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ABSTRACT. We consider the Navier-Stokes equations of an incompressible fluid
in a three dimensional curved domain with permeable walls in the limit of small
viscosity. Using a curvilinear coordinate system, adapted to the boundary, we
construct a corrector function at order ¢/, j = 0,1, where ¢ is the (small)
viscosity parameter. This allows us to obtain an asymptotic expansion of the
Navier-Stokes solution at order €7, j = 0, 1, for € small . Using the asymptotic
expansion, we prove that the Navier-Stokes solutions converge, as the viscosity
parameter tends to zero, to the corresponding Euler solution in the natural en-
ergy norm. This work generalizes earlier results in [14] or [26], which discussed
the case of a channel domain, while here the domain is curved.

1. Introduction. We aim to study the flow governed by the Navier-Stokes equa-
tions (NSE), in a general bounded (curved) domain in R?, when the boundary is not
characteristic and the viscosity is small. Such flows occur, e.g., in certain devices
proposed to reduce the drag of an airplane, by blowing and suction of air through
the airfoils, minimizing thus the effects of turbulence.

From the mathematical point of view, we consider the following equations:

a(?it —eAuf + (ut - V)us +Vp® = f, in Q x (0,T),
div us =0, in Q x (0,7T), (1.1)

R _ .
U ‘t:O = ug, in €,

where € is a small but strictly positive viscosity parameter, T' > 0 is a fixed time,
and f and wg are given smooth functions; see (1.8).

In our study, we consider a bounded domain  C R? with smooth boundary T.
Although we treat the more complicated case of space dimension 3, our results are
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also valid in space dimension 2 as all a priori estimates for the nonlinear terms in
space dimension 3 are valid in space dimension 2 as well.
The boundary I" of Q consists of two components I';, i = O, I, such that

I=ToUly, (1.2)

where each IT'; is a simply connected, compact and smooth 2-manifold in R3. Here
T'o and I'; respectively denote “outer” and “inner” boundaries of €.

On each Ty, i = O,I, we assume that the velocity u® is known, uf|p, = U'n
where n is the unit normal vector to I', pointing outward of €2, with |U?| > 0,
i = O, I. For the sake of simplicity, we take U’ constant on I';, (U* > 0 or U® < 0),
i =0, 1. Then, the conservation of mass equation (1.1)2 gives, by integrating over
Q and using the Stokes formula, that

/ div ufdQ = / u® -ndl = U To| - U1y =0, (1.3)
Q r

where |I';| is the measure of I';, i = O, I.
Using (1.3), we supplement the Navier-Stokes equations, (1.1) with the following
permeable boundary condition,

U%n, on Ty,
u® = (1.4)
—U'n, on Ty,
where
U°lo| - ULy =0, UC, U > 0. (1.5)

Hence I'p and I'; respectively correspond to the outgoing and entering parts of the
flow; see Figure 1 which is drawn in space dimension two for clarity.

To make more physical sense of the problem, we assume that each of I'p and 'y
is itself diffeomorphic to a torus, having no umbilical points, so that the domain
Q is diffeomorphic to a 3D channel. However, since the boundary layer is a highly
local phenomenon, all the analysis in this article can easily extend to treat more
general domains in R3, enclosed by finitely many compact and simply connected
boundaries, which do not intersect with each other; see Remark 3.1. In addition,
it is noteworthy that our analysis in this article remains valid for more general
boundary conditions than (1.4) and (1.5) by taking U® and U’ satisfying (1.3), as
any positive and smooth functions on I'p and I'; respectively.

To

FIGURE 1. An annulus like domain Q@ C R2?, with its smooth
boundary I' = I'p UT';. The flow comes in across the “inner”
boundary I'; with a constant velocity U? > 0, and goes out across
the “outer” boundary I'o with a constant velocity U° > 0.
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We impose a consistency condition on the initial data:
up =U%n, onTp, and —U'n, on I'y; (1.6)

concerning the compatibility issue of the initial data, see, e.g., [3, 4, 24].

By formally setting ¢ = 0 in the Navier-Stokes equations (1.1) with the non-
characteristic boundary condition (1.4), and by using the so-called “upwind” bound-
ary condition on I'; (where the flow enters in) as proposed in, e.g., [14] or [26], we
obtain the Euler system:

Ou’ 0 0 0 :

W—F(u V)u? +Vp? = f, in Q x (0,7),

divu® =0, in Q x (0,7),

u’-n=U%, onTp x (0,7), (1.7)

u’ = —~Uln, onT; x (0,7),

0 . .
U ‘t:o = ug, in €.

For the sake of simplicity, we assume that the data are as regular as needed,

[ is of class C™°, ug € C°(Q), f € C>([0,T] x Q). (1.8)
In particular, in view of the classical results on the three dimensional Navier-Stokes
equations, (1.1) possesses a unique smooth solution on some interval of time [0, T},
for T, > 0 sufficiently small.

Similarly for the Euler equations (1.7), in our case of a curved domain, we assume
that the domain € is diffeomorphic to a 3D channel. For a 3D channel, the local
existence of a unique regular solution of (1.7) is well-studied in [22], in relation
with the methods of [1] and [27]. Hence we expect that the same results hold for
(1.7) if the data are smooth enough as in (1.8), and that they can be proved by
the same methods. Deferring this point to a future work, we assume here that if
(1.8) holds, there exists a unique solution (u?,p®) of (1.7), on some interval of time
[0, T], satisfying

u® € C™([0,T.] x Q), Vp' € C™71([0,T.] x Q), (1.9)

for arbitrary m, as needed; reducing possibly T, this time will be the same for the
Navier-Stokes and Euler equations.

Remark 1.1. The assumption (1.9) requires some compatibility conditions be-
tween the data, ug, f, UY and U’ as described in [24]. As shown in [24] for the
Navier-Stokes equations, we expect these compatibility conditions to be nonlocal
and hence non explicit.

The main goal of this article is to obtain an asymptotic expansion of u®, solution
of (1.1) and (1.4) at order &7, j = 0,1, with respect to the viscosity parameter &,
and to prove the convergence of u¢ to u°, solution of (1.7) as & goes to zero on some
interval of time [0,7], 0 < T < T..

For the general theory of boundary layer analysis, see, for example, [8, 9, 11, 13,
16, 19, 21, 23, 32]. Concerning the boundary layer analysis related to the Navier-
Stokes equations, we refer the readers to, e.g., [6, 7, 10, 12, 14, 15, 17, 20, 26, 29,
30, 31].

