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Ryan Stees

MILNOR’S INVARIANTS FOR KNOTS AND LINKS

IN CLOSED ORIENTABLE 3-MANIFOLDS

In his 1957 paper, John Milnor introduced a collection of invariants for links in S3

detecting higher-order linking phenomena by studying lower central quotients of link groups

and comparing them to those of the unlink. These invariants, now known as Milnor’s µ-

invariants, were later shown to be topological link concordance invariants and have since

inspired decades of consequential research. Milnor’s invariants have many interpretations,

and there have been numerous attempts to extend them to other settings. In this thesis, we

extend Milnor’s invariants to topological concordance invariants of knots and links in general

closed orientable 3-manifolds. These invariants unify and generalize all previous versions of

Milnor’s invariants, including Milnor’s original invariants for links in S3.
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B.5. Poincaré embedding types of links 137

Bibliography 140

Curriculum Vitae

viii



CHAPTER 1

Introduction

In this thesis, we study topological concordance of knots and links in closed orientable

3-manifolds. An m-component link L in the closed orientable 3-manifold M is an ordered,

oriented embedding
m⊔
S1 ↪→ M . When m = 1, such an embedding is called a knot, and

when m = 0, it is called an empty link.

Definition 1.1. Two m-component links L,L′ ⊂ M are (topologically) concordant if

there exists a proper, locally flat embedding

C :
m⊔
i=1

(S1 × [0, 1]) ↪→M × [0, 1]

which restricts on the ends to the links L and L′, that is, C|⊔i(S1×{0}) is the link L and

C|⊔i(S1×{1}) is the link L′.

Concordance is an equivalence relation, and we will develop invariants which distinguish

between concordance classes of links. These invariants will detect information about certain

lower central series of link groups. The link group π of the link L is the fundamental group

of the exterior EL of the link in M , the space we obtain by removing an open regular

neighborhood of L from M . We will study the lower central quotients of π, the quotients of

this link group by subgroups in particular lower central series.

Our work traces its roots to John Milnor’s 1954 Ph.D. thesis, published in 1957 as

[Mil57]. In his thesis, Milnor introduced a collection of integer-valued invariants for links in

S3, now known as Milnor’s µ-invariants, which inductively compare lower central quotients

of link groups to those of the unlink. The simplest µ-invariants are the classical linking num-

bers first defined by C.F. Gauss [Gau33], and the higher invariants are higher-order linking

numbers. Much is known about Milnor’s µ-invariants; in particular, Casson used work of
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Stallings [Sta65] to show that Milnor’s invariants are topological link concordance invari-

ants [Cas75]. Milnor’s invariants are ubiquitous, having interpretations in terms of Massey

products [Tur76,Por80], homotopy-theoretic data [Orr89], surface systems in S3 [Coc90],

the Kontsevich integral [HM00], and twisted Whitney towers in the 4-ball [CST14]. We

summarize the characterizing property of these µ-invariants in the following theorem:

Milnor’s Theorem ([Mil57] 1957). Let L ⊂ S3 be an m-component link, and let U be

the m-component unlink, with link groups π and F , respectively. Suppose the nth lower central

quotients of π and F are isomorphic. Then the following three statements are equivalent:

(1) The µ-invariants of L of length n agree with those of U (that is, they vanish).

(2) The (n+ 1)st lower central quotients of π and F are isomorphic.

(3) The µ-invariants of L of length n+ 1 are well-defined.

There have been numerous attempts to extend Milnor’s µ-invariants to other settings;

see [Mil95,Hec11,Kuz23,CO23]. This thesis extends Milnor’s invariants to concordance

invariants of knots and links in any closed orientable 3-manifold. Our work unifies and

generalizes all previous extensions of Milnor’s invariants to links in 3-manifolds.

1.1. Summary of new contributions

To any link L in a closed orientable 3-manifold M , we associate a tower of spaces

{Xn(L)}n≥1, well-defined up to homotopy equivalence, which come equipped with canon-

ical homotopy classes of maps ιn(L) :M → Xn(L). We have the following diagram:

M

· · · Xn+1(L) Xn(L) · · · X1(L).

ιn+1(L)
ιn(L)

ι1(L)

We will show that a concordance between two links L,L′ ⊂M induces homotopy equivalences

Xn(L
′)

≃−→ Xn(L) for all n and that the maps ιn(L
′) :M → Xn(L

′) and ιn(L) :M → Xn(L)

correspond via these homotopy equivalences.

To define invariants, we will fix a link L ⊂M and compare other links to L inductively.

Given some link L′ ⊂ M , and assuming we have homotopy equivalences Xk(L
′)

≃−→ Xk(L)
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for all k ≤ n, we obstruct the existence of a homotopy equivalence Xn+1(L
′)

≃−→ Xn+1(L)

by comparing the maps ιn(L
′) : M → Xn(L

′) and ιn(L) : M → Xn(L) via the homotopy

equivalence Xn(L
′)

≃−→ Xn(L). Through this inductive comparison, we extract a sequence of

topological concordance invariants hn which we call the lower central homotopy invariants of

L′ relative to L. These invariants are homotopy classes of maps in [M,Xn(L)]0/Aut(π/Γn, ∂),

where Aut(π/Γn, ∂) is a group acting on [M,Xn(L)]0 we discuss in Section 5.1.

An approach K. Orr pioneered in [Orr89] inspired our approach to defining the lower

central homotopy invariants; we define them in a similar manner to invariants of P. Heck

[Hec11]. We paraphrase the main results involving these invariants:

• Invariance: In Theorem A, we prove the hn are topological concordance invariants.

• Characterization: In Theorem B, we prove the hn characterize n-cobordism, a geo-

metric relationship between links. Roughly speaking, L′ and L′′ are n-cobordant

if they cobound a surface in M × [0, 1] which looks like a concordance to the nth

lower central quotients. Theorem B states that hn(L
′) = hn(L

′′) if and only if L′ is

n-cobordant to L′′.

• Realization: In Theorem C, we give exact conditions under which a homotopy class

in [M,Xn(L)]0 is realized as the invariant of some link L′ ⊂M .

The invariants hn also determine two additional new invariants we will discuss and ex-

plore:

• The invariants θn, which we call the lower central homology invariants, are homology

classes in H3(Xn(L))/Aut(π/Γn, ∂). They are images of the fundamental class [M ]

under the maps the hn induce on homology.

• The invariants µn, which we refer to as Milnor’s invariants, are a further reduction

of the hn. Like Milnor’s µ-invariants, they determine the lower central quotients of

link groups one step at a time.

The invariants θn and µn are useful in the greatly extended setting of Z[G]-homology

concordance, for suitable groups G, where we allow the links we compare to live in different

3-manifolds. A Z[G]-homology concordance between L ⊂ M and L′ ⊂ M ′ is a concordance
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in a Z[G]-homology cobordism W between M and M ′. We now summarize the main results

involving these reductions of hn:

• Invariance: In Theorem A′, we prove the θn and µn are topological homology con-

cordance invariants.

• Characterization: In Theorem D, we prove the µn characterize algebraic information

we call an n-basing. Roughly speaking, an n-basing for L′ relative to L is an isomor-

phism on nth lower central quotients of link groups which preserves the peripheral

structures of meridians and longitudes. We state a concise version of Theorem D

below for the sake of direct comparison with Milnor’s Theorem. See Section 4.2 for

the definition of the µn and the full statement of Theorem D.

• Realization: In Theorem E, we give exact conditions under which a homology class

x ∈ H3(Xn(L)) is realized as the integral homology concordance invariant x = θn(L
′)

of some link L′ in some 3-manifold M ′.

Theorem D. Fix an m-component link L ⊂ M . Let L′ ⊂ M be another m-component

link, and let π and π′ be the link groups of L and L′, respectively. Suppose L′ admits an

n-basing relative to L, that is, suppose the nth π1(M)-lower central quotients of π and π′ are

admissibly isomorphic. Then the following three statements are equivalent:

(1) We have µn(L
′) = µn(L).

(2) The link L′ admits an (n+1)-basing relative to L, that is, the (n+1)st π1(M)-lower

central quotients of π and π′ are admissibly isomorphic.

(3) The invariant µn+1(L
′) is well-defined.

We emphasize a few features of the invariants hn and their reductions θn and µn which

relate them to previous extensions of Milnor’s µ-invariants:

• The vanishing of the invariants hn, taken in “appropriate” contexts, implies the van-

ishing of all previous versions of Milnor’s invariants, including Milnor’s µ-invariants.

• For links in S3 and every n ≥ 2, the invariant µn relative to the unlink is equivalent

to Milnor’s µ-invariant of length n+ 1.
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• For links in S3 and every n ≥ 2, the invariants hn relative to the unlink are equivalent

to invariants of Orr from [Orr89].

• The invariants hn are defined for knots and can be nontrivial for knots in 3-manifolds

M ̸= S3; see [Mil95,Hec11,Kuz23].

• For empty links, the invariants θn and µn are precisely the Cha-Orr invariants

of homology cobordism of 3-manifolds, “Milnor’s invariants of 3-manifolds”, from

[CO23]. Cha-Orr show these invariants exhibit highly nontrivial behavior.

1.2. Organization of this thesis

We begin with some background information in Chapter 2. Section 2.1 gives a brief

history of the study of concordance in S3. In Section 2.2, we highlight some considerations

unique to the study of concordance in M ̸= S3. We review lower central series, outline the

proof of the Stallings-Dwyer Theorem, and introduce G-lower central series in Section 2.3.

We list some homology properties of concordance in Section 2.4. Section 2.5 contains an

overview of Milnor’s work [Mil57].

Chapter 3 begins with the definitions of the lower central homotopy invariants hn in

Section 3.1. Section 3.2 provides further discussion on the spaces involved in the construction.

In Section 3.3, we define an equivalence relation called n-equivalence of links and state

Theorem A. We discuss n-cobordism of links and state Theorem B in Section 3.4. The

realization result Theorem C is stated in Section 3.5. We conclude Chapter 3 with two ways

of reducing the invariants hn in Sections 3.6 and 3.7.

Chapter 4 concerns the application of the lower central homotopy invariants hn to con-

cordance in homology cobordisms. In Section 4.1, we define the lower central homology

invariants θn, reductions of hn particularly useful for studying homology concordance, and

state Theorem A′. We develop the equivalence relation on realizable homology classes neces-

sary to define the new Milnor’s invariants µn and state Theorem D in Section 4.2. Chapter

4 ends with Section 4.3, where we state Theorem E.
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We prove most of the main theorems of this thesis in Chapter 5. Section 5.1 further

discusses some technical details involved in the definition of the invariants hn. In Section

5.2, we prove Theorems A and A′. Section 5.3 contains proofs of the characterization and

realization theorems for the invariants hn, Theorems B and C, while Section 5.4 contains

proofs of analogous theorems for the homology invariants θn and Milnor’s invariants µn,

Theorems D and E.

In Chapter 6, we make precise the relationships between this thesis and previous exten-

sions of Milnor’s invariants. Section 6.1 ties the invariants hn to Milnor’s µ-invariants via

work of Orr [Orr89]. We show that the new invariants in this thesis reduce to the Cha-Orr

“Milnor’s invariants of 3-manifolds” [CO23] when specialized to empty links in Section 6.2.

Finally, in Section 6.3, we clarify the relationships between our work and other extensions

of Milnor’s invariants, work of D. Miller [Mil95] and M. Kuzbary [Kuz23].

We conclude the body of this thesis with Chapter 7, where we list several open questions

and future directions for this work. These include questions about the invariants from

Chapters 3 and 4, a number of possible extensions of and variations on these invariants, and

applications of this thesis to existing problems in geometric topology.

Two appendices appear at the end of this thesis. In Appendix A, we provide full details

on the well-definedness and naturality of the constructions involved in the definitions of the

invariants hn. In particular, we include some standard material from algebraic topology

involving homotopy pushouts in Section A.1. We prove the well-definedness and naturality

properties in Section A.2. Appendix B is entirely expository and provides further motivation

for the new invariants we define in this thesis. We consider a broad program for concordance

in general 3-manifolds. Poincaré embedding type, a universal invariant due to Cha-Orr, solves

the first, homotopy-theoretic part of this program. After a broad overview of localization

functors in Section B.1, we discuss P. Vogel’s homology localization [Vog78], a key ingredient

for the definition of Poincaré embedding type, and related homology localization functors

in Sections B.2 and B.3. Section B.4 provides examples of local spaces which appear in
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the definitions of the concordance invariants hn. We then give the definition of Poincaré

embedding type and relate it to the notion of n-equivalence in Section B.5.

1.3. Notation

Throughout this thesis, L ⊂ M , L′ ⊂ M ′, and L′′ ⊂ M ′′ will denote m-component links

in the closed orientable 3-manifoldsM ,M ′, andM ′′. We will usually assume the 3-manifolds

are oriented, so that meridians of links and fundamental classes of the 3-manifolds are well-

defined. The 3-manifolds M , M ′, and M ′′ will be equipped with surjective homomorphisms

φ, φ′, and φ′′ from their fundamental groups onto a fixed group G. Often, we will have

G = π1(M),M =M ′ =M ′′, and φ = φ′ = φ′′ = idπ1(M), and we will indicate when this is not

the case. We will denote the regular neighborhood of a submanifoldX in a manifold Y by νX

and the exterior of X in Y by EX . The link group of L ⊂M , the fundamental group π1(EL),

will be denoted by π. We will let Γ ⊴ π be the normal subgroup Γ = ker(π ↠ π1(M) ↠ G).

We will use analogous notation for the links L′ and L′′. The notation [x, y], where x and y

are group elements, will denote the commutator [x, y] = xyx−1y−1.
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CHAPTER 2

Background

In this chapter, we provide some background information on concordance of links and

Milnor’s µ-invariants. Section 2.1 gives a brief history of the study of concordance in S3.

Section 2.2 contains a discussion of complications that arise in non-simply-connected 3-

manifolds. We recall the lower central series, a major player in this thesis, and discuss

the Stallings-Dwyer Theorem in Section 2.3. In Section 2.4, we consider some homological

properties of concordance that help motivate the definitions of the lower central homotopy

invariants. We conclude the chapter with a discussion of Milnor’s work [Mil57] in Section

2.5.

2.1. Concordance in S3

The study of concordance dates back to the mid-twentieth century. Some of the earliest

results on concordance include work of Kervaire [Ker65] and Fox-Milnor [FM66]. Kervaire

proved embeddings Sn ↪→ Sn+2 for n even extend to embeddings Dn+1 ↪→ Dn+3. In other

words, even dimensional knots are slice. Fox-Milnor connected resolutions of singularities on

algebraic curves in C2 to questions of whether certain knots in S3 are smoothly slice, that is,

whether they bound smoothly embedded disks in the 4-ball. A knot in S3 is smoothly slice if

and only if it is smoothly concordant to the unknot. As the categories of topologically locally

flat embeddings and smooth embeddings differ (see, for instance, [Gom86]), the notion of

smooth concordance does not agree with Definition 1.1, in which we only require a locally

flat embedding. Note that if two links are smoothly concordant they are also topologically

concordant. We will always work in the topologically locally flat category.

The (topological or smooth) concordance group consists of concordance classes of knots

in S3 with the operation of connected sum. The identity element is given by the equivalence
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class of the unknot (i.e. slice knots), and the inverse of an element [K] is given by [−K], where

−K is the mirror image orientation reverse of K. The topological and smooth concordance

groups, which we denote by C and CDIFF , respectively, are the most common settings for

the study of concordance. Much is known about C and CDIFF , but their overall structures

remain highly mysterious. Note that there is a surjection CDIFF ↠ C.

In [Lev69a,Lev69b], J. Levine showed C maps onto the group

AC ∼= Z∞ ⊕ (Z/2)∞ ⊕ (Z/4)∞

known as the algebraic concordance group. Cochran-Orr-Teichner developed a filtration on

C, indexed by half-integers, in [COT03]:

· · · ⊂ Fn.5 ⊂ Fn ⊂ · · · ⊂ F1.5 ⊂ F1 ⊂ F0.5 ⊂ F0 ⊂ C.

Filtration level F0.5 is precisely the kernel of the surjection C ↠ AC consisting of algebraically

slice knots. All classical abelian knot invariants vanish for knots in F0.5, and all topological

slicing obstructions at the time were known to vanish for knots in F1.5. Cochran-Orr-Teichner

proceeded to show F2/F2.5 has infinite rank. Cochran-Harvey-Leidy showed in [CHL09]

that Fn/Fn.5 is infinitely generated for each natural number n. They extended this result

in [CHL11] to show each Fn/Fn.5 contains an infinitely generated subgroup generated by

elements of order 2.

The nontriviality of the kernel of CDIFF ↠ C, consisting of smooth concordance classes

of topologically slice knots, has been known since Donaldson’s work [Don83]. Casson first

observed the existence of nontrivial elements in this kernel, Gompf showed it has an element

of infinite order [Gom86], and Endo showed it is infinitely generated [End95]. Modern

tools, including invariants extracted from knot Floer homology and Khovanov homology,

have been used to study this kernel to great effect; for instance, see [OS03,MO07,OS08b,

Ras10,OS11,Jab12,Hom14,HW16,HM17,OSS17].

Concordance of knots in S3 arises in the context of many important open questions

in geometric topology. For example, recent attempts to produce a counterexample to the

9



4-dimensional smooth Poincaré conjecture have been phrased in terms of questions about

concordance; see [MP21], for example. Concordance of links in S3 has also found a place

amongst such substantive open problems. In particular, there is an intimate relationship be-

tween topological concordance of links and 4-dimensional topological surgery. The topologi-

cal surgery conjecture for 4-manifolds is equivalent to the statement that all good boundary

links are freely slice [FQ90]; see also [CKP20].

Among the first landmark results on concordance of links in S3 is Milnor’s work [Mil57],

though Milnor’s µ-invariants were not developed as concordance invariants. For links in

S3, there is no analogous concordance group, as there is not a well-defined way to take

the connected sum of two links. This complication has spurred both the study of additive

properties of link concordance invariants and the development of other notions of equivalence

of links whose equivalence classes do have a group structure. For example, Milnor’s invariants

are additive with respect to connected sum, independent of the connecting bands chosen.

For the first nonvanishing invariants this result is due to Cochran [Coc90] and Orr [Orr89];

in general, this is due to Krushkal [Kru98]. Le Dimet considered disk link concordance,

which has a well-defined sum operation given by stacking disk links, in [LD88]. Finally,

Hedden-Kuzbary use the knotification of a link in S3 [OS04] to define a concordance group

whose elements are stable concordance classes of knotified links in #k(S2 × S1) [HK].

2.2. Concordance in 3-manifolds

A non-simply-connected 3-manifold M allows for embedding phenomena which cannot

occur in S3. For example, consider the knot K in the 3-torus T 3 pictured in Figure 2.2.1,

which wraps around a nontrivial class x ∈ π1(T 3) and clasps itself. We view T 3 as a cube

with opposite faces identified. This knot exemplifies the type of behavior our extension of

Milnor’s invariants detects.

In such 3-manifolds M we do not have an analogue of the unknot or unlink in the sense

that there is no natural choice of knot or link to which all others can be reasonably compared.

For instance, knots which are concordant must be in the same free homotopy class in [S1,M ].
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Figure 2.2.1. A knot K ⊂ T 3.

A free homotopy between concordant knots is given by the composition of the concordance

with projection to M :

S1 × [0, 1] ↪→M × [0, 1]
proj−−→M.

To develop concordance invariants, we will fix some link L ⊂ M and compare other links

relative to L. The fixed link L will play the role of the unlink.

The nontriviality of π1(M) also implies that knots K ⊂ M may not all have preferred

longitudes. A longitude for a knot K is a section of the sphere bundle of K, that is, a parallel

of K in ∂νK. The absence of a preferred longitude prevents a canonical identification of

∂EK with S1 × S1. Removing a regular neighborhood of a concordance between two knots

K,K ′ ⊂ M yields a cobordism rel boundary between knot exteriors EK and EK′ . This

cobordism rel boundary identifies ∂EK and ∂EK′ , and the meridians and longitudes ofK and

K ′ correspond under this identification. Preferred longitudes must correspond if they exist;

however, in the absence of preferred longitudes, there is a priori some ambiguity in how ∂EK′

and ∂EK are to be identified when comparingK ′ toK. For knots representing torsion classes

in π1(M), a rational-valued linking number remedies this problem (see [FNOP19]), but it

is not clear what to do in the case where [K] ∈ π1(M) has infinite order. The techniques of

Section 3.1 resolve the afformentioned issue. To define the lower central homotopy invariants,

we fix an identification of longitudes and then understand how to account for the dependence

on this chosen identification.
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In the last few decades, there has been renewed interest in extending the study of con-

cordance to general 3-manifolds [Mil95,Sch03,Hec11,DNPR18,Kuz23], as well as to

generalized versions of concordance. These include homology concordance [Gol78,Lev16,

HLL18,Zho21] and almost concordance [Cel18,Yil18,FNOP19,NOPP19], concordance

up to local knotting. Relatively little is known in these settings. For instance, the following

conjecture of Celoria [Cel18] and Friedl-Nagel-Orson-Powell [FNOP19] remains open in

many cases:

Almost-Concordance Conjecture (Celoria, Friedl-Nagel-Orson-Powell). Every free

homotopy class in a closed orientable 3-manifoldM ̸= S3 which does not have a dual 2-sphere

contains infinitely many concordance classes of knots modulo local knotting.

Mark Powell has suggested the work in this thesis could be useful for attacking many of the

remaining cases; see Section 7.3.

2.3. Lower central series

The (classical) lower central series of a group π is the series of normal subgroups

· · · ⊴ πn+1 ⊴ πn ⊴ · · · ⊴ π2 ⊴ π1 = π,

where π2 = [π, π], the commutator subgroup of π, and πn+1 = [π, πn] in general. We call the

quotients π/πn the lower central quotients of π.

2.3.1. The Stallings-Dwyer Theorem. We recall a fundamental result of Stallings

and Dwyer concerning lower central quotients and group homology which will play an im-

portant role in proving some of the main results of this thesis. We include an abbreviated

proof; see also [CO23].

Stallings-Dwyer Theorem ([Sta65] 1965, [Dwy75] 1975). Suppose f : A→ B is a

group homomorphism inducing an isomorphism H1(A)
∼=−→ H1(B). For any positive integer

n, f induces an isomorphism fn : A/An
∼=−→ B/Bn if and only if f induces a surjection

H2(A)→ H2(B)/Kj(B) for all j < n, where Kj(B) = ker
(
H2(B)→ H2(B/Bj)

)
.
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Proof. Claim 1. The surjectivity of H1(A)
∼=−→ H1(B) implies fn : A/An → B/Bn is

surjective for all n.

The claim holds for n = 2 by assumption. Now assume fj : A/Aj → B/Bj is surjective.

We prove fj+1 : A/Aj+1 → B/Bj+1 is surjective. It suffices to show fj+1 restricted to

Aj/Aj+1 → Bj/Bj+1 is surjective, after which we may apply the Five Lemma to the diagram

below.

1 Aj/Aj+1 A/Aj+1 A/Aj 1

1 Bj/Bj+1 B/Bj+1 B/Bj 1

Let b ∈ Bj/Bj+1. Then b is a product of j-fold commutators in B/Bj+1, each of the

form [bi, di], bi ∈ B/Bj+1, di ∈ Bj−1/Bj+1. Since H1(A)
∼=−→ H1(B) is surjective, there

exists ai ∈ A/Aj+1 with fj+1(ai) = bi mod B2/Bj+1. Similarly, since Aj−1/Aj → Bj−1/Bj

is surjective by assumption, there exists ci ∈ Aj−1/Aj+1 with fj+1(ci) = di mod Bj/Bj+1.

It follows that fj+1([ai, ci]) = [fj+1(ai), fj+1(ci)] = [bi, di] ∈ Bj/Bj+1. This completes the

induction and the proof of Claim 1.

It now suffices to prove the equivalence of the following two statements:

(i) A/An → B/Bn is injective (i.e. an isomorphism).

(ii) H2(A)→ H2(B)/Kj(B) is surjective for all j < n.

For n = 2, the two statements are vacuously equivalent. Statement (i) is true by assumption,

and we have K1(B) = H2(B), so (ii) is always true. We will again use induction, assuming

the statements are equivalent for n− 1.

Recall the 5-term natural exact sequence of Stallings [Sta65]. For any group G and

normal subgroup N ⊴ G, we have the following exact sequence:

H2(G)→ H2(G/N)→ N/[G,N ]→ H1(G)→ H1(G/N)→ 0.

Taking (G,N) = (A,An−1) and (B,Bn−1) and noting that the final map of each 5-term exact

sequence is an isomorphism, we obtain the diagram below with exact rows.
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0 H2(A)/Kn−1(A) H2(A/An−1) An−1/An 0

0 H2(B)/Kn−1(B) H2(B/Bn−1) Bn−1/Bn 0

If statement (i) holds for n, then it holds for n − 1. On the other hand, if (ii) holds for

n, then it holds for n − 1. By the induction hypothesis, this implies (i) holds for n − 1.

Therefore, in either case, we may assume (i) holds for n − 1. By this assumption, the map

H2(A/An−1)→ H2(B/Bn−1) in the above diagram is an isomorphism. But we have

ker
(
An−1/An → Bn−1/Bn

)
∼= coker

(
H2(A)/Kn−1(A)→ H2(B)/Kn−1(B)

)
.

The left side is trivial if and only if (i) holds for n, and the right side is trivial if and only if

(ii) holds for n. This completes the proof. □

2.3.2. The G-lower central series. Now fix a group G, and suppose a group π admits

a surjective homomorphism φ : π ↠ G. We consider a finer lower central series, the G-lower

central series, defined as

· · · ⊴ Γn+1 ⊴ Γn ⊴ · · · ⊴ Γ2 ⊴ Γ ⊴ π,

where Γ = kerφ. The G-lower central series consists of the group π and the lower central

series of the kernel of φ : π ↠ G. This lower central series was used in work of Heck

[Hec11]. We recover the classical lower central series when G = {1}. The quotients π/Γn

are the G-lower central quotients of π.

The G-lower central quotients of the link group π of a link L ⊂M , for suitable groups G,

will play a central role in our study of concordance. Most often, we will take G = π1(M) and

φ the surjective homomorphism π ↠ π1(M) induced by the inclusion j : EL ↪→ M . In the

next section, we will see that the quotients π/Γn are concordance invariants; see Corollary

2.2.
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2.4. Homology properties of concordance

Cappell and Shaneson were the first to observe that the homology of EL with coefficients

in Z[π1(M)] is an invariant of the concordance class of L.

Proposition 2.1 (Cappell-Shaneson [CS74]). Let L and L′ be m-component links in

the closed orientable 3-manifold M . A concordance C between L and L′ induces a diagram

H∗(EL′ ;Z[π1(M)]) H∗(EC ;Z[π1(M)]) H∗(EL;Z[π1(M)])

H∗(∂EL′ ;Z[π1(M)]) H∗(∂νC;Z[π1(M)]) H∗(∂EL;Z[π1(M)]).

∼= ∼=

∼= ∼=

The isomorphism

H∗(∂EL′ ;Z[π1(M)])
∼=−→ H∗(∂EL;Z[π1(M)])

preserves meridians, orientations, and orderings of components.

In other words, a concordance exterior is a Z[π1(M)]-homology cobordism rel boundary. In

particular, we have an isomorphism H∗(EL′ ;Z[π1(M)])
∼=−→ H∗(EL;Z[π1(M)]). We will call

the type of isomorphism H∗(∂EL′ ;Z[π1(M)])
∼=−→ H∗(∂EL;Z[π1(M)]) from Proposition 2.1

admissible. Proposition 2.1 follows from a Mayer-Vietoris argument.

Apart from the case of knots in S3, the Z[π1(M)]-homology of EL can provide nontrivial

information about the concordance class of L. (On the other hand, EK is an integral homol-

ogy S1 for any knot K ⊂ S3.) Combined with the Stallings-Dwyer Theorem, Proposition

2.1 shows that the π1(M)-lower central quotients of link groups are concordance invariants.

Corollary 2.2. A concordance between L and L′ induces isomorphisms over π1(M) on

π1(M)-lower central quotients π′/Γ′
n

∼=−→ π/Γn for all n.

