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is

(4:53) Ci'(e, o) =", 0(c,6) =", (\_ (c,q) L z).
Here the generalized step function O (s, ¢") obeys

9 I I3
2 9@, 0)=A(c,0)

(4-54) O,dh)=1 , oc>¢

@(G 6’)20 G<6,}O£G£TC, o<oc' <m,
) b

while the periodic sawtooth functions

— 2 (pinto—o) in(o+0")
) 2‘:!:<6 G) 2__”’;)”(6 G—G ie”"")
(4.55) '
.(6,6)=0(,c)—=
have the properties
X2.(c,6)=—2Z%X (¢',0)

Zi(otz2m,0)=21(c,0)

Ia)

= = Y (6,6 =A (o, G>~—~7

d A ¢ P S "5
w5 ~(0,0)=410(0,06)=— Z.(c0).

But now Eq. (4.53) and the requirement that
Ci'(s,0) = —Ci' (¢, 0) = 57, (5-(o, o)) — °)

Tell us immediately that

Iu{c,0) =

deg”’ —% A (6,0) (Z(c”, 6') — 7—5——) = A_(c,c").

J

The other elements of the inverse matrix are

Cx' (s, 06" = —C3' (o, )= A(G ¢')
Ci'(s,0) = 575 Ci'(o,0) — . 5 fdc”c;f (o, 6"
(4.58) . ¢
=%, !
2 (2-P)? (o e
Ci'(s,6)=—Ci'(¢,6)=———3 (c,0).

(A P)®
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The final result for C;;' is therefore

\ it K
(4-59) Cj (o,0) = AP
r 7:7\2 Yo/ ’ 2 ! O
: o PTG tenl
o 0 - 1 Afs, o) © ’
X 22 ) |
A ' r |
— o 2, 0) A, o) ? ’ |
5o, 0)— . o o |
— y T ’

Equation (1.58" can now be used to compute the Dirac brackets compatible
with the constraints '4.49). The results arc

wooa) o), e = T w@ [ =7 2] X, o)
k L TC)\Q L )
+a 5 =T 2 @] )3 (s, 0)
+ oty O P () — N P (o)),
L v ’ "T-Vz 32 ..12 A kY ~ ’
(4.60 ) (20, 2 ()W =T [_ T P o) () Y (o, o)

o

AT -, ~ , N < P
— 7 (@ P ()X (e, ) 4w (6 (X (e, o)+ T) b

™

1wt (o) (E,_ (6,60)— (f_ )]
: [ 77‘»“ v ) ,
(4.60 ) {2°6), " ) = (g™ + 75 2" () Ao, o))
; LT ()2, (6,c (77—7\2.?" (") LY P)
L P ORI (o) = P
7\27;2 NZ " \ SRR N ":N w 3
— e e 1" (a) 20’ (") ..J_(G,GJ—’ﬁ* 7 <0‘>7\:|.

The constraints (4.49) are strongly valid in the Dirac bracket system.
We may therefore solve the cquations of motion (4.45 @),

9‘2 2 2 Wy
<46I> ( 3 thikt (=, 0)

= ) 3500 = g = 0

in the orthonormal system subject to the boundary conditions /y.45 4). The
most general solution consistent with the reflection principle (4.22) takes
the form

(4.62) Mz, 0) =2 Q" ba) QN (o))
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where we may identify
(4-63) QO =2"0,0

as the coordinate of the end of the string. The momenta arc

(465 Pz e = Nupr = QN (x4 e) L Q" (=)
where
(4.65) Q") =20 _ g0, 0).

N . . . . .
(Q" is often written ““ P"” in the literature; we reserve this symbol for the
translation generator (4.29).) By examining

(4.66) i1 (v, 6) = &[S <O:u, Aog) — QM (r - a)

we find that the boundary condition
(4.67) W (5, 0) =1 (7, m) = 0
requires

(4.68) Q"0+ 2m)—— Q" (0) = 0.

= / =

Next, we notice that the four constraints (4.39) on x" and #" can be ex-
pressed as two constraints on Q"

7.1:Ql2 (0)=o

<469> 3. P
72 =2-Q(0) —0 - =o.

Note also that
4.70) Q) = 1l

To find the brackets of Q" (0) compatible with the strong constraints
{4.69), we insert kEq. (4.62) for a* (7, 6) into bhoth sides of the Dirac bracket

(4.60 a). After identifying terms of the same functional form on both sides
of the equation, we find that

471) {Q0),Q (1) = — g e®—10)
N
+ 0 PO QU (0) — 07 2 Q™ (0]

T Q0P Q00 0P — Q" (0) QY0
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Here we have defined the functions

p(O) = 2 e

n==0 n
0
(4.72 @) e® =+
1 de (0) N ~ : \
3O= = X o= X S (04 20m)

with the periodic properties
o8 +2m)=7(0)
(4.72 b) e@+2n)=¢c(0) +2
3(0+2m) =23(0).
One may verify that all of the brackets (4.60) follow from (4.71), (4.62)

and (4.64). The brackets (4.71) are also compatible with the constraints (4.69).
In fact, it is amusing to note that if the « canonical ” bracket of Q" (0) is

taken to be
(4.73) {QY (), QY = — %_ ge(®—0),

Eq. (4.71) is exactly the result one gets by using the Dirac procedure with the

constraints (4.69).
Examining Egs. (4.60) or (4.71), one sces that the Dirac brackets look

like a plausible basis for a quantum theory provided
N =o
4.7 o .
“74) »'=o0 for the D-2 independent degrees
of freedom.

We are free to choose the gauge in such a way that the theory is as simple as
possible. Therefore we take

7\0 = )\D_l = I/V?
(4.75 @) .
7\[20, I’r:I,"',D—Z

* .
and define also a complementary vector %, with

7\3 = —736)4__1 = — I/l’/Z
(4.75 ) *
A =0
so that
N=1=o0
(4.75 ¢) N
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Hercafter, any vector V* will be split into a transverse part V', 7= 1,---,
D-2 and
V=, V= (VI VO yz = Vo
(4.76)

Vo=V =V = Vo7 =V

in accordance with the null-plane conventions listed in Appendix A.
With the gauge choice (4.75), the nonzero brackets in Eq. (4.60) become

(4.77)

{2'(0), 7 (o) = —8"A(, )

(@), 7 @ = —

(), @ = L @26, 00 (6D I (e, 6N +
L (P (0) =7 ()]

(r (@), 2 (W = [ (W) (0, 0) + 5 2'())

(7o), 2 ) =T (o) B

(P (0),x () = —=

(77 (), (W = [#7 () Ao, 0) +
+ o[ @re, =T o)

{27 (c), 2 (&)W = 5, Z'(6)A(s,6)

P ©0), @N = (P02 )= (@),

For reference, we give also the nonvanishing brackets (4.71) with the gauge

choice (4.75):

(4.78)

(Q7 (), Q) (0 = — 1 372 (0—0)

[QH (), Q (O = — =

ORI R I
4 o (s0—0)— 3]

(OO, QF (0 = [ Q7 (0) (p00—0)+ %)

T
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The action of the translation group gencrators (4.29) is now

(P *_ _—
1P AT (6)) = I

(P72 (o) = [ 77 (o)
(4.79) e

(P2 (@ = 5, 2 (9

{P, 2 (o)) = — 38"

with all other brackets vanishing. Since

_ Nr .
P+ -

and P7 is the canonical gencrator of +* displacements, we may solve the con-
straint Eq. (4.13 @) for #7 to give the generator of =-displacements,

. ptp- ' 2
(4.80) H=—" = [de@ @ Nu -u.

We verify that Iq. (4.80) gives Hamilton’s equations of motion in = for the
independent variables ' and 27

Q 7
N w1 VN drvi(t, o)
{2'{(z,06),H} =P (0= "
’ N * ‘
(4.81) .
\ / 7 A pt
i * iz, o) 34 (v, 0)
(20, NPF=N T 0 S

We next examine the Lorentz group generators (4.32). The rotation group
generators M transform 2’ as a three-vector.

(4.82) (M7, 23 = 8% 47— 37 4

The boost generator M™ on the other hand, adds gauge transformations to
the variables so as to preserve the constraint Eqs. {4.36) in the new Lorentz

frame. We find

87 (o)

(483) (M7, (o) = — 87 v (o) + T () + &i)

T

Nz dv/{s) | Sri(r
+ - —\—)Jda (=, %) L (a,0).