To study the asymptotic behavior of the Navier-Stokes solutions of (1.1) with
the permeable boundary condition (1.4), we need to homogenize the problem (1.1),
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and, to do so, it is necessary to find a sufficiently smooth vector field U in €2, which
is divergence free, and satisfies the boundary condition (1.4). By finding such a
smooth vector field U, in Section 2, we derive the homogenized Navier-Stokes and
Euler systems, and state the main result of this article. To prove the main result,
in Section 3, we first introduce a curvilinear coordinate system, adapted to the
boundary I'p, where the boundary layers will occur. More precisely, following the
approach in [12], we start from the principal curvature coordinate system on the
boundary I'o and extend it along the normal direction inside of the domain to have
a triply orthogonal system. Then, in Section 4, we discuss an asymptotic expansion,
at order £°, of the Navier-Stokes solutions, and the next order expansion, at order
¢!, is considered in Section 5. Using the asymptotic expansion of the Navier-Stokes
solutions, as stated in Theorem 2.1, we obtain the convergence result of the Navier-
Stokes solutions to the Euler solution as the viscosity parameter tends to zero with
explicit (optimal) convergence rates with respect to the viscosity.

2. Homogenization of the problem and main result. To homogenize the
boundary conditions for the Navier-Stokes equations (1.1) with non-characteristic
boundary condition (1.4), we need to find a smooth divergence free vector field that
satisfies the boundary condition (1.4). In this direction, we consider the following
problem:

Given smooth function G € H™3/2(T), m > —1, find a smooth vector field
U on Q such that
—AU +Vr =0, in Q,

div U =0, in Q, (2.1)
U=Gn, onT,

where
/ GdS = 0. (2:2)
r

Under the assumption (1.8), thanks to Proposition 2.3 in [28] (see also [2]), there
exists a unique solution (U, ) (7 is unique up to an additive constant) of (2.1) such
that

1T zmrz0) + 7l mer @) < ollGll ymsg 1y, (2.3)

for a constant ¢y = ¢o(m, 2), independent of ¢.
As an application, we choose

G=U% onTo, and —U’, on ;. (2.4)

Using (1.5), we see that G in (2.4), which is of class C'*, satisfies (2.2). Hence, in

particular, the solution U of (2.1) with (2.4) satisfies
div U =0, in €,
(2.5)
U=U%n, onTp, and —U'n, on T;.

Moreover, since U enjoys the estimate (2.3) for any m > —1, U is of class C* in
Q.

Now, we set
v¥i=uf = U, (2.6)
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and homogenize the problem (1.1), (1.4):

ov®

T eAve 4 (v¢ - V) + (U - V)v© + (v° - V)U 4 Vp*

— f4+eAU — (U-V)U, in Q x (0,7),
div v° = 0, in Q x (0,7), (2.7)
v® =0, on T x (0,T),

R _ .
v¥|,_y = vo, in Q.

where vy := ug — U satisfies the compatibility condition (see (1.6)):
vo =0, on O9. (2.8)
Setting v¥ := u® — U in (1.7), we find the corresponding limit problem of (2.7):

o
ot
divv® =0, in Q x (0,7),

+ @0V + (U -V 4+ (- VYU +Vp’ = f—(U-V)U, in Qx(0,T),

wWW.n =0, onTp x (0,T), (where the flow goes out),

9 =0, on I'; x (0,T), (where the flow comes in),

V0 o = Vo, in Q.

(2.9)
In what follows, we study the asymptotic behavior of v¢, solution of (2.7) associ-
ated with its formal limit v°, solution of (2.9), which is equivalent to the asymptotic

behavior of u® associated with u°, because

0 0

v —v” =uf —u”.

Now, using O, ¢, j = 0,1, and v, defined below in (4.12), (4.13), (5.4), (5.30)
and (5.31), we state our main result:

Theorem 2.1. Assuming that the data T, ug and f satisfy the reqularity assump-
tions (1.6) and (1.8), there exists a time 0 < T°(< T), defined in (4.53), such
that

{ [0F — (v° + 6°) || L= 0,70:L2(02)) < K, (2.10)
[0° = (v° + 6°)| L2(0,70,11 () < KET, |
and
{ [v° — (00 4+ ©°) — (v + )| Lo (0,70 £2(0)) < ke, (2.11)
[0 = (0° + ©°) — e(v! + 0Y)[| 20, 70;m1 (1)) < Re?,

for a constant k = k(2 vg, f,T°) > 0, independent of €. Moreover, as the viscosity
parameter € tends to zero, the Navier-Stokes solutions v¢ of (2.7) converge to v°,
solution of (2.9) in the sense that

M

||U‘E — UO||L00(01T0;L2((])) < Kez. (2.12)
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3. Curvilinear coordinate system and differential operators. We let © =
(1,22, x3) denote the Cartesian coordinates of a point in R3.

As appearing in (1.2), the multi connected domain €2 in R? is enclosed by I' =
T'o UT; which satisfies (1.8). Each of I'p and T'; is assumed to be diffeomorphic to
a torus in R? without any umbilical point. That is, at any point on I'o or I'y, the
two principal curvatures are different; see Remark 3.1.

As we will see below, due to the choice of the boundary condition (1.4), boundary
layers at small viscosity, associated with the problems (1.1) and (1.7), will occur
only near I'p. Hence, from this point, we mainly focus on constructing a curvilinear
coordinate system adapted to I'o. However, a curvilinear system near I'; can be
constructed in the same manner.

Since ['p is a topological torus with no umbilical points, thanks to Lemma 3.6.6
of [18], we can construct a curvilinear system globally on T'p in which the metric
tensor is diagonal and the coordinate lines at each point are parallel to the principal
directions. Such a coordinate system is called the principal curvature coordinate
system. More precisely, using (1.8), we define a C™%2 map ¢, m >0, ¢ : I'p ¢ —
To, such that the principal curvature coordinates & = (&1,&2) in o, ¢/, for T € T'p,
satisfies ~

=), &=(,&)eToe. (3.1)
Here I'p, ¢, which is a bounded set in Rg/ with respect to the & variables, denotes
the preimage of o C R3 via ¢~ 1.

Remark 3.1. The assumption on I'p (or I'y), being diffeomorphic to a torus, is
due to the physical relevance of the problem (1.1) with (1.4). Then, by assuming I'p
has no umbilical points as well, the principal curvature coordinate system is globally
defined on I'p. However, from the mathematical point of view, these assumptions
can be omitted. In general, on any compact and simply connected surface I' in R3,
one can construct an atlas of finitely many charts. Then, using such an atlas, all
the analysis in this article can be performed as well.