Proof. Consider the isomorphisms

H∗(EL′ ;Z[π1(M)])
∼=−→ H∗(EC ;Z[π1(M)])

∼=←− H∗(EL;Z[π1(M)])

which yield isomorphismsH∗(EL′ ;Z)
∼=−→ H∗(EC ;Z)

∼=←− H∗(EL;Z) on the integral homology of

the π1(M)-covers. Let πC = π1(EC) and ΓC = ker
(
πC ↠ π1(M× [0, 1])

)
. The π1(M)-covers
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EL′ , EC , and EL have fundamental groups Γ′, ΓC and Γ, respectively. By the Stallings-Dwyer

Theorem, we have isomorphisms on lower central quotients Γ′/Γ′
n

∼=−→ ΓC/ΓCn
∼=←− Γ/Γn for all

n. The result then follows from the Five Lemma and the diagram below.

1 Γ′/Γ′
n π′/Γ′

n π1(M) 1

1 ΓC/ΓCn πC/ΓCn π1(M) 1

1 Γ/Γn π/Γn π1(M) 1

∼=

∼=

□

Corollary 2.2 motivates the definitions of the lower central homotopy invariants hn given

in Chapter 3. The hn will obstruct the existence of isomorphisms between π1(M)-lower

central quotients of link groups. As in Milnor’s original work, they will compare the π1(M)-

lower central quotients of link groups to those of a fixed link L ⊂M .

2.5. Milnor’s µ-invariants

We conclude this chapter with an overview of Milnor’s µ-invariants first defined in

[Mil57]. Milnor inductively compares the (classical) lower central quotients of link groups

for links in S3 to those of the unlink using tools from combinatorial group theory.

Relying on work of Chen [Che52], Milnor proves that for any link L ⊂ S3 the group

π/πn has the presentation

π/πn ∼=
〈
x1, . . . , xm

∣∣∣∣ {[xi, λi] = 1
}

1≤i≤m
, Fn

〉
,

where Fn is the nth lower central subgroup of the m-generator free group F = ⟨x1, . . . , xm⟩,

the generator xi is represented by the meridian of Li, the i
th component of L, and λi is the

longitude of Li written as a word in the xi modulo Fn. It is evident from this presentation

that λi ∈ Fn−1 for all i implies π/πn ∼= F/Fn. One can leverage work of Magnus [MKS04]

to prove the converse, so that π/πn ∼= F/Fn if and only if λi ∈ Fn−1 for all i; see [Lev89a].

In particular, π/π2 ∼= F/F2 for any link L, and λi ∈ F2 if and only if the linking number
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of Li with every other component of L is 0. Thus, π/π3 ∼= F/F3 if and only if all classical

linking numbers of L vanish.

Milnor then applies the Magnus expansion [MKS04] to obtain the µ-invariants. The

Magnus expansion is a homomorphism

Φ : F → Z⟨⟨t1, . . . , tm⟩⟩

from the free group F to the ring Z⟨⟨t1, . . . , tm⟩⟩ of formal power series in m associative, non-

commuting variables t1, . . . , tm. This homomorphism is defined on generators by xi 7→ 1+ ti,

so that x−1
i 7→ 1 − ti + t2i − t3i + · · · . Magnus showed that Φ is injective, and that any

word w ∈ F lies in the nth lower central subgroup Fn if and only if the first nonvanishing,

nonconstant terms of Φ(w) have total degree greater than or equal to n.

Milnor’s µ-invariants pick out certain coefficients of the Magnus expansions of the words

λi ∈ π/πn. Given an n-tuple I = (i1, . . . , in) of integers ik ∈ {1, . . . ,m}, the invariant

µ(i1, . . . , in) of the link L is the coefficient of ti1 · · · tin−1 in the Magnus expansion Φ(λin) of

the word λin . This integer is well-defined if all µ-invariants of length less than n vanish, and

is otherwise defined modulo gcd
{
µ(Î)

}
Î
, where Î runs over all sequences obtained from I by

removing at least one index and cyclically permuting the remaining indices. By the above

discussion, the following statements are equivalent:

• We have an isomorphism π/πn+1
∼= F/Fn+1.

• In Milnor’s presentation for π/πn+1, λi ∈ Fn for all i.

• Milnor’s µ-invariants of length n vanish.

In particular, Milnor’s µ-invariants of length 2 vanish if and only if all linking numbers of L

vanish. Indeed, µ(i1, i2) for i1 ̸= i2 is precisely the linking number of components Li1 and

Li2 . We summarize our discussion in the following theorem:

Milnor’s Theorem ([Mil57] 1957). Let L ⊂ S3 be an m-component link, and let U be

the m-component unlink, with link groups π and F , respectively. Suppose the nth lower central

quotients of π and F are isomorphic. Then the following three statements are equivalent:
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(1) The µ-invariants of L of length n agree with those of U (that is, they vanish).

(2) The (n+ 1)st lower central quotients of π and F are isomorphic.

(3) The µ-invariants of L of length n+ 1 are well-defined (in Z).

We conclude this section with an example. Some of the details are taken from R. Fenn’s

book [Fen83].

Example 2.3. We use the µ-invariants to show that the Whitehead link W , pictured in

Figure 2.5.1, is not slice. The link group of W has presentation

π =
〈
x, y

∣∣∣ [x, [x, y][x, y−1]] = 1, [y, [x, y−1][x−1, y−1]] = 1
〉
,

where x and y are meridians for the components Wx and Wy, respectively. Modulo F3, we

have [x, y−1] = [x, y]−1 and [x, y−1] = [x−1, y−1]−1 which implies π/π4 ∼= F/F4. Milnor’s

Theorem implies that the µ-invariants of lengths 2 and 3 vanish for W . Indeed, Milnor’s

µ-invariants of length 2 are just linking numbers, so µ(12) = lk(Wx,Wy) = 0. Additionally,

the µ-invariants of length 3 vanish for all 2-component links. We may then define the length

4 µ-invariants (in Z). For the Whitehead link, we have µ(1122) = −1 which implies, by

Milnor’s Theorem, that π/π5 ≇ F/F5. Thus, the Whitehead link is not slice.

There is a nice way to visualize this nontrivial length 4 invariant. Since lk(Wx,Wy) = 0,

we may find a Seifert surface for each component of W which misses the other component

Wx Wy

Figure 2.5.1. The Whitehead link W.
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as shown in the left and center parts of Figure 2.5.2. The intersection of these surfaces is a

curve c(xy), pictured on the right in Figure 2.5.2, which comes equipped with a canonical

framing (i.e. self-linking number) of −1. This is the Sato-Levine invariant of W [Sat84].

Cochran shows in [Coc90] that this framing also corresponds to the nontrivial µ-invariant

µ(1122) = −1. This connection motivates Cochran’s general theory of iterated systems of

surfaces in S3. Cochran proves that infinitely many nontrivial µ-invariants may be detected

in this way. The Cochran calculus provides a way of constructing links which realize these

particular µ-invariants.

Σx Σy

Figure 2.5.2. The nontrivial invariant µ(1122) = −1.
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CHAPTER 3

Lower Central Homotopy Invariants

In this chapter, we present our extension of Milnor’s invariants to links in closed orientable

3-manifolds. Section 3.1 defines the lower central homotopy invariants hn. We construct a

tower of spaces in Section 3.2 and discuss a way of comparing towers in Section 3.3. Section

3.4 ties the invariants hn to the geometric notion of n-cobordism. We consider the realization

of invariants in Section 3.5. To conclude the chapter, we introduce several ways of reducing

the invariants hn in Sections 3.6 and 3.7.

For the duration of this chapter, all links will live in a fixed 3-manifold M . Unless

otherwise stated, for a link group π we will take Γ = ker
(
π ↠ π1(M)

)
, so that the groups

π/Γn are the π1(M)-lower central quotients of π.

3.1. Concordance invariants

Recall from Section 1.1 that we will associate to a link L ⊂ M a tower of spaces

{Xn(L)}n≥1, well-defined up to homotopy equivalence, with canonical homotopy classes of

maps ιn(L) :M → Xn(L) as in the diagram below.

M

· · · Xn+1(L) Xn(L) · · · X1(L)

ιn+1(L)
ιn(L)

ι1(L)

To define the concordance invariants hn, we fix a link L ⊂ M and compare other links to

L. For another link L′ ⊂M , we inductively define homotopy classes of maps, depending on

L′, from M into the tower {Xn(L)}. The nth invariant hn of L′ relative to L is a homotopy

class of maps hn(L
′, ϕ) ∈ [M,Xn(L)]0 into the nth level of this tower. If L′ is concordant to

L, we can define such a homotopy class for every n.

Consider the diagram Dn(L) below, where j : EL ↪→M is the inclusion and pn is induced

by the canonical projection π ↠ π/Γn.
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K(π/Γn, 1)

(EL × [0, 1])×

M

pn

j

Figure 3.1.1. The standard homotopy pushout Xn(L).

EL K(π/Γn, 1)

Dn(L) =

M

pn

j

Define Xn(L) to be the standard homotopy pushout of Dn(L), that is, the based space

Xn(L) =
K(π/Γn, 1) ⊔ (EL × [0, 1])× ⊔M
pn(x) ∼ (x, 0), j(x) ∼ (x, 1)

,

where (EL× [0, 1])× is the reduced cylinder on EL; see Figure 3.1.1. The standard homotopy

pushout square equips the space Xn(L) with a canonical based homotopy class of maps

ιn(L) ∈ [M,Xn(L)]0 represented by the inclusion M ↪→ Xn(L). This inclusion is a canonical

extension of EL ↪→M×
pn , where M

×
pn is the reduced mapping cylinder of pn. See Appendix A

for more details on this construction.

Definition 3.1. Fix an m-component link L ⊂ M , and let L′ ⊂ M be another m-

component link. An n-basing for L′ relative to L is an ordered pair (ϕ, ϕ∂) such that

(1) ϕ∂ : H1(∂EL′)
∼=−→ H1(∂EL) is an admissible isomorphism, and

(2) ϕ : π′/Γ′
n

∼=−→ π/Γn is an isomorphism over π1(M) such that ϕ∂ is compatible with

ϕ, that is, given any basing τ ′ for L′, there exists a basing τ for L such that the

following diagram commutes:
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π1(∂EL′ ∪ τ ′) π1(∂EL ∪ τ)

π′ π

π′/Γ′
n π/Γn.

ϕ∂∗
∼=

∼=
ϕ

Condition (2) in the above definition is satisfied for any basing τ ′ if and only if it is satisfied

for a single basing τ ′. Recall that an isomorphism H1(∂EL′)
∼=−→ H1(∂EL) is admissible if it

preserves meridians, orientations, and orderings of components. We call a homeomorphism

∂EL′ → ∂EL admissible if it induces an admissible isomorphism. We often suppress notation

and write ϕ instead of (ϕ, ϕ∂). We discuss n-basings in further detail in Section 5.1.

We list some relevant properties of n-basings:

• If L′ is concordant to L, an n-basing exists for every n (see Corollary A).

• An n-basing induces a k-basing for all k ≤ n.

• The existence of a 1-basing is equivalent to the statement that, when based appro-

priately, the components of L′ and L agree in π1(M).

Our terminology is inspired by the case of links in S3, where a choice of meridians for a link

(a basing of the link) is equivalent to a choice of isomorphism between the nth lower central

quotients of its link group and those of the unlink, assuming such an isomorphism exists. In

Section 6.1, we prove that for links in S3 the existence of an n-basing for a link relative to

the unlink is equivalent to the statement that Milnor’s µ-invariants of length n vanish.

An n-basing for a link L′ relative to L contains sufficient information to define the lower

central homotopy invariant hn. We postpone the proof of the following lemma until the end

of this section.

Lemma 3.2. An n-basing ϕ for L′ relative to L determines a well-defined based homotopy

class of maps of pairs (EL′ , ∂EL′) → (M×
pn , ∂EL), restricting to an admissible homeomor-

phism ∂EL′ → ∂EL, which extends canonically to a based homotopy class of maps of pairs

hn(L
′, ϕ) : (M, νL′)→ (Xn(L), νL), all over π1(M).
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Definition 3.3. Fix an m-component link L ⊂ M , and let L′ ⊂ M be another m-

component link. Suppose L′ admits an n-basing (ϕ, ϕ∂) relative to L. The nth lower cen-

tral homotopy invariant of the pair (L′, ϕ) relative to L is the homotopy class hn(L
′, ϕ) ∈

[M,Xn(L)]0 induced by the n-basing ϕ (see Lemma 3.2).

With our notation, hn(L, id) = ιn(L), where id = (idπ/Γn , idH1(∂EL)). By Lemma 3.2,

hn(L
′, ϕ) is a well-defined homotopy class, but it may depend on the choice of n-basing

ϕ. This dependence is measured by the group of self-n-basings of L, written Aut(π/Γn, ∂),

which consists of all n-basings of L relative to itself. The group Aut(π/Γn, ∂) is a subgroup

of Aut(π/Γn) × Aut(H1(∂EL)) and acts on the set [M,Xn(L)]0 by post-composition with

homotopy self-equivalences. See Section 5.1 for more details. To remove the indeterminacy

introduced by the choice of n-basing, we take the value of hn(L
′, ϕ) in the orbit space

[M,Xn(L)]0/Aut(π/Γn, ∂).

Definition 3.4. Let L and L′ be as in the previous definition. The nth lower central

homotopy invariant of L′ relative to L is the image hn(L
′) of the homotopy class hn(L

′, ϕ)

in the orbit space [M,Xn(L)]0/Aut(π/Γn, ∂).

We call n the length of the invariant hn. For conciseness, we will often refer to hn(L
′) as

the nth h-invariant of L′. To compare the link L′ to the fixed link L, we compare hn(L
′, ϕ)

and hn(L
′) to the distinguished classes hn(L, id) and hn(L) associated to the fixed link L.

Definition 3.5. We say the invariant hn(L
′, ϕ) for L′ relative to L vanishes if hn(L

′, ϕ) =

hn(L, id) ∈ [M,Xn(L)]0 or hn(L
′) = hn(L) ∈ [M,Xn(L)]0/Aut(π/Γn, ∂).

Corollary A below asserts the concordance invariance of the lower central homotopy

invariants hn. This result follows from Theorem A which we state in Section 3.3 and prove

in Section 5.2.

Corollary A. The lower central homotopy invariants hn are invariants of concordance.

Fix an m-component link L ⊂ M . Suppose the m-component links L′, L′′ ⊂ M are concor-

dant. Then the following statements hold for all n:
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(1) There is an n-basing (ϕ′, ϕ′
∂) for L

′′ relative to L′ induced by the concordance.

(2) An n-basing for L′ relative to L exists if and only if an n-basing for L′′ relative to

L exists, and hn(L
′) is defined if and only if hn(L

′′) is defined.

(3) If (ϕ, ϕ∂) is an n-basing for L′ relative to L, then hn(L
′, ϕ) = hn(L

′′, ϕ ◦ ϕ′), where

ϕ′ is the n-basing in (1).

(4) If hn(L
′) and hn(L

′′) are defined using any n-basings relative to L, then

hn(L
′) = hn(L

′′) ∈ [M,Xn(L)]0/Aut(π/Γn, ∂).

In particular, if L′ is concordant to the fixed link L, then hn(L
′) is defined and vanishes for

all n.

We will eventually show in Corollary D1 that the invariants hn are defined inductively

for n ≥ 2. If the nth invariant vanishes, then the (n + 1)st invariant is defined. In fact, we

will give precise conditions under which the (n+ 1)st invariant is defined; see Section 4.2.

Proof of Lemma 3.2. Suppose L′ admits an n-basing (ϕ, ϕ∂) relative to L. Since

ϕ∂ is an admissible isomorphism, it corresponds to a unique (up to isotopy) admissible

homeomorphism h∂ : ∂EL′ → ∂EL. Choose any basing τ ′ for L′. Since ϕ∂ is compatible with

ϕ, there exists a basing τ for L such that h∂ may be extended to a map ∂EL′ ∪ τ ′ → ∂EL∪ τ

where the following diagram commutes:

π1(∂EL′ ∪ τ ′) π1(∂EL ∪ τ)

π′/Γ′
n π/Γn.

ϕ∂∗
∼=

ϕ

∼=

Postcomposing with the inclusion ∂EL ∪ τ ↪→ M×
pn , we now have the extension problem

over π1(M) below.

∂EL′ ∪ τ ′ M×
pn Bπ1(M)

EL′

?∃
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The space M×
pn is a K(π/Γn, 1), so there is no obstruction to extending to a map h : EL′ →

M×
pn inducing ϕ. The map h is the desired map of pairs h : (EL′ , ∂EL′) → (M×

pn , ∂EL) over

π1(M).

Now suppose h′ : (EL′ , ∂EL′) → (M×
pn , ∂EL) is another map of pairs over π1(M) defined

using the n-basing. We first define the homotopy between h and h′ on ∂EL′ . Since both

h∂ and h′|∂EL′ are homeomorphisms ∂EL′ → ∂EL which induce ϕ∂, they are homotopic via

some homotopy H∂. To show h and h′ are homotopic, we solve the extension problem over

π1(M) below.

(EL′ × {0, 1}) ∪ (∂EL′ × [0, 1]) M×
pn Bπ1(M)

EL′ × [0, 1]

(h⊔h′)∪H∂
?∃

Suppose τ ′0 and τ0 are the basings for L′ and L used to define the map h, as above, and

τ ′1 and τ1 are the basings used to define the map h′. The basings τ0 and τ1 for L differ by a

wedge of circles α, so that ατ0 ≃ τ1 rel endpoints. Similarly, τ ′0 and τ ′1 differ by a wedge of

circles α′, so that α′τ ′0 ≃ τ ′1. We have ϕ∗(α
′) ≃ α by construction. Let α0 = h(α′). In M×

pn ,

α0 ≃ α.

We extend our map to the trace of a homotopy Hτ ⊂ EL′× [0, 1] between α′τ ′0 and τ
′
1 over

a homotopy from h(α′τ ′0) = α0τ0 to h′(τ ′1) = τ1. Note that α0τ0 ≃ ατ0 ≃ τ1 rel endpoints.

We now have a based map (EL′ × {0, 1}) ∪ (∂EL′ × [0, 1]) ∪Hτ →M×
pn . We extend to all of

EL′ × [0, 1] as in the previous extension problem. There is no obstruction to extending since

h and h′ both induce the isomorphism ϕ which is a homomorphism over π1(M). Thus, h

and h′ are based homotopic as maps of pairs.

To conclude the proof, we show h extends over π1(M) to a canonical homotopy class

of maps of pairs h : (M, νL′) → (Xn(L), νL). We show that h and h′ above both extend

canonically and the canonical extensions are homotopic. The homotopy seen above between

h and h′ is a homotopy of pairs sending ∂EL′×[0, 1]→ ∂EL. We may view this as a homotopy

of maps from the sphere bundle of L′ ⊂ M ′ to the sphere bundle of L ⊂ M . There is a
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canonical extension of this homotopy to a homotopy of disk bundles νL′ × [0, 1] → νL

given by coning on the fibers of the sphere bundles. Since Xn(L) = M×
pn ∪∂EL νL and

M = EL′ ∪∂EL′ νL
′, we may extend the homotopy EL′ × [0, 1] → M×

pn constructed above

to a homotopy M × [0, 1] → Xn(L). This yields a canonical homotopy class of maps of

pairs h : (M, νL′) → (Xn(L), νL) which is still a map over π1(M) because the 2-cells we

have attached are glued along elements in Γ′ and Γ. Just as h may be taken to restrict

to a homeomorphism of sphere bundles h∂ : ∂EL′ → ∂EL, h may be taken to restrict to a

homeomorphism of disk bundles hν : νL
′ → νL sending L′ to L. □

3.2. The tower {Xn(L)}

In this section, we discuss some properties of the spaces Xn(L) and maps ιn(L). We may

interpret the homotopy pushout Xn(L) as:

• The space M×
pn ∪EL M , where M×

pn is the reduced mapping cylinder of the map pn.

In particular, Xn(L) is obtained from M by attaching cells of dimensions 2 and

higher.

• The space M×
pn ∪∂EL νL obtained by gluing νL to the reduced mapping cylinder

M×
pn .

We prove the following well-definedness and naturality properties of Xn(L) in Theorem

A.13 of Appendix A:

(W1) The space Xn(L) is well-defined up to homotopy equivalence, independent of the

choices of model for K(π/Γn, 1) and based map pn : EL → K(π/Γn, 1) induced by

the canonical projection π ↠ π/Γn.

(N1) The model obtained for Xn(L) depends naturally on the choices of model for

K(π/Γn, 1) and based map pn. Two sets of choices yield a canonical homotopy

class of homotopy equivalences ψ between the two resulting models.

The homotopy class ιn(L) satisfies the following properties, also proved in Theorem A.13:

(W2) The homotopy class ιn(L) ∈ [M,Xn(L)]0 is well-defined.
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(N2) The inclusions ιn(L) : M ↪→ Xn(L) into two models of Xn(L) are related, up to

homotopy, via the canonical homotopy equivalence from (N1).

Note that the Xn(L) are spaces over π1(M) and the ιn(L) are maps over π1(M). We now

consider some algebraic properties of Xn(L).

Proposition 3.6.

(1) The map ιn(L) :M ↪→ Xn(L) induces an isomorphism

ιn(L)∗ : π1(M)
∼=−→ π1(Xn(L)).

(2) The abelian group H3(Xn(L)) contains a summand which is canonically isomorphic

to H3(M) ∼= Z.

Proof. Since Xn(L) may be obtained from the reduced mapping cylinderM×
pn by gluing

νL to ∂EL × {1}, the homomorphism π/Γn → π1(Xn(L)) is surjective and its kernel is

normally generated by the images of the meridians of L in π/Γn. This is precisely the

subgroup Γ/Γn, since Γ ⊴ π is the subgroup of π normally generated by the meridians of L.

Thus,

π1(Xn(L)) ∼= (π/Γn)/(Γ/Γn) ∼= π/Γ ∼= π1(M).

To see that this isomorphism is induced by the map ιn(L), we instead view Xn(L) as ob-

tained fromM by attaching cells of dimension 2 and higher. The attaching maps of the 2-cells

represent elements of Γn, which are already nullhomotopic inM , and the higher-dimensional

cells do not affect the fundamental group. Therefore, ιn(L)∗ induces an isomorphism. This

proves (1).

To prove statement (2), we consider the Mayer-Vietoris sequences corresponding to the

two decompositions of Xn(L) as Xn(L) =M×
pn ∪EL M and Xn(L) =M×

pn ∪∂EL νL. From the

first decomposition, we have

0 = H3(EL)→ H3(π/Γn)⊕H3(M)→ H3(Xn(L))→ · · · ,
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so the map H3(M) → H3(Xn(L)) induced by inclusion is injective. In the second decom-

position, the connecting homomorphism H3(Xn(L)) → H2(∂EL) = Zm sends the image

of [M ] to (1, 1, . . . , 1) (i.e. the image of [M ] is the sum of the fundamental classes of the

tori which form ∂EL). Projecting H2(∂EL) onto Z generated by (1, 1, . . . , 1) gives a sur-

jective homomorphism H3(Xn(L)) ↠ Z which sends the image of [M ] to 1. This yields

a splitting of H3(Xn(L)) as H3(M) ⊕ A for some abelian group A. As the inclusion map

ιn(L) :M ↪→ Xn(L) is canonical, this splitting is canonical. This proves (2). □

We now see that the collection of spaces {Xn(L)}n forms a tower over π1(M). Consider

the canonical projections pm,n : π/Γm ↠ π/Γn for m ≥ n. These maps induce morphisms of

diagrams Dm(L)→ Dn(L) over π1(M), as seen below.

EL K(π/Γm, 1)

EL K(π/Γn, 1)

M Xm(L)

M Xn(L)

pm

j

pm,n

pn

ιm(L)

∃ψm,n

j

ιn(L)

The morphisms Dm(L) → Dn(L) induce based maps ψm,n(L) : Xm(L) → Xn(L). We will

often suppress notation and write ψm,n.

In Theorem A.14 of Appendix A, we prove the following properties of the ψm,n:

(W3) The homotopy classes ψm,n ∈ [Xm(L), Xn(L)]0 are well-defined.

(N3) The maps ψm,n between two different models of each of Xm(L) and Xn(L) are

related, up to based homotopy, via canonical homotopy equivalences provided by

(N1).

(N4) The collection {ψi,j} satisfies ψm,p ≃ ψn,pψm,n.

(N7) The collections {ψi,j} and {ιk(L)} satisfy ψi,jιi(L) ≃ ιj(L).

Thus, we have a tower of spaces with maps from M , all over π1(M):
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M

· · · Xn+1(L) Xn(L) · · · X1(L).

ιn+1(L)
ιn(L)

ι1(L)

ψn+2,n+1 ψn+1,n ψn,n−1 ψ2,1

By construction, if the invariant hn(L
′, ϕ) is defined, then ψn,k ◦ hn(L′, ϕ) = hk(L

′, ϕk) for

all k ≤ n, where ϕk is the k-basing induced by the n-basing ϕ. Thus, the nth lower central

homotopy invariant determines the kth invariant for every k ≤ n.

3.3. n-equivalence of links

In this section, we develop a way of comparing two towers {Xn(L
′)} and {Xn(L)}.

Definition 3.7. The links L and L′ are n-equivalent if there exists a based homotopy

equivalence of pairs h : (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) restricting to an admissible home-

omorphism ∂EL′ → ∂EL and extending to a based homotopy equivalence of pairs h :

(Xn(L
′), νL′)

≃−→ (Xn(L), νL), all over π1(M), such that h ◦ ιn(L′) ≃ ιn(L). We have the

following diagram over π1(M):

(EL′ , ∂EL′) (EL, ∂EL)

(M×
p′n
, ∂EL′) (M×

pn , ∂EL)

(M, νL′) M × [0, 1] (M, νL)

(Xn(L
′), νL′) (Xn(L), νL).

h
≃

ιn(L′)

ιn(L)

h
≃

Proposition 3.8. A concordance between the links L,L′ ⊂M induces an n-equivalence

for every n.

Proof. Fix n. Let C be a concordance between L and L′. By Corollary 2.2, we have iso-

morphisms π′/Γ′
n

∼=−→ πC/ΓCn
∼=←− π/Γn over π1(M), where πC = π1(EC) and ΓC = ker

(
πC ↠

π1(M × [0, 1])
)
. Let pCn denote the canonical projection πC ↠ πC/ΓCn . For simplicity, we

may assume the concordance misses ∗× [0, 1] and work in the reduced cylinder (M× [0, 1])×.

We have the diagram over π1(M) below, where Xn(C) is the standard homotopy pushout

of a diagram analogous to Dn(L). The homotopy equivalences of pairs on the second row are
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induced by the group isomorphisms, and we may extend to the homotopy equivalences on

the bottom row by gluing in νC. Note that ∂EL ↪→ ∂νC and ∂EL′ ↪→ ∂νC are a homotopy

equivalences, since ∂νC ∼= S1 × S1 × [0, 1]. This yields the desired diagram from Definition

3.7.

(EL′ , ∂EL′) (EC , ∂νC) (EL, ∂EL)

(M×
p′n
, ∂EL′) (M×

pCn
, ∂νC) (M×

pn , ∂EL)

(M, νL′) ((M × [0, 1])×, νC) (M, νL)

(Xn(L
′), νL′) (Xn(C), νC) (Xn(L), νL)

≃ ≃

ιn(L′)

ιn(L)

≃ ≃

□

The existence of a homotopy equivalence of pairs (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) over π1(M)

restricting to an admissible homeomorphism ∂EL′ → ∂EL is necessary for the links L and

L′ to be n-equivalent or concordant. In Proposition 5.1, we improve Lemma 3.2 to find

that n-basings (ϕ, ϕ∂) for L′ relative to L are in bijective correspondence with homotopy

classes of such homotopy equivalences. Note that such homotopy equivalences are not in

bijective correspondence with Homπ1(M)(π
′/Γ′

n, π/Γn), as we require a homotopy equivalence

of pairs. We prove in Proposition 5.1 that an n-basing ϕ also induces a canonical extension

of hϕ : (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) to a homotopy equivalence of pairs hϕ : (Xn(L

′), νL′)
≃−→

(Xn(L), νL).

The proof of Proposition 5.1 shows that the map (EL′ , ∂EL′)→ (M×
pn , ∂EL) and its exten-

sion hn(L
′, ϕ) we constructed in Lemma 3.2 factor through the maps hϕ and hϕ, respectively.

