteger filling (ν < 0), we focused on states with and without spin textures. The operators

introduced in section ?? mapped states in the guiding center, X = k`2, representation to states

described by reciprocal lattice vectors (RLV’s). The HF Hamiltonian was studied in the context

of a Heisenberg equation of motion, using single particle Matsubara Green’s functions to extract

information about the order parameter. Three active LL’s were retained in the calculation, so that

all of the relevant phases present at ν = 0 could be qualitatively captured.

A phase diagram was constructed within the space of the Zeeman parameter, εz, and total

filling factor (see Fig. 5.1). Every state appearing in the phase diagram carried a valley structure

resembling the “closed shell” configuration, in which one valley was completely filled and spatially

uniform, while the other valley was partially filled. Quasiparticles only formed in the partially filled

valley. At larger hole densities, we find states without textures, consisting of the FM, CAF, and

collinear-ferrimagnet (co-Fi), which are characterized by their overall spin structure. The bound-

aries between the co-Fi-CAF and CAF-FM regions are described by continuous phase transitions.

When the hole density is small, spin textured states appear in the phase diagram. In this region, a

lattice of skyrmions are formed in a single valley, and have ferromagnetic (anti-ferromagnetic) cores
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at small (large) values of εz. The filled valley always remains spin polarized in the direction of the

Zeeman field in the textured region. The overall spin structure, i.e., the majority spin direction

in the ground state region between the cores of the skyrmions, for states with ferromagnetic-core

skyrmions had the form of a co-Fi. For states with skyrmions having anti-ferromagnetic cores, the

overall spin structure resembled a FM. As a function of εz, the hole charge associated with the

skrymion lattice continuously migrates to locations of the unit cell in such a way that, at some

particular value of εz, we obtain a lattice of merons. In this crossover phase, the spin component

along the Zeeman axis, in the partially filled valley, goes to zero, and there is an equal density of

holes located at the center, edges, and corners of the unit cell.

6.2 Outlook

There are a number of interesting avenues for future work, as well as several areas of current

research that are related to the model presented in this thesis. As discussed in the previous chapter,

computing the collective modes for the HF states obtained at noninteger filling would give insight

into the nature of the crossover phase in the textured region of Fig. 5.1; such a calculation would

give an unbiased way of determining whether or not an additional gapless collective mode exists

at the crossover. If it does exist, then the crossover could be classified as a phase transition.

Additionally, the impact of quantum fluctuations on these mean field HF states may be nontrivial.

For example, when quantum fluctuations are included, collective excitations can admix into the

ground state. Developing quantum field theoretic models would be required to analyze such effects.

Furthermore, allowing for the possibility of other lattice configurations may lead to HF states which

are lower in energy, compared to square configurations, in some regions of the phase diagram.

In our study of non-uniform states, we only retained three active LL’s in the calculation. Given

the critical role that LL mixing played at integer filling, it is interesting to consider what effect it

may have on the HF states at noninteger filling. For example, what would the effect be on the
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stability of the closed shell configuration if more active LL’s are included? Investigating the effects

of higher order LL’s is, in principle, straight forward within the context of this model. However,

given the already large parameter space, including more LL’s may prove numerically challenging.

More sophisticated diagonalization schemes, such as exploiting symmetries of the lattice, would

improve the efficiency of the algorithm.

The importance of having symmetry-breaking interactions has driven much of the theoretical

research in monolayer graphene over the last several years, particularly at filling factors within the

n = 0 LL (ν = −1, 0, 1). For example, recent studies [55–57] at odd integer values, ν = ±1, in which

skyrmions are studied using exact diagonalization on spherical geometries and variational methods

in a CP3 field theory, find a rich variety of spin and pseudospin textured phases. These models

include the anisotropy interactions, as discussed in Ref. [ 6], responsible for breaking the SU(4)

symmetry. The model presented in this thesis can also be extended to study filling factors at, or

in the vicinity of, other integer values. Given the four component nature of each LL in graphene,

and the role of SU(4) symmetry-breaking interactions, there are a wide variety of possible ground

states that could be realized at other filling factors.