Differentiating (3.1) with respect to the & variables, ¢ = 1,2, we obtain the
covariant basis on I'p ¢/ and the metric tensor:

0@

9:() = g iTb2 (3.2)
and
(gij(g/))lgiﬁQ = (51 '§j)1§id§2 = diag(§1 "91, 9> 52) (3.3)
The determinant of the metric tensor is strictly positive;
g(&") :=det(g;;) > 0, for all ¢ in the closure of T'p, ¢'. (3.4)

Denoting by Q% the interior tubular neighborhood, near I'p, of Q with width 39
for a (fixed) sufficiently small § > 0, we globally define the coordinate &3 on Q% to
be distance from the boundary I'o, with positive distances directed inward.

We choose the orientation of the £’ variables on I'g so that

N g1 X 92 (74
n(¢) : RN (¥(£)), (3.5)
where n(¢’) is the unit outer normal vector on I'o. Then, setting 93’0575 =Tp,¢ x
(0,34), we define 9: ng(;yg — QY such that, for z = (21,22, 23) € QF},

x =€) =€) - &n(E), €€0f,. (3.6)
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By differentiating ¢ in the € variables and using (3.2), we find the covariant basis
of the curvilinear system &:

gz(S) = (5 ) 63 8& (5 ) 1=1,2, 93(5) = _n(gl)' (37)

Hence, from (3.5) and (3.7), we see that the covariant basis has a positive orienta-
tion.
For the principal curvature coordinate system, we have

0 ~
ag = K”i(g/)gia 1= 17 25 (38)

where k;(£’) is the principal curvature in the principal direction g,, ¢ = 1,2. Thus,
using (3.3), (3.7) and (3.8), we write the metric tensor of &:

(9i)1<ig<s = (9i " 9))1<; <5

(1 - m(€)&)  gui(€) 0 0 (3.9)
= 0 (1= k2(&)€s)" ga2(&) 0
0 0 1

Thanks to (3.4), by choosing the thickness 36 > 0 of the tubular neighborhood Q%
small enough, we obtain that
9(&) = det(gij)1<ij<s > 0 for all £ in the closure of QS5 . = T'o & X (0,30).
(3.10)
The matrix of the contravariant metric components are defined in the closure of
Q% ¢ as well:

1/911 0 0

(99 )1<ij<s = (9i) 14 j<3 = 0 1/ga2 0 . (3.11)
0 0 1
We introduce the normalized covariant vectors:
g;

and set
hi(&):@’izl’z h(é):\/g; (3'13)
the function h(€) > 0 is the magnitude of the Jacobian determinant of ).
For a scalar function ¢, defined in Q%,E’ we write the gradient of ¢ in the &
variables:

1 9¢ 9
Vo = Zh 35,5 T 7, (3.14)

For a vector valued function F', defined in Qg 5,¢ I the form

3
F=> F(&e,
i=1

one can classically express the divergence operator acting on F' in the £ variables
(see [5] or [18]) as

( ) LO(REY) (3.15)

2
. 1
dlvF—Eg T
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The Laplacian of F' is given in the form,

- i i, OOF
AF_;(S F+L'F +6—§§)ei, (3.16)

where

SiF— ( linear combination of tangential derivatives )

of F7,1<7<3,in ¢, up to order 2
(3.17)

LiF = (proportional to oF )
03
Remark 3.2. Note that the coefficients of S and £, 1 < i < 3 in (3.17), are
multiples of h , 1/h, h; , 1/h;, i = 1,2 and their derivatives. Thanks to (3.10), all
these quantities are well-defined because of the regularity assumption (1.8) on T.
The explicit expression of (3.16) appears in, e.g., [10].

For smooth vector fields F, G : (2305 ¢ R3, we consider VG, the covariant
derivative of G in the direction F', which gives F' - VG in the Cartesian coordinate
system. More precisely, let us consider the smooth functions F' and G in the form

3 3

F=Y F(&e, G=)Y G(&e.

i=1 i=1

Then, one can write VpG in the € variables as follows:

oG
VG = Z{ (F,G) +F3¥ + QI(F,G) + RI(F, G)}ei, (3.18)
where
, 1 _.0G
PUFG) =Y —F—— 1<i<3, (3.19)
hi 94
1, 0h; , Ohs .
LR LF3) G i =1,2
. hiha (353 i o&; ) ! o
Q'(F,G) = 2.1 oh: (3.20)
_Z JFJGJ i =3,
— h; 03
J=
, 1 Oh;
RY(F,G) = 0 —F'G* i=1,2, R*FG)=0. (3.21)
hi 0&3

Remark 3.3. Q/(F,G) and RY(F,G), 1 < i < 3, are related to the Christoffel
symbols of the second kind, which reflect the twisting effects of the curvilinear
system &.

4. First order asymptotic expansion at order °. To study the asymptotic be-
havior of v, solution of (2.7), as e tends to zero, we propose the following expansion
of v¢:

v® ~ 00 + 0%, (4.1)
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where 1" is the solution of the limit problem (2.9), and ©° is a divergence free
corrector which corrects the difference, v* — v°, on the boundary I'p; it will be
constructed below in the form:
3
0" :=> 0%, (4.2)
i=1
We insert ©° ~ v* — v in the difference of equations (2.7) and (2.9). Then, by
omitting the pressures and lower order terms with respect to e, we find
00Y
W—aA®0+(U-V)@O+(®O-V)U+(v0~V)®0+(®O~V)v0+(®O-V)®O ~0. (4.3)
Considering the boundary layer that arises near I'o, and using the Prandtl theory,
we find that the stretched variable associated with (4.3) should be &3 = e71&3 in
Q%, that is, the thickness of the boundary layer is of order . Hence, by using the
expressions of the Laplacian and convective terms in (3.16) and (3.18), we collect all
the leading order terms with respect to € in (4.3), and obtain the following equation
of the corrector Y, defined in (4.2):

6260,i UO 6@0,1’

—€ — =0,1<:<3. 4.4
52 56 -y
Here, thanks to the Taylor expansion in &3, at §&3 =0, of U = 2?21 Ule; in 9306,57
and the fact that n = —e3 on I'p, we used the following expression of U3:
ou3 .
U3(g) = U + e (6,00 &, in O . (4.5)

Hence (4.4) is the proposed equation of the corrector ©°.