Thus, the composition hϕ ◦ ιn(L′) of the canonical inclusion ιn(L
′) : M ↪→ Xn(L

′) with the

homotopy equivalence hϕ is precisely the nth h-invariant hn(L
′, ϕ). The invariant hn(L

′, ϕ)

therefore compares ιn(L
′) to ιn(L) via the homotopy equivalence hϕ provided by the n-basing

ϕ. Thus, the h-invariants measure how high up the towers {Xn(L
′)} and {Xn(L)} we may

construct homotopy equivalences Xn(L
′)

≃−→ Xn(L).
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We summarize invariance properties of the h-invariants in Theorem A which we prove

in Section 5.2. We also restate Corollary A from Section 3.1. Note that we are no longer

simply comparing a link L′ to the fixed link L; rather, we are comparing links L′ and L′′

over the fixed link L.

Theorem A. The nth lower central homotopy invariant hn is an invariant of n-equivalence:

Fix an m-component link L ⊂ M . Suppose the m-component links L′, L′′ ⊂ M are n-

equivalent. Then the following statements hold :

(1) There is an n-basing (ϕ′, ϕ′
∂) for L

′′ relative to L′ induced by the n-equivalence.

(2) An n-basing for L′ relative to L exists if and only if an n-basing for L′′ relative to

L exists, and hn(L
′) is defined if and only if hn(L

′′) is defined.

(3) If (ϕ, ϕ∂) is an n-basing for L′ relative to L, then hn(L
′, ϕ) = hn(L

′′, ϕ ◦ ϕ′), where

ϕ′ is the n-basing in (1).

(4) If hn(L
′) and hn(L

′′) are defined using any n-basings relative to L, then

hn(L
′) = hn(L

′′) ∈ [M,Xn(L)]0/Aut(π/Γn, ∂).

In particular, if L′ is n-equivalent to the fixed link L, then hn(L
′) is defined and vanishes.

Corollary A. The conclusions of Theorem A hold for all n if the links L′ and L′′

are concordant. In other words, the lower central homotopy invariants hn are invariants of

concordance.

Proof. By Proposition 3.8, concordant links are n-equivalent for every n. The result

then follows from Theorem A. □

3.4. n-cobordism of links

The lower central homotopy invariants provide obstructions to the existence of surfaces

which successively approximate a concordance between links in M × [0, 1]. We call such

surfaces n-cobordisms. K. Orr introduced and studied such surfaces for links in S3 in [Orr89].
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Definition 3.9. Two m-component links L,L′ ⊂ M are n-cobordant if there exists a

properly-embedded orientable m-component surface Σ = ⊔iΣi ⊂ M × [0, 1] such that for

each i:

(1) Σi ∩ (M × {0}) = Li and Σi ∩ (M × {1}) = L′
i.

(2) For any basing of Σi determined by a basing of Li, the images of π1(Li) and π1(Σi)

in π1(EΣ) agree modulo the nth π1(M)-lower central subgroup, that is,

im
(
π1(Li)→ π → πΣ ↠ πΣ/ΓΣ

n

)
= im

(
π1(Σi)→ πΣ ↠ πΣ/ΓΣ

n

)
,

where πΣ = π1(EΣ) and ΓΣ = ker
(
πΣ ↠ π1(M)

)
, and where the inclusions Σi ↪→ EΣ

and Li ↪→ EL are induced by a trivialization of νΣ.

In other words, an n-cobordism is a surface that looks like a concordance to the nth π1(M)-

lower central quotients. Condition (2) implies that for all i the images of the longitudes of Li

and L′
i, when based appropriately, agree in πΣ/ΓΣ

n . They cobound a copy of Σi on ∂νΣ and

are therefore homologous in EΣ. Since the images of π1(Li) and π1(Σi) in π
Σ/ΓΣ

n agree, and

because the image of π1(Li) is cyclic and therefore abelian, the longitudes agree in πΣ/ΓΣ
n .

We prove the following property of n-cobordism in Section 5.3:

Proposition 3.10. An n-cobordism between the links L and L′ induces a canonical n-

basing of L′ relative to L and an isomorphism π′/Γ′
n+1

∼=−→ π/Γn+1.

We will also prove the following theorem which states that the lower central homotopy

invariants are complete invariants of n-cobordism. Note again that the invariants hn may

compare two links L′ and L′′ over the fixed link L. A comparison between the h-invariants

of L′ and L′′ is still meaningful even if they do not agree with the h-invariant of L. P. Heck

proved a version of this theorem for knots in prime 3-manifolds in the case where we compare

a knot to the fixed knot [Hec11].

Theorem B. Fix an m-component link L ⊂M . Let L′, L′′ ⊂M be m-component links,

and suppose there exist n-basings (ϕ′, ϕ′
∂) and (ϕ′′, ϕ′′

∂) for L
′ and L′′, respectively, relative to

L. Then the following statements are equivalent:
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(1) The links L′ and L′′ are n-equivalent via the n-basing

(ψ, ψ∂) = ((ϕ′)−1 ◦ ϕ′′, (ϕ′
∂)

−1 ◦ ϕ′′
∂)

of L′′ relative to L′.

(2) We have hn(L
′, ϕ′) = hn(L

′′, ϕ′′).

(3) The links L′ and L′′ are n-cobordant via an n-cobordism inducing the n-basing

(ψ, ψ∂).

In particular, hn(L
′, ϕ′) vanishes if and only if L′ is n-cobordant to the fixed link L via a

surface whose exterior induces the isomorphisms ϕ′ and ϕ′
∂. Similarly, the following basing-

independent statements are equivalent:

(1 ′) The links L′ and L′′ are n-equivalent (via some n-basing).

(2 ′) We have hn(L
′) = hn(L

′′).

(3 ′) The links L′ and L′′ are n-cobordant.

In particular, hn(L
′) vanishes if and only if L′ is n-cobordant to the fixed link L.

3.5. Realization of lower central homotopy invariants

Questions concerning the realizability of Milnor-type invariants date back to Milnor’s

original work [Mil57]. Leveraging a realization theorem, Orr computed the number of

linearly independent µ-invariants of length n for every n [Orr89]. Similar computations

for knots and links in other 3-manifolds can provide answers to open questions. Recall

the Almost-Concordance Conjecture from Section 2.2. Celoria [Cel18] and Friedl-Nagel-

Orson-Powell [FNOP19] conjecture that, aside from certain exceptional cases, there are

infinitely many almost-concordance classes in any free homotopy class in [S1,M ], where M

is any closed orientable 3-manifold. Cappell and Shaneson first studied concordance up to

local knotting (see, for instance, [CS74]). More recently, Celoria coined the term almost-

concordance to mean concordance up to local knotting.
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The lower central homotopy invariants are almost-concordance invariants, so proving the

following statement is sufficient for proving the Almost-Concordance Conjecture for some

fixed M and some fixed free homotopy class x ∈ [S1,M ]:

For some knot K ⊂M representing x, the set of homotopy classes in [M,Xn(K)]0 which

are realized by knots in M is infinite.

The following theorem, which characterizes for a fixed L ⊂ M which classes in [M,Xn(L)]0

are realized by links in M , potentially reduces the Almost-Concordance Conjecture to some

homotopy-theoretic computations we anticipate completing. We prove this realization theo-

rem in Section 5.3.

Theorem C. Fix an m-component link L ⊂ M , and let f ∈ [M,Xn(L)]0. Then there

exists an m-component link L′ ⊂ M which admits an n-basing ϕ relative to L such that

hn(L
′, ϕ) = f if and only if the following three conditions hold.

(1) The composition H3(M)
f∗−→ H3(Xn(L))

∆−→ H2(∂EL), where ∆ is the connecting

homomorphism in the Mayer-Vietoris sequence corresponding to the decomposition

Xn(L) = M×
pn ∪∂EL νL, sends the fundamental class [M ] to

∑
i[Ti], the sum of the

fundamental classes of the tori in ∂EL = ⊔iTi.

(2) On fundamental groups, we have f∗ = ιn(L)∗.

(3) The composition

H1(Xn(L))
∩f∗[M ]−−−−→ H2(Xn(L))

proj−−→ H2(Xn(L))/im(Kj(π/Γn))

is onto the image of H2(π/Γn)/Kj(π/Γn) for all j < n, where

Kj(π/Γn) = ker
(
H2(π/Γn)→ H2(π/Γj)

)
,

and where all coefficients are in Z[π1(M)].

Condition (3) above may be viewed as a Poincaré duality property imposed on the class

f∗[M ]. It holds for all j < n if and only if it holds for j = n − 1. We will see in the proof

of Theorem C that condition (3) is vacuous in the case where π2(M) = 0 or, more generally,
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if the composition H2(EL;Z[π1(M)])
j∗−→ H2(M ;Z[π1(M)])

ιn(L)∗−−−→ H2(Xn(L);Z[π1(M)]) is

zero; see Corollary 5.6.

3.6. Invariants of sublinks

Milnor’s µ-invariants of any sublink of a link L ⊂ S3 are concordance invariants of L. In

this section, we see how the lower central homotopy invariants of a link L ⊂ M determine

the invariants of any sublink of L. This will be particularly useful in Section 6.2, where we

relate the new invariants defined in this thesis to homology cobordism invariants of Cha-Orr

[CO23].

For a subset S of the set of components I of L ⊂M , let LS denote the link consisting of

the components of L in I \ S, that is, LS is the link L with the components corresponding

to S removed. Note that LI = ∅. Let πS = π1(ELS) and ΓS = ker
(
πS ↠ π1(M)

)
. Observe

that we have a surjection qS : π ↠ πS induced by inclusion which induces surjections

qSn : π/Γn ↠ πS/ΓSn for all n. We have the morphism of standard homotopy pushout squares

below.

EL K(π/Γn, 1)

ELS K(πS/ΓSn, 1)

M Xn(L)

M Xn(LS)

pn

j

qSn

pSn

ιn(L)

∃ ϵSn

jS

ιn(LS)

Denote the induced homotopy class in [Xn(L), Xn(LS)]0 by ϵ
S
n(L) or ϵ

S
n. See Appendix A for

more details.

In Theorem A.15 of Appendix A, we prove the following properties of the maps {ϵSn}:

(W4) The homotopy classes ϵSn = ϵSn(L) ∈ [Xn(L), Xn(LS)]0 are well-defined.

(N5) The maps ϵSn between two different models of each of Xn(L) and Xn(LS) are related,

up to homotopy, via canonical homotopy equivalences provided by (N1).
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(N6) The collection {ϵSn} satisfies ϵjn(Li) ◦ ϵin(L) ≃ ϵ
{i,j}
n (L) ≃ ϵin(Lj) ◦ ϵjn(L). More

generally, ϵTn (LS) ◦ ϵSn(L) ≃ ϵS∪Tn (L) ≃ ϵSn(LT ) ◦ ϵTn (L).

(N8) The collections {ϵSn} and {ιn(L)} satisfy ϵSn(L) ◦ ιn(L) ≃ ιn(LS).

(N9) The collections {ψi,j} and {ϵSn} satisfy ϵSn(L) ◦ ψm,n(L) ≃ ψm,n(LS) ◦ ϵSm(L).

Given another link L′ ⊂ M which admits an n-basing ϕ relative to L, for any subset S

of the components of L we may find a corresponding subset S ′ of the components of L′. The

n-basing ϕ induces an n-basing ϕS for the link L′
S′ relative to the link LS. We obtain the

invariant for the link L′
S′ relative to LS from the invariant for L′ relative to L.

Proposition 3.11. Fix an m-component link L ⊂M and a subset S of the components

of L. Let L′ ⊂M be an m-component link, and suppose L′ admits an n-basing ϕ relative to

L. Let S ′ be the subset of the components of L′ corresponding to S under ϕ. Then

hn(L
′
S′ , ϕS) = ϵSn ◦ hn(L′, ϕ) ∈ [M,Xn(LS)]0.

Thus, the h-invariants of L′
S′ are determined by the h-invariants of L′.

Proof. The n-basings ϕ and ϕS induce homotopy equivalences of pairs hϕ : (Xn(L
′), νL′)

≃−→

(Xn(L), νL) and hϕS : (Xn(L
′
S′), νL′

S′)
≃−→ (Xn(LS), νLS). By definition and by property

(N8),

ϵSn(L) ◦ hn(L′, ϕ) = ϵSn(L) ◦ hϕ ◦ ιn(L′) = hϕS ◦ ϵSn(L′) ◦ ιn(L′)

= hϕS ◦ ιn(L′
S′) = hn(L

′
S′ , ϕS).

□

3.7. G-lower central homotopy invariants

In this section, we reduce the lower central homotopy invariants from Section 3.1 by

changing from the group π1(M) to some quotient group G (which could be the trivial group).

We will use the resulting G-lower central homotopy invariants to study Z[G]-homology con-

cordance in Chapter 4. For this section, we assume there is a fixed surjective homomorphism

φ : π1(M) ↠ G onto some group G. For a link L ⊂ M , we now denote the kernel of the
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composition π ↠ π1(M) ↠ G by Γ, so that the groups π/Γn are now the G-lower central

quotients of π.

The homological properties of concordance which hold over π1(M) also hold over G:

• Proposition 2.1 implies that a concordance is a Z[G]-homology cobordism rel bound-

ary.

• A concordance induces isomorphisms over G on G-lower central quotients of link

groups by Corollary 2.2.

Just as in Section 3.2, we define a tower of spaces {XG
n (L)} with maps ιGn (L) : M →

XG
n (L). The space XG

n (L) is the homotopy pushout of a diagram DGn (L) analogous to the

diagram Dn(L) from Section 3.1 but with the group π/Γn the nth G-lower central quotient

of π. The map ιGn (L) is still the homotopy class M → XG
n (L) induced by the homotopy

pushout diagram. We have the diagram over G below.

M

· · · XG
n+1(L) XG

n (L) · · · XG
1 (L)

ιGn+1(L)
ιGn (L)

ιG1 (L)

ψGn+2,n+1 ψGn+1,n ψGn,n−1 ψG2,1

We will often omit the group G from our notation when it is understood from context.

The spaces XG
n (L) and maps ιGn (L) satisfy the same well-definedness and naturality prop-

erties (W1)-(W2) and (N1)-(N2) as in Section 3.2. The spaces XG
n (L) also have analogous

algebraic properties. Recall from Proposition 3.6 that π1(X
G
n (L))

∼= π1(M) in the case where

G = π1(M).

Proposition 3.12.

(1) Let ΓG be the kernel of π1(M) ↠ G. Then π1(X
G
n (L))

∼= π1(M)/ΓGn , the n
th G-lower

central quotient of π1(M), and the map ιGn (L) : M ↪→ XG
n (L) induces the canonical

projection π1(M) ↠ π1(M)/ΓGn .

(2) The abelian group H3(X
G
n (L)) contains a summand which is canonically isomorphic

to H3(M) ∼= Z.
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Proof. Let ΓM be the kernel of π ↠ π1(M), that is, ΓM ⊴ π is the subgroup normally

generated by the meridians of L. The group π1(Xn(L)) is obtained from π/Γn by killing the

image of ΓM in π/Γn. The various groups involved fit into the diagram with exact rows and

columns below.

1 1 1

1 ΓM Γ ΓG 1

1 ΓM π π1(M) 1

1 G G 1

1 1

One can prove through a diagram chase that the maps on the top row are well-defined.

By the Nine Lemma (or another diagram chase), this top row is exact. As described above,

π1(Xn(L)) is the quotient of π/Γn by the image of ΓM . On the other hand, π1(Xn(L)) is the

quotient of π1(M) by the image of Γn. But Γ ↠ ΓG is surjective, so Γn ↠ ΓGn is, too. Thus,

π1(Xn(L)) ∼= π1(M)/ΓGn , and ιn(L) induces the canonical projection π1(M) ↠ π1(M)/ΓGn .

This proves (1).

The proof of (2) is exactly the same as the proof of statement (2) of Proposition 3.6. □

As before, to define invariants, we desire a homotopy equivalence of pairs

(M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) overG restricting to an admissible homeomorphism ∂EL′ → ∂EL.

The spaces M×
p′n

and M×
pn are again the reduced mapping cylinders of the canonical projec-

tions π′ ↠ π′/Γ′
n and π ↠ π/Γn, respectively. In this setting, such a homotopy equivalence

is equivalent to a Z[G]-homology version of an n-basing which we will call an n-basing over

G. When G = π1(M) and φ = idπ1(M), an n-basing over G is just an n-basing in the sense

of Section 3.1. We will often refer to an n-basing over G simply as an n-basing.

We leverage Proposition 5.1 just as in Section 3.3. Given an n-basing (ϕ, ϕ∂) over G for

L′ relative to L, we construct a based homotopy equivalence of pairs hϕ : (XG
n (L

′), νL′)
≃−→
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(XG
n (L), νL), canonical up to based homotopy. We define the G-lower central homotopy in-

variant hGn (L
′, ϕ) to be the composition h◦ιGn (L′). This invariant agrees with the lower central

homotopy invariant hn(L
′, ϕ) when G = π1(M) and φ = idπ1(M). Note that hGn (L, idπ/Γn) =

ιGn (L). Analogues of Theorems A and B hold for the invariants hGn .

Any n-basing ϕ over π1(M) induces an n-basing ϕG over G. Assuming an n-basing for L′

relative to L exists, we may consider the relationship between hn(L
′, ϕ) and hGn (L

′, ϕG). The

surjections of π1(M)-lower central quotients onto G-lower central quotients yield morphisms

of homotopy pushout squares Dn(L) → DGn (L) inducing well-defined homotopy classes of

maps ρGn : Xn(L)→ XG
n (L). It is straightforward to show that

ρGn ◦ hn(L′, ϕ) = hGn (L
′, ϕG) ∈ [M,XG

n (L)]0.

We remark without proof that the collection {ρGn } satisfies the expected relationships with

the collections {ιn(L)}, {ψm,n}, and {ϵSn}.
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CHAPTER 4

Applications to Homology Concordance

In this chapter, we consider the ideas from Chapter 3 in the broader setting of Z[G]-

homology concordance, concordance in Z[G]-homology cobordisms, for suitable groups G.

We introduce two Z[G]-homology concordance invariants θGn and µGn determined by the G-

lower central homotopy invariant hGn from Section 3.7. We introduce the invariants θGn in

Section 4.1. In Section 4.2, we define the invariants µGn which inductively determine the

G-lower central quotients of link groups. We discuss realizability of the θGn in the case where

G is the trivial group in Section 4.3.

For the duration of this chapter, we allow the links L, L′, and L′′ to live in different

closed orientable 3-manifolds M , M ′, and M ′′. We assume there are fixed surjective homo-

morphisms φ, φ′, and φ′′ from the fundamental groups of these 3-manifolds onto a common

group G (which could be the trivial group). We consider these homomorphisms as fixed

data accompanying the 3-manifolds and use them to define Z[G]-coefficient systems on the

3-manifolds. Denote the kernels of the surjective homomorphisms from the link groups onto

G by Γ, Γ′, and Γ′′, respectively.

Definition 4.1. A Z[G]-homology cobordism from (M,φ) to (M ′, φ′) is an orientable

4-manifold W with boundary M ⊔M ′, along with a diagram

M ′

W BG

M

φ′

φ

such that the inclusions M ↪→ W and M ′ ↪→ W induce isomorphisms on H∗(−;Z[G]).
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Definition 4.2. Two m-component links L ⊂ M and L′ ⊂ M ′ are Z[G]-homology

concordant if there exists a proper, locally flat embedding

C :
m⊔
i=1

(S1 × [0, 1]) ↪→ W

into some Z[G]-homology cobordism W between (M,φ) and (M ′, φ′) which restricts on the

ends to the links L and L′.

Note that we are in the setting of Chapter 3 if we take M = M ′, W = M × [0, 1],

G = π1(M), and φ = φ′ = idπ1(M), as a concordance is a Z[π1(M)]-homology concordance.

Taking G = {1} reduces to the more familiar setting of integral homology concordance.

4.1. Homology concordance invariants

Recall the tower of spaces {XG
n (L)} from Section 3.7. The fact that L and L′ live in

different 3-manifolds does not prevent us from comparing the towers {XG
n (L

′)} and {XG
n (L)}.

The following proposition is a Z[G]-homology concordance version of Proposition 3.8.

Proposition 4.3. For all n, a Z[G]-homology concordance between the links L ⊂ M

and L′ ⊂ M ′ induces a based homotopy equivalence of pairs (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL),

restricting to an admissible homeomorphism ∂EL′ → ∂EL and extending canonically to a

based homotopy equivalence of pairs (XG
n (L

′), νL′)
≃−→ (XG

n (L), νL).

Proof. We proceed in a manner similar to the proof of Proposition 3.8. Suppose C is

a concordance between L ⊂ M and L′ ⊂ M ′ in the Z[G]-homology cobordism W . We take

the basepoint of the homology cobordism W to be the basepoint of M . Unlike in M × [0, 1],

in W we do not have a canonical path we may collapse to turn the inclusion M ′ ↪→ W into

a based map (see the proof of Proposition 3.8). Instead, find some path γ in W from the

basepoint of M to the basepoint of M ′ whose image in BG under the based map W → BG

is nullhomotopic. The path γ may be chosen to miss the concordance. Proposition 2.1 holds

in the setting of Z[G]-homology concordance, so Corollary 2.2 implies we have isomorphisms

π′/Γ′
n

∼=−→ πC/ΓCn
∼=←− π/Γn for all n, where πC = π1(EC) and ΓC = ker(πC ↠ π1(W ) ↠ G).
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We obtain the diagram below, where Xn(C) is a standard homotopy pushout analogous

to Xn(C) from the proof of Proposition 3.8. Since γ is nullhomotopic in BG, the diagram

below is a diagram over G. The homotopy equivalences of pairs on the second row are

induced by the group isomorphisms, and we may extend to the homotopy equivalences on

the bottom row by gluing in νC. Note that ∂EL ↪→ ∂νC and ∂EL′ ↪→ ∂νC are homotopy

equivalences since ∂νC ∼= S1 × S1 × [0, 1].

(EL′ ∪ γ, ∂EL′) (EC , ∂νC) (EL, ∂EL)

(M×
p′n
∪ γ, ∂EL′) (M×

pCn
, ∂νC) (M×

pn , ∂EL)

(M ′ ∪ γ, νL′) (W, νC) (M, νL)

(Xn(L
′) ∪ γ, νL′) (Xn(C), νC) (Xn(L), νL).

≃ ≃

ιn(L′)

ιn(L)

≃ ≃

□

By Proposition 5.1, given an n-basing (ϕ, ϕ∂) over G for L′ relative to L, we may construct

a based homotopy equivalence of pairs hϕ : (XG
n (L

′), νL′)
≃−→ (XG

n (L), νL), canonical up to

based homotopy. We may still define the homotopy class hGn (L
′, ϕ) seen in Section 3.7; how-

ever, comparing the homotopy classes hGn (L
′, ϕ) ∈ [M ′, XG

n (L)]0 and h
G
n (L, id) ∈ [M,XG

n (L)]0

is not straightforward. We would like to determine whether these two classes to extend over

some Z[G]-homology cobordism between (M,φ) and (M ′, φ′). This may be difficult to mea-

sure, so we instead ask if the images of the fundamental classes [M ] and [M ′] agree in

H3(X
G
n (L)). This is the case if the homotopy classes hGn (L

′, ϕ) and hGn (L, id) extend over

some Z[G]-homology cobordism. We are immediately led to a reduction of the lower central

homotopy invariants which we call the lower central homology invariants θGn .

Definition 4.4. Fix an m-component link L ⊂ M , and let L′ ⊂ M ′ be another m-

component link. Suppose L′ admits an n-basing (ϕ, ϕ∂) over G relative to L. Then the nth

G-lower central homology invariant of the pair (L′, ϕ) relative to L is the homology class
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θGn (L
′, ϕ) = hn(L

′, ϕ)∗[M
′] ∈ H3(X

G
n (L)). In other words, θGn (L

′, ϕ) = (hϕ)∗ι
G
n (L

′)∗[M
′],

where hϕ is the homotopy equivalence of pairs provided by Proposition 5.1.

We will often suppress the group G from our notation when it is understood from context.

To be concise, we will often refer to θn as the nth θ-invariant. The nth θ-invariant is well-

defined because the homotopy class hGn (L
′, ϕ) is well-defined. As with the h-invariant, the

θ-invariant may depend on the choice of n-basing. We account for this by taking the image

of θn(L
′, ϕ) the orbit space H3(Xn(L))/Aut(π/Γn, ∂), where Aut(π/Γn, ∂) now denotes the

group of self-n-basings of L over G.

Definition 4.5. Let L and L′ be as in the previous definition. The nth G-lower central

homology invariant of the link L′ relative to L is the image θGn (L
′) of the homology class

θGn (L
′, ϕ) in the orbit space H3(X

G
n (L))/Aut(π/Γn, ∂).

As before, we will say the θ-invariant vanishes if θn(L
′, ϕ) = θn(L, id) ∈ H3(Xn(L)) or

if θn(L
′) = θn(L) ∈ H3(Xn(L))/Aut(π/Γn, ∂). We summarize invariance properties of the

θ-invariants in Theorem A′ which we prove in Section 5.2.

Theorem A′. The nth G-lower central homology invariant θGn is an invariant of Z[G]-

homology concordance: Fix an m-component link L ⊂ (M,φ). Suppose the m-component

links L′ ⊂ (M ′, φ′) and L′′ ⊂ (M ′′, φ′′) are Z[G]-homology concordant. Then the following

statements hold for all n:

(1) There is an n-basing (ϕ′, ϕ′
∂) over G for L′′ relative to L′ induced by the homology

concordance.

(2) An n-basing over G for L′ relative to L exists if and only if an n-basing over G

for L′′ relative to L exists, and the homology class θGn (L
′) is defined if and only if

θGn (L
′′) is defined.

(3) If (ϕ, ϕ∂) is an n-basing over G for L′ relative to L, then θGn (L
′, ϕ) = θGn (L

′′, ϕ ◦ ϕ′),

where ϕ′ is the n-basing in (1).
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(4) If θGn (L
′) and θGn (L

′′) are defined using any n-basings over G relative to L, then

θGn (L
′) = θGn (L

′′) ∈ H3(X
G
n (L))/Aut(π/Γn, ∂).

4.2. Determination of G-lower central quotients

We now consider the set of homology classes realized by the invariants θn. Not all classes

are necessarily realizable. In fact, the same is true for the invariants from [CO23] which the

θn generalize. Define

RG
n (L) =

θ ∈ H3(X
G
n (L))

∣∣∣∣∣∣∣∣∣
θ = θGn (L

′, ϕ) for some link L′ in some 3-manifold

(M ′, φ′) with φ′ : π1(M
′) ↠ G which admits

some n-basing ϕ over G relative to L

 .

We will often suppress G from the notation and write Rn(L). We have a well-defined

function Rn+1(L) → Rn(L) induced by the canonical map ψn+1,n. This is a restriction of

the homomorphism (ψn+1,n)∗ : H3(Xn+1(L))→ H3(Xn(L)).

As seen in [CO23], the set Rn(L) is not necessarily a subgroup of H3(Xn(L)), so the

notion of the cokernel of Rn+1(L) → Rn(L) is not well-defined. Nevertheless, we make the

following definition:

Definition 4.6. A class θ ∈ Rn(L) vanishes in the cokernel of Rn+1(L) → Rn(L) if θ

lies in the image of the map Rn+1(L)→ Rn(L).

In other words, a realizable class θ ∈ H3(Xn(L)) vanishes in the cokernel if there exists

a link L′ ⊂ (M ′, φ′) which admits an (n + 1)-basing ϕ over G relative to L such that

(ψn+1,n)∗(θn+1(L
′, ϕ)) = θ.

Likewise, we will say a class θ ∈ Rn(L)/Aut(π/Γn, ∂) vanishes in the cokernel if θ lies

in the image of the composite Rn+1(L) → Rn(L) → Rn(L)/Aut(π/Γn, ∂). The orbit space

Rn(L)/Aut(π/Γn, ∂) is well-defined because the action of any self-basing on a realizable

class yields another realizable class. The following theorem, which we prove in Section 5.4,

characterizes the notion of vanishing in the cokernel.
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Theorem D0. Fix an m-component link L ⊂M . Suppose the m-component link L′ ⊂M ′

admits an n-basing ϕ over G relative to L for some n ≥ 2. Then the following statements

are equivalent:

(1) The link L′ admits an (n+ 1)-basing ϕ̃ over G relative to L which is a lift of ϕ.