In recent years, multilayer systems such as bilayer graphene (BLG) have also received consid-

erable interest. Unlike monolayer graphene (MLG), Bernal stacked BLG has a unit cell with four

atomic sites, giving rise to four energy bands that disperse quadratically about the K and K ′

points [58,59]. Two of these bands touch at the Dirac points (zero energy), while the other two are

separated by a gap that arises from nearest neighbor interlayer hopping. The Hamiltonian can be

projected into a low energy subspace, yielding the same number of discrete degrees of freedom as

monolayer graphene. Furthermore, an electric field applied perpendicular to the sample induces a

band gap in the low energy spectrum, leading to the possibility of tuning the relative concentration

of electrons between the two layers [60]. Tuning the layer pseudospin by applying an electric field

can offer insight into the nature of the ground states in the quantum Hall regime of BLG. For
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example, similar to observations in MLG, an insulating state at ν = 0 has recently been observed

in BLG [61–65]. A mean field study [66] of this system concluded that the insulating state is likely a

CAF ordered phase. More recent experiments [67–70] involving high-resolution spectroscopic mea-

surements have revealed a rich variety of LL splittings in intermediate phases at ν = 0, due to the

presence of many-body effects. Beyond these findings, there are still many open questions regarding

the nature of phase transitions and collective excitations in these systems.

Since the discovery of graphene in 2004, a wide variety of other 2D materials have been synthe-

sized and studied. Monolayer 2D materials with strong in-plane covalent bonding (like graphene)

and weak interlayer interactions are generally classified as van der Waals (vdW) materials. Phospho-

rene [71,72], the monolayer form of black phosphorus (BP), is one such example, and has a puckered

honeycomb lattice composed entirely of phosphorus atoms. Few-layer BP systems have gained

substantial attention in the last several years because of its wide range of physical properties. BP

semiconductors have high carrier mobilities [73,74], which persists even at room temperature, and

a band gap that can be tuned either by changing the number of layers or applying an external

field [75–79]. In addition, the quantum Hall effect has also been has also been observed in these sys-

tems [80]. A number of recent theoretical studies [81–83] have examed the LL spectrum in monolayer

and bilayer phosphorene.

Transition metal dichalcogenides (TMDs) [84] are another type of (monolayer) 2D vdW materials

that have many of the same properties as BP (i.e., high carrier mobility as well as direct band

gaps). These semiconductors are of the form MX2, where M is a transition metal (Mo or W) and

X denotes a chalcogen atom (S, Se, Te). The properties of TMD heterostructures (TMD-TMD,

TMD-graphene, etc.) drive much of the ongoing interest in these materials. For example, the strong

spin-orbit coupling exhibited by TMDs can induce strong spin-orbit interactions in graphene [85,86].

Further studies of these materials in the quantum Hall regime remains as an active field of research.
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Appendix A

Spatial Integrals

In this section, we show that

∫
dr 〈r|τ, n, k, s〉∗ eiq·r 〈r|τ ′, n′, k′, s〉 = eiqx(k+k′)`2/2T τ,τ

′

n,n′(q, s)δk,k′−qy , (A.1)

with

〈r|τ = +1, n, k, s〉 =

√
2
δn,0

√
2

[
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,
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,

(A.2)

and Landau eigenstates,

hn,k(r) =

(
1

π`2L2
y

)1/4 1√
2nn!

e−ikye−[(x−k`2)2/(2`2)]Hn

(
x− k`2

`

)
, (A.3)

which are written in terms of Hermite polynomials, Hn(x). Also, recall that the guiding center, X,

is related to the momentum by X = k`2. We begin by noting that a generic term in the integrand

comes with a product of the hn,k(r) functions. Then, for any positive integer, m, j,∫
dr eiq·rh∗m,k(r)hj,k′(r)

= CmCj
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(A.4)
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where Cn ≡
(

1
π`2L2

y

)1/4 1√
2nn!

. Making the substitution t = x/`−i(qx−iX/`2−iX ′/`2)`/2 ≡ x/`−A,

and noting that
∫
ds e−s

2
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where

Fm,j(qx, qy) =

(
j!

m!