P+ o

The first term is expected from Lorentz covariance, while the remaining terms
arisc from the fact that a gauge transformation (a (z, 6)-reparametrization)
must he made to preserve the gauge in the new Lorentz frame. If the infinite-
simal Lorentz transformation is written:

(4.84) P = P b Dy (6" PP — g P = P' - 0" P,
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then the change in x*(z, 6) under a Lorentz transformation will involve also

an infinitesimal reparametrization =, 6-> (7, 6), 6 (7, o)

(1.85%) Wiz, 6= x¥(z, 6y =2a"(%(7,06),6(7,0 + (7, o)

y Ny N s

=2t (z,6) e, (7,0 4 Aret (s, 6) |+ Acut (T, 0) .

/

The value of Az is fixed by requiring

\ '+ Pt Topt o Y P
(4.80) AT = L (PP -4 o™ Py

Equation (5.85) then immediately gives
NrotY [P, )
(4.87) Ar = R ( b ~—.r\,)
Once A~ is fixed, Ac is completely determined by the requirement (4.46)

that the orthonormality of the coordinate system, Eqgs. (4.42), be preserved

by the reparametrization,

Sdc  fdA¢ Nmw' [P R
e (xr "v)
(4.88
(4-88) AT AN S Y
e = 5T T pe Nrw Y, .
The solution of Egs. (4.88) 1s
[
. Nrot¥ [ 6P, Lo ,
(4.89) Ac = —7——~(— S ' de’ v,(7, )
\ n N N J
I Nr ]
0
T
NrotY | , NS ,
~pi— J de’ v, (=, 6") I_(o', 6)
0
ks
NrotV 1 ’ AN ’
= — %% J de’v,(z,6) X, (c,07).

0

Thus when a Lorentz transformation is made, the required change of x* (7, o)

which preserves (4.86) and (.42 is

N7w+Y P
(4.89) x*(z,06) =2*(1,0) ;- 0”x(7,0) " (7, 0) “WP%M (177% — ,r\,)
T
N+
—u* (7, 0) _17}:;)7; de' v, (v, 06) X (6,07,

0

which agrees with the result (4.83) given automatically by the Dirac brackets.
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D. FouRrRIER COMPONENTS OF VARIABLES

We begin the Tourier analysis by observing that the s-averaged coordi-
nates and momenta of the string are

o I w - 1 1w
(+.01) 7= ﬁfdcx (o,c\—;fd()Q o)
0 -7
P — J dw’”(o,c):NJ de " (0, o)
0 0

=N (@ (x) — Q" (— ).

Then we may write

1w o opt Lt
QO =g+ SO
<4.92> L W 1
Q™ (6) = P*/Nx -+ ™ (0),

where one may deduce from (4.68) that /" is periodic,
(4.93) SO+ 2m) =70,

Then, from (4.62), the canonical coordinates % can be written as
\ oo N o s o NN
G0 PG =g L L L ) e —a)

Next, we expand £ in harmonic oscillators using the DDIF TFourier
) 1 g
components * (Del Giudice, Di Vecchia and Fubini, 1972)

Py ™
(403 d= J d0 Q™ (0) exp [im 7-Q (0) Nmfp- P ~ J d0 Q™ (0) &
— % ‘ do (Z" (=, 6) - Nu' (=, 0) e
< J

T

From (4.92), we see that a,, may be written

e

(IO,f” <O/> L’iMOI.

(4.96) ap=P"3,0—imN % J

*) A modified form of these oscillators can be used to quantize the string even when
. q 8
the gauge is time-like {Goddard, Hanson and Ponzano, 1974,
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Multiplying by e~/ and summing over 7 == 0, we may employ Eq. (1.72;
to find an explicit expression for f*:

- ooy 7 Y I o —iml)
/4()/> f (0) = "1\'75 2_‘ 7)7/7ZV 2y € .

w0

Thus the complete Fourier expansion of a* is

"P“ A N I —mT
4.98 A, 6) =" L+ 2‘ COS 771G ¢ ’
(4‘9 > K" ) > 9 i N7 + \7_ e 71& am
and Z#" = N 22"/27 | /' = 22""/%0.

L L} . T .
Not all of the Fourier components ¢", P and «}! are independent.  Using,
for example, the expressions of the Fourier components in terms of Q" and
the Dirac brackets (4.71), we find the following nonvanishing Dirac brackets,

(4.99) {@y, @} = —iNmwmg" s, _,
+ rigf (1R @y — 1N @)
{Pr¢ V' =—1
L
P
(P} = 111 ,

where 2 is the gauge paramcter (4.75) and we Dear in mind that

(4.100) ay = P".

These Dbrackets are compatible with the strong constraints (4.49) or (4.69),
which translate into the following constraints on the Fourier components:

(4.101) g"=o0
(Z:,— = Sm’() P+

e e e

n=0

The expression for «, in terms of the other variables can be derived, for
example, by solving the constraint Eq. (4.13 @) for 7,

(4.102) P (r,0) = — v£,+.(g».9+ N?u-u),
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expanding Z" and 72" in the Fourier components (4.98), and identifying the
coefficients of cos no e,
Now we may take as our independent variables

(4.103) ag =P',q"
q [ = D2
a, sZ:I, D-—2
aér—Pi ? N == OO e, OO

with the nonvanishing brackets

] k% . Z
{aZn ’ {Z,;} = —iNn 7728] 8;}1,—77
N PR L
(4.104) {Ph g7} =-—1
P
11 4 } -

Using (4.101), we casily confirm that the brackets (4.99) follow directly. Note
that r

{@m, i} = —iNz (PJ“ “Lud

(4.105) "

{a),, a2, } =i N=n /PF (12 -— 1) @uyom -
In the literature, one often sees the notation

¥
; p @ | S 1 W
‘\4'10‘),} m o T N Ay = SNw Q, Q. ,
R

where %, obeys an algebra zsomorphic to the Virasoro algebra (4.26) (Brower,

1972):

(4.107) {Z,, LN =i (1 — ) T
The important difference, however, is that %, is nonvanishing, while the Vira-
soro operators vanish in the Dirac bracket algebra.

We may now use the independent variables (4.103) to write explicit
expressions for the canonical variables and Poincaré group generators of the
fully constrained system. The canonical coordinates arc

~pt
4.108) X = g
(4 o J Nt
P~ Z S .
=g = N — a7’ Cos G ¢
¥ 7~ + N7 + N= 1% n o
= g~ a, - -a_
g ’7 l\rP % ni m
z < SR

—_—— > - a,-a,_, cos no e="*
2 N7P™ #30 allm 7




. ~p* 7 ~N 1, .
vt == gt e ~ND Z — a* cos ng e=™*
N« Nw S e
A+ >+
i [oR% I
P =N ==
o7 ™~
o oo | N ~ o
P T= N = [am-a, w24 @@y, COS NG c"”-}
v 2wl m n i
Nk )3
ke .ot P 1 g —inw
P =N = R L P, COS NG ¢ :
Sieny ™ T
i

With some labor, one may check that these expressions for 2" and 2" repro-
duce the Dirac bracket algebra (4.60) with the choice (4.75) for 2"
The Fourier decomposition of the Hamiltonian (4.80) is

0 0
/4IO9> H o= - \'I_' 2,: a, a_,; — —- -\»I_ (Pz"‘ 2 Z a,-a »1)

[T o] \ =]

and continues to generate the equations of motion (4.81). The Lorentz-
invariant mass-squared can be cxpressed in the form

{4.110) MP= — 2P P —P =2 Z a,-a_,.

=1

The translation gencrators are P, P, and the dependent variable P~ given
in (4.101). Using the definition (4.32) of the Lorentz transformation generator
M™ together with (4.108), we find

, o 7 ph RSV 7 I, * ko7
(g.111) Mi=g¢" P--g" P4 -~ laya_, — &, al,)
e J q q N "ZO 2 N n & Ay
y g
MT* —= ql Pi—
M= g Pt

7 o VI N
+— DN 2‘ 2 Ay (" By i)

H——
27NPT R0 allm

In the classical system, the Poincaré group algebra (4.34) continues to hold.
This question is more subtle in the quantum mechanical system, which is
treated in the next section.