(2) The invariant θn(L
′, ϕ) vanishes in the cokernel of Rn+1(L)→ Rn(L).

Furthermore, the following analogous basing-independent statements are equivalent:

(1 ′) The link L′ admits an (n+ 1)-basing over G relative to L (which is not required to

be a lift of ϕ).

(2 ′) The invariant θn(L
′) vanishes in the cokernel of

Rn+1(L)→ Rn(L)→ Rn(L)/Aut(π/Γn, ∂).

The notion of vanishing in the cokernel extends to an equivalence relation ∼ on all of

Rn(L). Rather than comparing a link L′ to the fixed link L, we can compare two links L′

and L′′ over the fixed link L. Given θ ∈ Rn(L), there exists a 3-manifold (M ′, φ′) and a link

L′ ⊂ M ′ which admits an n-basing ϕ relative to L such that θn(L
′, ϕ) = θ. Observe that

ϕ induces a bijection Rn(L
′)

∼=−→
ϕ∗
Rn(L) via θn(L

′′, ϕ′) 7→ θn(L
′′, ϕ ◦ ϕ′). Define Iθ to be the

image of the composition Rn+1(L
′) → Rn(L

′)
∼=−→ Rn(L). We prove in Lemma 5.8 that the

set { Iθ | θ ∈ Rn(L) } partitions Rn(L). Let ∼ be the associated equivalence relation.

Definition 4.7. Let θ, θ′ ∈ Rn(L). We say that θ ∼ θ′ if and only if θ′ ∈ Iθ.

The invariant µGn is the equivalence class of the θ-invariant under this equivalence relation.

Definition 4.8. Fix an m-component link L ⊂ M , and let L′ ⊂ M ′ be another m-

component link. Suppose L′ admits an n-basing (ϕ, ϕ∂) over G relative to L. The nth

G-Milnor’s invariant of the pair (L′, ϕ) relative to L is µGn (L
′, ϕ) = [θGn (L

′, ϕ)] ∈ Rn(L)/ ∼,

the class of the nth θ-invariant under the equivalence relation ∼.
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Again, we suppressG when it is understood from context. As with the h- and θ-invariants,

we can remove dependency on the choice of n-basing ϕ. We define a coarser equivalence

relation ≈ on Rn(L) as follows:

Definition 4.9. Let θ, θ′ ∈ Rn(L). We say that θ ≈ θ′ if and only if there exists a

self-basing ψ = (ψ, ψ∂) ∈ Aut(π/Γn, ∂) of L such that ψ · θ′ ∼ θ. In other words, θ ≈ θ′ if,

upon choosing L′ ⊂M ′ which admits an n-basing ϕ over G relative to L with θn(L
′, ϕ) = θ,

the class θ′ is in the image of the composition

Rn+1(L
′)→ Rn(L

′)
∼=−→ Rn(L)→ Rn(L)/Aut(π/Γn, ∂).

Definition 4.10. Let L and L′ be as in Definition 4.8. The nth G-Milnor’s invariant of

the link L′ relative to L is µGn (L
′) = [θGn (L

′, ϕ)] ∈ Rn(L)/ ≈, the class of the nth θ-invariant

under the equivalence relation ≈.

As with the h- and θ-invariants, we will say the µ-invariant vanishes if we have µn(L
′, ϕ) =

µn(L, id) or µn(L
′) = µn(L). Observe that µn(L

′, ϕ) vanishes if and only if θn(L
′, ϕ) vanishes

in the cokernel, and likewise for µn(L
′) and θn(L

′).

We prove the following theorem, which strengthens Theorem D0, in Section 5.4. This

theorem reduces to Milnor’s Theorem when we takeM =M ′ = S3 and our fixed link L to be

the unlink. It is both a justification for calling these new invariants µn “Milnor’s invariants”

and a way to show that the vanishing of these invariants implies the vanishing of all previous

versions of Milnor’s invariants for links in 3-manifolds. Note that we have already seen a

version of this theorem in Section 1.1.

Theorem D. Fix an m-component link L ⊂ (M,φ). Suppose the m-component links

L′ ⊂ (M ′, φ′) and L′′ ⊂ (M ′′, φ′′) admit n-basings ϕ′ and ϕ′′ over G relative to L for some

n ≥ 2. Then the following statements are equivalent:

(1) The link L′ admits an (n+ 1)-basing ϕ̃′ over G relative to L which is a lift of ϕ′.

(2) The invariant µn(L
′, ϕ′) vanishes.

(3) The invariant µn+1(L
′, ϕ̃′) is well-defined.
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Additionally, the following analogous basing-independent statements are equivalent:

(1 ′) The link L′ admits an (n+ 1)-basing over G relative to L (which is not required to

be a lift of ϕ′).

(2 ′) The invariant µn(L
′) vanishes.

(3 ′) The invariant µn+1(L
′) is well-defined.

Even if the µ-invariant of L′ does not vanish, we have the following equivalent statements

concerning the links L′ and L′′:

(4) The n-basing (ϕ′)−1 ◦ ϕ′′ of L′′ over G relative to L′ lifts to an (n+ 1)-basing.

(5) We have µn(L
′, ϕ′) = µn(L

′′, ϕ′′).

Analogously, the following basing-independent statements are equivalent:

(4 ′) The link L′′ admits an (n+1)-basing over G relative to L′ (which is not required to

be a lift of (ϕ′)−1 ◦ ϕ′′).

(5 ′) We have µn(L
′) = µn(L

′′).

Note that (1)-(3) and (1′)-(3′) in the above theorem are just the statement of Theorem D0.

Corollary D1. For n ≥ 2, the lower central homotopy invariants, G-lower central

homology invariants, and G-Milnor’s invariants are defined inductively. If any of these

invariants vanishes at level n, the invariant at level n+ 1 is well-defined.

Proof. All that is required to define any of the invariants for L′ relative to L at level

n+ 1 is an (n+ 1)-basing for L′ relative to L. The µ-invariants are determined by both the

h- and θ- invariants. If any nth invariant is defined and vanishes, then the nth µ-invariant is

defined and vanishes. Theorem D then implies an (n+ 1)-basing exists. □

Corollary D2 below follows from Theorems C and D.

Corollary D2. Suppose L
′ ⊂ M admits an n-basing ϕ over π1(M) relative to L ⊂ M

for some n ≥ 2. Then hn(L
′, ϕ) is defined. The following statements are equivalent:

(1) The invariant hn(L
′, ϕ) lifts to a class f ∈ [M,Xn+1(L)]0 satisfying condition (3) of

Theorem C.
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(2) The invariant µn(L
′, ϕ) vanishes.

Furthermore, the following analogous basing-independent statements are equivalent:

(1 ′) For some n-basing ϕ′, the invariant hn(L
′, ϕ′) lifts to a class f ∈ [M,Xn+1(L)]0

satisfying condition (3) of Theorem C.

(2 ′) The invariant µn(L
′) vanishes.

Proof. (1) =⇒ (2). Suppose hn(L
′, ϕ) lifts to such a map f ∈ [M,Xn+1(L)]0. The map

f automatically satisfies conditions (1) and (2) of Theorem C since hn(L
′, ϕ) is a realizable

class and therefore satisfies those conditions. Since by assumption f also satisfies condition

(3), Theorem C implies f = hn+1(L
′′, ϕ̃′) for some L′′ ⊂M and some (n+1)-basing ϕ̃′. This

implies the homology invariant θn(L
′, ϕ) = θn(L

′′, ϕ′) vanishes in the cokernel of Rn+1(L)→

Rn(L), where ϕ
′ is the n-basing induced by ϕ̃′. Equivalently, µn(L

′, ϕ) vanishes.

(2) =⇒ (1). Now suppose µn(L
′, ϕ) vanishes. By Theorem D, ϕ lifts to an (n+1)-basing

ϕ̃, and so hn+1(L
′, ϕ̃) is defined. We have ψn+1,n ◦ hn+1(L

′, ϕ̃) = hn(L
′, ϕ), so hn(L

′, ϕ) lifts

to a realizable class which satisfies condition (3) of Theorem C.

The equivalence of (1′) and (2′) follows similarly. □

Recall from our discussion in Section 3.5 that condition (3) of Theorem C is vacuous in

many cases; see also Corollary 5.6. Thus, in many cases, Corollary D2 states that the lower

central homotopy invariant hn lifts if and only if the Milnor invariant µn vanishes.

4.3. Realization of lower central homology invariants

The following realization theorem for the invariants θn in the case where the group G

is the trivial group is analogous to Theorem C from Section 3.5. We prove Theorem E in

Section 5.4.

Theorem E. Let the fixed group G be the trivial group. Fix an m-component link L ⊂M ,

and let θ ∈ H3(X
G
n (L)). Then θ ∈ RG

n (L) if and only if the following three conditions hold:
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(1) The connecting homomorphism H3(X
G
n (L))

∆−→ H2(∂EL) from the Mayer-Vietoris

sequence corresponding to the decomposition XG
n (L) = M×

pn ∪∂EL νL sends θ to∑
i[Ti], the sum of the fundamental classes of the tori in ∂EL = ⊔iTi.

(2) The cap product

∩ θ : tH2(XG
n (L))→ tH1(X

G
n (L))

is an isomorphism.

(3) The composition

H1(XG
n (L))

∩ θ−→ H2(X
G
n (L))

proj−−→ H2(X
G
n (L))/im(Kj(π/πn))

is onto the image of H2(π/πn)/Kj(π/πn) for all j < n.

We briefly compare this theorem to Theorem C. Conditions (1) and (3) of Theorem E

are analogous to conditions (1) and (3) of Theorem C. Condition (3) holds for all j < n if

and only if it holds for j = n− 1. Analogous to Theorem C, condition (3) of Theorem E is

vacuous in the case where the composition H2(EL;Z)→ H2(M ;Z)→ H2(Xn(L);Z) is zero.

An analogue of condition (2) of Theorem E is missing from Theorem C. In the proof of

Theorem E, this condition allows us to leverage a 3-dimensional homology surgery result of

Turaev [Tur84] to produce a 3-manifold with the desired homology properties where a link

realizing the class θ will live. Condition (2) in Theorem E is necessary to apply Turaev’s

theorem. This is not necessary in Theorem C, where we begin with a homotopy class of

maps from M . Furthermore, in the setting of Theorem C, condition (2) is vacuous as one

considers homology with coefficients in Z[π1(M)] and H1(Xn(L);Z[π1(M)]) = 0. Proving

Theorem E in the case of other groups G would rely on extending Turaev’s result to the

setting of Z[G]-coefficients; this is a topic of future consideration.
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CHAPTER 5

Proofs of Main Theorems

In this chapter, we prove the main results presented in Chapters 3 and 4. In the proofs of

Theorems A, B, and C, we assume M =M ′ =M ′′, G = π1(M), and φ = φ′ = φ′′ = idπ1(M),

but in general our links may live in different 3-manifolds and G may be some other group.

Section 5.1 discusses n-basings, first introduced in Section 3.1, in more detail. It also deals

with the indeterminacy that accompanies the choice of n-basing. We prove the lower central

homotopy invariants are concordance invariants in Section 5.2. We prove the remaining

theorems regarding concordance, Theorems B and C, in Section 5.3, while the homology

concordance results, Theorems D and E, are proved in Section 5.4. Section 5.3 also includes

a more detailed discussion of n-cobordism.

5.1. n-basings

By Proposition 4.3, a Z[G]-homology concordance yields, for each n, a based homo-

topy equivalence of pairs (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) restricting to an admissible homeomor-

phism ∂EL′ → ∂EL and extending canonically to a based homotopy equivalence of pairs

(Xn(L
′), νL′)

≃−→ (Xn(L), νL), all over G. We prove that the existence of such a homotopy

equivalence is equivalent to the existence of an n-basing over G for L′ relative to L. Recall

from Sections 3.1 and 3.7 that an n-basing over G is a pair (ϕ, ϕ∂), where ϕ : π′/Γ′
n

∼=−→ π/Γn

is an isomorphism over G on nth G-lower central quotients and ϕ∂ : H1(∂EL′)
∼=−→ H1(∂EL)

is an admissible isomorphism which is compatible with ϕ.

Proposition 5.1. The link L′ admits an n-basing over G relative to L if and only if there

exists a based homotopy equivalence of pairs h : (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) over G restricting

to an admissible homeomorphism ∂EL′ → ∂EL. Additionally, any two homotopy equivalences

realizing the same n-basing are based homotopic as maps of pairs. Furthermore, such a
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homotopy equivalence h extends canonically (up to based homotopy) to a based homotopy

equivalence of pairs h : (Xn(L
′), νL′)

≃−→ (Xn(L), νL).

Proof. We begin with the first statement. One direction requires little work: Suppose

such a homotopy equivalence of pairs h exists. Then we may take ϕ to be the isomorphism

h∗ : π1(M
×
p′n
)

∼=−→ π1(M
×
pn), and ϕ∂ to be

(
h|∂EL′

)
∗ : H1(∂EL′)

∼=−→ H1(∂EL). By assumption,

the map ∂EL′ → ∂EL is admissible, so ϕ∂ is admissible. All that remains is to see that ϕ∂ is

compatible with ϕ in the sense of Definition 3.1. Take any basing τ ′ for L′. Its image h(τ ′)

is a basing for L in M×
pn . We find a corresponding basing in EL as follows: Take any basing

τ 0 for L in EL. The basings h(τ ′) and τ 0 differ up to homotopy in M×
pn by some wedge of

circles which represent elements of π/Γn. Adjust τ
0 by lifts of these elements to π to obtain

a new basing τ in EL. By construction, the desired diagram commutes.

The other direction is entirely similar to the proof of Lemma 3.2. We replace the pair

(EL′ , ∂EL′) in that proof with the pair (M×
p′n
, ∂EL′). The resulting map

hϕ : (M
×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL)

is a homotopy equivalence of pairs because we construct it using the isomorphism ϕ.

We also follow the proof of Lemma 3.2 to obtain a canonical extension of hϕ to a map of

pairs

hϕ : (Xn(L
′), νL′)

≃−→ (Xn(L), νL)

over G. Because hϕ is a homotopy equivalence of pairs, hϕ is, too. □

By the proof of the above proposition, the map of pairs (EL′ , ∂EL′)→ (M×
pn , ∂EL) and its

extension constructed in the proof of Lemma 3.2 factor through the homotopy equivalences

hϕ and hϕ, respectively. Therefore, the composition hϕ◦ιn(L′) is precisely the nth h-invariant

hn(L
′, ϕ); see our discussion in Section 3.3.

5.1.1. On the choice of n-basing. The invariants defined in Chapters 3 and 4 at first

depend on the choice of n-basing for L′. We therefore study how different choices of n-basing
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are related. Suppose (ϕ, ϕ∂) and (ϕ′, ϕ′
∂) are two n-basings for L

′ relative to L. We will show

(ψ, ψ∂) = (ϕ′ ◦ ϕ−1, ϕ′
∂ ◦ ϕ−1

∂ ) ∈ Aut(π/Γn)× Aut(H1(∂EL))

constitutes an n-basing over G for L relative to itself. We will call such an n-basing a self-

n-basing or self-basing. By Proposition 5.1, to each self-basing we may associate a canonical

homotopy class of homotopy self-equivalences of the pair (Xn(L), νL) over G. In Proposition

5.4, we show that the collection of all self-n-basings (ψ, ψ∂), denoted Aut(π/Γn, ∂), forms

a subgroup of Aut(π/Γn) × Aut(H1(∂EL)) isomorphic to the group of homotopy classes

of homotopy self-equivalences of the pair (M×
pn , ∂EL) over G which restrict to admissible

homeomorphisms ∂EL → ∂EL. In fact, because every such ψ is an isomorphism over G and

every such ψ∂ is admissible, we will have that

Aut(π/Γn, ∂) ≤ AutG(π/Γn)× Zm ≤ Aut(π/Γn)× Aut(H1(∂EL)),

where AutG denotes automorphisms over G.

Lemma 5.2. Suppose (ϕ, ϕ∂) is an n-basing over G for L′ relative to L. Then (ϕ−1, ϕ−1
∂ )

is an n-basing over G for L relative to L′.

Proof. Since ϕ∂ is admissible, so is ϕ−1
∂ . We next see that ϕ−1

∂ is compatible with ϕ−1.

Let τ be a basing for L. Choose any basing τ ′0 for L′. Since ϕ∂ is compatible with ϕ, there

exists a basing τ0 for L such that the following square commutes:

π1(∂EL′ ∪ τ ′0) π1(∂EL ∪ τ0)

π′/Γ′
n π/Γn.

ϕ∂∗
∼=

ϕ

∼=

Since τ and τ0 are both basings for L, they differ up to homotopy by some wedge of circles

in EL. Consider the image of this wedge of circles in π/Γn. Mapping this to π′/Γ′
n via

ϕ−1 and choosing any lift to the group π′ yields a wedge of circles in EL′ . Adjust τ ′0 by
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this wedge of circles to obtain a new basing τ ′ for L′. Using ϕ−1
∂ , define an isomorphism

π1(∂EL ∪ τ)
∼=−→ π1(∂EL′ ∪ τ ′) which fits into the diagram

π1(∂EL ∪ τ) π1(∂EL′ ∪ τ ′)

π/Γn π′/Γ′
n.

ϕ−1
∂∗
∼=

ϕ−1

∼=

Thus, ϕ−1
∂ is compatible with ϕ−1, so (ϕ−1, ϕ−1

∂ ) is an n-basing over G for L relative to L′. □

Lemma 5.3. Suppose L, L′, and L′′ are three links, (ϕ′, ϕ′
∂) is an n-basing over G for L′′

relative to L′, and (ϕ, ϕ∂) is an n-basing over G for L′ relative to L. Then the composition

(ϕ ◦ ϕ′, ϕ∂ ◦ ϕ′
∂) is an n-basing over G for L′′ relative to L.

Proof. Since ϕ∂ and ϕ′
∂ are both admissible, so is the composition ϕ∂ ◦ ϕ′

∂. Let τ
′′ be a

basing for L′′. Since ϕ′
∂ is compatible with ϕ′, we obtain the desired basing τ ′ for L′. This in

turn yields the desired basing τ for L since ϕ∂ is compatible with ϕ. We have the following

diagram:

π1(∂EL′′ ∪ τ ′′) π1(∂EL′ ∪ τ ′) π1(∂EL ∪ τ)

π′′/Γ′′
n π′/Γ′

n π/Γn.

ϕ′∂∗
∼=

ϕ∂∗
∼=

ϕ′

∼=
ϕ

∼=

Thus, ϕ∂ ◦ϕ′
∂ is compatible with ϕ◦ϕ′, so (ϕ◦ϕ′, ϕ∂ ◦ϕ′

∂) is an n-basing over G for L′′ relative

to L. □

We now prove that the collection of self-n-basings forms a group.

Proposition 5.4. The collection Aut(π/Γn, ∂) of all self-n-basings over G of L forms

a subgroup of Aut(π/Γn) × Aut(H1(∂EL)) isomorphic to the group of homotopy classes of

homotopy self-equivalences of the pair (M×
pn , ∂EL) over G which restrict to admissible home-

omorphisms ∂EL → ∂EL. Furthermore, every self-basing gives rise to a canonical homotopy

class of homotopy self-equivalences of the pair (Xn(L), νL) over G.
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Proof. Any self-n-basing (ψ, ψ∂) is an element of Aut(π/Γn)×Aut(H1(∂EL)). Taking

L′′ = L′ = L in Lemmas 5.2 and 5.3, we see that Aut(π/Γn, ∂) is closed under inverses and

the group operation. It also contains the element (idπ/Γn , idH1(∂EL)). Thus, Aut(π/Γn, ∂) ≤

Aut(π/Γn)×Aut(H1(∂EL)). By Proposition 5.1, a self-basing (ψ, ψ∂) over G is equivalent to

a homotopy class of homotopy self-equivalences of the pair (M×
pn , ∂EL) over G which restricts

to an admissible homeomorphism ∂EL → ∂EL. Such a homotopy self-equivalence extends

over G to a canonical homotopy class of homotopy self-equivalences of the pair (Xn(L), νL),

again by Proposition 5.1. □

By Proposition 5.4, Aut(π/Γn, ∂) acts (on the left) on both [M,Xn(L)]0 and H3(Xn(L))

by post-composition with homotopy self-equivalences, so that the orbit space of each of these

sets modulo the group action is well-defined.

5.2. Concordance invariance

In this section, we prove Theorems A and A′. See Sections 3.3 and 4.1, respectively, for

the statements of these theorems. Theorem A proves the invariance of hn (hence θn and µn)

under n-equivalence. Invariance under concordance follows immediately from Proposition

3.8. Theorem A′, whose proof is similar to that of Theorem A, proves the invariance of θn

(hence µn) under Z[G]-homology concordance.

5.2.1. Proof of Theorem A.

Proof. Statement (1) is a consequence of Proposition 5.1. By definition, since L′ and

L′′ are n-equivalent, there is a homotopy equivalence of pairs (M×
p′′n
, ∂EL′′)

≃−→ (M×
p′n
, ∂EL′)

which restricts to an admissible homeomorphism ∂EL′′ → ∂EL′ and extends to a homotopy

equivalence of pairs (Xn(L
′′), νL′′)

≃−→ (Xn(L
′), νL′), all over π1(M). By Proposition 5.1, the

desired n-basing (ϕ′, ϕ′
∂) exists.

Next, suppose (ϕ, ϕ∂) is an n-basing for L′ relative to L. By Lemma 5.3, the composition

(ϕ◦ϕ′, ϕ∂ ◦ϕ′
∂) constitutes an n-basing for L′′ relative to L. Conversely, suppose (ϕ, ϕ∂) is an

n-basing for L′′ relative to L. By Lemma 5.2, ((ϕ′)−1, (ϕ′
∂)

−1) is an n-basing for L′ relative

to L′′, so that (ϕ ◦ (ϕ′)−1, ϕ∂ ◦ (ϕ′
∂)

−1) is an n-basing for L′ relative to L, again by Lemma
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5.3. This proves (2), since the existence of an n-basing relative to L is all that is needed to

define the invariant hn.

We now prove (3). Again, assume (ϕ, ϕ∂) is an n-basing for L′ relative to L. By Proposi-

tion 5.1, we obtain a homotopy equivalence of pairs hϕ : (M
×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) restrict-

ing to an admissible homeomorphism ∂EL′ → ∂EL and extending to a homotopy equivalence

of pairs hϕ : (Xn(L
′), νL′)

≃−→ (Xn(L), νL), all over π1(M). Since L′ and L′′ are n-equivalent,

we have the following commutative diagram over π1(M):

(EL′′ , ∂EL′′) (EL′ , ∂EL′)

(M×
p′′n
, ∂EL′′) (M×

p′n
, ∂EL′)

(M, νL′′) M × [0, 1] (M, νL′)

(Xn(L
′′), νL′′) (Xn(L

′), νL′).

h′

≃

ιn(L′′)

ιn(L′)

h′

≃

The composite homotopy equivalence hϕ ◦ h′ : (M×
p′′n
, ∂EL′′)

≃−→ (M×
pn , ∂EL) restricts to

an admissible homeomorphism ∂EL′′ → ∂EL and induces the n-basing (ϕ ◦ ϕ′, ϕ∂ ◦ ϕ′
∂).

The map hϕ ◦ h′ extends to the homotopy equivalence of pairs hϕ ◦ h′. Thus, by definition,

hn(L
′′, ϕ◦ϕ′) = hϕ◦h′◦ιn(L′′). By the commutativity of the above diagram, this is homotopic

to hϕ ◦ ιn(L′) = hn(L
′, ϕ).

Finally, to prove (4), suppose (ϕ, ϕ∂) and (ϕ′′, ϕ′′
∂) are n-basings for L

′ and L′′, respectively,

relative to L. Then (ϕ ◦ ϕ′, ϕ∂ ◦ ϕ′
∂) is also an n-basing for L′′ relative to L, and by (3) we

have hn(L
′, ϕ) = hn(L

′′, ϕ ◦ ϕ′). Observe that (ψ, ψ∂) := (ϕ′′ ◦ (ϕ ◦ ϕ′)−1, ϕ′′
∂ ◦ (ϕ∂ ◦ ϕ′

∂)
−1)

is a self-n-basing for L. Then hn(L
′′, ϕ′′) = (ψ, ψ∂) · hn(L′′, ϕ ◦ ϕ′) = (ψ, ψ∂) · hn(L′, ϕ), and

hn(L
′) = hn(L

′′) ∈ [M,Xn(L)]0/Aut(π/Γn, ∂). □

Theorem A implies that the invariants θn and µn defined in this context are also invariants

of n-equivalence, hence invariants of concordance by Proposition 3.8.
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5.2.2. Proof of Theorem A′.

Proof. We proceed in a manner similar to the proof of Theorem A. Statement (1) is a

consequence of Proposition 4.3 and Proposition 5.1. By Proposition 4.3, a Z[G]-homology

concordance induces based homotopy equivalences of pairs (M×
p′′n
, ∂EL′′)

≃−→ (M×
p′n
, ∂EL′) for

all n which restrict to admissible homeomorphisms ∂EL′′ → ∂EL′ and extend to homotopy

equivalences of pairs (Xn(L
′′), νL′′)

≃−→ (Xn(L
′), νL′), all over G. By Proposition 5.1, the

desired n-basings exist.

The proof of (2) is entirely similar to the proof of part (2) of Theorem A.

To prove (3), assume (ϕ, ϕ∂) is an n-basing for L′ relative to L. By Proposition 5.1,

we obtain a homotopy equivalence of pairs hϕ : (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) restricting to

an admissible homeomorphism ∂EL′ → ∂EL and extending to a homotopy equivalence of

pairs hϕ : (Xn(L
′), νL′)

≃−→ (Xn(L), νL), all over G. Consider the diagram from the proof

of Proposition 4.3 with L′′ and L′ in place of L′ and L. In that diagram, the composite

h′ : (M×
p′′n
, ∂EL′′)

≃−→ (M×
p′n
, ∂EL′) induced by the homology concordance restricts to an ad-

missible homeomorphism ∂EL′′ → ∂EL′ and induces the n-basing (ϕ′, ϕ′
∂) of L′′ relative to

L′. It extends over G to a homotopy equivalence of pairs h′. Thus, the homotopy equivalence

hϕ ◦h′ : (M×
p′′n
, ∂EL′′)

≃−→ (M×
pn , ∂EL) restricts to an admissible homeomorphism ∂EL′′ → ∂EL

and induces the n-basing (ϕ ◦ ϕ′, ϕ∂ ◦ ϕ′
∂).

The map hϕ ◦ h′ extends to the homotopy equivalence of pairs hϕ ◦ h′. By definition,

hn(L
′′, ϕ ◦ ϕ′) = hϕ ◦ h′ ◦ ιn(L′′), and hn(L

′, ϕ) = hϕ ◦ ιn(L′). By the commutativity of the

diagram referenced above, and because W is a Z[G]-homology cobordism, we have

θn(L
′′, ϕ ◦ ϕ′) = hn(L

′′, ϕ ◦ ϕ′)∗[M
′′] = (hϕ)∗h′∗ιn(L

′′)∗[M
′′]

= (hϕ)∗ιn(L
′)∗[M

′] = hn(L
′, ϕ)∗[M

′] = θn(L
′, ϕ).

This proves (3).

The proof of (4) is also entirely similar to the proof of part (4) of Theorem A. □

Just as with Theorem A, Theorem A′ immediately implies that the µn are also invariants

of Z[G]-homology concordance.
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5.3. Characterization and realization for hn

In this section, we prove characterization and realization properties of the lower central

homotopy invariants hn. We begin with a more detailed discussion of n-cobordism of links,

including the proof of Proposition 3.10. In Theorem B, we prove that the invariants hn are

complete invariants of n-cobordism. We then prove Theorem C, which determines exactly

which elements of [M,Xn(L)]0 are realizable as the h-invariants of links inM . In this section,

all of our links live in M and the fixed group G is π1(M). Some of the proofs in this section

are similar to proofs seen in [Hec11].

5.3.1. n-cobordism of links. Recall Definition 3.9: The links L and L′ are n-cobordant

if there exists a properly embedded orientable m-component surface Σ = ⊔iΣi ⊂ M × [0, 1]

such that for each i:

(1) Σi ∩ (M × {0}) = Li and Σi ∩ (M × {1}) = L′
i.