)1/2[−qy`+ iqx`√
2

]m−j
e−q

2`2/4Lm−jj (q2`2/2). (A.6)

Our next task will be to tie the form factors Fn,n′(q) to the T τ,τ
′

n,n′(q, s) elements. With τ 6= τ ′, for

the A sublattice,∫
dr 〈r|+ 1; , n, k,A〉∗ eiq·r 〈r| − 1;n′, k′, A〉
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For the B sublattice,∫
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With τ = τ ′, for the A sublattice,∫
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Appendix B

Effective Interactions of Dirac Sea electrons

B.1 Coulomb interactions in the sea

In this section, we work out the contributions from the Dirac sea for the Coulomb, OS, and NN

interactions. Beginning with the Coulomb interaction, we have

T (C)
sea (n2, n4) ≡

−nw−1∑
n=−nc

T (C)(n, n2, n, n4)

= D(n, n2, n, n4)

[
I(C)

(
|n| ,|n2| ,|n| ,|n4|

)
+sgn(nn4)I(C)

(
|n| − 1,|n2| ,|n| ,|n4| − 1

)
+sgn(n2n)I(C)

(
|n| ,|n2| − 1,|n| − 1,|n4|

)
+sgn(n2n4n

2)I(C)
(
|n| − 1,|n2| − 1,|n| − 1,|n4| − 1

)]
,

(B.1)

where eq. (2.48) has been inserted into the first line above. Recall that I(C)(|n1| ,|n2| ,|n3| ,|n4|) ∝

δ|n1|−|n4|,|n3|−|n2| (eq. (2.40)), which will appear in the same form in all the terms above, regardless

of how the LL index is shifted. Since n1 = n3, we must then have |n2| = |n4| from this delta function

constraint in all terms appearing above. This gives three possibilities: 1) n2n4 < 0, 2) n2n4 > 0,

or 3) n2 = n4 = 0. Also, note that n < 0 in every term in the sum, since that index refers to LL’s

in the sea. For n2n4 < 0, either n2 > 0 and n4 < 0, or n2 < 0 and n4 > 0. We can summarize both
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of these subcases by writing

T (C)
sea (n2, n4) =

−nw−1∑
n=−nc

D(n, n2, n, n4)

[
I(C)(|n| ,|n2| ,|n| ,|n4|)

±I(C)(|n| − 1,|n2| ,|n| ,|n4| − 1)

∓I(C)(|n| ,|n2| − 1,|n| − 1,|n4|)

−I(C)(|n| − 1,|n2| − 1,|n| − 1,|n4| − 1)

]
=

√
2e2

4`

−nw−1∑
n=−nc

D(n, n2, n, n4)

×
[
J

∣∣|n′|−|n|∣∣
min(|n′|,|n|),min(|n′|,|n|) ± J

∣∣|n′|−|n|∣∣
min(|n′|,|n|),min(|n′|−1,|n|−1)

∓ J
∣∣|n′|−|n|∣∣
min(|n′|−1,|n|−1),min(|n′|,|n|) − J

∣∣|n′|−|n|∣∣
min(|n′|−1,|n|−1),min(|n′|−1,|n|−1)

]
δ|n2|,|n4|,

(B.2)

where
∣∣n′∣∣ = |n2| = |n4|, and eq. (2.40) has been used. Note that

∣∣n′∣∣ < |n|, since n2 and n4 refer to

LL indices in the active window. Using the fact that Jαn,m = Jαm,n, and D(n 6= 0) = 1
4 (eq. (2.30)),

the above expression reduces to

T (C)
sea (n2, n4) =

√
2e2

16`

−nw−1∑
n=−nc

[
J
|n|−|n′|
|n′|,|n′| − J

|n|−|n′|
|n′|−1,|n′|−1

]
δ|n2|,|n4| if n2n4 < 0. (B.3)

For n2n4 > 0, we have either n2 = n4 > 0 or n2 = n4 < 0. For either of these two subcases, the

second and third terms of eq. (B.1) will add together. The result in this case is

T (C)
sea (n2, n4) =

√
2e2

16`

−nw−1∑
n=−nc

[
J
|n|−|n′|
|n′|,|n′| − sgn(n′) 2J

|n|−|n′|
|n′|−1,|n′| − J

|n|−|n′|
|n′|−1,|n′|−1

]
δ|n2|,|n4| if n2n4 > 0,

(B.4)

where n′ = n2 = n4. The final case is when n2 = n4 = 0. In that case, only the first term in eq.