X, QuANTUM MECHANICS

The quantum mechanical system corresponding to the classical string
model described in the previous section has been treated extensively in the
literaturc (Goddard ez al, 1973; Rebbi, 1974). We will give here only a
brief summary of the results.
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The following variables can be taken as operators with commutators corre-

sponding to their Dirac brackets, using the convention {A, B}*— i [A, B]:
[af;, , af] = N7 md”* S, —m

(4112) J[PY, T =1
i [P, ¢ = 8.

All other commutators vanish, with the proviso that {zﬁ: P’
The dependent variables are

p + o
(4113) ¢t =o0
+
CZ:_: 8n,OP
o0
— — Nro. 1 Y
P =aq 0 — — (: a,,,-a_m:—szx)
0 T 5 2P\ LS 0
N=
:—‘*EIC:yO:—“U.O)

o
-~ 1
Ay = — — 2 QA
2 P+ = —00

Nz

Herc the colons :( ): in P7 mean that the expression is to be normal-ordered,
with the destruction operators (zfn with #2 > o alwayvs on the right. Since P~
contains noncommuting operators, we may need to add for consistency a
zero-point energy which we have written as Nmao/P". The Lorentz-invariant
mass operator is thus

LI Ml = 2Nx(:%: —a)—P%.
4.114 0 0

The requirement that @y, be expressed in normal ordered form causes
the commutator of canonically conjugate pairs [ae,,e_,] to pick up a
Schwinger term which was not present in the classical theory.
—~ B Nw

’ . _ _
(4.115) [aw, 4] = — i (31t — 1) Gy

N \2 i —
+ (“"iv"f) PETID —2) 8,

Other commutators arc unaffected:

(4.116) [2: , ay] = ;: Nty .

I
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The Hamiltonian is now
Pt p~ 1
(41 I7> = '*:T/;" S ZN‘]T <: j() L a0>

00
1 92 S 2
= - (P + 2 2‘ Ay Oy — aO)
2Nw

=1

and generates Hamilton’s cquations of motion in « for the dynamical varia-
bles. We observe that © is dimensionless and

A (t,00 A
(4.118) - == ?(‘Niﬂf
P t+

due to the constraint on x*. We find that the Fourier components have

cquations of motion
S i[H,¢"] = P'|N=
(4.119)

. 3 ok
i[H, a4, =—ind,

so that the fields #* (v, 6) and momenta 2* (, 5) obey
( )

/[H, 2= 2N =i
(4.120) 5 )
i[H,P7=N-_; 2 (z,0) =P

The most unusual feature of the quantized string is of course the fact
that the Lorentz group algebra does not close unless certain conditions are
met. We will not go through the calculation here, but merely state the result.
One finds the because of hermiticity and normal ordering requirements, the
commutator of the quantum operators M~ and M’ takes the form

[g)
., N . 7 - = sy —2 Y [ L \ |
{4.121) JM M) = —2 (P Z [m (1 ., DO — 2/\») --
m=1 -
+ (L D—2)—u \ (@ @)y — @l aly)
1 771 24 \ ~0 -t m —m oy .
This commutator must vanish if the Lorentz group algebra is to be satisfied,

so we conclude that
D =26
(4.122) B
o= 1.
There are various methods of relaxing these restrictions, but the norm of some
state always becomes negative for D > 26. No clear intuitive reason for such

a phenomenon is understood at this time.

5. MAXWELL ELECI'ROMAGNETIC FIELD

The classic example of a theory with an invariance under an Abelian
gauge group is Maxwell’s theory of electromagnetism.
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A, LELECTROMAGNETIC HAMILTONIAN WITHOUT GAUGE CONSTRAINTS

The application of the Dirac method to clectromagnetism has been exa-
mined by Dirac (1931, 1964). (Sce also Anderson and Bergmann, 1951, and
Kundt, 1966). We shall begin by considering a field A" (7, x) transforming
as a four-vector on the index w and possessing continuously infinite degrees
of freedom labeled by the spatial coordinate x, or some suitable combination
of the +" depending on the type of dynamics chosen. The most general form
for the action is assumed to be

(5.1) S = ({Z4xf (A*(x), CA"(x)/oa™) .

Now we wish to make A" describe a massless vector field, which has only
two independent degrees of freedom, not four. The time-tested method for
doing this is to allow % (up to total divergences) to he a function only of

A BAM

(52> F!n' — W [,\v . Sv A.“ - — AV’!L . A“'v )

™

" has the virtue that it is unchanged by the spacetime dependent gauge
transformation

e HAM "
(5.3) Ao AM =AY

L
The freecdom to choose \(x) may be used to eliminate the unphysical com-

ponents of A"(x). Note that with the convention (5.2), the usual E and B
fields arc

RN U S‘X” a‘_\i - 0, ANT
= B = — S — S = — (VA" £ A)
(5.4) L A
I;[ - - st,(’ l“'% _ a/][v 7377 . (v © A:7
- cL

We still have some latitude available in choosing the Lagrangian; one
unconventional form would be the Born-Infeld electrodynamics

(5.5) L = (—Det (g, + F))

which agrees with the Maxwell theory only in the weak-field limit (see Dirac,
1960). In what follows, however, we shall be content to investigate the usual
Maxwell Lagrangian,

1

(5.6) #=— - F"F,

in Lorentz-Heaviside units.
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We first make the traditional choice of specifying the dynamics on con-

stant-time surfaces. Then the canonical momenta are

2L
P =
I \2/> = 'O\Au

. I“"” - h\(i‘u . ’L\}lyﬂ

N
Ut
~I
s

The spatial components of =" are

(3.8) a(x) = —E(x) = A+ VAL,

while the time component vanishes weakly, giving the primary constraint

(5.9) 0 (x) ~ 0.
The canonical Poisson brackets of 7 and A" are given by
(5.10) (720, %), A, p)) = —— 33 (x— )

and are obviously incompatible with LEq. (5.09).
The variation of the fields A" (1) gives the usual Euler equations, which

may be only weakly valid:

(5.11) O e = F' = A" - AN~ 0.

The zero component can be written
¢ A0 1 A
(5.122) V- (VA 4+ Ay~ 0.

N

Using Eq. (3.7}, we rewrite this in the form
(5.12h) V-a=—V - -E~o,

which is indeed a weak equation because it is incompatible with the Poisson
brackets (5.10).

Let us now begin to apply Dirac’s approach to our system. Tirst we recall
that the Maxwell Lagrangian (5.6) is invariant under the Poincaré group of
spacetime transformations {in fact, it is invariant under the full conformal
group of which the Poincaré group is a subgroup]. We list below the cffect

At/
X

of each Poincaré group transformation on 1" and the field A"/x):
(5.13a) P* = translation: 82" = ¢,(¢"%)
AR n " ' N o o~ o
SAY = Alv () — A% (x) = g, (A"

.

(3.136) M* = Lorentz transform: 81 = e g!lﬁ y o
N , A By A o N o 0 ]
SAY =y [(0" g™ — 1 g7 5 AN 4 g AP — AT
= Wyup [x“ A!L’SM_ xﬁ A!L’ZX + 27[? g?.u A\]
where

8 6 8
SN =g e g g
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Note that the tensor indices of A" transform oppositely to those of " since
it is the /nverse transformation which relates the old tensor indices to the new
coordinate system.

A canonical conserved Noether current is associated with each transfor-
mation. The canonical currents and the corresponding conserved Poincaré
group generators are given in the equal-time convention by

0L

wYo A v Y P Lo A,V ! ol
0[ 9A7.,u o : g r AX/" 4 g I FEXS

- QR
(5.14) 07 =0

P* = f a3 0%

and
v W Yy v r 9‘,([) AIIAY
M = OO S NAT
_ xu Oocv xv Oau + Fo:)\ eV _\6
. - c T ¢ ~ )G
(5.14b)

™ =0

MM = f AR A

Now we take the canonical Hamiltonian

(5.15) H = P = | 0 = [ e = A, - S B L)

and add, according to Dirac’s prescription, a multiple of the sole primary
. 0 ,
constraint = ~ o. We get

~

(5.16)  Hy=H, - ’ A v (x) 7' (x) =
= ‘ d3x (I P+ B—a VA Ly (0 =),
where we have used the identity

(5.17) A:~VAO+.T.

We look for secondary constraints by computing the bracket of H, with the
primary constraint 7° ~ o and requiring the result to be a o for consistency:

(5.18) 7 ={='(x),Hy} =V -a~o.