On the other hand, as the main requirement of the corrector ©° is to balance
the difference v — v° on the outer boundary I'o, we use (2.7) and (2.9), and find
the boundary condition of ©°:

2

6O|E3:0 = Z (UO ’ ei) |53:0 ei|53:0- (4.6)
i=1
We define a cut-off function o = (&3), which belongs to C°°(R.), such that
_ 17 0 S 53 S (S,

Now, to define @, we first notice that the exponentially decaying function e~Us/e
satisfies the equation (4.4). Then, using the cut-off function o(&3) in (4.7), and
letting
» h
~0,1(¢/ 0
V(g ) = - €;)|ea—o0, 4.8
P = |00 edlemo (48)
we define the tangential components 0% of ©°:

QY i(g;t) = e o i(Es ) %(5)8%3(0(53)(1 - e_Uo&”/a))v i=12 (49)

o
By enforcing the divergence free condition on ©° and using (3.15), we define the
normal component ©%3 of ©° in the form:
2

o0 o
0" *(&:1) :—a%(Zf% €0) 3 @0 (1-eU7%5). (@10)

i=
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The expression of OV (or ©! in (4.9) and (5.27)) is a modification of the corrector
function in [12], and originated from that of [26].

It is easy to see that the divergence free corrector ©°, defined by (4.2), (4.9) and
(4.10), satisfies the desired boundary condition (4.6). Moreover, due to the presence
of o in (4.9) and (4.10), we notice that

akJrl@O
—_— =0,1<i<3, k,1>0. 4.11
8tk8§£ £3>26 S1x9, Rt =2 ( )
We observe, since o’ vanishes for 0 < &3 < 4, that 0'(53)6_[]()53‘/E is an e.s.t. in
all of Q, and 0 on T'p, where e.s.t. stands for a function (or a constant) whose norm
in all Sobolev spaces H® (and thus spaces C®) is exponentially small with a bound
of the form ¢ exp(—ca/e7), 1, ca,7 > 0, for each s. We then write each component
0% 1<i<3in (4.9) and (4.10), in the form:

OV(&1) = 67" e et (4.12)
where
_5077;(5/;t)ﬁ(£)0(§3)e_U()£3/a, i=1,2,
0% (&;t) = 0, (4.13)
1 6,0 [ 1 o .
e (3 G t€n) F@mtene e i
and
| ) ) (&), i =12,
e = oo (4.14)

W(;g—&(f’;t))%(g)a(&), i3

Using again the fact that ¢’ vanishes for 0 < & < 4, one can easily verify the
following estimates on 69 = Z§:1 6% ie; and ¥ = Z?:l oY% te;: For r k,l,m >0,
and 7 =1, 2,

I(2) Soswogy
e/ OtFOTIOLY L= (0,T;2()) — 7 (4.15)
(%) Smogs | |
e/ otroriogy =iz ) ~ |
H(ﬁ_s) ormen m
=) ot oriogy o= o.mxey = (4.16)
e |
e/ OtFOTIOEE" llLe=([o,1)x0) ~ |
and
ak-i—l-i-m 0,7
L<i<3 4.17
H HFOTIOLE lLe=(j0.1)x0) ~ S -

where 9% /07"% denotes any tangential derivative in ¢ of order k& > 0. Here and
throughout this article, we call k a positive constant depending on the data, I, vg,
f and T, but independent of €. Note that x may be different at different places.
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Performing direct computations, one can verify that §%% 1 <4 < 3, satisfies the
proposed equation (4.4) up to a small error:

200, 0,4
_0 92 ~pot _po A&t o) e U8/ fest, 1<i<,
93 93 (4.18)
83290,3 [0 06%3 BV (6 b) o(c )e_Uog /e 4 oot .
—e—— - =eE%3(&t) o -3 ...
08 0%s U ’
where
. -0 rh 0% /h;
O,Z . — O~0771_ _7‘ ~077’— —Z ) —
E%(&;¢) : UCv 8{3(h)+gv 8§§(h>’l 1,2,
9 9 (4.19)
ovviy 9 /1 1 ooty 9% /1
0,3(¢. 1\ o _ 9 (1 1 o (1
ERE&) (Z} 96 )853(h>+EUO(; 96 )8§§(h>'
4.1. Proof of Theorem 2.1 at order c’. We define the remainder w?,
w? := v -0 - 0v. (4.20)

Since OV is divergence free, using (2.8), (2.7), (2.9), (4.6), the equations satisfied by
0
w, read:

Ow? 0 0 0
ot (U'v)w€+(wa 'V)U—I—V(pa—p )
=eAv? +eAU + RY(O°) — J2(v%,4°), in Q x (0,7),
div w? =0, in Q x (0,7), (4.21)
wl =0, onT x (0,7,
w?|,_, =0, in Q.
Here, for any (smooth) vector field G : Q x (0,T) — R3,
RY(G) := —%—G +eAG - (U-V)G - (G- VU, (4.22)
and
T2 (0%, 00) = (v° - V) — (00 - V). (4.23)

Using the linearity of R2(-), (4.12) and (4.17), we have, pointwise:
[R2(O°)] < |R2(6°)] + ke.
Thus, by multiplying (4.21); by w?, integrating over 2, and then using the Schwarz
and Young inequalities, we find

1d

0
2 dt -

w122 0y + el VullZa

(4.24)
< re? + |[R2(6°) - OHLl @ T |2 (v, ) - OHLl @ T “HwaHLQ(Q

To estimate the second term on the right hand side of (4.24), we use (4.13) and
the Hardy inequality with (4.21)3, and we find

[R2(0°) - w2l gy < 1€ R2(6°) | 209 165 0l 20,
< [IER2(0°)]I L2 g Vw2l L2 (o) (4.25)

1
< Kelle™ 1§3R0(90)||L2(QO) + EEHV“JSH%%Q)'
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Here, thanks to (4.13), we use the fact that 6° or any derivative of #° vanishes
outside of QF;. Using (3.16), (3.18) and (4.15), we find that

8290,1‘ 3 890,1‘ 2
&2 —U 0&3 )‘ L2(Q)

3
S
e~ 6 R26%) 12 a0, <K,E—|—ZH§(5
1=1

and, using (4.5), (4.15), (4.18) and (4.19), we see that

3 . .
53 02097 3 0097 ‘2
S3 U < ke.
; H € (8 &3 (&) 0&3 ) L2(Q) ~ e
Hence, from these bounds, (4.25) yields
| R2(6°) - O||L1(Q < ke + —5||sz||L2(Q (4.26)

and, combining (4.24) and (4.26), we obtain

1d 9
5E||wg||%2(ﬂ)+ﬁs||ng||%2(Q) = KRE +HJO (v° v’ OHLl Q)+K/||w ||L2 Q)" (4.27)

To estimate the second term in the right hand side of (4.27), using (4.20), we
notice that

J2 (0%, 0%) = (v - V)l + (w?- V) + (w?- V)0 +(6°. V)’ + (+°- V)@’ +(8°.v)a°,

and find that

5
HJS(’UE,’UO) -wSHLl(Q) < Zjo’j (4.28)
j=1
where
jO,l = w -Vvo-ngLl(Q),

II( )

[ (wg - V)@O : ngLl(Q),

T =110 V) - wl| L1 (e, (4.29)
||(U0 ’ V)eo 'ngLl(Q)v

[(©° v)e°. ngLl(Q)-

The term J%! is easy to estimate:
T < kw720 (4.30)
To estimate J%2, using (4.12) and (4.17), we write

T < (@0 - V)6 | () + w3y (4.31)
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Then, using (3.18) with (3.19), (3.20) and (3.21), and using (4.16), we find

96° )
(- ¥)6° - w1y < mllwl]Zagq +ZH( 0,3 853) w?