(B.1) remains. Noting that D(n, 0, n, 0) = 1
2 , we have

T (C)
sea (n2 = 0, n4 = 0) =

√
2e2

8`

−nw−1∑
n=−nc

J
|n|
0,0. (B.5)

We can summarize these results by writing

T (C)
sea (n2, n4) =

√
2e2

4`

−nw−1∑
n=−nc

δ|n2|,|n4|A(n2, n4, n), (B.6)

with A(n2, n4, n) given by eq. (2.54).
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B.2 On-site and nearest neighbor interactions in the sea

Next, the OS and NN sea contributions are worked out. In the HF Hamiltonian, eq. (2.49), we

have

+
∑
n,τ

δτ1−τ4,τ3−τ2

[
T (OS)

D (n, τ ) + T (NN)
D (n, τ )

]∑
σ,σ′

〈c†σ′τ1n1
cσ′τ4n4〉 c†στ2n2

cστ3n3

−
∑
n,τ

δτ1−τ4,τ3−τ2

[
T (OS)

X (n, τ ) + T (NN)
X (n, τ )

]∑
σ,σ′

〈c†στ1n1
cσ′τ3n3〉 c†σ′τ2n2

cστ4n4 .

(B.7)

In what follows, we use the result for the OS and NN exchange integrals, eq. (2.42) and eq. (2.43),

and define their direct counterparts, which are essentially given by eq. (2.45). We write

I
(OS)
X (n) =

V0Ac
8π`2

δn1,n3δn2,n4 , I
(NN)
X (n) =

3V1Ac
8π`2

δn1,n3δn2,n4 , (B.8)

and

I
(OS)
D (n) ≡ V0Ac

8π`2
δn1,n4δn2,n3 , I

(NN)
D (n) ≡ 3V1Ac

8π`2
δn1,n4δn2,n3 . (B.9)

For j = D,X, the T elements for the OS interaction, with τ1 = τ4 = τ , τ2 = τ3 = τ ′, read as

T (OS)
j (n; τ, τ ′, τ ′, τ) = D(n)

[(
I

(OS)
j (|n1| ,|n2| ,|n3| ,|n4|)

+sgn(n1n2n3n4)I
(OS)
j (|n1| − 1,|n2| − 1,|n3| − 1,|n4| − 1)

)
δτ,τ ′

+

(
sgn(n1n4)I

(OS)
j (|n1| − 1,|n2| ,|n3| ,|n4| − 1)

+sgn(n2n3)I
(OS)
j (|n1| ,|n2| − 1,|n3| − 1,|n4|)

)
δτ,−τ ′

]
,

(B.10)

and, for τ = τ1 = τ3 6= τ2 = τ4 = τ ′,

T (OS)
j (n; τ, τ ′, τ, τ ′) = D(n)

[
sgn(n2n4)I

(OS)
j (|n1| ,|n2| − 1,|n3| ,|n4| − 1)

+sgn(n1n3)I
(OS)
j (|n1| − 1,|n2| ,|n3| − 1,|n4|)

]
.

(B.11)
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For the NN term, the components with τ1 = τ4, τ2 = τ3 are

T (NN)
j (n; τ, τ ′, τ ′, τ) = D(n)

[(
I

(NN)
j (|n1| ,|n2| ,|n3| ,|n4|)

+sgn(n1n2n3n4)I
(NN)
j (|n1| − 1,|n2| − 1,|n3| − 1,|n4| − 1)

)
δτ,−τ ′

+

(
sgn(n1n4)I

(NN)
j (|n1| − 1,|n2| ,|n3| ,|n4| − 1)

+sgn(n2n3)I
(NN)
j (|n1| ,|n2| − 1,|n3| − 1,|n4|)

)
δτ,τ ′

]
.

(B.12)

For the case when τ1 = τ3 6= τ2 = τ4, we have

T (NN)
j (n; τ, τ ′, τ, τ ′) = −D(n)

[
sgn(n3n4)I

(NN)
j (|n1| ,|n2| ,|n3| − 1,|n4| − 1)

+sgn(n1n2)I
(NN)
j (|n1| − 1,|n2| − 1,|n3| ,|n4|)

]
,

(B.13)

with τ 6= τ ′.