Our two (obviously first class) constraints arc thus

-G

v

L =7axo0

(5.19)

-
|

<
-
i
o

by =
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We now add both ¢, and {, to the Hamiltonian with arbitrary coefficients.
Using (5.17) and doing an integration by parts, we find

$.20) H=H, |l x@w =1 0,V 1) =
. 1 2

T

= ’ﬁde(—; 32—%?B2+vl7':0 -+ (vg -+ AO)V-:r) —

ds- 1 A”.

‘oo

Hereafter, we will neglect surface integrals such as the last term in (5.20).
By evaluating the brackets

A= (A" H}=—0¢,
(5.21) Al = (A" H} =7 — AY ——2gyf24

P {T:ZA y,HY = — F[j’j — —<V><B>{ — it ’
we find that we can set v, = — A’ = A®? and 7, = 0O to give the final result
(5.22) H = f(ﬁx(é D S AOV-:r).

o

Note that A’ is a basically arbitrary function in the Hamiltonian which is
eliminated from the equations of motion only after we choose a gauge. 'The
last two terms in (5.22) are in fact the generating functional for infinitesimal
gauge transformations with A (x) = A(x).

The functions z; and v, are not necessarily the same for all components
of the energy-momentum tensor. We may in fact write

(5.23) 0= 0" o w eV

Arguments parallel to those which led to Eq. (5.22) give

(3.24) P= |l x(—axB+r' VA" L AV a)),

SO
0 0 Op.
'Ulu:A'u,Zi;g“:O.

We see that Eqs. (5.22) and (5.24) are the appropriate modifications of Eq.
(5.14a) to generate the spacetime translations of the theory without gauge
constraints:

(5.25) {P*, A"(x)} = 2A"/ox, .

The other generators (5.14) of spacetime symmetries may be treated in a
similar fashion.
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B. RADIATION GAUGE CONSTRAINTS

We now show that the Dirac brackets in the radiation gauge lead directly
to the traditional quantum-mechanical structure (e.g. Bjorken and Drell,
1964).

Our objective is to use the gauge freedom (5.3) in our system to fix two
components of A" so that the first class constraints (5.19) become second class.
Since =0 & 0, one logical choice is to set A &~ 0. This is accomplished by

the gauge transformation

2°

wr ' )
(5.20) A > AY =AY A = A" + A fdt Az, x),
[T
0
for which the infinitesimal generator takes the form of the first class, weakly
vanishing addition to Eq. (5.22):

LAl = | 2\ (0) () — AV a)) = fd3xﬁ”GM;X.

Now the Euler equation (5.12) becomes
A
(5.27) V-A ~o,

so that a second time-independent gauge transformation can be made to
fix A", The radiation gauge, V-A" ~ o, is a convenient choice compatible
with (5.27), and is achieved by making the gauge transformation

7 "N ’ : I ’ \
A->A'x)=A(n)+V, (tlﬂ}’ Grx—y VoA ", )
(5.28) :
\D g —XO’ o N %1)17 —0 977 (Z3 ;'**‘V . A/< 0 o
£ =0 - <T>4 i S«L’o‘/[ y47:|x—y| ¥ x ’y>_0'
Here A’ is given by (5.26) and V*(1/ym|x—y|)=—23° (x— ),

while the vanishing of A" follows directly from (3.27). Dropping all primes,
we find the set of constraints

¢ =70~ 0

o=V -T~o0
.2
(5.29) oy — A" ~ 0
93 =V-A~o

in the new gauge.

The matrix of Poisson brackets of the constraints (5.29) is

O O I O
2
. o} o o Vil
<;30> Cff(x ’y> == {ch(f ’ x) ) 9/(1" y)} = 63<x - y)'
—1 [e] o O
o —V> o o _




e

o
£
E
£

7y

Imposing the boundary condition that the ficlds vanish at co, we find that
the inverse of (5.30) exists and takes the form

o o — 8 (x—-y) o) -
T
O O O ’A{rjoz_‘yi
5. C,_-’-l x = . ’
<D 31) 7 (q yfV) 83<x~- y} o o o
I
O —— s o} 0
_ 4rix--y| _

Thus the Dirac brackets may be computed from Eq. (1.38) to be

{7, 2, A, 9)Y = (=" — ") x5+
32 1
S, dyy 4m|x— ]

(7 7P = (A AV =0,

(5-32)

Iiquations (3.32) are compatible with setting the constraints (5.29) strong-
ly to zero. Thercfore, only two of the A" and two of the =’ are independent
variables. Although we may solve V- A =0 and V- 7 = o for the remaining
two dependent variables if required, this is unnecessary; in the process of
inverting the matrix C;; to find the Dirac brackets (3.32), we have automa-
tically given the dependent variables the same brackets they would have
when expressed in terms of the independent variables.

We now verify Hamilton’s equations of motion in the fully constrained
system. The Hamiltonian is just

(533) P ’”da N

Thus the equations of motion are
(A(x), HY = a(x) = A
{7(x),H}) = —VYxB=—E.

(5-34)

In deriving Eq. (5.34), we have assumed that E vanishes sufficiently rapidly
at oo to drop a surface integral and have made use of Eq. (5.17).
Using Eq. (5.14), we find the remaining Poincaré group generators to be

P = | Pr(—n VA

(53 A[ij — ’ a/fix —TC/{' xz' :;'__x/' 31' :\K’—“ﬁ{ ij + T‘:j 13&1‘
5

M = { 7 x (— 27N — (2 BY).
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In the star brackets, P" and M"™ continue to obey the Poincaré algebra (2.23).
, y the gebra (2.2
Under the action of translations and rotations, the A’ transform as

(P A = =o' W

3A7 (x)
(5.36) i
(M7, AR Y = (2" o/ — 27 ) AF () + 8% AV () — 3 AT(x).

As usual, surface integrals have been dropped in Eq. (5.36). Under hoosts,
however, extra terms occur which cannot be neglected. We find

; . ; ; 3 SA[ —‘0’ 3
(537 AMY, AP =" —2 A @) — f a2 —4;321—)/;,‘”

Xy

The extra term is required in order for M to have vanishing star brackets
with V- A. It means that under an infinitesimal boost paramectrized by
0g; , A"(x) undergocs a gauge transformation of order w,; in order to keep
A=0 and V-A =0 in the new Lorentz frame:

AN (x) = A"() + @y, (2" 8 — 2T AN )

5 ( Py SN )

<538) + 7 On ‘%i o I _\0( ) o
0y (g" A'(x) —g" AT () 07 G, ) 47 |x—y]|

To show that A’’==0, we have used the fact that with our gauge choice

(5.29), the Euler equations (5.11) reduce to
(5.39) LA =0

and integrated by parts.

C. AXIAL GAUGE

Another amusing gauge which can be treated in the canonical formalism
is the axial gauge (Kummer, 1961; Arnowitt and TIickler, 1962). We begin
by using the gauge invariance of the theory to set
(5.40) A’ ~o.

We see that if we choose v, = 0 in Eq. (5.21), then Eq. (5.40) will hold
for all times only if
(5.41) A= A" 0.

Equation (5.41) is similar to a secondary contraint following from the
gauge constraint (5.40); it replaces the condition V-A ~ o used in the pre-
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ceding section. The full set of constraints is then

=70~ o0

¢p=V-a~o

42
(5.42) o= A%~ o

3 0,3
o, =7 —A" ~o.

The Poisson bracket matrix is

(5-43) Cylx, ) ={9:.),9 (=
o o o (322" 8 (x— »)
o} o) — (/2% ¥ (x— ) o}
N o —(3)32%) 8% (x— ) o + 8¥(x—w)
(222 §%(x—) o — 3 (x—) o

We choose boundary conditions so that the inverse of (5.43) is

- o —g(x, ) o VACEEON
. 1 . g("ry) o —f<x,j/> o
Gaa) Gy, =" —fx, ) o o
fx, ) o o o
where
9 -
Y
(5.43) R .
) bf<x;}’> o S’g(l‘,j’) 3 .
W @ Yl — ),
and
g(x, ) =10t —yh)d (@ —y8 23 —15°|
(5-46)

S, ) =18l —y) ¥ (=7 e (a®—5%.