LY(Q)

0,2

< wlluwl|| 20y + 2622 H (53)2 6895

< (using the Hardy inequality for w?)
£3\2 00%
S A 2522 1) %6 Hm IVl 32 0)-
(4.32)

On the other hand, since v° satisfies the compatibility condition (2.8), from (4.13),
we infer that there exists 0 < T° < T such that, for i =1, 2,

1 h; h
0 Ao ok n

H(FYOU )(t)HLOO(F) < 80U € (
where v : H/2(Q) — L?(T) is the usual trace operator. Then we conclude that

; Lw(ro>)7l’
0,1
I(%) %

U@ | h;
<

Lw(Q)Hg_g, L2(Q)

0<t<T° (4.33)

L>(Q%

Lo (Q)
h

i l1L==(To)

(5_3)264]053/8

3

(IGUUSIC] P

3

+l.0.t.

L (Q8;) L>(0,36)

gﬁs_l, 0<t<T% i=1,2.
(4.34)

Combining (4.31), (4.32) and(4.34), we find that
70 < el Vullam) + #lwd3a) (1.3)
To estimate J%3, from (4.12) and (4.17), we first infer that
T2 <I(0° - V)0 - wll|pago) + Kellwl 2 a)
<100 V) ey + e + [02l2a gy
Then, using the Hardy inequality for w? and (4.15), we find

16 90 - ulllzsiey < wef L60)

L%Q)H & 1Lz (o)
1
< ﬁ5%||vwg||L2(Q) < ke’ + EEHVMQH%Q(Q)'

Using the bounds above, we obtain

1

TP < ke + 1—05||ng||%2(9) + w72 q)- (4.36)
From (4.12) and (4.17), we infer that
TE <N V)0 ey + rellwlllpa(o)

(4.37)
<N V)00 - wl| ) + we? + (w72 -
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Using the Hardy inequality for w?, we write

100 D)8 - ulll ey < e 200 9

v 0
LQ(Q)H wZl|r2(0)

< ,%H%?’(Uo : V)GO‘ 2 (4.38)

1
ey Esllvwgllizm)-

Moreover, using (3.18), we find

2 .
5_3 0 5097
gm—i-;HE(v e3) 6

2

[Zee-oe],

L2(Q)

L2(Q)

2
L2(Q) (439)

W0 - eg 2 211 /E50\2 000
<m0 2[(2)
£ Lm(m; e/ 08

( using (4.15) and the regularity of v° )
with (’UO . 63)|53:0 =0

< Ke.

Combining (4.37)-(4.39), we obtain
1
J"t < ke + EEHVU’SH%%Q) + ||wg||%2(sz)- (4.40)

For the term J%°, using (4.12), (4.15), (4.17) and the Hardy inequality for w?,
we write

T8 < [(0° - 9)0° - wl| 1) + (€100 20y + &%) w2l p2(0)

+52‘ £ g0 ‘
13

0
L2(Q)||Vwa||L2(Q) (4.41)

1
<I(0° - V)8 - wl| L1y + we® + wll| T2 + %SHVU’QHQN(Q)-
Using (3.18), (4.15) and the Hardy inequality for w?, we find
167 - V)" - w2l 10

<o|2w v

2 Vw12 () < re? [ Val|| 2

1
< ke? + %EHngH%Z(Q).
Hence, from this bound, (4.41) yields that
1
TP < ke + EEHVWSH%%Q) + w72 q)- (4.42)

Thanks to (4.28), (4.30), (4.35), (4.36), (4.40) and (4.42), we find from (4.24)
that

d
EHU}SH%?(Q) +el|Vul |2 < ke + sllwl|[F2iq), 0 <t <T°. (4.43)
Applying the Gronwall inequality, we deduce that

1
||wg||Loo(0’T0;L2(Q)) < ke, ||wg||L2(O)T0;H1(Q)) < kez. (4.44)

Using (4.12), (4.17), (4.20) and (4.44), we obtain (2.10). Then, (2.12) follows
from (2.10); with (4.15). This completes the proof of Theorem 2.1 at order &°.
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Remark 4.1. In many boundary layer analysis problems related to the Navier-
Stokes equations, it is crucial to handle the term on the left hand side of (4.32).
For some related issues on this problematic term, see, e.g., [33].

5. Asymptotic expansion at order e'. In this section, aiming to obtain the
next term for the asymptotic expansion of (v¢, pf) at order &', we write

0¥~ (V0 + 0% e +0Y), pfp +e(@ +q), (5.1)

where v!, p', ©! and ¢' will be determined below.

It is worthy to stress that our methodology used in this section is applicable to
obtain asymptotic expansions of v¢ at any order £/, j > 1, and it is valid for any
domain with a flat boundary as well. In fact, for the case of a channel domain, one
can use the Cartesian coordinates to define a corrector where the metric tensor in
(3.9) is an identity matrix. For higher order expansions in a channel domain, see,
e.g., [14] and [25].

5.1. Outer expansion at order ¢'. To complete the outer expansion, outside of
the boundary layer, as v ~ v? + ev! and p® ~ p° + ep!, we insert (5.1) into the
difference of equations (2.7) and (2.9). Then, using (4.12) as well, we find

I(evt + 60 +ep? + 01

—eA(ev! + 6% + e +e01) + 07 - Vo — o0 - Vo

ot
+U - V(evt + 6% + e¢® +e01) + (ev! +0° +e¢® +£01) - VU + eVp?
~ AW’ +U),
(5.2)
where
vE - Vot =00 Vol o~ (09 + e +01) - V(00 + e +c01)
+(0° + e +e01) - V(00 + ev!
( ) - V( ) (53)

+ (00 +ev!) - V(00 + e + c01)
+e(v? - Vol) + (vl - Vo) + 20! - Vol.
By noticing from (4.17) that ¢° is of order £° in any Sobolev space, we collect

all terms of order ¢! in (5.2), which involve in v%, v, U and ¢° only. As a result,
we obtain the equations for v! as the linear system below:

1
%—I—(U—I—vo)-Vvl—Fvl-V(U+v0)—|—Vp1
0 3800 0 0 0 0 ;
— AU +v )—(W+(U+v )- Vi + - V(U +v )), in Q x (0,7),

div el =0, in Q x (0,7),
vl-mn =0, onTp x (0,7),
vl =0, onT; x (0,7),

vl|t:O =0, in €,

(5.4)
As the right hand side of (5.4); is a smooth function, of class C>°([0,T] x Q),
whose norm in any Sobolev space is independent of £, we expect as for the case
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where vl -m = 0 (see [27]) that the system (5.4) has a unique solution v! such that
vt e C([0,T] x Q), (5.5)

and we assume so. Concerning the case of a 3D channel domain, the proof of (5.5)
appears in [14].