Using the condition on states in the filled sea, eq. (2.51), the OS and NN interactions generate

a term in the HF Hamiltonian of the form

H(OS)
HF,sea +H(NN)

HF,sea =

2

nw∑
n2,n3=−nw

∑
τ

δτ1,τ4δτ2,τ3

−nw−1∑
n=−nc

[
T (OS)

D (n, n2, n3, n; τ ) + T (NN)
D (n, n2, n3, n; τ )

]

×
∑
σ

c†στ2n2
cστ3n3

−
nw∑

n2,n4=−nw

∑
τ

δτ2,τ4δτ1,τ3

−nw−1∑
n=−nc

[
T (OS)

X (n, n2, n, n4; τ ) + T (NN)
X (n, n2, n, n4; τ )

]

×
∑
σ

c†στ2n2
cστ4n4 .

(B.14)

We again use n for the label on the Dirac sea LL, and note that, if n′ is a LL in the active window,∣∣n′∣∣ < |n|. In the last line of eq. (B.14), for the case when τ1 = τ3, τ2 = τ4,

T (NN)
X (n, n2, n, n4; τ, τ ′, τ, τ ′) = 0, (B.15)
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since δ|n|, |n|−1 = 0. Tracing over the two pseudospin indices gives

H(OS)
HF,sea +H(NN)

HF,sea =

2

nw∑
n2,n3=−nw

∑
τ,τ ′

−nw−1∑
n=−nc

[
T (OS)

D (n, n2, n3, n; τ, τ ′, τ ′, τ) + T (NN)
D (n, n2, n3, n; τ, τ ′, τ ′, τ)

]

×
∑
σ

c†στ ′n2
cστ ′n3

−
nw∑

n2,n4=−nw

∑
τ,τ ′

−nw−1∑
n=−nc

T (OS)
X (n, n2, n, n4; τ, τ ′, τ, τ ′)

∑
σ

c†στ ′n2
cστ ′n4 .

(B.16)

In eq. (B.10), notice that

T (OS)
D (n, n2, n3, n; τ, τ ′, τ ′, τ = τ ′) = T (OS)

D (n, n2, n3, n; τ, τ ′, τ ′, τ 6= τ ′)

=
V0Ac
8π`2

D(n, n2, n3, n)
[
1 + sgn(n2n3)

]
δ|n2|, |n3|

(B.17)

and, from eq. (B.12),

T (NN)
D (n, n2, n3, n; τ, τ ′, τ ′, τ = τ ′) = T (NN)

D (n, n2, n3, n; τ, τ ′, τ ′, τ 6= τ ′)

=
3V1Ac
8π`2

D(n, n2, n3, n)
[
1 + sgn(n2n3)

]
δ|n2|, |n3|.

(B.18)

Finally, from eq. (B.11), and the term accompanying δτ,τ ′ in eq. (B.10), notice that

T (OS)
X (n, n2, n, n4; τ, τ ′, τ, τ ′ = τ) = T (OS)

D (n, n2, n, n4; τ, τ ′, τ, τ ′ 6= τ)

=
V0Ac
8π`2

D(n, n2, n, n4)
[
1 + sgn(n2n4)

]
δ|n2|, |n4|.

(B.19)

We now see that the form of every T element appearing in eq. (B.16) is independent of whether

τ ′ = 1 or τ ′ = −1. Relabeling LL indices n3 ↔ n4, and summing over τ , eq. (B.16) becomes

H(OS)
HF,sea +H(NN)

HF,sea =

Ac
4π`2

(
V0 + 6V1

) nw∑
n2,n3=−nw

−nw−1∑
n=−nc

D(n, n2, n3, n)
(
1 + sgn(n2n3)

)
δ|n2|, |n3|

∑
σ,τ ′

c†στ ′n2
cστ ′n3 ,

(B.20)

where we have used the fact that D(n, n2, n, n3) = D(n, n2, n3, n). If n2n3 < 0, the whole term

vanishes completely. Noting that D(n, 0, 0, n) = 1
2 and D(n 6= 0) = 1

4 , the OS and NN Dirac sea

contributions yield

H(OS)
HF,sea +H(NN)

HF,sea =
Ac

8π`2
(
V0 + 6V1

)
Nsea

∑
σ,τ,n

c†στncστn, (B.21)
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where Nsea is the number of LL’s in the Dirac sea. Thus, the OS and NN sea contributions are

diagonal in all state indices.
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Appendix C

Exchange Integrals

In this section, we work out the exchange integrals that appear in the HF Hamiltonian for

non-uniform states. From eq. (4.9), we have

T (i)
X (n, τ , q) =

1

S

∑
p

eip×q`
2M(i)(n, τ ,p)