Here € (x — y) = algebraic sign of (x —y).
When we insert Eq. (5.44) into the Dirac bracket formula (1.58), we find

(5-47) {nu (¢, %), (t’ y)}* =0
(5.48) (A", %), AV, 9} = (86" + 578" flx, »)

S w. ®
h_(guoﬁg,fgo-ég)g(x’y)

(5-49) (7@, %), A, ) = (" —g"g" ¥ (x— )

+g“3 ’9%’f<x: y)-
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The nonvanishing brackets are

(550 %A= ¥5
* do (1,
(A% A% = g;?l_zw
(R ALY = (7 A = — 8 (v — )
3 ’
(m% AT = 1 j% 27).

3 A2 of (x,
(=3, A% = o F.)
so ', 7%, Al and A® still obey the canonical brackets (5.10). These brackets
are manifestly compatible with all the constraints (5.42) and can be used as
the hasis of the axial gauge quantization scheme.

The Hamiltonian in the axial gauge is

: 2 NN N 2

H=|d&ErEY 16— 3 A =25 A — 15 A% - 1 B
where we have set the constraints (3.42) equal to zero. A”is a dependent vari-
able found by solving the LLuler equation

' 1 0
o=7 =7 + & +yHA

z

to give

A = — 1

. . 1 2 A1 x2 . . . .
Using just =, n°, A", A” as the independent variables, we easily confirm

all of the brackets (5.50). Assuming appropriate boundary conditions, we
find the Hamiltonian equation of motion

(=, H} = —(V x B)' = — £, Pi=1,2
A HY = A7 1=1,2
{A, H} :

for the independent canonical variables. The propertics of the rest of the
Poincaré group generators are treated as usual.

D. NULL-PLANE BRACKETS

As an illustration of how one can define a Hamiltonian field theory on
a surface other than the constant-time surface, we examine the null-plane
treatment of Kogut and Soper (1970). One interesting feature of null-planc
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dynamics is that the number of independent canonical variables is reduced
to half the number present in equal-time dynamics.

We Dhegin by cstablishing our notation (see also Appendix A). We
define

1 I
(5.51) X = Vs (@3 F a0 =a_ = Vi (23 — )

I I
ST (B2t =x, = 3 (x5 -+ xp)
== Ly ) == (P
: A+ V2 300 V2
[ — 8—71, (Pa — ) = RS N <73_1_ 30>
Co. = T -3 So) RO = V2_ v R
xt = x; i=1,2,

so that the metric is

o 1 0
1 o o}
.52 WY o=
(5.52) o 1 o
o o Il
with p. = (+,—, 1,2). Latin indices of vector quantities (e.g. x) will take

on only the values ¢/ = (1, 2). The variable x* will now be used in place of
a9 to define the canonical momenta and the evolution of the system. The
Poisson brackets and symmetry generators of the theory can then be written
as indicated in Section 1. D.
The canonical momenta =" are conjugate to the ' derivatives of A,
and are therefore defined as
2.F

Lo wo IR intis SR T AN T
(5.53) T _T@Au)’_}‘ = A A

b

where & is still given by (5.6) because the volume element is unchanged.
The canonical Poisson brackets are given on the surface xt = constant, so

(3.54) {7 r o, 2L 28, A (5, 7, 08 08}
=—N3G —y) ¥ (x—w
=— 8 8 (x—y).

Since the metric is given by (5.352), A™ is the canonical conjugate to ©*, rather
than A™.

The first thing we notice is that the definition (5.53) of the canonical
momenta gives rise not to one constraint but to three primary constraints
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which are incompatible with the canonical brackets (5.5.4):

5-55) T A O

(5.56) nl— AT Al x o
2 ~ + 2

(5-57) 7 — AT L2 A~ 0.

The definition of the fourth momentum

<558\ 7T =2, AT — 3 A-

/

is not a constraint but a dynamical relation between the velocity &. A* and
the canonical variables 7~ and A™. We observe that

(5.59) {m'—5 AT+ AL — AT AT} =237 ﬁ%—i

so the constraints (5.36) and (5.57) are second class.
With null-plane dynamics, the formal expression for the canonical energy-
momentum tensor 1is

v s v 1 I
Oj ES F‘u ‘A.;i, - 1 g” Par’ Fa{g

where the metric is given by (5.52). The canonical conserved translation
generators are deduced from Section 1. D to be

(5.60) P' = f da™ d® 207" (x)

and formally generate the transformations

(5.61) {P", A"} =AY

Since P. = P~ generates x" displacements, the natural object to use as the
Hamiltonian is

(5.62) H,=—P =— , dv™ d® 20,7 (x) .

where .

(5.63) 0 = — 1) —1FPF® —(z o+ ='3) A~

The minus sign in (5.62) is dictated by the convention that the Hamiltonian
be positive definite and the fact that our null plane metric (5.52) has no minus

signs as did the ordinary metric (1.46) with g% = — 1.

Now we search for secondary constraints. We form a new Hamiltonian
H by adding multiples of the constraints (5.55) — (5.57) to the canonical
Hamiltonian,

5.6.4) H=H, = | dr & xlox"(x) +u,(= — " A" L 2 AY).
/ \ \

v
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Then we require that H have vanishing canonical brackets with all of the
constraints (3.53)—(5.57):

(5.65) {=', ﬁ} = Lyw Ao

H

(3.66) {='— AT A H})= -7 + %3 AFR L2 4 a0,

Equation (5.65) is a genuine secondary constraint, while Eq. (5.66) imposes
conditions on the #*. Of our final set of constraints (5.55)—(5.57) and (5.63),
the only first class ones are

Y =T = O
<567> DA e 7
Yo =¢_ T T v,T O
The remaining two,
1 1 1
. 1= T ;AT ~A'~o
(5.68) 2 B

. N 2
Fg =T AT L A~oO

are second class due to Eq. (5.59).
Now we invert the bracket matrix {y,,%;} given in Eq. (5.509) for the

\

second class constraints with the result

I O
v——l 1 /o= —\ 22
<569> (1/ \l V\ - [O I] 4 e —y /8 (xﬁy>y

where g(x7— ) = sign (a7 — ). Next we take H to be the Jorst-class
Hamiltonian analogous to (1.24),

(5.70) M =H =H,— | &% d% {H,,7 2} C5' .75

[t is easy to verify that (5.70) contains the explicit solution of Eq. (5.66)
for the 2’, as discussed in be(.tlon 1.A. Finally, we use Eq. (5.69) to compute
the preliminary Dirac brackets, which we denote with a prime:

(571 {A'@), A} = ("¢ + e | Ty ¥ (x—)
wmmfwyz—fw”Wimf—v¥@~w+
o \z« (TR0 7

S g g (8 g+ e S — )

{F'@, A = (—gv+ , 88"+ £ P —n +
— &g e ) ¥ (x— ).
All equations of motion are now computed using the preliminary brackets

(5.71) compatible with setting the second class constraints (5.68) strongly
to zero.
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Before choosing any gauge constraints, we may take our total Hamil-
tonian to be (3.70) plus arbitrary multiples of the first class constraints (5.67);

2

(5.72) H= f de &% [§()° + 3 (F) 4oy vt + (0, — A7) (o™ - 2, 7))

where the multiples of y; in (5.70) can be dropped if we use the primed
brackets. Hamilton’s equations become
(5.73 @) {Af, H}Y =0 A" — 2 v,

{AT H} =19,

{A'HY =2 A" — 10,

{zt,HY = 7a+ 7" ~o0

{mH} =2, 7"

{r , HY =2, 7.

We may therefore choose to express z; and v, as
] 1 2

[ : A_
<§.73 &) 7}220.

The generating functional of the gauge transformation is thus

~

(5.74) L[A™] :J dv d% 772 AT AT+ 5 0]

E. NULL-PLANE RADIATION GAUGE

Now let us eliminate the arbitrary functions from our theory by using
gauge invariance to fix the remaining two degrees of freedom corresponding
to the first class constraints (5.67). First it is convenient to recall that a
straightforward derivation of the Euler equations gives the following results:

(5-75) Fhy=—an—&nf=—( o+ 8)A" +
+ (AT SAY ~O

F™, =2, A —3, A" ~o

TCU.

F*%, =—, " A"+, A%~ o0

Now let us choose the null-plane analog of the Coulomb gauge by setting to
zero the field A, = A~ conjugate to =" ~ 0. A gauge transformation which

accomplishes this is

at

(5.76) A" 5 AT = ANy — deAh (7,4, x)
0

where
A~ ~o.