5.2. Inner expansion at order c!. To complete the proposed expansion (5.1),
by omitting the terms appearing in (5.4) and the lower order terms with respect to
g, we rewrite (5.2) in the form,

a0°

_2 1 . 1N__
2AO 4. VO! ~ (at

—aAHO—l—(U—i—vo—i—agoo)-V90+90-V(U+UO)+6‘0-V90).

(5.6)
Using (3.16), (3.18) and (4.5), we collect all terms of order €” in the left hand
side of (5.6), inside of the boundary layer, and find

3 920Li 901
Z{_Eza—g_Ean—fg}Ei' (57)

i=1

Using Taylor expansions of h;/h and 1/h in &3 at &3 = 0, we write 8°, defined in
(4.13), in the form:

EANECERES RO R

where 00", 1 < i < 3, is given by the right hand side of (4.13) with h;/h or 1/h
replaced by its j-th order derivative in &3 evaluated at £&3 = 0. Moreover, for our
convenience, we write the e%-order part of §° as

2

05 => 0y e (5.9)

=1

We also write, in Q% where the curvilinear system & is well-defined,

U~ ZUZ(S)ei ~ ZZsj (%3 )U;(f’)ei,
i=1 i=1 j=0
3 ] 3 o ] §3j 0.0

00 ~ Zvo’l(g)ei ~ Z Zaj (? )vj’l(fl)ei, (5.10)
i=1 i=1 j=0

0 G 0,1 ~ L& j 53 0,9/¢r

Py o (E)EZ—ZZE(E )soj (€)es,

i=1 1=1 j=0

where U#(), (’U;-J’i(fl) or cp?’i(f')), is the j-th order derivative in &5 of the function

evaluated at &3 = 0. The e%-order part of U, v° and ¢° are written in the form,

3

3 3

' 0 0,i 0_ 0,

Uy = E Ujei, vy =Y Uy e, Yy = E vy €. (5.11)
i=1 i=1 i=1

Now, for the first two terms in the right hand side of (5.6), noticing that
£0%0% /92 is already taken into account by the equation of §%% in (4.18), we
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use (3.16) and (5.8), and collect the terms of order £°:

2

6° 0y’ 0
- o heAd > Z}{ o+ el }el, (5.12)

where L7 o 372 (€7 (e7163)7 £1(€') and each L}(€) is proportional to 9/9¢3 with a
coefficient independent of &3 and .

To handle the nonlinear terms in (5.6), using Taylor expansions again, we rewrite
Pi, Q' and RY, 1 <i <3, in (3.18) in the form:

VG = Z{F“;? Oogj(%?’)j[Pj(F,G)—i—Q;(F,G)—#R;(F,G)]}ei, (5.13)

where PH(F, G), Q%(F,G) and R}(F,G) are given by (3.19), (3.20) and (3.21) with
the smooth functions involved in h;, 1/h; and their derivatives replaced by their
j-th order derivatives in &3 at €5 = 0.

Note that Pi(F,G), Q%(F,G) or R}(F,G) contains no differential operators in
the &3 variable, and that their dependency on {3 or £ appears in the input functions
F and G only.

Recalling that U?90%7/0¢3, 1 < i < 3, are already used in the equation of 6°,
and that v%3 = =00 - m =0 at & = 0, using (5.8)-(5.11) and (5.13), we collect all
the terms of order €° from the bilinear terms in (5.6):

7 g 890,1 5 00 [
—a(Uf’+v§) 3)?3 623 UO; o6 }e

+Z{ Pi(Uo + 0§, 68) — Qh(Uo + 0, 69) Jes
—Q3(Uo + g, 05)es,
(5.14)
—60°- V(U + %)
2
'—“Z{ P5(60, Uo + v0) — 5(63, U + vg) — RZ(90=UO+U0)}

—{P5 (65, Uo +vg) + 56, Uo + vg) Yes,
(5.15)

2

. 8901
0 0~ i 0,3
—6°. v _Z;{ Ph(68. 08) — =0y " 5

— Q4 (08.68) pe: — Q3 (05, 00)es

(5.16)
Finally, using (4.18) and (4.19), we write

3 (g )= ()

=1 =1

(o0 “U%/ee; (5.17)

| 2
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Inserting (5.7), (5.12) and (5.14)-(5.17) into the equation (5.6), we propose the
following equation for the corrector O = 327 @l e,

8261,1’ UO a@l,i

—&

03 083 -
i . 5.18
O |, o= (" ele,0, i=1,2, (5.18)
1,3 _
© ‘53:0 =0,

where
o1
fhi= g(sum of the right hand sides of (5.12) and (5.14)-(5.17)) - e;.  (5.19)

Then, using (5.8), one can write f%* in the form:
1 O
fl z(é’ t) {ao(g/ ) (51 )53} (gg)e—U &3/e

+—b6(§/,t)o'({g)e*QUoéa/s, i=1,2, (5.20)
9

FRAE1) = Zad(€' Dola)e 7 + B(E Daten)e e

Here, a} (¢',t) and b} (¢, t), for 1 <i <3 and k = 1 or 2, are smooth functions in &’
and ¢, independent of &3 or €.
Aiming to find a solution of (5.18), we recall some elementary lemmas from [14]:

Lemma 5.1. For any j > 0, we have

/053( ) ’UO"/Edn*—aZ(LO)] K+ '(53) o—U% /e

Lemma 5.2. A particular solution of

2 |
U _od¥ LGV, o
9

58—53 T 96 e\
is given by
J i k+1
T — Oyh—j-1 J! (53) U6 /e
kz:(:) w (k+1)!
We define
Foli= fia(es), 1< < 3, (5.21)
and notice that
Tz est. (5.22)

Thanks to Lemma 5.2, we see that equation (5.18) for i = 1,2 with f¢ replaced
by f * has a solution,