=

∫
d2p

(2π)2
eip×q`

2M(i)(n, τ ,p),

(C.1)

for each interaction, i = C, OS. Recall that the M functions, defined in eq. (2.27), are written as

a sum of products of form factors. Therefore, the integrals are essentially of form

I(i)(n,m, k, j; q) ≡
∫

d2p

(2π)2
eip×q`

2
Fn,m(p)Fk,j(−p)ν(i)(p), (C.2)

where n ≥ m ≥ 0 and k ≥ j ≥ 0 are positive integers referring to the LL indices (n1 = n, n4 =

m,n2 = k, and n3 = j). For each interaction, ν(OS)(p) = V0Ac
4 and ν(C)(p) = 2πe2

4p . Inserting eq.

(2.26) for the form factors, F , into the above expression, with tan θ = py/px, gives

I(i)(n,m, k, j; q) =(
m!j!

n!k!

)1/2 ∫ d2p

(2π)2
ν(i)(p)eip×q`

2
e−p

2`2/2

× Ln−mm (p2`2/2)Lk−jj (p2`2/2)

[−py`+ ipx`√
2

]n−m[py`− ipx`√
2

]k−j
=

(
m!j!

n!k!

)1/2

(−1)k−j
(
i`√
2

)n−m+k−j

×
∫ ∞

0
dp ν(i)(p) pn−m+k−j+1e−p

2`2/2Ln−mm (p2`2/2)Lk−jj (p2`2/2)

×
∫ 2π

0

dθ

(2π)2
eip[qy cos θ−qx sin θ]`2eiθ(n−m+k−j).

(C.3)
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With qx ≡ q cosβ, qy ≡ q sinβ, and a ≡ n−m+ k − j, the angular integral becomes∫ 2π

0

dθ

(2π)2
eip[qy cos θ−qx sin θ]`2eiθ(n−m+k−j) =

∫ 2π

0

dθ

(2π)2
ei[−pq sin(β−θ)`2+θa]

= eiβa
∫ 2π

0

du

(2π)2
ei[ua−pq`

2 sinu]

=
eiβa

2π
Ja(pq`

2),

(C.4)

where Ja(x) are the Bessel functions of the first kind. Eq. (C.3) is now written as

I(i)(n,m, k, j; q) =

(
m!j!

n!k!

)1/2 (−1)k−j

2π

(
i`√
2

)a
eiβa

×
∫ ∞

0
dp ν(i)(p) pa+1e−p

2`2/2Ln−mm (p2`2/2)Lk−jj (p2`2/2)Ja(pq`
2).

(C.5)

The radial integral for the on-site potential (i = OS) can be done analytically. The result is

I(OS)(n,m, k, j; q) =

V0Ac
8π`2

(
m!j!

n!k!

)1/2

(−1)m+kiaeiβa
(
q`√

2

)a
e−q

2`2/2Ln−jm (q2`2/2)Lk−mj (q2`2/2).

(C.6)

For the Coulomb potential (i = C), we have

I(C)(n,m, k, j; q) =

√
2e2

4`

(
m!j!

n!k!

)1/2

(−1)k−jiaeiβa
∫ ∞

0
dx xae−x

2
Ln−mm (x2)Lk−jj (x2)Ja(

√
2q`x),

(C.7)

where the remaining integral is computed numerically.
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Appendix D

Matsubara Formalism

The fermionic Matsubara Green’s function with an arbitrary set of state labels, α, β, is

G(α, β; τ̄) ≡ −〈Tτ̄ cα(τ̄)c†β(0)〉 , (D.1)

where Tτ is the time ordering operator and τ̄ has dimensions of time. Defining the step function,

θ(τ̄) =


0 τ̄ < 0

1
2 τ̄ = 0

1 τ̄ > 0,

(D.2)

and noting that θ(−τ̄) = 1− θ(τ̄), we can write the Green’s function as

G(α, β; τ̄) = −θ(τ̄) 〈cα(τ̄)c†β(0)〉+ θ(−τ̄) 〈c†β(0)cα(τ̄)〉

= −θ(τ̄)
[
〈cα(τ̄)c†β(0)〉+ 〈c†β(0)cα(τ̄)〉

]
+ 〈c†β(0)cα(τ̄)〉 .