From LEgs. (5.75) and (5.58), we find that
A A A i
a2 AL AT
\5'/7> S ( —~ . ~\/[\

Exactly as in the equal-time case, we may find a gauge transformation which

J— e . . . . — N 1
sets = -+ & A"’ to zero while maintaining A”” ~ o due to Eq. (5.77). The
solution 1s

A=A = N )=V, | & PEZD (Y, A ()4 ()

4T
, A AT = AT (r) — J a2y TV e AT (4 )
(5.78) 47

— — 2 / - 2 - — v 7 - — A
A’ *)P&” =n ) — ‘ d}-ﬁ%@— \:V‘”<ﬂ: 7# 91-4 ! (x*,x ,y))

R O°
Dropping the primes, we find our final sct of constraints
o, =n" a0
Q=37 -+ ~o0
(5:79) -
P3 = A, =AT ~0
(P4Z7T_ '%‘S-A‘Xi A~ O.
Using the preliminary brackets (5.71), we compute the matrix of brackets
of the constraints (5.79) to be

(0] o -—1I O
9
o ) . o o o V. 2
(5.80)  {9,(x), 9; ()} = C i, = BT =) 3 (x - y)
I O O O
)
o—V: o o

To specify the houndary conditions, we observe that when the (strong) con-
straints (5.68) arc combined with ¢, and inserted into the Euler equation
9y, we find

(5.81) VAt —22 5, A ~o.

We then choose our boundary conditions (and exhaust all remaining gauge
freedom) so that the solution of (3.81) is

. . 2 i 2 Z (o 2 "Axl. A+ —,
(582) ;\'(x):z ° ‘a’)g i (z ——x)" JA'(x X, 2)

S 47 oz7

Then the inverse of (5.8) exists and may be written

— o] o 8 (x —y) 0 -
B o e} e} —G{x,y)
(3.8 Cil(x,y)= ‘
\5 3) 7 (1 )) ___83 (2’ ___}/) o o o

o G(x,») o o
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Glr,y) = Inle—"3G"—y)
ViG,y) =S x—»3Ex —y) =3@r—y).
For use in the Dirac brackets we also define

— ) B (x— )
(584 6)
ST,y =8 —y)

Plugging Eq. (5.83) into Eq. (1.38) with the primed brackets (5.71),
we find the Dirac brackets
(385) {="(x), =" (W} = £ VIF(x,y) +
+ % [ﬂ \gul g\l +gu2 \2> :1
+ g

wy \+ )A-I 33(96 . 'V>

PP |
J

g g Nt

(A", A" = 1g" g + 6% Fla, ») + 24787 G(x,0) +
SRCAVARE Y aay SR I EN)
(72, A = (—&" g e T 1" 1" Y-y +
+eM T TG, )+ GG, ) —
1, )
which are manifestly compatible with all the constraints (5.68) and (5.79).
Using Eq. (5.82) combined with the constraints (5.68) and (5.79) it is

easy to verify that all of the Dirac brackets (5.85) follow directly from the

nonlocal Dirac brackets
(5:86) (AT aTx), Ay )Y = 4 LY e — ) B — )

of the two independent canonical variables Al and A%
Equation (5.86) serves as the starting point for the quantum theory.
Applying all of our constraints, we find that 0% is simply

(3.87) 07 = — 1 (5 A*— AL (0L AT 5 AYF)
and the Hamiltonian is
(5.88) H=— | d d®x0*(2)

The Hamiltonian equations of motion then become

(5.89) LA ={AE),HY = — % f dée (v~ — ) 8,9, A (x" Ex).
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Differentiating by a7, we find
LA ={ ATHY = —133A

7

so that Eq. (5.89) can be understood very simply as the x™ integral of the
Klein-Gordon equation

(5.90) o, AT = (22 2 LA =o.

We leave as an exercise for the reader the development of null-plane
electrodymanics in the gauge A* ~ 0 chosen by Kogut and Soper (1970).
We remark that the choice A" ~ 0 a produces a theory very similar to the
equal-time electrodynamics in the axial gauge A% ~ o

6. YANG-MILLS GAUGE FIELD

We now turn our attention to theories with a set of vector fields whose
Lagrangian is invariant under a non-Abelian gauge transformation, as pro-
posed by Yang and Mills (1954) [see, e.g., Weinberg, 1973; Abers and Lee,
1973]. Since the fields in the multiplet mix among themselves under the gauge
transformation, this type of theory is similar in some ways to the theory of
gravitation given in the next chapter. The Yang-Mills fields are in fact self-
interacting flelds, again like gravitation. Since we have until now restricted
ourselves to free systems, this will be our first exposure to the difficulties of

interactions.

A. L1 GRrRouPs

We begin with a brief digression on Lie groups (Racah, 19635). Consider
an z-parameter Lie group # and the associated Lie algebra £ (#). Let T,
a=1,---,2, be a complete set of linearly-independent elements of £ ( #).
The composition rule in £ (#) for these elements is

(6.1) [T, T,]=—Cu'T,.

The antisymmetry of (6.1) and the Jacobi identity imply that C,° satisfies
(6.2) Cup’ = —0Csf

6.3) Car’ C + Co" Cu’+ Cu' C” = 0.

We can now define quadratic polynomials on the enveloping Lie algebra
using the symmetric second rank ‘‘ metric tensor

<64) gab == Cade C&ed

Det | g, is nonvanishing provided the group is semi-simple (has no Abelian
invariant subgroups). We now define

(\6'5) Cabc = Ca&d gd: .
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Using Eqs. (6.2) and (6.3) we can show that C,,, is totally antisymmetric
in its indices.

Next, we note that any given Lie group will have a specific number of
Casimir invariants G, which arc polynomials in the elements T, and which
arc in the center of the enveloping algelra:

(6.6) [T, G;] =0, for all @ and all /.

The most familiar Casimir invariant is the quadratic one, which can be
written

(6.7) G=go?T,T,

where g g;, = 3! and the validity of Eq. (6.6) follows from Eq. (6.3).
Finally, we note that the 7 X 2 matrices

\68) [ / 1\2[“, ]/.[ - (.‘r‘,},[

form the adjoint representation of the Lic algebra. M, satisfies Eq. (6.1)
trivially due to the Jacobi identity (6.3).

B. SVYSTEM WITHOUT GAUGE CONSTRAINTS

< .. . PN Be .
For any semisimple Lie group ¢ with structure constants C, , we consider

an action functional

; N 4 oy - W,V

(6.9) S= | dx Z(A(x), Al (x)

where the 2 vector fields Af,"{.q‘}, a=1,--+-,1, are taken to transform as
follows under an infinitesimal gauge transformation:

. 0 ’ " J . o1 A\ (x

(6.10) BAL = AP AY = O A () Al ) - | SN

1%

K Cry

It is a standard result (Utiyama, 1956) that although AY does not transform
as the adjoint representation of ¢ on its a-index under the gauge transfor-
mation, the quantity F¥ does:

Fo' = AL — A — gC AL A

6.11) . N .
SFY = C, A, F¥.

For convenience, we define

E, = F/
6.12)

3 E oy~ gk
B, = 1" FJ.

Our objective is now to find an action (6.9) which is invariant under
the gauge transformation (6.10), so that two componcnts of each A” are
unphysical, and the A}’s describe massless spin one particles. In principle,
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any Lorentz scalar function of the F.,” with the «-indices combined in the
form of the Casimir invariants (6.6) will do. The traditional form is

(6.13) P o= e ; FYFL,

and includes only the term analogous to the quadratic Casimir invariant
6.7).

In the rest of this chapter we will restrict ourselves for convenience to
the Lagrangian (6.13) and to the group SU (2). Since SU (2) has only three
generators and

Cub[ = a5

(6.14)
gab =2 8:15

where g, is the totally antisymmetric tensor in three dimensions, we can
now redefine everything in such a way that we can forget about raising and
lowering group indices. All of what follows can easily be generalized to any
Lie group by the interested reader.

If we now specify the dynamics on constant-time surfaces, the canonical

momenta are

6.15) e
- 2A%
We sec that
(6.16) A, =—E, = 1 A, -+ VA) - ge, AYA, .