2 4 1 _ 170 i 1 o170
chmpl (b (UO) _(vl'ei)|53:0)e UZ€s/e bOQ(Uo) e—2U"&s/e

+{(shi + ot o) 2 et () Jer 7o i =12
(5.23)
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Thanks to Lemma 5.1, we find an antiderivative, with respect to the &3 variable,
of the third term on the rlght hand side of (5.23),

k=

1\ s 0777033 0\4
pors k'\ e (U9) (U9)
(5.24)
that satisfies
owt ;1 i1 NG 1 G\ pog .
06 {(abgr +at (UO)?)?“L“leO (£) e ’
" (5.25)
Wileaeo =0 —_— = 1<k<3
|5370 Y agk 53:0 bl =

Now, to define the tangential components ©1:¢ i = 1,2, of the corrector ©!, we
use the same strategy that we used for ©% ¢ in (4.9). Then, using (5.24) as well, we
define: For i =1,2,

.11 h

ehl = Em(bom — (v - €)]es= 0) 3
1Ry ks

T ER T M s
A(o(&)W)
o

h;
&=0h

— (€)o7

9E; ( (&)(1 - e—UOgS/E))

O (otes) (1 - e2075/%))

%6
e
(5.26)

By enforcing the divergence free condition on ©! and using (3.15), we define the
normal component O3 of ©! in the form:

@1,3
%; { (th 707 — (" - elesmo) g
2

gzai{

oW’
o(&s) Z o
(5.27)

Due to (5.25)2, one can verify that the divergence free corrector ©! =
2?21 Olie;, defined by (5.26) and (5.27), satisfies the desired boundary condi-
tions (5.18)2,3. Moreover, due to the presence of o in (5.26) and (5.27), we notice
that

£3= 0}%(6)0(53)(1 — eroﬁs/s)

53—0}%(5)0(53) (1 — e_zUofs/a)

8k+l@1

Using the fact that 0'(53,)6_[]053/6 is an e.s.t. in €, and is equal to zero on I'p,
and using (5.24) and (5.25), we write each component O %, 1 < i < 3 in (5.26) and
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(5.27), in the form:

O (&t) =0Y" el fesit., (5.29)
where
) 1 h hi ,
ot = (bBQ(UO)z — (' - e)lgy= O)h ‘ =0 h(S) o(&)e U /e
1 . h h o
SO R oo ()
1 1 1 o
oo+ (To)? )53 oo (53) }h (€)o()e™&/% i=1,2,

(5.30)

b @oe)e e/

1 0 ) 1 h
0% = 2575 2 ge{ (o — " edleamo) 3

£3=0

1 &0 1
_ i - —2U%¢3 /e
E4([]0)3 ; 351{ 0p £3—0}h(£)0(£ ) /
AP T, &
o5& it i) 0o ()
da} 2 k o
2 o 507 (2 e e
(5.31)
l,l_i(z 1 ( 1 e)l ) _1(5)0,1(5)
¥ = o 02(U0)2 i6=0 ) 3 e o R 3
1 ;i hi ’
A(UO)33 Oh; ggzoﬁ(g)a (&3) (5.32)
2 i ,
+(CL6 (UO)3 + azl (Uo)4) %(é)o’ (53)) 1= 1725
1 9 f(y 1 h 1
<P1 3 — _W ; agz{(b02(UO)2 ( 1 z)|§g_0) hi fg:O}E(é)U(gg)
1 <09, h 1
+4(UO)3 ; 3&{ 0%, 5320}5(5)0(53) (5.33)

0, 1 2 1
=X 5¢ (dgrogs + el oy ) 5 @)

One can derive the estimates on §' = 37 #he; and ' = 327 | ol le;: For
rk,l,m>0,and i = 1,2,

rakJrlerol i )
I(2) < wedom,

OFOTIOET Lo (0.1:L2(92)) )

"(53)rak+l+m91 SH <l€€%_m ( . )
e/ OthoTlog lLe=(0,1;L2(2)) — ’
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6k+l+m91 7
H( ) tkarlagg L>°([0,T]x Q) < ke
(5.35)
ak+l+m91 3 1
< —m
H( ) At ATIOEY" HLOO([O,T]XQ) =Re
and
ak—i—l—i—m
1<4<3. 5.36
H 8tk87l8§3 L= ([0,T]xQ) — =7 ( )

Performing direct computations, one can verify that 8%, i = 1,2, satisfies the
proposed equation (5.18) up to a small error: For i = 1,2,

8291,1' ael,i . )
—— -u° = fLIpEY(E ) U({g)(e_UO&”/E—Fe_zUO&‘/E)—l—e.s.t., (5.37)
2% 0&3

where

1B € Dl < i = 1,2, k20 (539

Moreover, the normal component 613 of #! satisfies the equation (5.18) without the
source term f1'3 up to a small error:
8291, 3 o (96‘1’ 3

T T U 05 eBT3(&:1) 0(53)(6_[]053‘/€ + e—2U053/8) +e.s.t., (5.39)
3

where
IEY3(&t) | ey < K, k> 0. (5.40)

5.3. Corrector ¢' of the pressure p°. Our remaining task is to evaluate the
error f1'3  appearing in (5.18), in the normal direction. In the process of defining
the velocity corrector ©1, the normal component of ©%3 (or ') is deduced from
the divergence free condition, and for this reason, we have no control of the error
f12 in the normal direction; see the equations (5.18) and (5.39). To overcome this
difficulty, we propose to use an asymptotic expansion of the pressure p* as it appears
in (5.1)2 where the pressure corrector ¢! is defined by the equation,

8q 1 e 1 o770
T = I = (using (5.20)2) = Za3(€ Do(&)e™ V7SV 4 (€ Da(Er)e 0L
(5.41)

Using (5.41), we define
_yo° o770
¢ =~ (€ o(&)e U S - o SI(E Dole)e VS (5.42)
Then, using (3.14), we see that, up to an e.s.t.,
1 1 0ad o 210 o

V' = 5 2 g g, TG e Z_TZ}L_ e G ey ey

(5.43)

Hence, we expect that the normal component of —eV¢', which will be introduced

in the error analysis, balances the term ef13e3, and that, as appearing in (5.43),
the tangential component of —V¢q' produces a lower order error with respect to ¢.
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5.4. Proof of Theorem 2.1 at order ¢!. We define the remainder at order £! as
w! =0 — (0¥ + 0% — (o' +01). (5.44)

Then, since ©° and ©! are divergence free, using the equations (2.7), (2.9) and
(5.4), and using (4.6), (5.18)2,5 and (5.3), the equations for w} read:

ow}
ot

(U - V)wi + (wg - V)U + V(p° —p° —ep' —eq)
=e2(A(P% + o) + R2pY)) + R(6° +£6') — J(v5,0°) — eVt + e.s.t.,
in Q x (0,7,

divw! =0, in Q x (0,7),

wl=0, onT x (0,7),

wt|,_, =0, in €,
(5.45)
where RO(-) is defined in (4.22).
The term J2(v¢,v°), appearing in (5.45)1, is defined by
JH (0%, 00 ZJl b (5.46)

where
JEl = 0" Vw! +wl - V(' +ev! + e’ +£2p!)
+e2(1? - Vol + ¢! - Vol + (0! + @0 +ep!) - V(v! + 0 + epl)),
T2 =l V(60 1 ehY),
JE3 =20 - V(! + ¢ +epl) +e0 - V(00 + ev! + ¢ +£2ph),
Jht = e(vt +epl) - VO +e(v® + ev! + el + £2p1) - VO,
JEo = e Vo' + 0t - V(00 +<01).
JE6 = 0% V0 400 - V09 + el - VO° +6° - VOO.