(2) For any basing of Σi determined by a basing of Li, the images of π1(Li) and π1(Σi)

in π1(EΣ) agree modulo the nth π1(M)-lower central subgroup, that is,

im
(
π1(Li)→ π → πΣ ↠ πΣ/ΓΣ

n

)
= im

(
π1(Σi)→ πΣ ↠ πΣ/ΓΣ

n

)
,

where πΣ = π1(EΣ) and ΓΣ = ker
(
πΣ ↠ π1(M)

)
, and where the inclusions Σi ↪→ EΣ

and Li ↪→ EL are induced by a trivialization of νΣ.

We prove some properties of n-cobordisms culminating with the fact that an n-cobordism

induces an n-basing for L′ relative to L.

Lemma 5.5. Suppose Σ is an n-cobordism between L and L′. Then the composition

H2(∂EL;Z[π1(M)])→ H2(∂νΣ;Z[π1(M)])→ H2(π
Σ/ΓΣ

n ;Z[π1(M)])

is onto the image of H2(∂νΣ;Z[π1(M)])→ H2(π
Σ/ΓΣ

n ;Z[π1(M)]). The same holds for L′.

Proof. In this proof, we denote the π1(M)-cover of a space X by X̃. Observe that

∂νΣ ∼= Σ × S1 and ∂̃νΣ ∼= Σ̃ × S1, where Σ and Σ̃ denote parallels of the cores of νΣ and
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ν̃Σ, respectively. Since each component of Σ is a surface with boundary, it follows that

generators of H2(∂νΣ;Z[π1(M)]) are represented by embedded tori in ∂̃νΣ. Each such torus

has a symplectic basis consisting of a meridian to a component of Σ̃, which we refer to as a

meridian for the torus, and a curve lying on that component, which we call a longitude for the

torus. Therefore, the image of any generator of H2(∂νΣ;Z[π1(M)]) in H2(π
Σ/ΓΣ

n ;Z[π1(M)])

is represented by a map T 2 → ∂̃νΣ → K(ΓΣ/ΓΣ
n , 1). It suffices to find a solution, up to

homotopy, to the lifting problem

∂̃EL

T 2 K(ΓΣ/ΓΣ
n , 1).

?∃

Base L (a parallel of L in ∂EL) using some basing τ . This induces an equivariant basing

τ̃ for L̃ (a parallel of the core of νL̃ in ∂̃EL), hence for Σ̃. Extend this basing in the cover to

give a basing of the torus. The (based) meridian of T 2 is homotopic in ∂̃νΣ to a meridian

for L̃, so first define the image of the meridian of T 2 to be this meridian of L̃. Next, note

that the (based) longitude of T 2 represents an element of π1(Σ̃ ∪ τ̃) ≤ π1(Σ ∪ τ). Since Σ is

an n-cobordism, the image of this longitude in πΣ/ΓΣ
n agrees with the image of some element

x ∈ π1(Li ∪ τi) for some i. But the image of the longitude is also an element of ΓΣ. Since

EL ↪→ EΣ is a map over π1(M), x ∈ Γ ∩ π1(Li ∪ τi) = π1(L̃i ∪ τ̃i). Map the longitude of T 2

to a curve representing x. This gives a lifting of the 1-skeleton of T 2 up to homotopy.

Finally, we may choose any lift of the 2-cell of T 2. The resulting composite T 2 → ∂̃EL →

K(ΓΣ/ΓΣ
n , 1) is homotopic to the original map T 2 → ∂̃νΣ → K(ΓΣ/ΓΣ

n , 1) since the maps

agree on π1. Thus, we have produced a map T 2 → ∂̃EL which represents an element of

H2(∂EL;Z[π1(M)]) and maps onto the image of the chosen generator of H2(∂νΣ;Z[π1(M)])

in H2(π
Σ/ΓΣ

n ;Z[π1(M)]). □

We are now prepared to prove that n-cobordisms induce n-basings.

Proposition 3.10. Suppose Σ ⊂ M × [0, 1] is an n-cobordism between L and L′. Then

Σ induces a canonical n-basing (ϕ, ϕ∂) for L′ relative to L and a canonical isomorphism

π′/Γ′
n+1

∼=−→ π/Γn+1 over π1(M).
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Proof. We first obtain the desired isomorphisms on π1(M)-lower central quotients.

Claim 1. The inclusion EL ↪→ EΣ induces isomorphisms π/Γk
∼=−→ πΣ/ΓΣ

k for all k ≤ n+ 1.

The claim is true for k = 1 because EL ↪→ EΣ is a map over π1(M). We use an induction

argument along with the Five Lemma applied to the following diagram with exact rows:

1 Γj/Γj+1 π/Γj+1 π/Γj 1

1 ΓΣ
j /Γ

Σ
j+1 πΣ/ΓΣ

j+1 πΣ/ΓΣ
j 1.

For the k = 2 base case, it suffices to prove H1(EL;Z[π1(M)])→ H1(EΣ;Z[π1(M)]) induced

by inclusion is an isomorphism since H1(EL;Z[π1(M)]) = Γ/Γ2, H1(EΣ;Z[π1(M)]) = ΓΣ/ΓΣ
2 ,

and π/Γ = πΣ/ΓΣ = π1(M).

Consider the following diagram of exact sequences of pairs. All coefficients are in Z[π1(M)],

which we suppress.

H2(M) H2(M,EL) H1(EL) 0

H2(M × [0, 1]) H2(M × [0, 1], EΣ) H1(EΣ) 0

It suffices to prove that H2(M,EL;Z[π1(M)])→ H2(M × [0, 1], EΣ;Z[π1(M)]) is an isomor-

phism. By excision,

H2(M,EL;Z[π1(M)]) ∼= H2(νL, ∂EL;Z[π1(M)])

and

H2(M × [0, 1], EΣ;Z[π1(M)]) ∼= H2(νΣ, ∂νΣ;Z[π1(M)]).

Now consider the diagram of exact sequences of pairs below. Note thatH2(νΣ;Z[π1(M)]) =

0 since the components of Σ are surfaces with boundary. Again, all coefficients are in

Z[π1(M)].
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0 H2(νL, ∂EL) H1(∂EL) H1(νL) 0

0 H2(νΣ, ∂νΣ) H1(∂νΣ) H1(νΣ) 0

Even with coefficients in Z[π1(M)], we have splittings

H1(∂EL;Z[π1(M)]) ∼= H1(L;Z[π1(M)])⊕H1(⊔mi;Z[π1(M)])

and

H1(∂νΣ;Z[π1(M)]) ∼= H1(Σ;Z[π1(M)])⊕H1(⊔mi;Z[π1(M)]),

where the mi denote both meridians of L and meridians of Σ. The homomorphism

H1(∂EL;Z[π1(M)])→ H1(∂νΣ;Z[π1(M)])

may be written as a direct sum with respect to these splittings. Furthermore, the kernels of

the rightmost maps in the diagram are precisely H1(⊔mi;Z[π1(M)]). Thus, we have (with

coefficients in Z[π1(M)])

H2(νL, ∂EL) = ker(H1(∂EL)→ H1(νL)) = H1(⊔mi)

= ker(H1(∂νΣ)→ H1(νΣ)) = H2(νΣ, ∂νΣ).

Therefore, Γ/Γ2 → ΓΣ/ΓΣ
2 induced by inclusion is an isomorphism. By the Five Lemma,

π/Γ2 → πΣ/ΓΣ
2 is an isomorphism. This proves the base case k = 2.

Since Γ/Γ2

∼=−→ ΓΣ/ΓΣ
2 is an isomorphism, the homomorphisms Γ/Γk → ΓΣ/ΓΣ

k are sur-

jective for all k by the proof of Claim 1 in the Stallings-Dwyer Theorem; see Section 2.3.1.

Thus, π/Γk → πΣ/ΓΣ
k is also surjective for all k.

Now suppose π/Γj
∼=−→ πΣ/ΓΣ

j is an isomorphism for all j ≤ k for some 2 ≤ k ≤ n. We

will obtain an isomorphism for j = k + 1. We invoke the 5-term natural exact sequence

of Stallings [Sta65]; see the proof of the Stallings-Dwyer Theorem in Section 2.3.1. In the

language of that proof, we take the group G to be either Γ/Γk+1 or Γ
Σ/ΓΣ

k+1 and the normal
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subgroup N to be either Γk/Γk+1 or Γ
Σ
k /Γ

Σ
k+1. In both cases, the final homomorphism of the

5-term sequence is an isomorphism, so we have the following diagram:

H2(EL;Z[π1(M)]) H2(Γ) H2(Γ/Γk) Γk/Γk+1 0

H2(EΣ;Z[π1(M)]) H2(Γ
Σ) H2(Γ

Σ/ΓΣ
k ) ΓΣ

k /Γ
Σ
k+1 0.

∼=

The surjectivity of the first map in each row follows from Hopf’s Theorem, which gives an

exact sequence

π2(X)→ H2(X)→ H2(π1(X))→ 0

for any CW complexX; see Section II.5 of [Bro82]. The rest of each row is exact by Stallings

[Sta65]. The third vertial arrow is an isomorphism by the induction assumption. By the

diagram above, we obtain an isomorphism Γk/Γk+1

∼=−→ ΓΣ
k /Γ

Σ
k+1 if we prove

im
(
H2(EL;Z[π1(M)])→ H2(Γ/Γk)

)
is mapped isomorphically to

im
(
H2(EΣ;Z[π1(M)])→ H2(Γ

Σ/ΓΣ
k )
)
.

We then apply the Five Lemma to obtain the desired isomorphism π/Γk+1

∼=−→ πΣ/ΓΣ
k+1.

We build a tower of spaces Xj(Σ), analogous to Xj(L), similarly to the proofs of Propo-

sitions 3.8 and 4.3. The space Xj(Σ) has the decomposition Xj(Σ) = M×
pΣj
∪∂νΣ νΣ. For

each j, there is a canonical morphism of diagrams Dj(L) → Dj(Σ) which induces a map

Xj(L) → Xj(Σ) restricting to inclusions νL ↪→ νΣ and EL ↪→ EΣ. Thus, we have

the commutative square of Mayer-Vietoris sequences below, where all coefficients are in

Z[π1(M)]. We use this diagram to study the images of H2(EL;Z[π1(M)]) → H2(Γ/Γk) and

H2(EΣ;Z[π1(M)])→ H2(Γ
Σ/ΓΣ

k ). Observe that H2(νL;Z[π1(M)]) = H2(νΣ;Z[π1(M)]) = 0

and H1(∂EL;Z[π1(M)]) → H1(∂νΣ;Z[π1(M)]) is injective. Also, H2(π/Γk;Z[π1(M)]) =

H2(Γ/Γk;Z) and H2(π
Σ/ΓΣ

k ;Z[π1(M)]) = H2(Γ
Σ/ΓΣ

k ;Z).
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H2(∂EL) H2(EL) H2(M) H1(∂EL)

H2(∂EL) H2(π/Γk) H2(Xk(L)) H1(∂EL)

H2(∂νΣ) H2(EΣ) H2(M × [0, 1]) H1(∂νΣ)

H2(∂νΣ) H2(π
Σ/ΓΣ

k ) H2(Xk(Σ)) H1(∂νΣ)

∼=

First, we observe that (with Z[π1(M)] coefficients)

im
(
H2(EL)→ H2(π/Γk)→ H2(π

Σ/ΓΣ
k )
)
⊆ im

(
H2(EΣ)→ H2(π

Σ/ΓΣ
k )
)
.

The reverse inclusion is a diagram chase which we briefly describe. Let x ∈ im
(
H2(EΣ) →

H2(π
Σ/ΓΣ

k )
)
. Denote the image of x in H2(Xk(Σ)) by y. Then y ∈ im

(
H2(M × [0, 1]) →

H2(Xk(Σ))
)
. We may then consider y as the image of some z ∈ H2(M). The image ∆(z)

of z under the connecting homomorphism is 0 because ∆(y) = 0 and H1(∂EL) ↪→ H1(∂νΣ)

is injective. Thus, z is the image of some z̃ ∈ H2(EL). Since the images of z̃ and x agree

in H2(Xk(Σ)), the image of z̃ in H2(π
Σ/ΓΣ

k ) differs from x by the image of some element

in H2(∂νΣ). By Lemma 5.5, since Σ is an n-cobordism, this difference is represented by

an element coming from H2(∂EL). Adjusting z̃ by the image of this element in H2(EL), we

obtain an element x̃ ∈ H2(EL) which maps to x ∈ H2(π
Σ/ΓΣ

k ). This completes the proof

of Claim 1. The induction carries through the step from k = n to k = n + 1, after which

Lemma 5.5 no longer applies since an n-cobordism only guarantees the desired property

through level n.

The same argument shows that the inclusion EL′ ↪→ EΣ induces isomorphisms π′/Γ′
k

∼=−→

πΣ/ΓΣ
k for all k ≤ n + 1. We will take ϕ, part of the data for the desired n-basing, to be

the composite ϕ : π′/Γ′
n

∼=−→ πΣ/ΓΣ
n

∼=−→ π/Γn. To complete the proof of the Proposition, we

must find a canonical admissible isomorphism ϕ∂ : H1(∂EL′)
∼=−→ H1(∂EL) compatible with

ϕ. Define ϕ∂ as follows: Send each meridian m′
i of L

′ to the corresponding meridian mi of

L. A longitude λ′i for the component L′
i of L

′ determines a corresponding copy of Σi in ∂νΣ,
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τ ′i

τ0i

γi

Σi

Li

L′
i

Figure 5.3.1. Various basings for Li, L
′
i, and Σi.

which we also denote Σi. Send λ′i to the longitude λi for the component Li of L which is

homologous to λ′i in this pushoff. The isomorphism ϕ∂ is admissible.

We now check that ϕ∂ is compatible with ϕ. We may assume Σ ⊂ M × [0, 1] misses

∗ × [0, 1]. To simplify notation, we work inside the reduced cylinder (M × [0, 1])×. Choose

any basing τ ′ for L′. Also choose any basing τ 0 for L. We will eventually modify τ 0. We

consider these basings in EL′ and EL, respectively, and assume for each i that the basings

of the components L′
i and Li meet ∂νΣi in Σi.

For each i, choose a path γi on Σi connecting the basings of L′
i and Li and forming a

based loop αi together with the two basings; see Figure 5.3.1. The αi represent elements in

πΣ. Let βi denote a lift of the image of αi under the composite πΣ ↠ πΣ/ΓΣ
n

∼=−→ π/Γn to an

element of π. Modify the ith factor of the basing τ 0 of L by βi. Call this new basing τ = βτ 0.

We claim that τ is the desired basing for L, that is, the following diagram commutes:

π1(∂EL′ ∪ τ ′) π1(∂EL ∪ τ)

π′/Γ′
n πΣ/ΓΣ

n π/Γn.

ϕ∂∗
∼=

∼= ∼=

It is enough to check that this commutes for (based) meridians and longitudes of L′.

We have two basings for L in EΣ: the basing τ = βτ 0 (which is a basing in EL), and the

basing τ ′γ given by following the basing for L′ with the paths on Σ connecting L′ to L. The
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based meridians and longitudes of L given by these two different basings agree in πΣ/ΓΣ
n :

In πΣ/ΓΣ
n , the images of βi and αi agree. But αiτ

0
i is homotopic rel endpoints to τ ′iγi. It is

therefore enough to show that the following diagram commutes:

π1(∂EL′ ∪ τ ′) π1(∂EL ∪ τ ′γ)

π′/Γ′
n πΣ/ΓΣ

n .

ϕ∂∗
∼=

∼=

This commutes on meridians, as the based meridians τ ′γ induces for L are just the based

meridians τ ′ induces for L′ dragged down Σ along γ. To see that this diagram also commutes

on longitudes, we consider τ ′ as a basing for Σ and leverage the definition of n-cobordism.

Consider the based longitudes l′i = τ ′iλ
′
i for L

′ and li = τ ′iγiλi for L as elements of π1(Σi)

(with the basing τ ′i). Since the two longitudes cobound Σi, the product l′il
−1
i is equal to

Πj[a
i
j, b

i
j], where {aij, bij}j is a symplectic basis for Σi with appropriate basings. Since Σ is

an n-cobordism, the image of π1(Σi) in π
Σ/ΓΣ

n is cyclic, so l′il
−1
i = Πj[a

i
j, b

i
j] 7→ 1 ∈ πΣ/ΓΣ

n .

Thus, the above diagram commutes, and (ϕ, ϕ∂) is a canonical n-basing for L′ relative to L

induced by Σ. □

5.3.2. Proof of Theorem B. We now move toward the proof of Theorem B, which as-

serts the equivalence of n-cobordism, n-equivalence, and equality of h-invariants; see Section

3.4 for the statement of the theorem. We first prove Theorem B0, which is just Theorem B

in the case where one of the two links we compare is the fixed link L.

Theorem B0. Fix an m-component link L ⊂ M . Let L′ ⊂ M be another m-component

link, and suppose there exists an n-basing (ϕ, ϕ∂) for L′ relative to L. Then the following

statements are equivalent:

(1) The links L and L′ are n-equivalent via the n-basing (ϕ, ϕ∂).

(2) The invariant hn(L
′, ϕ) vanishes.

(3) The links L and L′ are n-cobordant via an n-cobordism inducing the n-basing (ϕ, ϕ∂).

Similarly, the following basing-independent statements are equivalent:

(1 ′) The links L and L′ are n-equivalent.
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(2 ′) The invariant hn(L
′) vanishes.

(3 ′) The links L and L′ are n-cobordant.

Proof. The equivalence of (1) and (2) will follow from definitions. The equivalence of

(2) and (3) will require more work. The equivalence of (1′)-(3′) will be a consequence of the

equivalence of (1)-(3).

(1) =⇒ (2). Suppose L and L′ are n-equivalent via (ϕ, ϕ∂). By definition, there is a homotopy

equivalence of pairs h : (M×
p′n
, ∂EL′) → (M×

pn , ∂EL) corresponding to (ϕ, ϕ∂) extending to a

homotopy equivalence of pairs h : (Xn(L
′), νL′)→ (Xn(L), νL) such that h ◦ ιn(L′) ≃ ιn(L),

all over π1(M). But h ◦ ιn(L′) = hn(L
′, ϕ) and ιn(L) = hn(L, id). By definition, hn(L

′, ϕ)

vanishes.

(2) =⇒ (1). Suppose hn(L
′, ϕ) vanishes, that is, we have hn(L

′, ϕ) = hn(L, id). Then

hϕ ◦ ιn(L′) ≃ ιn(L), where hϕ is the homotopy equivalence of pairs hϕ : (Xn(L
′), νL′)

≃−→

(Xn(L), νL) induced by the n-basing (ϕ, ϕ∂). By definition, L and L′ are n-equivalent via

the n-basing (ϕ, ϕ∂).

(2) =⇒ (3). Suppose hn(L
′, ϕ) vanishes. Then hn(L

′, ϕ) = hn(L, id), so there is a based

homotopy H : M × [0, 1] → Xn(L) restricting to hn(L, id) on M × {0} and hn(L
′, ϕ) on

M × {1}. Take the transverse preimage of L ⊂ Xn(L) under H to obtain a properly-

embedded surface Σ ⊂ M × [0, 1]. Since L and L′ are the preimages of L under hn(L, id)

and hn(L
′, ϕ), Σ restricts to L and L′ on M × {0} and M × {1}, respectively. This surface

Σ would be our candidate for an n-cobordism between the two links, except it may have too

many components. We perform surgeries on Σ to ensure the preimage of each component of

L has only one component.

Consider the surface exterior EΣ, and note that H restricts to a map EΣ → M×
pn . This

induces a homomorphism πΣ → π/Γn over π1(M) which induces πΣ/ΓΣ
n → π/Γn. We also

have the homomorphism π → πΣ induced by inclusion which induces a homomorphism

π/Γn → πΣ/ΓΣ
n . Since the homotopy H restricts to hn(L, id) on M × {0}, the composition

π/Γn → πΣ/ΓΣ
n → π/Γn is idπ/Γn . In particular, πΣ/ΓΣ

n → π/Γn is surjective.
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Claim 1. We may modify the surface Σ and the homotopy H rel boundary so that the

preimage of each component of L under H is a connected surface with boundary.

Suppose the preimage of some component Li of L under H has more than one component.

Choose some component Σ′
i ofH

−1(Li), and let Σi be the union of the remaining components.

Find a path α in EΣ from ∂νΣi to ∂νΣ
′
i whose boundary maps under H to a single point of

∂νLi and whose image in M×
pn is nullhomotopic. Such a path exists since πΣ/ΓΣ

n ↠ π/Γn is

surjective. We now perform surgeries to connect Σ′
i to Σi, modifying the mapH rel boundary.

Connect α to Σi and Σ′
i by small intervals in D2-fibers of the regular neighborhoods of the

surfaces whose images in Xn(L) agree. We also call this extended path α. Its endpoints map

to some point p ∈ Li ⊂ Xn(L).

Parametrize the closure of a neighborhood of p ∈ Li as D1 ×D2, where D1 ⊂ Li is the

closure of a neighborhood of p in Li. The endpoints of α have neighborhoods whose closures

may be parametrized as D1 × D1 × D2 which map under H to D1 × D2 by projection

onto the last two coordinates. Attach a 1-handle D1 × D4 = D1 × (D1 × D1 × D2) to

(M × [0, 1]) × {1} ⊂ (M × [0, 1]) × [0, 1] along the two 4-balls D1 × D1 × D2 to obtain a

space Z. Extend the map H × [0, 1] to Z by projection of D1 × D4 to D4 followed by H,

which agrees on {0} × D4 and {1} × D4. This yields a cobordism W from M to M , the

result of surgery on M × [0, 1] corresponding to the attachment of the 1-handle, with a map

H ′ : W → Xn(L) still restricting on the ends to hn(L, id) and hn(L
′, ϕ).

Define a surface Σ′′
i ⊂ W by removing from Σi and Σ′

i the D
2 neighborhoods of the

endpoints of α and gluing in D1 × S1 ⊂ D1 ×D4. The surface Σ′′
i has one fewer component

than Σi ∪ Σ′
i. We may continue inductively, reducing the number of components of H−1(L)

until we reach a surface with m components in a cobordism W ′ fromM to itself over Xn(L).

Let Z ′ be the resulting cobordism from M × [0, 1] to W ′. We now attach 2-handles to Z ′ to

cancel the 1-handles. The attaching circle for the 2-handle cancelling the 1-handle described

above is the path α along with the core of the 1-handle pushed to the boundary of Z ′.

The map Z ′ → Xn(L) extends over the 2-handle with the image of the 2-handle missing

L ⊂ Xn(L) since the image of the attaching circle in M×
pn is nullhomotopic. After attaching
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all 2-handles, we are left with an m-component surface C ⊂M × [0, 1] cobounded by L and

L′ and a homotopyM× [0, 1]→ Xn(L), which we continue to call H, such that H−1(L) = C.

This proves Claim 1.

Claim 2. Our new surface C ⊂M × [0, 1] induces an isomorphism π/Γn
∼=−→ πC/ΓCn .

The proof of Claim 2 is analogous to part of the proof of Proposition 3.10, so we will omit

some details. Since we modified the homotopy H rel boundary, the new homotopy obtained

through the proof of Claim 1 restricts to hn(L, id) on M × {0}. Thus, the composition

π/Γn → πC/ΓCn → π/Γn remains idπ/Γn . So π/Γn ↪→ πC/ΓCn is injective. It suffices to prove

surjectivity. We remark that the composition π/Γk → πC/ΓCk → π/Γk is idπ/Γk for all k ≤ n.

The proof for n = 2 is analogous to the proof Proposition 3.10. Consider the following

diagram of exact sequences of pairs with coefficients in Z[π1(M)] which we suppress.

H2(M) H2(M,EL) H1(EL) 0

H2(M × [0, 1]) H2(M × [0, 1], EC) H1(EC) 0

As before, it suffices to prove that the homomorphism

H2(M,EL;Z[π1(M)])→ H2(M × [0, 1], EC ;Z[π1(M)])

is an isomorphism. We employ excision and again consider the diagram of exact sequences

of pairs with coefficients in Z[π1(M)] below.

0 H2(νL, ∂EL) H1(∂EL) H1(νL) 0

0 H2(νC, ∂νC) H1(∂νC) H1(νC) 0

Analyzing this diagram, we conclude

H2(M,EL) ∼= H2(νL, ∂EL) = ker(H1(∂EL)→ H1(νL)) = H1(⊔mi)

= ker
(
H1(∂νC)→ H1(νC)

)
= H2(νC, ∂νC) ∼= H2(M × [0, 1], EC),

where the mi represent meridians for both L and C. This proves Claim 2 for n = 2.
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We now use induction. Suppose π/Γj → πC/ΓCj is an isomorphism for all j ≤ k for some

2 ≤ k < n. We have already seen that π/Γk+1 → πC/ΓCk+1 is injective. Consider the diagram

of short exact sequences below.

1 Γk/Γk+1 π/Γk+1 π/Γk 1

1 ΓCk /Γ
C
k+1 πC/ΓCk+1 πC/ΓCk 1

∼=

To prove π/Γk+1 → πC/ΓCk+1 is also surjective, it suffices to show Γk/Γk+1 → ΓCk /Γ
C
k+1 is

surjective. We again invoke the Stallings 5-term natural exact sequence ([Sta65]; see Section

2.3.1) in the following diagram.

H2(Γ) H2(Γ/Γk) Γk/Γk+1 0

H2(Γ
C) H2(Γ

C/ΓCk ) ΓCk /Γ
C
k+1 0

∼=

Since the composite H2(Γ/Γk)
∼=−→ H2(Γ

C/ΓCk ) ↠ ΓCk /Γ
C
k+1 is surjective, so is Γk/Γk+1 →

ΓCk /Γ
C
k+1. This proves Claim 2.

We now have the following diagram of groups, induced by the surface C ⊂M × [0, 1] and

the homotopy H:

π′/Γ′
n

πC/ΓCn π/Γn

π/Γn

ϕ

∼=

∼=

Thus, we also have isomorphisms π′/Γ′
n

∼=−→ πC/ΓCn and πC/ΓCn
∼=−→ π/Γn. In particular, since

the map M × [0, 1]→ Xn(L) sends C to L, for each component Ci of C the image of π1(Ci)

is sent to the image of π1(Li) under the isomorphism πC/ΓCn
∼=−→ π/Γn. Because the inverse of

this isomorphism is induced by the inclusion EL ↪→ EC , C is an n-cobordism by definition.

Furthermore, C induces the isomorphisms ϕ and ϕ∂ by construction. This proves (2) implies

(3).
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(3) =⇒ (2). Now suppose Σ ⊂M × [0, 1] is an n-cobordism between L and L′ inducing the

n-basing (ϕ, ϕ∂). This yields inclusions of the pairs (EL, ∂EL) and (EL′ , ∂EL′) into (EΣ, ∂νΣ)

which induce the isomorphism ϕ∂ on the boundary. We also have the following diagram of

isomorphisms:

π′/Γ′
n

πΣ/ΓΣ
n π/Γn.

π/Γn

∼=
ϕ

∼=
∼=

∼=

We would like to obtain the diagram of pairs of spaces below. We wish to construct the map

(EΣ, ∂νΣ)→ (M×
pn , ∂EL).

(EL′ , ∂EL′)

(EΣ, ∂νΣ) (M×
pn , ∂EL).

(EL, ∂EL)

We first extend the maps on EL and EL′ to ∂νΣ. Choose a basing for L (which induces

a basing on Σ), and choose a trivialization of νL (hence νΣ and νL′). We have the diagram

below for each i, where Li and Σi are parallels of the cores of νL and νΣ, respectively,

induced by the trivializations.

π1(Li) π/Γn

π1(Σi) πΣ/ΓΣ
n

∼=

Since Σ is an n-cobordism, the image of π1(Li) in πΣ/ΓΣ
n is onto the image of π1(Σi).