This is not a constraint equation hut serves to define the dynamical proper-
ties of A,. On the other hand, for pu = o, we find the expected 7 primary

constraints:

. {0
6.17) T, A O.

The canonical Poisson brackets are
(6.18) (7, x)  Al(t, )} =—g" 348 (x— )

These are incompatible with (6.17).
Now since

¢

e 3

6.19) - = = — g%, Fi A
1) a a ’ 2 Cape L'y vy
SAU-," E)Ay_

we find the Euler equations
(6.20) DY Fy == Tl ge, 15 AV~ 0.

The zero component can be written

(6.21@) V'Ha%‘gsabc :Tb'Ac A~ O.
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This, as usual, is also incompatible with the Poisson brackets. The space
components of (6.20) are

da,

(6.21 6) 5 1V XB,—g2, 7 Al — g5, B, XA, =o0.

Due to the conformal space-time symmetry of the system, conserved
Noether currents exist which generate the full algebra of the conformal group.
Here we shall concern ourselves only with the canonical energy-momentum
tensor, which takes the form

oL
A7

(6.22) O[[w = — A%d;_,v + gw/ R

~Lh v 1 wy —~afl
- Pa Ly, T 4 g F(z FO(B

The canonical Hamiltonian is then

- 21,

|~

(6.23) H,=P" = | d® 0" = ‘ 4P (7 A, 1B, B,—

We now add arbitrary multiples of the primary constraints (6.17) and use
(6.16) to get the preliminary Hamiltonian

(6.24) H = | & (l A, a, -+ i B, B,—a,- VA" ©

J

- 0 0
+ ECas. *{a Ty - Az‘ + U, Tta) :
As usual, the secondary constraints are found by computing
. <0 (VP ’ = -~
(6.25) T, = {m(x) , H'} =V 7,1+ g, 7, A, ~ 0
which agrees with (6.21 @). Our 2x first class constraints are now
(6.26)

ra ! -
V’Z:V':Tavrgc‘ah‘ﬂr&'Atwo'

We add them to H' with arbitrary coefficients and integrate by parts to get
the Hamiltonian

©270)  H=H [ didi+ofel =

.
3 I 1 a_0
= ’ dx(a- a,- o, -+ —2—B4~B,,+v1m,

0
+ @AY (Ve a4+ geg 7,0 A)) —

—fds-n,,;\.;’.

J
500
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As before, the surface term will be dropped. Examining {A", H}, we find
that the final form of the Hamiltonian can Dbc taken to be

a

(6.27 6) H:Pozfdax(%:r~.‘r,,+iBa'Ba—

— Am) £ ANV - 4, gou - A))

Parallel arguments give for the translation generator

(6.28) P = (d?'x(— a, X B, + o VAY 4

J

+ Aa(V Cq, A}— gsa&z T At)) .

Unlike the Maxwell field, the present theory has additional Noether
currents due to the local invariance of the Lagrangian under the non-Abelian
Lie group. Suppose we make a space-time independent transformation with

7 infinitesimal parameters %, so that (6.10) becomes

ar

3, Al = g, N AL
Then the standard arguments tell us that the conserved current is

= eu F A
(6.29) J el

2
Cu

Nl
]E

= 0.

With constant-time Poisson brackets, the time-independent generators of
the symmetry transformations are

(630) Qa = ’ dgx [sﬁbt Aé - T, + €ae TC? A‘L)] = (dgx Cabe ‘AEL TC;L .
K J

The Q, obey an algebra in the Poisson brackets isomorphic to the Lie algebra

6.1),
(63 I) {Qa ’ Qb} = S Qc .

We see also that the fields A transform under Q, as the adjoint represen-
tation of the group:

(6.32) {Qu) AF} = e AL

We may easily verify that the infinitesimal generator of the full gauge
transformation (6.10) is

(6.33 ) LA =gt | d®rml (G Ay + g2 Ay AY)
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and obeys the algebra
(6.338) {LLA], IR} = Ll A, A,

IHowever, the last two terms of the Hamiltonian (6.27) consist of another
gauge-like transformation

6.34) K[A] =g | @ x[r)0A, — (V- -t gews 1-A) A] ~ 0
with A, = —gA%. L[\, and K[A,] differ by a functional of the form
r
QIA] =LA —K[A] =g | @2 (V-(7,A) +gea A mAD.

If A? vanishes like 1/r at oo, Q [~~gr\2] ==0 and L[—~gA2J =K [V—-g‘:\g] X 0.
If A, does not decrease rapidly enough, L[A,] and Q[A,] will 2o/
vanish weakly. The nonvanishing charge (6.30) generating the symmetry
group algebra is in fact seen to be a particular case of Q [A,], namely

Qu=QN =30 =g 1 | &5V + geu A .

C. RADIATION GAUGE CONSTRAINTS

The problem of finding a suitable canonical quantization scheme for
the Yang-Mills field in the radiation gauge is well-known to be quite complex
(Schwinger, 1962a, 16626, Mohapatra, 19712). We now proceed to attack
this problem by imposing the gauge constraints in the context of the Dirac

method.
We begin by choosing the traditional radiation gauge condition
(6.35) V-A, ~ o.

We will find it useful to define a Green’s function G, (x,»,A) solving
(636> (806 V2 7: &Casa Aa’ (x> : Vr) G&z <x » Vo A) = 811( 83 (x - y) »

with the boundary condition that G, fall like 1/~ at infinity. While no exact
solution is known for G, it can be computed as a power series in g:

. Saé
(637> Gdé<x)yyA>““—~-4ﬁJx__;_’
5 3 I - 7 2 I |
.___gv‘ d Z'z?‘;—;y ou&[A£<2) 3,;‘“‘ ———47: p—vy e e

We now take as our preliminary constraints the second class pair
<638> (P{II: V':ra ‘;‘gs«m “rb'Af A~ O
(6.39) @=V-A ~o0.
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The Poisson brackets of the constraints (6.38) and (6.39) are
{90, 919} = g2 (V- () -+ g2, 7, (0) A, () 8 (x — ) ~ 0
{4100, ()} = (o Vi g2 A(1)V,) 8 (x— 3)

{#), A} = — (Bus Vi + g8 A (1) V) 8 (x — 3)

(6.40)

{5, oy} =o0.

The inverse of the matrix C%(x,y) = {of (%), @j(y)} can thus be chosen
to be

0 — Gl v, :\)]

(6.41) CYox,v) = [
\ 4/ [ ]/< S/ Gaé\ﬂ‘]j,]‘_\> o

where G, (2,5, A) is the solution to Eq. (6.36) introduced at the beginning
of this section.

Equation (6.41) is then used to compute the preliminary Dirac brackets
compatible with the strong constraints (6.38) and (6.39):

{ma(t, %), Al(t, ¥} = — 878, 8 (x— )
O cGl,
- ,: S»V]’ Obz I 5(1 ‘Az/< )] (‘r y>

(AL, %), =, M) =873, 8 (x — y)

a \

; 3G (4, y)
+ ,:8415 oxi _41—'<gc‘da/‘Azl/q ] - o

ay_/'
7 i ! 7 3G, X,y
{m(t, %), ™ (¢, 9} = —ge.um €3) df;j,l/ "
o (’ud (/‘L’ ) - 7
o,uif}’ Sdeh T (y)

(AN, %), AN, ») = o
{mi(t, %), 7,9} =0
{70, %), AL, )} = —g" 5, 8 (x — )
{mi, %), Al, »)} = —g" 8, 8 (x — )

(6.42)

Now we must see what becomes of A? when we impose the strong con-
straints (6.38) and (6.39). Taking the divergence of Eq.  (6.16), we find

(6.43) Vea, =+ VA 4 ge, (VA -A,
= “gsubt T 'Ax" .
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Using Eq. (6.36), we solve Eq. (6.43) for Al
(6.49) AL~ — [ YGule v, A) g5 1.(2) AL ()

~ +fd3yeab<x,y,A>Vy- 7 () -

Equation (6.44) is seen to be a wea}e equation because the right-hand
side has vanishing brackets (6.42) with 7y, while AY does not. It is clear
that our final set of constraints is

(6.45)  Yi=mo(x) ~ 0

pEES Al (v)+g ’ d3_sz:b (x,y, A g, () Ay(y) ~0

=4 (x) — ’ d*G,, (x,v, AV, -7(y) ~o0

The primed brackets (6.42) of these constraints form the matrix
Cii={%@®, L) =0

6.46)  Cit={7(x), B} = —{ B, MO} = + 3,8 (x—
ng = {L:(%), Xg(}/)} =My (¥, )

where M, (x , ) can be explicitly computed as a power series in g if desired.
We need not compute M, (x , ¥) here because the inverse of C¥(x, ) is seen

by inspection to be

_1ab Mg (=, — % 5’ (x—9)
(6.47) [C l]z-j (x ’y> = [+ Sab §3<xy>_ y) (@) ’ ] .