(5.47)
We multiply (5.45); by w! and integrate by parts. Then, using (5.36), we find

1d

Sl 3 ) + 2l Vel 3

< ket 4 [lwl]|F2 o) + ZJW +[[(RAO° +20") — J2° —eVa') w11
k=1
(5.48)

where
THE =I5 % wil gy 1< k<5 (5.49)
The term J"! is easy to estimate:

T < ket 4 llwl| 720 (5.50)
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For J12 using the same estimate as in (4.32), we write

Jh? < (wl-v)e° wIIle +ell(ws - V)0 - wille)

< ol + 223 [(&) 225 9ulag
- € ( ) P IS5 853 Loo(Q) € ( )

+2532H(53) L N\

(5.51)

Then, using (4.33) for the second term, and using (5.35) with ¢ < 1 for the last
term on the right hand side of (5.51), we find

T < eVl ay + Alwdlae, 0<t<To (5.52)

It is easy to see that e ' 713 and e~ 175 lead to the same estimates as J%3
and J% 5, as they appear in (4.36) and (4.42). Hence, we find that

2
TP+ TN < ket + 1_05||vw;||2L2(Q) + 2[|w 172 q)- (5.53)

To estimate J 1'%, using the Hardy inequality for w}, we write

Jht < 5””1 VO - w;HLl(Q) + 5||UO -Vo! 'U’;”Ll(sz)
+e2]lpt - VO? - wl L) + 2 |(v" + 0 4+ ep!) - VO - wl] L1 e

< o] vw

&
)||Vw§||L2(Q) + EQH?UO -Vo! L2(Q)||Vw§||m(n)

SCe
3 L

2(@) Vw22 (0)

3 §_3 1 0 1. vel
6H5(v T tep) L2(Q)

[Vwl| £2(o)-

(5.54)
Since v° -m = v' -m = 0 on I, for the first two terms on the right hand side of
(5.54), we use the same estimate as in (4.39). Then, using (4.15) and (5.34) for the
last two terms in (5.54) as well, we find

1
T8 < ked | Vwl||page) < ket + 1—05||Vw;||%2(n)- (5.55)
Using (5.50), (5.52), (5.53) and (5.55), (5.48) yields

d 1
3o + 52l Vel

N =

(5.56)

< ket + kllwl|F2q) + || (RO +€6") — J2° —eVq') 1HL1(Q .
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To estimate the last term on the right hand side of (5.56), using (4.18), (5.37),
(5.39) and (5.43) with (5.19), we find, for i = 1,2,

(R2(0° 4 e0') — J16 —eVgl)e;
0
=l

000 &5 000" 5 060"
_ wp0 3 353 0V 3
(U V)i ~ U e = cUP2 0 — U322 }

= P5(Un. 63) — Q4 (Un. 65) |

07 — 00 ") + 876" +£(L6™ — Ljby")

~{(6° - VU)es — Pi(63,Uo) — Q5 (68, Us) — Ri(68, U) }

00y
—E(@ - V8)ei — ey ® 20 }

{
{
{
—{(0° - Ve)es — Pi(68,v8) — Q5 (608, 08) — RE(68, ) }
{
+
-

&3 (5.57)
, 3 o0y" i
(00 - V%) e; — Ph(ef,6) — v 2 S0~ Qh(of 64) |
0,i
(69 ) — P3(05.08) — 0 — Qiog.op)}
03
691 4 ) 691 %
_ 8191 25191 i _ U - 91 _U3
+e +e 5{( Volie; 5 853}
—5(91-VU+Vq )-e
0% /h; &3 0% h; o
O 30,4 12 ~0,1 1,4 —U%&3 /e
+e{v ags( )308 v 653( ) - B olee Vs
—eBhig(gs)e 2087,
and
(R2(0° +€0') — J26 —eVql)es
__09%? 340 390,3 0 09%° 3 0
= G +eS0 eL% —{(U-ve Jes ~ Uj g QO(Uo,eo)}
—{(6° - VU)es — P88, Uo) — Q3(68,U0) |
—{(6° - V)5 — P35, v§) — Q}(66,v8) | — =(° - VE)es
{0 Vs — QB8 08) } — { (60 V6*)es — QF(68,68) }
o3 2¢391 | _2p,391,3 1 90+° 1
€ +e°8°0" +e°L°0 —5{(U~V9 Jes — U —— 6 }—59 -VUes

—e(E%3 4 eEY3)g(&3)e U 86/c — 2B 35(gg)e 20 8s/2
(5.58)
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Tharnks to (3.18), (4.13), (4.19), (5.8), (5.10), (5.13), (5.30), (5.31), (5.38), (5.40)
and (5.43), one can verify that

3
Z ‘ (RS(HO S L qul)ei‘ < 5P2(§3/5)a(§3)(6_U053/5 + 6—2U053/a)’
i=1

where P3(&3/¢) is a polynomial in £3/¢ of order 2 with positive constant coefficients,

independent of £ or . Then, using the Hardy inequality for w!, we find

| (R2(6° +€0") — 16 —eVgt) 'U’;HLl(Q)

< EzH%P2(€3/8)0(§3)(6_Uofs/6 + €—2UO§3/€)

1
’LQ(Q)HVU’EHB(Q) (5.59)

1
< ked || Vwl|| o) < ret + ZEHVU};H%?(Q)'
Combining (5.56) and (5.59), we see that
d 1
EHU};HQL%Q) + §5||Vw;||2m(g) < ket + ﬁ||w§||%2(n)- (5.60)

Applying the Gronwall inequality, we deduce that

3
||u1§ ||L°°(O,T0;L2(Q)) < Iiaz, ||w; ||L2(0)T0;H1((2)) < Kez. (5.61)

Now, using (5.29), (5.36), (5.44) and (5.61), we finally obtain (2.11). This com-
pletes the proof of Theorem 2.1 at order £!.
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