Because π/Γn
∼=−→ πΣ/ΓΣ

n is an isomorphism, the same is true in π/Γn. We extend the map to

the 1-skeleton of Σ by sending each based loop in Σ to a based loop in L whose image agrees

in π/Γn. There is no obstruction to defining a map from the 2-skeleton of Σ (i.e. all of Σ)

to L. To complete the extension to ∂νΣ, we use the trivializations to map ∂νΣ ∼= S1×Σ→

S1 × L ∼= ∂EL. We now have a map of pairs (EL ∪ ∂νΣ ∪ EL′ , ∂νΣ)→ (M×
pn , ∂EL).
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There is no obstruction to extending to all of EΣ given the diagram of group isomorphisms

above. Thus, we obtain a map of pairs (EΣ, ∂νΣ)→ (M×
pn , ∂EL) which fits into the diagram

above. This map restricts to a bundle map ∂νΣ → ∂EL from the sphere bundle of Σ to

the sphere bundle of L ⊂ Xn(L). Extend to the corresponding disk bundles νΣ and νL by

coning on fibers. This yields a map H : M × [0, 1] → Xn(L) which is a homotopy between

hn(L, id) and hn(L
′, ϕ). Thus, the invariant hn(L

′, ϕ) vanishes.

We have now proven the equivalence of (1)-(3). To complete the proof of the theorem,

we show the corresponding basing-independent statements are equivalent.

(1′) ⇐⇒ (2′). The links L and L′ are n-equivalent if and only if they are n-equivalent via

some n-basing (ϕ, ϕ∂). By the equivalence of (1) and (2), this is true if and only if hn(L
′, ϕ)

vanishes for some n-basing ϕ, which is true if and only if hn(L
′) vanishes.

(2′)⇐⇒ (3′). The invariant hn(L
′) vanishes if and only if hn(L

′, ϕ) vanishes for some n-basing

ϕ. By the equivalence of (2) and (3), this is true if and only if L and L′ are n-cobordant via

some n-basing ϕ, i.e. if and only if L and L′ are n-cobordant. □

Theorem B follows readily from Theorem B0.

Proof of Theorem B. Lemmas 5.2 and 5.3 imply (ψ, ψ∂) = ((ϕ′)−1 ◦ ϕ′′, (ϕ′
∂)

−1 ◦ ϕ′′
∂)

is an n-basing of L′′ relative to L′. The equivalence of (1) and (3) for the n-basing (ψ, ψ∂) is

exactly the equivalence of statements (1) and (3) from Theorem B0.

We next see that (1) and (2) are equivalent. Let hϕ′ be the homotopy equivalence of pairs

hϕ′ : (Xn(L
′), νL′)

≃−→ (Xn(L), νL) induced by the n-basing (ϕ′, ϕ′
∂) (provided by Proposition

5.1). Observe that hϕ′ ◦hn(L′, id) = hn(L
′, ϕ′) and hϕ′ ◦hn(L′′, ψ) = hn(L

′′, ϕ′′). By Theorem

B0, L
′ and L′′ are n-equivalent via the n-basing ψ if and only if hn(L

′′, ψ) ≃ hn(L
′, id). Since

hϕ′ is a homotopy equivalence, this is the case if and only if hϕ′ ◦hn(L′′, ψ) ≃ hϕ′ ◦hn(L′, id),

that is, hn(L
′′, ϕ′′) = hn(L

′, ϕ′) ∈ [M,Xn(L)]0.

The equivalence of the analogous basing-independent statements follows immediately

from the equivalence of (1)-(3) in a similar manner to the proof of Theorem B0. □
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5.3.3. Proof of Theorem C. Recall that Theorem C states precise conditions under

which a homotopy class f ∈ [M,Xn(L)]0 is realized as hn(L
′, ϕ) for some link L′ ⊂ M

and some n-basing ϕ; see Section 3.5 for the full statement. Some elements of the proof of

Theorem C mirror arguments from the proof of Theorem B0.

Proof. ( =⇒ ). Suppose f ∈ [M,Xn(L)]0 is realizable. Then f = hn(L
′, ϕ) for some

m-component link L′ ⊂ M which admits the n-basing (ϕ, ϕ∂) relative to L. By Proposition

5.1, the n-basing ϕ induces a canonical homotopy equivalence of pairs

hϕ : (Xn(L
′), νL′)

≃−→ (Xn(L), νL).

Since f = hn(L
′, ϕ), we have by definition that f ≃ hϕ ◦ ιn(L′). Recall that we obtain the

following diagram:

M Xn(L
′)

Bπ1(M).

M Xn(L)

ιn(L′)

ιn(L)

hϕ≃

We can see that f∗ = (hϕ)∗ ◦ ιn(L′)∗ = ιn(L)∗ from the induced diagram on fundamental

groups.

π1(M) π1(Xn(L
′))

π1(M)

π1(M) π1(Xn(L))

∼=

∼=

∼=

∼=

∼=

Thus, condition (2) holds.

Next, since hϕ is a map of pairs, the composition ∆ ◦ f∗ = ∆ ◦ (hϕ)∗ ◦ ιn(L′)∗ sends [M ]

to Σ[Ti]. Thus, condition (1) holds.
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Finally, we show condition (3) holds. Consider diagram (∗) below, where all coefficients

are in Z[π1(M)] and j < n. Recall that Kj(π/Γn) is the kernel of H2(π/Γn)→ H2(π/Γj).

(∗)

H1(M) H1(Xn(L))

H2(EL′) H2(M) H2(Xn(L)) H2(Xn(L))/im(Kj(π/Γn))

H2(π
′) H2(π

′/Γ′
n) H2(π/Γn) H2(π/Γn)/Kj(π/Γn)

∩[M ] ∼=

f∗

∼=

∩f∗[M ]
proj◦(∩f∗[M ])

j′∗ f∗ proj

ϕ∗
∼=

proj

The map ∩[M ] is an isomorphism by Poincaré duality. The map f ∗ on the top row is an

isomorphism by the Universal Coefficient Sequence since f∗ : Hi(M ;Z) → Hi(Xn(L);Z) is

an isomorphism for i = 0, 1. The map ϕ∗ is an isomorphism by the assumption that ϕ is an

n-basing. Observe that we have H2(π
′;Z[π1(M)]) = H2(Γ

′;Z) and H2(π/Γn;Z[π1(M)]) =

H2(Γ/Γn;Z).

We invoke the Stallings-Dwyer Theorem with A = Γ′ and B = Γ/Γn (see Section

2.3.1). By assumption, Γ′ → Γ/Γn induces an isomorphism on nth-lower central quo-

tients. Therefore, the map H2(π
′) → H2(π/Γn)/Kj(π/Γn) (with Z[π1(M)] coefficients),

which is the composition of the three maps on the bottom row of the diagram, is sur-

jective. Combining with the surjectivity of H2(EL′) ↠ H2(π
′) and following the diagram

counter-clockwise beginning with H2(EL′), we see that H2(EL′) surjects onto the image of

H2(π/Γn)/Kj(π/Γn) in H2(Xn(L))/im(Kj(π/Γn)). Thus, the composition of maps follow-

ing the diagram clockwise from H2(EL′) to H2(Xn(L))/im(Kj(π/Γn)) also surjects onto the

image of H2(π/Γn)/Kj(π/Γn) in H2(Xn(L))/im(Kj(π/Γn)). This implies proj ◦ (∩f∗[M ]) is

onto the image of H2(π/Γn)/Kj(π/Γn). Thus, condition (3) holds for all j < n.

(⇐= ). To prove the converse, suppose f ∈ [M,Xn(L)]0 satisfies conditions (1)-(3). We may

assume the image of f contains L ⊂ Xn(L). Define L′′ = f−1(L), the transverse preimage

of L under f . The restriction of f to EL′′ yields a map EL′′ →M×
pn , hence a homomorphism

π′′ → π/Γn. Since f∗ = ιn(L)∗ on fundamental groups, this is a homomorphism over π1(M).
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Claim 1. The restriction of f to EL′′ induces a surjective homomorphism π′′/Γ′′
n ↠ π/Γn.

First, we prove Γ′′/Γ′′
2 → Γ/Γ2 is surjective. Consider the diagram of Mayer-Vietoris

sequences below corresponding to the decompositions M = EL′′ ∪∂EL′′ νL
′′ and Xn(L) =

M×
pn ∪∂EL νL. Recall that M

×
pn is a K(π/Γn, 1). All coefficients are in Z[π1(M)].

H1(∂EL′′) H1(EL′′)⊕H1(νL
′′) 0

H1(∂EL) H1(π/Γn)⊕H1(νL) 0

The vertical map on the left is surjective by construction. The vertical map on the right

splits as a direct sum of homomorphisms. Thus, by the diagram,

Γ′′/Γ′′
2 = H1(EL′′ ;Z[π1(M)])→ H1(π/Γn;Z[π1(M)]) = Γ/Γ2

is surjective. By the same argument given in Claim 1 of the proof of the Stallings-Dwyer

Theorem (see Section 2.3.1) the homomorphism Γ′′/Γ′′
n → Γ/Γn is surjective. Because

π′′/Γ′′
n → π/Γn is a homomorphism over π1(M), the Five Lemma implies that π′′/Γ′′

n → π/Γn

is surjective.

Claim 2. We may reduce the number of components of L′′ without altering the homotopy

class of the map f such that the resulting link L′ has m components and maps homeomor-

phically to L.

The proof of Claim 2 is similar to the proof of Claim 1 of (2) =⇒ (3) from the proof of

Theorem B0 with one notable exception. When we finish reducing the number of compo-

nents of L′′, we want each component of the resulting link to map homeomorphically onto a

component of L. Suppose some component Li of L has a transverse preimage which is not

connected, that is, f−1(Li) is more than one component of the link L′′. In exactly the same

way as in the proof of Theorem B0, we attach 1-handles toM×{1} ⊂M× [0, 1] in which we

connect the components of f−1(Li). Then, we attach cancelling 2-handles and are left with

a homotopy M × [0, 1]→ Xn(L) which is f on M ×{0} and a map g′ on M ×{1} such that

the preimage of Li under g
′ is a single component L′

i. Just as in the proof of Theorem B0,
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we leverage the surjection π′′/Γ′′
n ↠ π/Γn. By assumption (1), ∆g′∗[M ] = ∆f∗[M ] =

∑
i[Ti].

Thus, by additional homotopy of g′ (which we may take to be the identity outside a neigh-

borhood of νL′
i), we may arrange that g′ maps L′

i homeomorphically to Li. We do the same

for all components of L and obtain a map g ≃ f with the desired property. This proves

Claim 2.

Claim 3. We have an isomorphism π′/Γ′
n

∼=−→ π/Γn.

Observe that the surgeries performed in the proof of Claim 2 did not alter the fact that

we have a surjective homomorphism π′/Γ′
n ↠ π/Γn.

To begin, we show Γ′/Γ′
2 = H1(EL′ ;Z[π1(M)]) → H1(EL;Z[π1(M)]) = Γ/Γ2 is now an

isomorphism. Consider the diagram of Mayer-Vietoris sequences below corresponding to the

decompositions M = EL′ ∪∂EL′ νL
′, Xn(L) = M×

pn ∪∂EL νL, and M = EL ∪∂EL νL. All

coefficients are in Z[π1(M)].

H2(M) H1(∂EL′) H1(EL′)⊕H1(νL
′) 0

H2(Xn(L)) H1(∂EL) H1(π/Γn)⊕H1(νL) 0

H2(M) H1(∂EL) H1(EL)⊕H1(νL) 0

g∗ ∼=

ιn(L)∗ ∼=

The rightmost vertical maps split as direct sums of homomorphisms, and H1(νL
′) maps

isomorphically onto H1(νL). It suffices to show ιn(L)
−1
∗ ◦ g∗ sends im

(
H2(M)→ H1(∂EL′)

)
isomorphically to im

(
H2(M) → H1(∂EL)

)
. To show this, we prove the diagram below

commutes. All coefficients are still in Z[π1(M)].

H1(M) H2(M) H1(∂EL′)

H1(Xn(L)) H1(∂EL)

H1(M) H2(M) H1(∂EL)

∩[M ]

∼=
∆

∼=g∗ ∼=

ιn(L)∗ ∼=

∩[M ]

∼=
∆

The leftmost vertical arrows are isomorphisms by the Universal Coefficient Sequence since

g∗ and ιn(L)∗ are isomorphisms on Hi(−;Z), i = 0, 1. Consider the two commutative squares
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below, again with coefficients in Z[π1(M)]. We use these squares to see that the diagram

above commutes. The commutativity of the squares below follows from the relationship

between the connecting homomorphism in Mayer-Vietoris sequences and the cap product;

see [Spa95].

H1(Xn(L)) H1(∂EL)

H2(Xn(L)) H1(∂EL)

inc∗

∩(ιn(L)∗[M ]) ∩(∆ιn(L)∗[M ])

∆

H1(Xn(L)) H1(∂EL)

H2(Xn(L)) H1(∂EL)

inc∗

∩(g∗[M ]) ∩(∆g∗[M ])

∆

We check that the large square commutes. Let α ∈ H1(Xn(L);Z[π1(M)]). Then

g∗∆(g∗α ∩ [M ]) = ∆g∗(g
∗α ∩ [M ]) = ∆(α ∩ g∗[M ]) = inc∗(α) ∩ (∆g∗[M ])

= inc∗(α) ∩ (∆ιn(L)∗[M ]) = ∆(α ∩ ιn(L)∗[M ])

= ∆ιn(L)∗(ιn(L)
∗α ∩ [M ]) = ιn(L)∗∆(ιn(L)

∗α ∩ [M ]).

The third and fifth equalities follow from the commutative squares above. The fourth equality

follows from condition (1) or by construction. Thus, the diagram commutes, and we obtain

an isomorphism Γ′/Γ′
2

∼=−→ Γ/Γ2.

We consider the diagram (∗) again, copied below. We have written g in place of f , but the

two maps are homotopic, so this diagram is identical to the one seen before. All coefficients

are in Z[π1(M)]. The diagram commutes for all j < n. By assumption (3), proj◦(∩g∗[M ]) =

proj ◦ (∩f∗[M ]) is onto the image of H2(π/Γn)/Kj(π/Γn) in H2(Xn(L))/im(Kj(π/Γn)). We

claim the composition H2(π
′)→ H2(π/Γn)/Kj(π/Γn) of the three arrows on the bottom row

is onto. Claim 3 then follows from the Stallings-Dwyer Theorem.

H1(M) H1(Xn(L))

H2(EL′) H2(M) H2(Xn(L)) H2(Xn(L))/im(Kj(π/Γn))

H2(π
′) H2(π

′/Γ′
n) H2(π/Γn) H2(π/Γn)/Kj(π/Γn)

∩[M ] ∼=

g∗

∼=

∩g∗[M ]
proj◦(∩g∗[M ])

j′∗ g∗ proj

proj
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To prove this surjectivity, we consider the diagram of Mayer-Vietoris sequences seen

previously. We copy a different part of this diagram below. All coefficients are in Z[π1(M)].

We will use that the leftmost and rightmost vertical maps are isomorphisms.

H2(∂EL′) H2(EL′) H2(M) H1(∂EL′)

H2(∂EL) H2(π/Γn) H2(Xn(L)) H1(∂EL)

H2(∂EL) H2(EL) H2(M) H1(∂EL)

∼= g∗ ∼=

ιn(L)∗

A diagram chase using the two diagrams above completes the proof of Claim 3. Let

x ∈ H2(π/Γn). By assumption (3), there exists α ∈ H1(Xn(L)) such that the images of x

and α agree in H2(Xn(L))/im(Kj(π/Γn)). Let x and a denote the respective images of these

elements in H2(Xn(L)). Then x− a ∈ im(Kj(π/Γn)), so there exists some y ∈ Kj(π/Γn) ≤

H2(π/Γn) whose image in H2(Xn(L)) is x − a. The element x − y ∈ H2(π/Γn) maps to

a ∈ H2(Xn(L)), so a is in the image of H2(π/Γn). In particular, this implies that ∆(a) = 0,

where ∆ is the connecting homomorphism in the appropriate Mayer-Vietoris sequence. We

apply the two isomorphisms at the top of diagram (∗) to α to produce an element b ∈ H2(M)

such that g∗(b) = a. By the rightmost vertical isomorphisms in the Mayer-Vietoris diagram,

∆(b) = 0, too. Thus, there exists c ∈ H2(EL′) which maps to b in H2(M). Following diagram

(∗) counterclockwise from H2(EL′) to H2(π/Γn), consider the image z of the element c. Since

x−y and z both map to a ∈ H2(Xn(L)), the Mayer-Vietoris sequence implies that z−(x−y)

is in the image of H2(∂EL). Using the isomorphism at the upper-left of the Mayer-Vietoris

diagram, subtract from c ∈ H2(EL′) the image of this element. This yields c′ ∈ H2(EL′)

whose image in H2(π/Γn) is z − (z − (x − y)) = x − y. Since y ∈ Kj(π/Γn), x − y and x

have the same image in H2(π/Γn)/Kj(π/Γn).

Thus, the map H2(EL′) → H2(π/Γn)/Kj(π/Γn) is surjective, and so the map H2(π
′) →

H2(π/Γn)/Kj(π/Γn) is, too. By the Stallings-Dwyer Theorem with A = Γ′ and B = Γ/Γn,

g induces an isomorphism Γ′/Γ′
n

∼=−→ Γ/Γn, hence an isomorphism π′/Γ′
n

∼=−→ π/Γn by the Five

Lemma. This proves Claim 3.
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To complete the proof of the theorem, we note that the isomorphism π′/Γ′
n

∼=−→ π/Γn

we obtain from Claim 3, along with the isomorphism H1(∂EL′)
∼=−→ H1(∂EL), constitutes an

n-basing for L′ relative to L. Thus, hn(L
′, ϕ) is defined, and

hn(L
′, ϕ) = g = f ∈ [M,Xn(L)]0.

□

By the above proof, we observe

Corollary 5.6. Condition (3) in the statement of Theorem C is vacuous if π2(M) = 0

or, more generally, if the following composition is zero:

H2(EL;Z[π1(M)])→ H2(M ;Z[π1(M)])→ H2(Xn(L);Z[π1(M)]).

This fact is particularly useful for applications of Theorem C to open questions like the

Almost-Concordance Conjecture, as it shows there are many instances where we do not need

to check the somewhat technical condition (3).

Proof. Unless otherwise stated, all homology groups in this proof have coefficients

in Z[π1(M)]. Suppose π2(M) = 0. Then H2(M) = π2(M) = 0. Beginning with the

isomorphism Γ′/Γ′
2

∼=−→ Γ/Γ2 from the proof of Theorem C which did not depend on condition

(3), we inductively show π′/Γ′
j

∼=−→ π/Γj for all j ≤ n.

Suppose we have an isomorphism for j = k for some 2 ≤ k < n. By the Mayer-

Vietoris diagram in the proof of Theorem C, the homomorphisms H2(∂EL′)→ H2(EL′) and

H2(∂EL) → H2(EL) are surjective. This implies that the images of H2(π
′) and H2(π) in

H2(π
′/Γ′

k) and H2(π/Γk), respectively, are equal to the images of H2(∂EL′) and H2(∂EL)

and are therefore isomorphic. By the Stallings exact sequence (see Section 2.3.1), we obtain

an isomorphism Γ′
k/Γ

′
k+1

∼=−→ Γk/Γk+1, hence an isomorphism π′/Γ′
k+1

∼=−→ π/Γk+1. This

completes the induction.

By the proof of the Stallings-Dwyer Theorem, H2(π
′)→ H2(π/Γn)/Kj(π/Γn) is surjective

for all j < n. From diagram (∗) in the proof of Theorem C,H2(EL′) surjects onto the image of

H2(π/Γn)/Kj(π/Γn) in H2(Xn(L))/im(Kj(π/Γn)). This image is 0 because the map factors
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through H2(M) = 0. Condition (3) of Theorem C is therefore vacuous. (In fact, the image

of the map proj ◦ (∩f∗[M ]) is also 0 because H1(Xn(L)) ∼= H1(M) ∼= H2(M) = 0.)

The proof in the general case where the composition H2(EL)→ H2(M)→ H2(Xn(L)) is

zero is nearly identical and leverages the same Mayer-Vietoris diagram. □

5.4. Characterization and realization for θn and µn

We conclude this chapter with proofs of Theorems D0, D, and E concerning the homology

concordance invariants θn and µn. Recall that Theorem D states that the Z[G]-homology

concordance invariants µn determine whether an (n+1)-basing exists, assuming the existence

of an n-basing. In other words, the G-Milnor’s invariants µn determine the G-lower central

quotients one step at a time. Theorem D will follow quickly from Theorem D0, which

characterizes when the invariants θn vanish in the cokernel of Rn+1(L)→ Rn(L). Theorem

E gives precise conditions under which elements of H3(X
{1}
n (L)) are realized as (integral)

homology concordance invariants of links in 3-manifolds. In this section, our links are not

assumed to live in the same 3-manifold. Some of the proofs in this section are similar to

arguments seen in [CO23].

5.4.1. Proof of Theorem D. We prove the following theorem toward eventually prov-

ing Theorem D0 and its generalization Theorem D.

Theorem 5.7. Fix an m-component link L ⊂ M , and let n ≥ 2. Suppose L′ ⊂ M ′ and

L′′ ⊂M ′′ are m-component links equipped with n-basings (ϕ′, ϕ′
∂) and (ϕ′′, ϕ′′

∂) over G relative

to L, so that (ψ, ψ∂) = ((ϕ′)−1 ◦ ϕ′′, (ϕ′
∂)

−1 ◦ ϕ′′
∂) is an n-basing over G for L′′ relative to L′.

If θGn (L
′, ϕ′) = θGn (L

′′, ϕ′′) ∈ H3(X
G
n (L)), then the n-basing (ψ, ψ∂) lifts to an (n + 1)-basing

over G for L′′ relative to L′.

Proof. Suppose θn(L
′, ϕ′) = θn(L

′′, ϕ′′). Recall that H3(Xn(L)) is equal to the oriented

bordism group ΩSO
3 (Xn(L)). By definition, θn(L

′, ϕ′) = hn(L
′, ϕ′)∗[M

′] and θn(L
′′, ϕ′′) =

hn(L
′′, ϕ′′)∗[M

′′]. Since θn(L
′, ϕ′) = θn(L

′′, ϕ′′), there is an oriented cobordism W from M ′

to M ′′ over the space Xn(L) as in the diagram below.
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M ′′

W Xn(L)

M ′

hn(L′′,ϕ′′)

f

hn(L′,ϕ′)

Taking the transverse preimage of L ⊂ Xn(L) under the map f , we obtain a surface

Σ ⊂ W cobounded by the links L′ and L′′. This surface may have more than m components.

We use an argument similar to the one seen in Claim 1 of (2) =⇒ (3) in the proof of

Theorem B0 to reduce the number of components of Σ.

Suppose f−1(Li) has more than one component for some i. Using the same method

as the proof of Theorem B0, we attach 1-handles to W × {1} ⊂ W × [0, 1] in which we

connect the components of f−1(Li). It is not necessary in this case, as it was in the proof of

Theorem B, to attach cancelling 2-handles. Nevertheless, we can attach cancelling 2-handles

and extend the map to Xn(L) over these 2-handles. This produces a homotopy rel boundary

W×[0, 1]→ Xn(L). The preimage of L under the mapW×{1} → Xn(L) is anm-component

surface C cobounded by L and L′. We also refer to this new map W → Xn(L) as f .

The pair (EC , ∂νC) is a cobordism of pairs between (EL′ , ∂EL′) and (EL′′ , ∂EL′′). We have

the following diagram of pairs, obtained by removing νL from Xn(L) and its corresponding

preimages under the maps hn(L
′, ϕ′), hn(L

′′, ϕ′′), and f :

(EL′′ ,∂EL′′)

(EC ,∂νC) (M×
pn ,∂EL).

(EL′ ,∂EL′)

We postcompose with the homotopy inverse of the homotopy equivalence hϕ′ : (M
×
p′n
, ∂EL′)

≃−→

(M×
pn , ∂EL) induced by the n-basing ϕ′ to obtain the diagram
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(EL′′ ,∂EL′′)

(EC ,∂νC) (M×
pn ,∂EL) (M×

p′n
, ∂EL′).

(EL′ ,∂EL′)

hψ◦p′′n

≃

p′n

The n-basing (ψ, ψ∂) of L
′′ relative to L′ is now encoded in this diagram via the corresponding

homotopy equivalence hψ : (M×
p′′n
, ∂EL′′)

≃−→ (M×
p′n
, ∂EL′). In order to lift ψ to an (n + 1)-

basing, we will obtain a lift

(M×
p′n+1

, ∂EL′)

(EL′′ , ∂EL′′) (M×
p′n
, ∂EL′).

pn+1,n

hψ◦p′′n

The lift of ∂EL′′ is already determined by the isomorphism ψ∂. We therefore have a relative

lifting problem

∂EL′′ M×
p′n+1

EL′′ M×
p′n
.

ψ∂

pn+1,n

hψ◦p′′n

?∃

Since pn+1,n is not necessarily a fibration, we replace M×
p′n+1

with the mapping path space

P of pn+1,n. It then suffices to find a relative lift of hψ ◦ p′′n to P . We may lift the 1-skeleton

with no obstruction. Since P is a K(π′/Γ′
n+1, 1), if we can lift the 2-skeleton of EL′′ , then

we can also lift the 3-skeleton (i.e. all of EL′′). The map P → M×
p′n

is a fibration from a

K(π′/Γ′
n+1, 1) to a K(π′/Γ′

n, 1), and therefore its fiber is a K(Γ′
n/Γ

′
n+1, 1). This fibration

defines a system of local coefficients given by A = Γ′
n/Γ

′
n+1 as a module over Z[π′/Γ′

n]. Since

π′/Γ′
n ↠ G is surjective, A is a module over Z[G].

The obstruction to lifting the 2-skeleton of EL′′ is an element oL′′ ∈ H2(EL′′ , ∂EL′′ ;A),

where we understand coefficients in A to mean the system of local coefficients from the

fibration pulled back over the appropriate spaces. This obstruction vanishes if and only if

we have a relative lift of EL′′ to P and, in turn, to M×
p′n+1

. Analogously, we have obstruction
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classes oL′ and oC corresponding to lifting EL′ and EC . The naturality of obstruction classes

gives us

H2(EL′ , ∂EL′ ;A) H2(EC , ∂νC;A) H2(EL′′ , ∂EL′′ ;A)

oL′ oC oL′′ .

The relative lift of EL′ exists, as we have the inclusion map EL′ ↪→M×
p′n+1

. Thus, oL′ = 0. It

therefore suffices to prove

ker
(
(H2(EC , ∂νC;A)→ H2(EL′ , ∂EL′ ;A)

)
= ker

(
(H2(EC , ∂νC;A)→ H2(EL′′ , ∂EL′′ ;A)

)
.

We prove this equality through a series of reductions.

First, consider the following diagram, where the horizontal arrows are Poincaré duality:

H2(EC , EL′ ⊔ EL′′ ;A) H2(EC , ∂νC;A)

H1(EL′ ⊔ EL′′ ;A) H2(EL′ ⊔ EL′′ , ∂EL′ ⊔ ∂EL′′ ;A)

H1(EL′ ;A)⊕H1(EL′′ ;A) H2(EL′ , ∂EL′ ;A)⊕H2(EL′′ , ∂EL′′ ;A)

H1(EL′ ;A) H2(EL′ , ∂EL′ ;A).

∼=

∆ inc∗

∼=

∼=

p

∼=

As in the proof of Claim 3 of Theorem C, the top square commutes by the relationship

between cap product and the connecting homomorphism in Mayer-Vietoris sequences; see

[Spa95]. By the diagram, ker
(
(H2(EC , ∂νC;A) → H2(EL′ , ∂EL′ ;A)

)
= PD(ker(p ◦ ∆)),

where PD is the Poincaré duality map. If p|im∆ injects, then this equals PD(ker∆). On the

other hand, ker
(
(H2(EC , ∂νC;A) → H2(EL′′ , ∂EL′′ ;A)

)
= PD(ker(q ◦ ∆)) ⊇ PD(ker∆),

where q : H1(EL′ ;A)⊕H1(EL′′ ;A) ↠ H1(EL′′ ;A) is projection onto the second factor. Thus,

the equality we wish to prove follows if both p|im∆ and q|im∆ inject. But

im∆ = ker
(
H1(EL′ ⊔ EL′′ ;A)→ H1(EC ;A)

)
=

{
(x, y) ∈ H1(EL′ ;A)⊕H1(EL′′ ;A)

∣∣∣ i′∗(x) + i′′∗(y) = 0
}
,
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where i′∗ : H1(EL′ ;A) → H1(EC ;A) and i′′∗ : H1(EL′′ ;A) → H1(EC ;A) are induced by

inclusion. Suppose (x, y) ∈ im∆ with p(x, y) = x = 0. Then i′′∗(y) = 0. Similarly, if

q(x, y) = y = 0, then i′∗(x) = 0. It therefore suffices to prove that i′∗ and i′′∗ inject.