We thus find that the final Dirac bracket system is

(6.48) (A%, ), AY(z, 9} = M, (x, 9)
(AL, %), A5, ) =0
(AN, %), AL, 9} = —£Gau (¥, ¥, A) e AL ()

_._.g ’ d3ZGa‘ <x y &y ‘A> sz'ed Ae <Z> Vz'

[ 3 + 22X (9] Gy e 3, )
(=0, %), =, Y = (=, %) ALt} =0
(mit, %), mh(t, 9} = {m(t, %), w9

{7:; (t ) x) ’AZU ) y)}*: {T‘CLU ) x> ’ Ai@ !y>}, .
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We may now take the Hamiltonian to be
(6.49) H=|dx a7, ' B, -B,).

In the Dirac bracket system (6.48), H indeed gencrates the correct equations

of motion:

- N N * M PR
(6.50) (A0, HY =4, )
\ * . %
(o, (o), HY = 4,00 = — B, (0

- 0 =
= V X Bu - g“"dé( “rﬁ *’Axf 47 gc’ab: Bé X AL' .

Schwinger (19626) has argued that the brackets (6.48) produce a Lorentz-
covariant theory. We leave this as an exercise.

D. ALTERNATE RADIATION GAUGE TECIINIQUES

All four sets of constraints (6.39) and (6.45) hold strongly in our Dirac
bracket system (6.48). However, the field-dependent terms on the right-
hand sides of the Dirac brackets make it extremely difficult to use these lira-
ckets as the Dbasis for a canonical quantization scheme. Several procedures
arc available for circumventing these problems. One example is the direct
path-integral method (Faddeev and Popov, 19674, 10676) for developing a
Feynman diagram expansion consistent with the constraints. The ““ ghost ”
particles which occur in this procedure correspond precisely to the integrals
which appear in G, on the right hand sides of our Dirac brackets.

Another popular procedure (Schwinger, 19624; Mohapatra, 19714) which
we will sketch for completeness gives up dealing with the strictly canonical
momenta w7. One ignores "r“ completely and transforms the fields to the

radiation gauge
(6.51) VA, ~o.

Then a, is split into a #ransverse part p, and a longitudinal part equal to the
gradient of a scalar field ®,,

(652> T, = p, + V(Da ’

where p, and @, have their canonical properties defined by

(6‘53> pu _— Au
(6.54) VO, = VA) - g2, AJ A, .
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Thus the Euler equation (6.25) and the gauge choice (6.51) imply
(6.53) V:p.~o0.

Then one computes the Dirac brackets consistent with (6.51) and (6.55) find-
ing that p, and A, obey the familiar quantizable Maxwell field Dirac brackets
(5.32). At this point, one can use Eqgs. (6.16) and (6.214) to find the following

expressions:

(6.56) (V805 1 8% A, -V) Oy = — g2, 15+ A,

637 (V'8 + &% A V) Af = — g2, (0, - V) -A, = V° O,
Using L£q. (6.36), one then solves for @, ,

(6."“> (’Dd <x> = &% ’ (13}/(}1«% (2’ ' Vo ‘h\> pc'Au’)

%

and expresses A% in terms of @,
(6:59) AL = [ WG (r v, AV 0,(9).

Since w0 has been ignored, Eqs. (6.38) and (6.59) are taken to define the

7
a

properties of ®, and A!). The Hamiltonian can then be written

(6.60) H = ’ &Er(p, p, -+ B, B, - VbD,.VO,),

where the VO, - VP, term is compared to the instantancous Coulomb cnergy
which appears in interacting Maxwell electrodynamics in the radiation

gauge.

We prefer the techniques of the previous section, where the variables
are all treated in a strictly canonical fashion. Moreover, there is a gauge in
which the canonical procedure can be used directly to define the quantum
theory: this is the subject of the next section.

E. AxiaL GAUGE
We now explore the properties of the Yang-Mills field in the axial gauge
(6.61) Alno.

introduced by Arnowitt and Fickler (1962) (see also Nohapatra, 1971 4;
Konetschny and Kummer, 1975). Using the Hamiltonian (6.27 é) we find that

(6.62) m = Al AV 4 gey ADAL
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Therefore Eq. (6.61) will not hold for all time unless

i3 3 0,3
(6.63) Al=n—A"~o0.

We now adjoin (6.61) and {6.63) to the original constraints (6.26) to form
the set

(6.6 9] = 7 A~ O
(103 - V':ra *}*gsul't :T£°Ac & O
o5 =A%~ o0
g —mi— AV a0
The matrix of Poisson brackets is found to be
ab a b
(6-65) Ci/’ (x ,,’V) = { % <x> » @i (.'y>} =
o} o} 0 3,5 %%
(0] O -_ 8&& 3 —-gsﬂb[ Uy <2‘> 3
= . 3 (x— ).
0 — 84 3 % Oab
i 3
84/) ‘xi —— &%ape o (.1’) — Sab o

With appropriate boundary conditions giving the explicit solutions for the
dependent variables to be written later, we find the inverse of (6.65):

(6.66) [CH%(x,y) =
Idb (x y_y:) - 8ab(}<’,‘: )_y> Haé<x )Jl> SH&F<x ),y)
3.,G(x,1) 0 — 3, F(x,y) 0
T Hule,y)  —38,F(r,w 0 o
S F (2, ) 0 0 o

The functions I, G, H, and I,; obey

(6.67) Fl,y) =36@,y)
HF @, =336 @, =8 x—2)
SHy (%, )+ geu e (@) F(x, %) =0

D§146<x y_y> _—gsab;ﬁi}<x>G<:‘" ’y>-_Hab(x ’y) =0
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and are chosen to have the explicit forms

(6.68) G,y)y=112>—13 ¥ (x—y)

Flr,y)=1e®—p) 80—y

B Y ;o N - -—7-3 N (Y7L
Hy (v, ) = 31,00, v) —gg, = ()G (x, )

. . 2 N g .3 |
Lo (¥, ) = g, 8 (v —9) | dZ P —Z| |2~y

where € (x —y) is the algebraic sign of (x —»). All remaining gauge free-
dom is exhausted by the choice of houndary conditions implied by (6.68).
The Dirac brackets corresponding to Eq. (6.66) are

(6.69) (AL, ALY = 8,088 + &g Flx, »)
— g8, [ gAY g g AL G ()

— 3, (" e NG ,y) g 10, w)
(6.70) {mh(x), m () =g, (—g" ¢ ml(x) + ¢ ¢ =l (v) Flx, v)

N [TV v * uy wiy w0 3
G0 A (), MW = (" —g"g") 3,8 (x— )

ul v/ S N\ wsoowvy VN . \
& g 0N F(x,y)—g e g, ml ()G v, )
| ud v/ w3

L ~ 7 NV N ! Vi 13 N\
T g AL (V) Vi (x vy —g" g Hy (v, v)

We now take as our four independent variables =), A,/ = 1, 2, which
have the following Dirac brackets among themselves:

(6.72) {ma(x), = (W} =
{AL(x), A <y>}* =0
(m (), AJ () = — 375, 8(x— ).

These are canonical brackets, with no fields on the right-hand side. The
strong constraints ¢f , ¢¢ and ¢f can now he used to show

N A AD 1 , ,2 - 1Al 2 52
(6/%) 33 J3 Aa = 017, 4 Jo T, - LZCa. (TEbA[ - 7t} A[>

A 7 [P, 7 AT
= 3, W, -+ g%, T A,

[

so that A” is a dependent variable:

(6.7.9) Al =1 ’ di 4% — %1,

7,0 10 2 ey ~ 1,0 1 2 ¢ i, 001 2 .
o, A, T, ) g, m (a0, a, AT, E) AL (e a, a, ))

)

Then w{ = 0 also implies
> A . . .
6.75) =} ' die(®—2) [0, mE) b geu m EALE)] .
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