(D.3)

Differentiating with respect to τ̄ gives

∂G(α, β; τ̄)

∂τ̄
= −δ(τ̄)δα,β −

〈
Tτ
∂cα
∂τ̄

c†β(0)

〉
, (D.4)

and using the Heisenberg equation of motion, ∂cα
∂τ̄ = [H− µN, cα], we now have

∂G(α, β; τ̄)

∂τ̄
= −δ(τ̄)δα,β −

〈
Tτ̄ [H− µN, cα](τ̄)c†β(0)

〉
, (D.5)

where µ is the chemical potential, and N = c†αcα is the number operator. We assume, for now, a

generic form of the Hamiltonian, expressed in an arbitrary non-diagonal basis,

H− µN =
∑
γ1,γ2

hγ1γ2c
†
γ1cγ2 +

∑
γ

Vγ1γ2γ3γ4c
†
γ1c
†
γ2cγ3cγ4 . (D.6)

In eq. (D.6), hγ1γ2 = h0
γ1γ2 − µδγ1,γ2 , where h0

γ1γ2 is the non-interacting Hamiltonian, and Vγ1γ2γ3γ4

are the elements of the two-body interaction. By using commutation properties for fermions, it can
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be shown that

[H− µN, cα] = −
∑
γ2

hαγ2cγ2 −
∑
γ,γ3,γ4

(
Vαγγ3γ4 − Vγαγ3γ4

)
c†γcγ3cγ4 , (D.7)

so that eq. (D.5) becomes

∂G(α, β; τ̄)

∂τ̄
= −δα,βδ(τ̄) +

∑
γ2

hαγ2 〈Tτ̄ cγ2(τ̄)c†β(0)〉

+
∑
γ,γ3,γ4

(
Vαγγ3γ4 − Vγαγ3γ4

) 〈
Tτ̄ c
†
γ(τ̄)cγ3(τ̄)cγ4(τ̄)c†β(0)

〉
.

(D.8)

We use a Wick decomposition on the time-ordered two-particle expectation value, in the last line

of eq. (D.8), to write〈
Tτ̄ c
†
γ(τ̄)cγ3(τ̄)cγ4(τ̄)c†β(0)

〉
≈ 〈c†γ(τ̄)cγ3(τ̄)〉 〈Tτ̄ cγ4(τ̄)c†β(0)〉−〈c†γ(τ̄)cγ4(τ̄)〉 〈Tτ̄ cγ3(τ̄)c†β(0)〉 , (D.9)

where we have assumed that the state can be written in terms of a single Slater determinant.

Inserting eq. (D.9) into eq. (D.8), interchanging γ3 ↔ γ4 in the first term of the decomposition,

and simultaneously relabeling γ3 → γ and γ → γ3, we now have

∂G(α, β; τ̄)

∂τ̄
= −δα,βδ(τ̄) + µG(γ, β; τ̄)

−
∑
γ

[
h0
αγ +

∑
γ3γ4

(
Vαγ3γ4γ − Vγ3αγ4γ − Vαγ3γγ4 + Vγ3αγγ4

)
ρ̃γ3γ4

]
G(γ, β; τ̄),

(D.10)

where 〈c†3c4〉 (τ̄) ≡ ρ̃34(τ̄) is essentially the density matrix; in the analysis in the main text, we will

eventually take the limit τ̄ → 0. After we take this limit, the second term in the square brackets

becomes exactly the interacting Hartree-Fock matrix, Hαγ . The Fourier transform of the Green’s

functions is given by

G(α, β; τ̄) =
1

βT

∑
m

e−iωmτ̄G(α, β; iωm), (D.11)

where βT = 1
kBT

, and ωn = (2n+ 1)π/βT are the fermionic frequencies. The frequencies are found

by expanding the fermion occupation functions, nF (ξp) = (eβT ξp +1)−1, in a series summation over

its poles and residues, with ξp = εp − µ. The poles in this expansion occur at ξp = iωn. Noting

that δ(τ̄) = 1
βT

∑
n e
−iωnτ , eq. (D.10) now becomes

(
iωn + µ

)
G(α, β; iωn) = δα,β +

∑
γ

[
h0
αγ +Hαγ

]
G(γ, β; iωn), (D.12)

119



which is eq. (4.21) in the main text.
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