We now invoke the Universal Coefficient Spectral Sequence, a homology spectral sequence

with E2
p,q = TorZ[G]

p (Hq(−;Z[G]), A) which converges to H∗(−;A); see [Lev77] Theorem 2.3

or [Rot09] Theorem 11.34. From this spectral sequence, we obtain the following natural

short exact sequence akin to the Universal Coefficient Theorem:

0→
H1(−;Z[G])⊗Z[G] A

im(Tor2(H0(−;Z[G]), A))
→ H1(−;A)→ Tor1(H0(−;Z[G]), A)→ 0.

The map EL′ → M×
p′n

≃−→ M×
pn induces a map of spectral sequences, and therefore a map

of short exact sequences of the type seen above. The isomorphisms

H0(EL′ ;Z[G])
∼=−→ H0(π

′/Γ′
n;Z[G])

∼=−→ H0(π/Γn;Z[G])

and

H1(EL′ ;Z[G])
∼=−→ H1(π

′/Γ′
n;Z[G])

∼=−→ H1(π/Γn;Z[G])

imply that H1(EL′ ;A)
∼=−→ H1(π/Γn;A) is an isomorphism. Note that we use n ≥ 2 to

obtain the isomorphism H1(EL′ ;Z[G])
∼=−→ H1(π/Γn;Z[G]). The isomorphism H1(EL′ ;A)

∼=−→

H1(π/Γn;A) factors as

H1(EL′ ;A) H1(π/Γn;A).

H1(EC ;A)

∼=

i′∗

Thus, i′∗ injects. To show i′′∗ injects, we repeat the argument and apply the spectral sequence

to EL′′ .

The injectivity of i′∗ and i′′∗ implies

ker
(
(H2(EC , ∂νC;A)→ H2(EL′ , ∂EL′ ;A)

)
= ker

(
(H2(EC , ∂νC;A)→ H2(EL′′ , ∂EL′′ ;A)

)
.

82



Since the obstruction class oL′ vanishes, the obstruction class oL′′ vanishes. We obtain a lift

of hψ ◦p′′n : EL′′ →M×
p′n

toM×
p′n+1

rel ψ∂, that is, a map of pairs (EL′′ , ∂EL′′)→ (Mp′n+1
, ∂EL′).

This map factors as

(EL′′ , ∂EL′′) (M×
p′n+1

, ∂EL′),

(M×
p′′n+1

, ∂EL′′)
h̃

as the obstruction to such a factorization vanishes: The homomorphism π′′ ↠ π′/Γ′
n+1

factors through π′′/Γ′′
n+1 and yields a homomorphism ψ̃ : π′′/Γ′′

n+1 → π′/Γ′
n+1 lifting ψ. We

wish to show (ψ̃, ψ∂) is an (n + 1)-basing for L′′ relative to L′ which is a lift of (ψ, ψ∂). By

Proposition 5.1, it suffices to show that ψ̃ : π′′/Γ′′
n+1 → π′/Γ′

n+1 is an isomorphism, so that

h̃ is a homotopy equivalence of pairs.

To do so, we reverse the roles of L′ and L′′ and instead consider the diagram

(EL′′ ,∂EL′′)

(EC ,∂νC) (M×
pn ,∂EL) (Mp′′n , ∂EL′′).

(EL′ ,∂EL′)

p′′n

≃

hψ−1◦p′n

We solve the relative lifting problem

∂EL′ M×
p′′n+1

EL′ M×
p′′n

ψ−1
∂

p′′n+1,n

hψ−1◦p′n

?∃

and obtain a homomorphism ψ̃′ : π′/Γ′
n+1 → π′′/Γ′′

n+1 lifting ψ−1.

We now show that ψ̃ and ψ̃′ are mutually inverse. Consider the following diagram of

short exact sequences. Note that ψ̃ ◦ ψ̃′ is a lift of ψ ◦ ψ−1 = idπ′/Γ′
n
.

1 Γ′
n/Γ

′
n+1 π′/Γ′

n+1 π′/Γ′
n 1

1 Γ′
n/Γ

′
n+1 π′/Γ′

n+1 π′/Γ′
n 1

ψ̃◦ψ̃′
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To show ψ̃ ◦ ψ̃′ is the identity, it suffices to show ψ̃ ◦ ψ̃′ is the identity on Γ′
n/Γ

′
n+1. Since

ψ̃ ◦ ψ̃′ is a lift of idπ′/Γ′
n
, it is a homomorphism over G and therefore sends Γ′/Γ′

n+1 to itself.

We show ψ̃ ◦ ψ̃′ is, in fact, the identity on the larger subgroup Γ′
2/Γ

′
n+1.

Let g ∈ Γ′
2/Γ

′
n+1. Then g may be written as g = Πi[ai, bi], where ai, bi ∈ Γ′/Γ′

n+1.

Since ψ̃ ◦ ψ̃′ is a lift of idπ′/Γ′
n
, we have ψ̃ ◦ ψ̃′(ai) = aiui and ψ̃ ◦ ψ̃′(bi) = bivi for some

ui, vi ∈ Γ′
n/Γ

′
n+1. But Γ

′
n/Γ

′
n+1 is central in Γ′/Γ′

n+1, so [aiui, bivi] = [ai, bi] for all i. Thus,

ψ̃ ◦ ψ̃′(g) = Πi[ψ̃ ◦ ψ̃′(ai), ψ̃ ◦ ψ̃′(bi)] = Πi[aiui, bivi] = Πi[ai, bi] = g.

It follows that ψ̃ ◦ ψ̃′ = idπ′/Γ′
n+1

.

To complete the proof, reverse the roles of ψ̃ and ψ̃′ to see that ψ̃′ = ψ̃−1. Thus, (ψ̃, ψ∂)

constitutes an (n + 1)-basing for L′′ relative to L′ over G which is a lift of the n-basing

(ψ, ψ∂). □

We now apply Theorem 5.7 to characterize the notion of “vanishing in the cokernel”.

Proof of Theorem D0. The proof of this theorem follows quickly from Theorem 5.7.

Suppose L′ admits an (n+1)-basing ϕ̃ over G relative to L which is a lift of ϕ. The invariant

θn+1(L
′, ϕ̃) is sent to θn(L

′, ϕ) under the map Rn+1(L) → Rn(L). Thus, by definition,

θn(L
′, ϕ) vanishes in the cokernel of Rn+1(L)→ Rn(L).

Conversely, suppose θn(L
′, ϕ) vanishes in the cokernel of Rn+1(L)→ Rn(L). Then there

exists a 3-manifold (M ′′, φ′′) with φ′′ : π1(M
′′) ↠ G and a link L′′ ⊂ M ′′ equipped with an

(n + 1)-basing ϕ̃′ over G relative to L such that θn+1(L
′′, ϕ̃′) is sent to θn(L

′, ϕ) under the

map Rn+1(L) → Rn(L). Let ϕ′ be the n-basing for L′′ induced by the (n + 1)-basing ϕ̃′.

Then θn(L
′′, ϕ′) = θn(L

′, ϕ). By Theorem 5.7, the n-basing ψ = (ϕ′)−1 ◦ ϕ of L′ relative to

L′′ lifts to an (n+1)-basing ψ̃. We obtain an (n+1)-basing ϕ̃ for L′ relative to L which is a

lift of ϕ by composing with the (n + 1)-basing ϕ̃′. Define ϕ̃ to be the (n + 1)-basing ϕ̃′ ◦ ψ̃.

This proves the equivalence of (1) and (2).
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We now prove the equivalence of (1′) and (2′). Suppose L′ admits an (n + 1)-basing ϕ̃′

over G relative to L. Let ϕ′ be the n-basing induced by ϕ̃′. Note that ψ := ϕ◦(ϕ′)−1 is a self-

n-basing of L. Then θn+1(L
′, ϕ̃′) maps to θn(L

′, ϕ′) underRn+1(L)→ Rn(L), and θn(L
′, ϕ) =

ψ · θn(L′, ϕ′), that is, θn(L
′, ϕ) vanishes in the cokernel of Rn+1(L)→ Rn(L)/Aut(π/Γn, ∂).

Conversely, suppose θn(L
′, ϕ) vanishes in the cokernel ofRn+1(L)→ Rn(L)/Aut(π/Γn, ∂).

Then there exists a self-n-basing ψ for L such that ψ ·θn(L′, ϕ) = θn(L
′, ψ ◦ϕ) is in the image

of Rn+1(L). By part (2) of this theorem, L′ admits an (n+ 1)-basing ϕ̃′ relative to L which

is a lift of ψ ◦ ϕ. □

Before proceeding to the proof of Theorem D, we recall the definition of the equivalence

relation ∼ defined on Rn(L). For θ ∈ Rn(L), there exists a link L′ in some 3-manifold M ′

with π1(M
′) ↠ G which admits an n-basing ϕ over G relative to L such that θn(L

′, ϕ) = θ ∈

H3(Xn(L)). The set Iθ is the image of the composition Rn+1(L
′)→ Rn(L

′)
∼=−→
ϕ∗
Rn(L). We

say θ ∼ θ′ if θ′ ∈ Iθ.

Lemma 5.8. The set Iθ is well-defined and Iθ = Iθ′ if and only if θ′ ∈ Iθ, that is, the sets

Iθ form a partition of Rn(L) and ∼ is a well-defined equivalence relation.

Proof. Let θ ∈ Rn(L) with θ = θn(L
′, ϕ) for some link L′ in some 3-manifold M ′ which

admits the n-basing ϕ relative to L. Suppose θ′ ∈ Iθ. In particular this means θ′ ∈ Rn(L),

so that θ′ = θn(L
′′, ϕ′) for some link L′′ ⊂ M ′′. Then ϕ−1 ◦ ϕ′ is an n-basing for L′′ relative

to L′. Since θ′ ∈ Iθ, we have that θn(L
′′, ϕ−1 ◦ ϕ′) ∈ im

(
Rn+1(L

′) → Rn(L
′)
)
. By Theorem

D0, the n-basing ϕ
−1 ◦ ϕ′ lifts to an (n+ 1)-basing ψ for L′′ relative to L′.

Consider the following diagram, where the horizontal arrows are bijections of sets:

Rn+1(L
′′) Rn+1(L

′)

Rn(L
′′) Rn(L) Rn(L

′).

ψ∗
∼=

ϕ′∗

∼=
ϕ∗

∼=

To prove Iθ′ = Iθ, we need to see that this diagram commutes. Suppose θ′′ ∈ Rn+1(L
′′) with

θ′′ = θn+1(L
′′′, ϕ̃′′), where ϕ̃′′ is an (n+1)-basing for L′′′ relative to L′′ inducing the n-basing

ϕ′′. Considering the images of θn+1(L
′′′, ϕ̃′′) under the maps in the diagram above, we have
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θn+1(L
′′′, ϕ̃′′) θn+1(L

′′′, ψ ◦ ϕ̃′′)

θn(L
′′′, ϕ′′) θn(L

′′′, ϕ′ ◦ ϕ′′) θn(L
′′′, ϕ−1 ◦ ϕ′ ◦ ϕ′′).

ψ∗

ϕ′∗ ϕ∗

Thus, Iθ′ = Iθ. Taking θ
′ = θ shows that the set Iθ is well-defined, independent of our choice

of (L′, ϕ). □

Lemma 5.8 allows us to prove a generalization of Theorem D0 involving the equivalence

relation ∼. Instead of comparing one link L′ to a fixed link L, we can compare links L′ and

L′′ over the fixed link L.

Corollary 5.9. Fix an m-component link L ⊂ M , and let n ≥ 2. Suppose L′ ⊂ M ′

and L′′ ⊂ M ′′ are m-component links equipped with n-basings (ϕ′, ϕ′
∂) and (ϕ′′, ϕ′′

∂) over G

relative to L, so that (ψ, ψ∂) = ((ϕ′)−1 ◦ϕ′′, (ϕ′
∂)

−1 ◦ϕ′′
∂) is an n-basing over G for L′′ relative

to L′. Then the n-basing (ψ, ψ∂) lifts to an (n+1)-basing for L′′ over G relative to L′ if and

only if θn(L
′, ϕ′) ∼ θn(L

′′, ϕ′′) in Rn(L).

This is a generalization of Theorem D0 because θ ∼ θn(L, id) if and only if θ vanishes in the

cokernel of Rn+1(L)→ Rn(L).

Proof. By definition, θn(L
′′, ϕ′′) ∈ Iθn(L′,ϕ′) if and only if θn(L

′′, ψ) = θn(L
′′, (ϕ′)−1 ◦ ϕ′′)

vanishes in the cokernel of Rn+1(L
′)→ Rn(L

′). By Theorem D0, this happens if and only if

ψ lifts to an (n+ 1)-basing of L′′ relative to L′. □

Recall that the Milnor invariant of length n of the pair (L′, ϕ), where ϕ is an n-basing

over G relative to L, is the equivalence class µn(L
′, ϕ) = [θn(L

′, ϕ)] of the θ-invariant under

the equivalence relation ∼. Additionally, the Milnor invariant of length n of the link L′ is

the equivalence class µn(L
′) = [θn(L

′, ϕ)] under the equivalence relation ≈, where we further

quotient by the action of Aut(π/Γn, ∂).

We now prove Theorem D which generalizes Theorem D0. We leverage this theorem in

Chapter 6 to show that the vanishing of the lower central homotopy invariants, taken in

appropriate contexts, implies the vanishing of all previous versions of Milnor’s invariants.
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Proof of Theorem D. The equivalence of statements (1)-(3) and the equivalence of

statements (1′)-(3′) are the conclusions of Theorem D0. The equivalence of statements (4)

and (5) is a rewriting of the conclusion of Corollary 5.9. Finally, we prove that (4′) and (5′)

are equivalent.

Suppose there exists an (n + 1)-basing ψ̃ of L′′ relative to L′. Let ψ be the induced

n-basing, so that ψ = (ϕ′
n)

−1 ◦ (ϕ′
n ◦ ψ) lifts. By Corollary 5.9, θn(L

′, ϕ′
n) ∼ θn(L

′′, ϕ′
n ◦ ψ).

Equivalently, θn(L
′, ϕ′

n) ∼ ((ϕ′
n◦ψ)◦(ϕ′′

n)
−1) ·θn(L′′, ϕ′′

n), that is, µn(L
′) = µ(L′′). Conversely,

suppose µn(L
′) = µ(L′′). Then there exists a self-n-basing ψ of L such that ψ · θn(L′′, ϕ′′

n) ∼

θn(L
′, ϕ′

n), that is, θn(L
′′, ψ ◦ ϕ′′

n) ∼ θn(L
′, ϕ′

n). We obtain the desired (n + 1)-basing for L′′

relative to L′ from Corollary 5.9. □

5.4.2. Proof of Theorem E. Recall that Theorem E characterizes which elements of

H3(X
G
n (L)) are realized by links in the case where G is the trivial group (i.e. in the case of

integral homology concordance). See Section 4.3 for the full statement. Theorem E relies

heavily on a 3-dimensional homology surgery theorem of Turaev [Tur84]. In the case where

G ̸= {1}, a realization theorem for θ-invariants should follow from similar arguments, but

one would first need to prove a Z[G]-coefficient version of Turaev’s homology surgery result.

This is a topic of future consideration. We copy Turaev’s result below as Lemma 5.10.

Lemma 5.10 (Turaev [Tur84], Lemma 2.2). Suppose g : N → X is a map of a closed

oriented 3-manfiold N to a CW-complex X with finitely generated π1(X) such that the cap

product

∩ g∗[N ] : tH2(X)→ tH1(X)

is an isomorphism. Then (N, g) is oriented bordant over X to a pair (M, f) of a closed

oriented 3-manifold M and a map f :M → X which induces an isomorphism f∗ : H1(M)
∼=−→

H1(X).

Before proving Theorem E, we briefly remark that conditions (2) and (3) in the statement

of the theorem can be viewed as Poincaré duality restrictions imposed on the homology class

θ ∈ H3(Xn(L)). The utility of condition (2) in the following proof is to apply Turaev’s
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theorem, Lemma 5.10. A homology class θ ∈ H3(Xn(L)) will produce for us a bordism class

of 3-manifolds over Xn(L) which we modify to ensure the desired homology. See Section 4.3

for a comparison of the statement of this theorem with the statement of Theorem C, the

realization theorem for h-invariants.

Proof of Theorem E. ( =⇒ ). Suppose θ ∈ Rn(L). Then there exists a 3-manifold

M ′ and an m-component link L′ ⊂ M ′, where L′ admits an n-basing (ϕ, ϕ∂) relative to L

such that θn(L
′, ϕ) = θ. In other words, θ = hn(L

′, ϕ)∗[M
′]. For simplicity of notation, let f

denote the map hn(L
′, ϕ). First, since f is a map of pairs, ∆(θ) = ∆f∗[M

′] =
∑

i[Ti], where

∂EL′ = ⊔iTi. Thus, condition (1) holds.

Next, consider the commutative square below.

tH2(M ′) tH2(Xn(L))

tH1(M
′) tH1(Xn(L))

∩ [M ′]

f∗

∩ θ

f∗

The cap product ∩ [M ′] is an isomorphism by Poincaré duality. By Proposition 3.12,

π1(Xn(L)) ∼= π1(M)/π1(M)n ∼= π1(M
′)/π1(M

′)n. Thus, f∗ : tH1(M
′) → tH1(Xn(L)) is

an isomorphism. But tH2(−) = Ext(H1(−),Z), so f ∗ : tH2(Xn(L)) → tH2(M ′) is also an

isomorphism. By the diagram, ∩ θ is an isomorphism, too. This proves condition (2) holds.

To prove condition (3) holds, we invoke a similar diagram to diagram (∗) from the proof

of Theorem C. Consider the diagram below, where all coefficients are in Z.

H1(M ′) H1(Xn(L))

H2(EL′) H2(M
′) H2(Xn(L)) H2(Xn(L))/im(Kj(π/πn))

H2(π
′) H2(π

′/π′
n) H2(π/πn) H2(π/πn)/Kj(π/πn)

∩[M ′] ∼=

f∗

∼=

∩ θ
proj◦(∩ θ)

j′∗ f∗ proj

ϕ∗
∼=

proj

The map f ∗ : H1(Xn(L)) → H1(M ′) is an isomorphism since H1(−) = Hom(H1(−),Z)

and f∗ : H1(M
′)

∼=−→ H1(Xn(L)) is an isomorphism. By the Stallings-Dwyer Theorem,

H2(π
′) → H2(π/πn)/Kj(π/πn) is surjective since ϕ : π′/π′

n

∼=−→ π/πn is an isomorphism.

88



Just as in Theorem C, this implies proj ◦ (∩ θ) is onto the image of H2(π/πn)/Kj(π/πn) for

all j < n. This proves condition (3) holds.

(⇐= ). The converse combines Turaev’s result, Lemma 5.10, with ingredients from the

proof of Theorem C. When necessary, instead of repeating arguments from Theorem C, we

will reference the proof and sketch analogues of the arguments in this setting.

Suppose conditions (1)-(3) hold for some class θ ∈ H3(Xn(L)). Since H3(−) = ΩSO
3 (−),

there exists a 3-manifold M ′′ and a map g : M ′′ → Xn(L) such that g∗[M
′′] = θ. We first

invoke the homology surgery result of Turaev to alter (M ′′, g). We then use the transverality

techniques and arguments seen in the proof of Theorem C to produce the desired link realizing

the class θ.

By Turaev’s result and assumption (2), (M ′′, g) is bordant over Xn(L) to some (M ′, f),

where M ′ is a closed orientable 3-manifold and f :M ′ → Xn(L) induces an isomorphism on

H1(−). Since (M ′, f) is bordant to (M ′′, g), we have f∗[M
′] = g∗[M

′′] = θ. As in the proof

of Theorem C, we may assume that the image of the map f contains L. Define L′′ ⊂M ′ to

be the transverse preimage f−1(L) of L.

Claim 1. The restriction of f to EL′′ induces a surjective homomorphism π′′/π′′
n → π/πn.

We consider a diagram similar to the one seen in the proof of Theorem C.

H1(∂EL′′) H1(EL′′)⊕H1(νL
′′) H1(M

′) 0

H1(∂EL) H1(π/πn)⊕H1(νL) H1(Xn(L)) 0

∼=

The middle vertical arrow splits as a direct sum of homomorphisms. A diagram chase proves

π′′/π′′
2 = H1(EL′′)→ H1(π/πn) = π/π2 is surjective. As in the proof of Theorem C, Claim 1

now follows from a technique used in the proof of the Stallings-Dwyer Theorem; see Section

2.3.1.
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Claim 2. We may reduce the number of components of L′′ without altering the homotopy

class of the map f such that the resulting link L′ has m components and maps homeomor-

phically to L.

The proof of Claim 2 is entirely similar that of Claim 2 in the proof of Theorem C and

requires assumption (1); see also Claim 1 of (2) =⇒ (3) from the proof of Theorem B0.

Claim 3. The map f induces an isomorphism π′/π′
n

∼=−→ π/πn.

The proof of Claim 3 proceeds in the same way as the proof of Claim 3 of Theorem C.

We briefly summarize the argument.

We first show π′/π′
2 → π/π2 is an isomorphism. Consider the diagram of Mayer-Vietoris

sequences below.

H2(M
′) H1(∂EL′) H1(EL′)⊕H1(νL

′) H1(M
′) 0

H2(Xn(L)) H1(∂EL) H1(π/πn)⊕H1(νL) H1(Xn(L)) 0

H2(M) H1(∂EL) H1(EL)⊕H1(νL) H1(M) 0

f∗ ∼= ∼=

ιn(L)∗ ∼= ∼=

Using this diagram, it suffices to prove (ιn(L)∗)
−1◦f∗ sends im

(
H2(M

′)→ H1(∂EL′)
)
isomor-

phically to im
(
H2(M) → H1(∂EL)

)
. We accomplish this by appealing to the commutative

diagram below. The desired isomorphism π′/π′
2 → π/π2 then follows from a diagram chase.

H1(M ′) H2(M
′) H1(∂EL′)

H1(Xn(L)) H1(∂EL)

H1(M) H2(M) H1(∂EL)

∩[M ′]

∼=
∆

∼=f∗ ∼=

ιn(L)∗ ∼=

∩[M ]

∼=
∆

To complete the proof of Claim 3, we consider a diagram seen earlier in this proof, copied

below, which is similar to diagram (∗). This diagram commutes for all j < n.
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H1(M ′) H1(Xn(L))

H2(EL′) H2(M
′) H2(Xn(L)) H2(Xn(L))/im(Kj(π/πn))

H2(π
′) H2(π

′/π′
n) H2(π/πn) H2(π/πn)/Kj(π/πn)

∩[M ′] ∼=

f∗

∼=

∩ θ
proj◦(∩ θ)

j′∗ f∗ proj

proj

By assumption (3), the map proj ◦ (∩f∗[M ′]) is onto the image of H2(π/πn)/Kj(π/πn) in

H2(Xn(L))/im(Kj(π/πn)). The surjectivity of H2(π
′) → H2(π/πn)/Kj(π/πn) follows from

this diagram and a different part of the Mayer-Vietoris diagram, copied below. After a

diagram chase similar to the proof of Theorem C, Claim 3 follows from the Stallings-Dwyer

Theorem.

H2(∂EL′) H2(EL′) H2(M
′) H1(∂EL′)

H2(∂EL) H2(π/πn) H2(Xn(L)) H1(∂EL)

H2(∂EL) H2(EL) H2(M) H1(∂EL)

∼= f∗ ∼=

ιn(L)∗

To complete the proof of the theorem, we note that the isomorphism π′/π′
n

∼=−→ π/πn

we obtain from Claim 3, along with the isomorphism H1(∂EL′)
∼=−→ H1(∂EL), constitutes an

n-basing over the trivial group for L′ relative to L. Thus, the homotopy class h
{1}
n (L′, ϕ) is

defined, and h
{1}
n (L′, ϕ)∗[M

′] = f∗[M
′] = θ ∈ H3(Xn(L)). □
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CHAPTER 6

Relationships to Previous Work

In this chapter, we investigate relationships between the lower central homotopy invari-

ants and previous versions of Milnor’s invariants. We apply Theorem D in Section 6.1 to

show that for links in S3 and n ≥ 2 the invariant µn relative to the unlink is equivalent

to Milnor’s µ-invariant of length n + 1. The connection between the stronger invariants hn

and θn and Milnor’s µ-invariants passes through invariants of Orr [Orr89]. In Section 6.2,

we show that the invariants θn and µn for empty links are precisely the Cha-Orr “Milnor’s

invariants of 3-manifolds” [CO23]. Finally, in Section 6.3, we again leverage Theorem D to

prove that the vanishing of the lower central homotopy invariants, taken in specific contexts,

implies the vanishing of other extensions of Milnor’s invariants. We consider D. Miller’s τ -

invariants for knots in Seifert-fibered 3-manifolds [Mil95] and M. Kuzbary’s Dwyer number

[Kuz23].

6.1. Invariants of links in S3

In this section, we understand the relationship between the new invariants defined in

this thesis and Milnor’s classical µ-invariants. K. Orr’s homotopy-theoretic version of Mil-

nor’s µ-invariants is essential for understanding this connection. His approach significantly

improved the understanding of Milnor’s invariants and inspired much of the work in this

thesis. In [Orr89], Orr proves a realization theorem for his invariants, shows his invariants

are equivalent to Milnor’s, computes the number of linearly-independent invariants for any

fixed length, and establishes a connection to n-cobordism. We show that the lower central

homotopy invariants for links in S3 relative to the unlink U are equivalent to Orr’s invari-

ants. Then, we leverage Orr’s work to establish the relationship with Milnor’s µ-invariants.

In this section, we assume all links live in S3, and we always choose the unlink as our fixed

link. We take the word “longitude” to mean “preferred longitude” in this section.
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We briefly summarize Orr’s construction. Suppose L ⊂ S3 is an m-component link with

vanishing Milnor’s µ-invariants of lengths ≤ n for some n ≥ 2. Equivalently, the longitudes of

L are in πn, so their images under the map EL → K(π/πn, 1) are nullhomotopic. Choosing

meridians for L (i.e. a basing for L) defines an isomorphism τ : F/Fn
∼=−→ π/πn, where

F = F (m) is the m-generator free group. We may view its inverse ϕ : π/πn
∼=−→ F/Fn as an

isomorphism to the nth lower central quotient of the link group of the m-component unlink

U . This yields a map EL → K(F/Fn, 1) which we may assume sends the components of ∂EL

by projection onto the images of the corresponding meridians. The map EL → K(F/Fn, 1)

therefore extends to a map S3 → Kn, where Kn = K(F/Fn, 1) ∪(⊔mi) (⊔D2) is obtained by

gluing m disks D2 to the Eilenberg-MacLane space along the images of the meridians. The

map S3 → Kn sends the regular neighborhood of each component of L by projection onto

the corresponding D2.

Orr denotes the resulting homotopy class of maps S3 → Kn by θn(L, τ) ∈ π3(Kn). To

avoid confusion with our notation and to emphasize the relationship with the invariants

from Chapter 3, we will instead denote this class by hOn (L, ϕ) ∈ π3(Kn). Similarly to the

invariant hn, one could remove the dependency on ϕ and define hOn (L). Note that hOn (U, id)

is nullhomotopic because the map EU → K(F/Fn, 1) factors through the wedge of circles

to which the disks are attached. Thus, hOn (L, ϕ) = hOn (U, id) if and only if hOn (L, ϕ) is

nullhomotopic. In other words, hOn (L, ϕ) vanishes if and only if it is nullhomotopic. We will

construct a map rn : Xn(U)→ Kn relating the lower central homotopy invariant hn to Orr’s

invariant hOn , so that rn ◦ hn(L, ϕ) = hOn (L, ϕ).

Lemma 6.1. An n-basing for L relative to U exists if and only if Milnor’s µ-invariants

for L of lengths ≤ n vanish.

Proof. (=⇒). An n-basing (ϕ, ϕ∂) for L relative to U includes an isomorphism ϕ :

π/πn
∼=−→ F/Fn which sends (based) longitudes of L to (based) longitudes of U . This implies

the longitudes of L are trivial in π/πn or, equivalently, Milnor’s µ-invariants of lengths ≤ n

vanish.

(⇐=). Now suppose Milnor’s µ-invariants of lengths ≤ n vanish. The longitudes of L are
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therefore in πn, so we may define an isomorphism ϕ : π/πn
∼=−→ F/Fn which preserves merid-

ians and longitudes. In other words, there is an admissible isomorphism ϕ∂ : H1(∂EL)
∼=−→

H1(∂EU) compatible with an isomorphism ϕ : π/πn
∼=−→ F/Fn. Thus, (ϕ, ϕ∂) is an n-basing

for L relative to U . □

Corollary 6.2. For n ≥ 2, the invariant µn(L) vanishes if and only if Milnor’s µ-

invariants for L of lengths ≤ n+ 1 vanish.

Proof. Let n ≥ 2. By Theorem D, µn(L) vanishes if and only if there exists an (n+1)-

basing for L relative to U . By Lemma 6.1, this is true if and only if Milnor’s µ-invariants

for L of lengths ≤ n+ 1 vanish. □

Corollary 6.3. The invariant hn(L) is defined if and only if Orr’s invariant hOn (L) is

defined.

Relative versions of Lemma 6.1 and Corollary 6.2 hold:

Lemma 6.4. Suppose L and L′ are links with vanishing Milnor’s µ-invariants of lengths

≤ n. An (n+ 1)-basing for L′ relative to L exists if and only if Milnor’s µ-invariants for L

and L′ of length n+ 1 agree.

Corollary 6.5. Suppose L and L′ are links with vanishing Milnor’s µ-invariants of

lengths ≤ n for some n ≥ 2. Then µn(L) = µn(L
′) if and only if Milnor’s µ-invariants for

L and L′ of length n+ 1 agree.

Thus, for n ≥ 2, the invariant µn is equivalent to Milnor’s µ-invariant of length n + 1. We

provide a brief sketch of the proof. Details involving the additivity of the first nonvanishing

Milnor invariants appear in [Orr89].

Proof Sketch. For links L and L′ with vanishing µ-invariants of lengths ≤ n, the

Milnor invariants of length n+1 for L and L′ agree if and only if L#L′ (with any chosen bands

for the connected sum) has vanishing Milnor’s invariants of length n + 1 or, equivalently,

the differences of the longitudes of L and L′ lie in the (n + 1)st lower central subgroup.
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Thus, the µ-invariants of length n + 1 agree if and only if we can define an isomorphism

π′/π′
n+1

∼=−→ π/πn+1 preserving (based) meridians and longitudes, that is, an (n + 1)-basing

for L′ relative to L. Corollary 6.5 then follows from Theorem D. □

We now explore the relationship between the space Xn(U) and Orr’s space Kn. Recall

that Xn(U) is formed by gluing νU to M×
pUn
, the reduced mapping cylinder of pUn : EU →

K(F/Fn, 1). We view this gluing in two stages: First, attach a disk D2 to each meridian

of U . Then, fill in the remainder of each component of ∂EU with a 3-ball. Because M×
pUn

is

also a K(F/Fn, 1), the inclusion map EU ↪→M×
pUn

is homotopic to a map which projects each

component of ∂EU to the corresponding meridian in M×
pUn
. This factors through a homotopy

self-equivalence M×
pUn

≃−→M×
pUn

which behaves this way on ∂EU .

After the first stage of gluing, we see that M×
pUn
∪⊔(mi) (⊔D2) is a model for the space

Kn. We may extend the homotopy self-equivalence M×
pUn

≃−→M×
pUn

by the identity on each D2,

giving a homotopy equivalence M×
pUn
∪⊔(mi) (⊔D2)

≃−→ Kn. This map extends over each 3-ball

we attach to form Xn(U) by viewing D3 = D1 ×D2 and projecting to D2 ⊂ Kn. We thus

obtain a map rn : Xn(U) → Kn. By construction, rn ◦ hn(U, id) = rn ◦ ιn(U) = hOn (U, id).

We have the diagram

EU M×
pUn

M×
pUn

S3 Kn.

Xn(U)

≃

ιn(U)

hOn (U,id)

rn

The image in Kn of the attaching map of each 3-ball we glue to M×
pUn
∪⊔(mi) (⊔D2) to form

Xn(U) is nullhomotopic. Thus, Xn(U) ≃ Kn ∨ (∨mS3), and the map rn may be viewed as

collapsing each of these S3 factors to the basepoint.

Now suppose L admits an n-basing (ϕ, ϕ∂) relative to U . By Lemma 6.2, this is the case if

and only if Milnor’s µ-invariants of lengths ≤ n vanish for L. Equivalently, the longitudes of
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L are in πn. Define a homotopy self-equivalence M×
pn

≃−→M×
pn , similar to the self-equivalence

of M×
pUn

above, which projects each component of ∂EL to the corresponding meridian. The

rightmost square in the diagram above fits into the diagram below.

EL M×
pn M×

pUn

M×
pn M×

pUn

S3 Kn

Xn(L) Xn(U)

≃

≃

≃
hϕ

≃

ιn(L)

hOn (L,ϕ)

hn(L,ϕ)

≃
hϕ

rn

The mapsM×
pn

≃−→M×
pUn

on the top square of the diagram are both homotopy equivalences

of pairs; in particular, the map on the front face sends ∂EL to ∂EU by an admissible home-

omorphism, and the map on the back face sends the meridians of L to the meridians of U .

The extensions of the maps on the top of the diagram to the maps on the bottom therefore

commute as claimed. Commutativity of the diagram proves the following proposition.

Proposition 6.6. The map rn : Xn(U)→ Kn satisfies rn ◦ hn(L, ϕ) = hOn (L, ϕ).

Recall from Section 3.1 that we say hn(L, ϕ) vanishes if hn(L, ϕ) = hn(U, id). By Proposi-

tion 6.6, the vanishing of hn(L, ϕ) implies the vanishing of hOn (L, ϕ): If hn(L, ϕ) = hn(U, id),

then hOn (L, ϕ) = rn ◦ hn(L, ϕ) = rn ◦ hn(U, id) = hOn (U, id). The converse also holds.

Proposition 6.7. The invariants hn and hOn are equivalent, that is, hn(L) = hn(L
′) if

and only if hOn (L) = hOn (L
′). In particular, hn(L) vanishes if and only if hOn (L) is nullhomo-

topic.

Proof. We could prove this directly, but a faster proof leverages the relationships be-

tween the invariants in question and n-cobordism. By Theorem B, the invariants hn(L) and

hn(L
′) agree if and only if L and L′ are n-cobordant. By Theorem 7 of [Orr89], this is the

case if and only if hOn (L) = hOn (L
′). □
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To prove Proposition 6.7 directly, one views Xn(U) as Kn ∨ (∨mS3) and observes that all

invariants differ only on Kn.

Proposition 6.7 implies that the sets of realizable classes in π3(Xn(U)) and π3(Kn) are

in bijective correspondence. By Theorem 4 of [Orr89], all classes in π3(Kn) are realizable.

Conditions (2) and (3) of Theorem C are vacuously satisfied, so every homotopy class in

π3(Xn(U)) satisfying condition (1) is realizable. Thus, the homotopy classes in π3(Xn(U))

satisfying condition (1) of Theorem C correspond bijectively with elements of π3(Kn).

We consider other versions of Orr’s invariant to conclude this section. Let θOn (L, ϕ) be

the homology class θOn (L, ϕ) = hOn (L, ϕ)∗[S
3] ∈ H3(Kn), and let µOn (L, ϕ) be the image of

this class in coker
(
H3(Kn+1) → H3(Kn)

)
. Again, one could remove the dependency on ϕ

and define θOn (L) and µ
O
n (L); in fact, Orr shows that µOn (L, ϕ) is independent of the choice of

ϕ. We have H3(Kn) ∼= H3(F/Fn) since Kn is obtained from K(F/Fn, 1) by attaching 2-cells.

Theorem 12 of [Orr89] states that µOn (L) vanishes if and only if L has vanishing Milnor’s

µ-invariants of lengths ≤ n+1. Note that coker
(
π3(Kn+1)→ π3(Kn)

)
= coker

(
H3(Kn+1)→

H3(Kn)
)
. Combining this discussion with Corollary 6.2, we have

Corollary 6.8. For n ≥ 2, the invariant µn(L) vanishes if and only if the invariant

µOn (L) vanishes.

Work of Igusa-Orr [IO01] establishes the exact relationship between Milnor’s µ-invariants

and the stronger invariants θOn (L) and h
O
n (L). We summarize their results in the table below.

Orr’s invariant Equivalent Milnor’s µ-invariant(s)

µOn µ of length n+ 1

θOn µ of lengths n+ 1 ≤ k ≤ 2n− 1

hOn µ of lengths n+ 1 ≤ k ≤ 2n

The final row of this table is known as the k-slice theorem due to the relationship between

the invariant hOk and k-cobordism. A link which is k-cobordant to the unlink is called k-slice.

One may ask whether analogous relationships among the new invariants hn, θn, and µn from

Chapters 3 and 4 hold for links in other 3-manifolds. This is a topic of future exploration;

see Chapter 7.

97



6.2. Milnor’s invariants of 3-manifolds

One of the most recent versions of Milnor’s invariants is a collection of homology cobor-

dism invariants of 3-manifolds due to Cha-Orr [CO23]. In addition to Orr’s work [Orr89],

this paper of Cha-Orr also inspired many ideas in this thesis. Cha-Orr refer to their invari-

ants as “Milnor’s invariants of 3-manifolds” for good reason; the invariants exhibit behavior

similar to Milnor’s link invariants. In fact, Cha-Orr show one can recover Milnor’s invariants

of a link L ⊂ S3 as the invariants of the 3-manifold which is 0-surgery on every component

of L.

In this section, we recover the Cha-Orr invariants from the lower central homology invari-

ants θn and Milnor’s invariants µn for empty links. Comparing empty links is equivalent to

comparing 3-manifolds. Theorem A′ proves that θGn and µGn are invariants of Z[G]-homology

cobordism, as a homology concordance of empty links is the same as a homology cobordism.

For this section, we use the notation from Chapter 4. In particular, any 3-manifold M we

consider will be equipped with a fixed surjective homomorphism φ : π1(M) ↠ G onto a fixed

group G.

Consider such a pair (M,φ). The empty link ∅M in M has exterior E∅M = M and

link group π1(M). The appropriate Z[G]-lower central quotients are the Z[G]-lower central

quotients of π1(M). Following our standard notation, we set π = π1(M) and Γ = kerφ. The

homotopy pushout diagram DGn (L) from Section 3.7 becomes

M K(π/Γn, 1).

M

Thus, the space Xn(∅M) is just the reduced mapping cylinder of M → K(π/Γn, 1), which is

itself a K(π/Γn, 1), and the map ιn(∅M) is a mapM → K(π/Γn, 1) induced by the canonical

projection π ↠ π/Γn.

Now fix the empty link ∅M , and suppose we wish to compare another empty link ∅M ′

to ∅M . To define the invariants from Chapter 4, we require an n-basing over G for ∅M ′

relative to ∅M . Because the empty link exteriors have no boundary, an n-basing over G
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for ∅M ′ relative to ∅M is just an isomorphism ϕ : π′/Γ′
n

∼=−→ π/Γn over G. Given such an

isomorphism ϕ, the invariant θn(∅M ′ , ϕ) is the image of [M ′] under

H3(M
′)→ H3(π

′/Γ′
n)

∼=−→
ϕ∗

H3(π/Γn).

This produces a Z[G]-version of the Cha-Orr invariant from [CO23].

Taking G to be the trivial group (so that we obtain invariants of Z-homology cobor-

dism) yields exactly the Cha-Orr invariant θn(M
′, ϕ). In this setting, the set of realizable

classes Rn(∅M) ⊆ H3(π/πn) is the set of realizable classes of 3-manifold invariants Rn(π)

from [CO23]. The definitions of the equivalence relations on these sets of realizable classes

coincide, so the invariant µn(∅M ′) agrees with the Cha-Orr Milnor’s invariant µn(M
′).

Using the maps ϵSn from Section 3.6, we see that the invariants θn(L
′) and µn(L

′) for a

link L′ ⊂ M ′ relative to a fixed link L ⊂ M determine the 3-manifold invariants θn(M
′)

and µn(M
′) via (ϵIn)∗θn(L

′, ϕ) = θn(M
′, ϕI), where I is the set of components of L and ϕI

is the n-basing of empty links determined by the n-basing ϕ. In particular, if one wishes to

compute the “number” of Milnor’s invariants relative to a fixed link L, one should restrict

to counting invariants µn(L
′) whose associated 3-manifold invariants µn(M

′) vanish.

Because the invariants from Chapter 4 reduce to the Cha-Orr invariants, some of the

main results from [CO23] are special cases of results in this thesis. When restricted to

the natural numbers, Theorems B, C, and E and Corollary D from [CO23] follow from our

Theorem D. The realization result Theorem G from [CO23] restricted to natural numbers

follows from our Theorem E. Cha-Orr extend their invariants to the transfinite setting, and

their results hold in this more general context. We discuss such an extension of our work in

Chapter 7.

6.3. Other extensions of Milnor’s invariants

Theorem D states that Milnor’s invariants µGn determine the Z[G]-lower central quotients

associated to a link L ⊂ M one step at a time. The implications of Theorem D include the

equivalence of µn and Milnor’s µ-invariant of length n + 1 for n ≥ 2 as seen in Section 6.1.
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In this section, we again leverage Theorem D to show that the vanishing of µn, defined in

particular settings, implies the vanishing of extensions of Milnor’s invariants due to D. Miller

[Mil95] and M. Kuzbary [Kuz23].

6.3.1. D. Miller’s τ-invariants. D. Miller considers knots in Seifert-fibered 3-manifolds

in the free homotopy class of the Seifert fiber K in [Mil95]. Miller compares knots in that

homotopy class to K. We remind the reader that Seifert-fibered 3-manifolds are precisely

those M for which π1(M) contains a normal subgroup isomorphic to Z. This normal sub-

group is generated by the class of the Seifert fiber, and π1(M) may be described as the

extension

1→ Z ↪→ π1(M) ↠ S → 1,

where S is the orbifold fundamental group of the base surface of the fibration.

In our notation, Miller takes G = S, so that Γ = ker(π ↠ π1(M) ↠ S), and finds a

presentation for Γ/Γn analogous to F/Fn. Given a knot K ′ freely homotopic to K, Miller

finds a presentation for Γ′/Γ′
n analogous to Milnor’s for L ⊂ S3. He then proceeds in a manner

analogous to Milnor (see Section 2.5), using the Magnus expansion to define integer-valued

invariants. These integers, which Miller calls the τ -invariants of K ′, are the coefficients of

the images of distinguished longitudes of the S-cover of K ′ in a power series ring. Note that

the image of the homotopy class of the Seifert fiber in S is trivial, so the preimage of any

knot in that class under the S-cover ofM is a link with infinitely many components, indexed

by elements of S.

Miller proves that all τ -invariants vanish for the fixed knot K. If Γ′/Γ′
n
∼= Γ/Γn pre-

serving meridians and distinguished longitudes, then the τ -invariants for K ′ of lengths ≤ n

vanish. Miller’s work implies a theorem analogous to Milnor’s Theorem, although it is not

directly proven in [Mil95]: We have an isomorphism Γ′/Γ′
n+1
∼= Γ/Γn+1 or, equivalently, an

isomorphism Γ′/Γ′
n
∼= Γ/Γn preserving meridians and distinguished longitudes if and only if

the τ -invariants for K ′ of lengths ≤ n vanish.
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Proposition 6.9. Let M be a Seifert-fibered 3-manifold, K the Seifert fiber of M , and

K ′ some knot freely homotopic to K. Let G = S, the quotient of π1(M) by the infinite cylic

normal subgroup corresponding to the Seifert fiber. Suppose for some n ≥ 2 that the nth

Milnor’s invariant µn(K
′) = µSn(K

′) vanishes, that is, µn(K
′) is defined and equals µn(K).

Then Miller’s τ -invariants for K ′ of lengths ≤ n+ 1 vanish.

Proof. By Theorem D, since µn(K) = µn(K
′), K ′ admits an (n + 1)-basing over G

relative to K. This consists of an isomorphism ϕ : π′/Γ′
n+1

∼=−→ π/Γn+1 which preserves

meridians and distinguished longitudes. This yields an isomorphism Γ′/Γ′
n+1

∼=−→ Γ/Γn+1

which preserves meridians and distinguished longitudes. By Miller’s work, the τ -invariants

of lengths ≤ n+ 1 vanish. □

6.3.2. M. Kuzbary’s Dwyer number. M. Kuzbary develops the Dwyer number, an

invariant for knots in closed oriented 3-manifolds that behaves like the first non-vanishing

Milnor invariant, in [Kuz23]. This invariant compares the lower central quotients π′/π′
n

associated to a knot K ′ ⊂ M to the quotients π/πn for a fixed knot K ⊂ M . Using the

geometrically defined Dwyer subgroups Φn(−) ≤ H2(−;Z) first formulated in [FT95] (see

also [CH08]), Kuzbary defines the Dwyer number of K ′ relative to K as

D(K ′, K) = max

{
n

∣∣∣∣ H2(EK′)

Φn(EK′)
∼=
H2(EK)

Φn(EK)

}
.

Kuzbary shows that H2(X)/Φn(X) ∼= H2(π1(X))/Kn(π1(X)). Recall from the statements

of Theorems C and E that Kn(H) = ker
(
H2(H) → H2(H/Hn)

)
, where H is a group. The

Stallings-Dwyer Theorem implies D(K ′, K) ≥ n if and only if we have an isomorphism

π′/π′
n
∼= π/πn.

Proposition 6.10. Fix a knot K in a closed orientable 3-manifold M , and let K ′ ⊂M

be another knot freely homotopic to K. Let G be the trivial group. Suppose for some n ≥ 2

that the nth Milnor’s invariant µn(K
′) = µ{1}

n (K ′) vanishes, that is, µn(K
′) is defined and

equals µn(K). Then D(K ′, K) ≥ n+ 1.
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Proof. By Theorem D, since µn(K
′) = µn(K), K ′ admits an (n + 1)-basing over the

trivial group relative to K. In particular, this includes an isomorphism ϕ : π′/π′
n+1

∼=−→

π/πn+1. Thus, D(K ′, K) ≥ n+ 1. □
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CHAPTER 7

Future Directions

We conclude this thesis with a discussion of several current and future directions, includ-

ing a number of open questions. In Section 7.1, we focus on further investigation of the new

invariants defined in this thesis. Section 7.2 explains a number of possible variations on or

extensions of this work. We discuss applications of our work to existing open questions in

geometric topology in Section 7.3.

7.1. Further investigation of new invariants

The fact that the invariants from Chapters 3 and 4 reduce to Milnor’s µ-invariants in the

case where we compare links in S3 to the unlink motivates us to ask whether known results

for Milnor’s µ-invariants extend to the more general setting of this thesis.

Algebraic information captured by hn and θn. Igusa-Orr answer a long-standing

open question known as the k-slice conjecture affirmatively in [IO01]: A link L ⊂ S3 is

k-cobordant to the unlink if and only if Milnor’s µ-invariants of lengths 1 ≤ i ≤ 2k vanish.

Igusa-Orr prove this using Igusa Pictures [Igu] and Orr’s invariants from [Orr89] which

characterize k-cobordism and are analogous to the h-invariants from Chapter 3. Recall from

Section 6.1 that the lower central homotopy invariant hk is equivalent to Orr’s invariant of

length k. As discussed in Section 6.1, Igusa-Orr show that Orr’s length k invariants capture

Milnor’s µ-invariants of lengths k+1 ≤ i ≤ 2k. In the more general setting of this work, it is

probable that we also lose significant information passing from hk or θk to the invariants µk.

Understanding how much more information these stronger invariants capture is equivalent

to understanding to what extent a relative version of the k-slice conjecture holds for links in

closed orientable 3-manifolds.

Question 7.1. Does hk vanish if and only if µi vanishes for k ≤ i ≤ 2k − 1?
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Whitney towers and surface towers. Interpretations of Milnor’s µ-invariants in

terms of twisted Whitney towers and surface towers (also called gropes in the literature)

are given in [FT95,CST11,CST14,Cha18]. Cha-Orr give a similar interpretation for

“Milnor’s invariants of 3-manifolds” and extend it to the transfinite setting [CO23].

Goal 7.2. Provide an interpretation of the invariants from this thesis in terms of Whitney

towers and surface towers.

Finite type invariants. Bar-Natan [BN95] and X. Lin [Lin91] showed Milnor’s in-

variants for string links are of finite type. Habegger-Masbaum determine a formula for

computing Milnor’s µ-invariants for string links from the Kontsevich integral in [HM00].

Goal 7.3. Recast the invariants from this thesis as finite type invariants.

Mark Powell has suggested that the theory of claspers due to Gusarov [Gus00] and Habiro

[Hab00] may seed a constructive realization machine for these invariants.

Invariants comparing links in S3 to a nontrivial link. In the case where we compare

links in S3 to the unlink, the invariants hn from Chapter 3 reduce to invariants of Orr [Orr89]

which capture Milnor’s µ-invariants.

Question 7.4. Do we gain anything by fixing a nontrivial link L ⊂ S3 instead of the

unlink?

In light of the additivity of Milnor’s invariants, we expect the answer is no. Additivity

of Milnor’s invariants is due to Cochran [Coc90] and Orr [Orr89] in the case of the first

nonvanishing invariant and is more generally due to Krushkal [Kru98].

7.2. Extensions of this work

In this section, we consider further extensions of our work inspired by work of others.

Analogously to Section 7.1, we ask whether certain known extensions of Milnor’s µ-invariants

carry over to the setting of this thesis.
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Extending to the transfinite setting. The existence of nontrivial transfinite Milnor’s

invariants for links has been an open question since Milnor’s work [Mil57]. Milnor originally

asked about invariants detecting phenomena in the transfinite lower central quotients of

free groups. Using J. Levine’s algebraic closure of groups [Lev89a,Lev89b], equivalent to

Vogel’s homology localization of groups [Vog78], Cha-Orr extend their homology cobordism

invariants to the transfinite setting and answer a similar question in [CO23]. They find a 3-

manifold with vanishing finite-length Milnor invariants and a non-trivial transfinite invariant.

One expects analogous extensions of the invariants hn, θn, and µn should exist, in particular

because the θ- and µ-invariants contain the Cha-Orr invariants as special cases. These

extensions would involve a tower of spaces Xω(L) with maps fromM , where ω is a countable

ordinal.

Goal 7.5. Leverage the example from [CO23] to find the first instance of a nontrivial

transfinite Milnor invariant for a link.

J. Levine’s group closure. One expects an extension of the invariants hn, θn, and

µn even beyond the previous idea to invariants that detect phenomena at the level of J.

Levine’s algebraic closure [Lev89a,Lev89b]. These invariants would probe this algebraic

closure without passing to (finite or transfinite) lower central quotients. They would be

“universal π1 invariants” in the sense that they would detect information about the Z[G]-

homology of link exteriors coming from link groups at the deepest possible level. In other

words, these invariants would detect information about the fundamental group of the Z[G]-

Vogel homology localization of the link exterior invisible to any lower central quotient; see

Appendix B and [Vog78]. Such invariants would be analogous J. Levine’s invariant for links

in S3 from [Lev89b]. Whether this invariant is nontrivial is an open question.

Just as in the transfinite setting, Cha-Orr extend their homology cobordism invariants to

this universal π1 setting and find a 3-manifold with vanishing finite- and transfinite-length

Milnor invariants but with a non-trivial universal invariant [CO23]. Again, one expects

analogous extensions of the invariants hn, θn, and µn since the θ- and µ-invariants contain
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the Cha-Orr invariants as special cases. These invariants would involve spaces X(L, 1)

equipped with maps from M . The various maps from M would fit into a diagram as follows:

M

X(L, 1) · · · Xω(L) · · · Xn(L) · · · X1(L).

Goal 7.6. Leverage the example from [CO23] to find a nontrivial universal Milnor

invariant for a link.

Milnor’s invariants for knotted surfaces. Audoux-Meilhan-Yasuhara recently ex-

plored an analogue of Milnor’s invariants for concordance of knotted surfaces in 4-space

[AMY21]. They leverage the combinatorial method of cut-diagrams to apply tools sim-

ilar to Milnor’s work [Mil57] and develop concordance invariants. Analogous versions of

Orr’s invariants [Orr89] in this setting are likely amenable to computing the number of such

invariants.

Goal 7.7. Extend the invariants of [AMY21] to knotted surfaces in closed orientable

4-manifolds. More broadly, extend the invariants from this thesis to concordance invariants

of embeddings of n-manifolds in (n+ 2)-manifolds.

Variations on the definition of concordance. We list a few variations of the work

in this thesis adapted to studying links in slightly different contexts:

• One could study concordance of unordered links, unoriented links, or both unordered

and unoriented links by slightly changing the definitions of an n-basing and the group

Aut(π/Γn, ∂) of self-n-basings given in Section 3.1. Versions of the main results of

this thesis still follow.

• Instead of studying Z[G]-homology concordance of links in 3-manifoldsM with fixed

homomorphisms φ : π1(M) ↠ G to a fixed group G, as in Chapter 4, one could

remove such a fixed homomorphism φ as part of the structure of M and only ask

that π1(M) admits some homomorphism onto G. Again, this change would slightly

alter the definitions of an n-basing and the group of self-n-basings.
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7.3. Applications of invariants

We list several possible applications of the new invariants defined in this thesis to existing

open questions in geometric topology.

Computing collections of realizable classes. One can leverage Theorems C and E

to compute the collection of Milnor’s invariants relative to a fixed link. One might even hope

for a constructive algorithm to realize invariants by specific links in M . Such computations

for specific knots K ⊂M can partially answer the Almost-Concordance Conjecture [Cel18,

FNOP19] which we copy below.

Almost-Concordance Conjecture (Celoria, Friedl-Nagel-Orson-Powell). Every free

homotopy class in a closed orientable 3-manifoldM ̸= S3 which does not have a dual 2-sphere

contains infinitely many concordance classes of knots modulo local knotting.

Partial progress toward this conjecture has been made in [Mil95,Cel18,Yil18,FNOP19,

NOPP19,Kuz23]. Theorem C potentially reduces this conjecture to homotopy-theoretic

computations we anticipate completing. We conjecture that the invariants hn are sufficient

for proving the remaining cases of the Almost-Concordance Conjecture.

Applications to homology cobordism. Recall that the invariants θn and µn are

homology concordance invariants and reduce to the homology cobordism invariants of Cha-

Orr [CO23] when specialized to empty links.

Question 7.8. Are there applications of the invariants in this thesis to the study of

homology cobordism of 3-manifolds which do not pass through the Cha-Orr invariants?

The invariants θn and µn may also be useful in answering the following question:

Question 7.9. Fix a 3-manifold M . Does there exist a 3-manifold M ′, homology cobor-

dant to M , and a knot K ⊂ M such that K is not topologically homology concordant to

any knot in M ′?
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A. Levine provides an example of a knot in a homology null-cobordant homology sphere

which is not smoothly concordant to any knot in S3 in [Lev16]. The existence of such an

example is still open in the topological category; C. Davis shows in [Dav20] that such an ex-

ample cannot be detected by the powerful Cochran-Orr-Teichner filtration on the topological

concordance group [COT03]. The invariants defined in this thesis may be able to provide

analogous examples in the topological setting in 3-manifolds which are not homology spheres.

They may also interact in interesting ways with recent work on homology concordance such

as [HLL18] and [Zho21].

Milnor’s invariants and link Floer homology. Ozsváth-Szabó ask in [OS08a] if

Milnor’s invariants place algebraic restrictions on the structure of link Floer homology. They

show that the link Floer chain complex determines the multivariable Alexander polynomial,

and therefore the linking number, of links in S3. The Milnor triple linking number has

also been studied from this perspective; this invariant may also be extracted from the link

Floer complex [GLLM20]. The more general question remains open. The possibility of

a connection between link Floer homology and Milnor’s invariants via the perspectives of

[Orr89] and [CO23], both of which we generalize in this thesis, remains unexplored.

More broadly, one can consider relationships among homotopy-theoretic, topological, and

smooth invariants for knots and links. The relationship between Milnor’s invariants and link

Floer homology is a setting in which one can explore the following archetype:

Question Archetype . How much homotopy-theoretic information about concordance

of knots and links is captured by smooth concordance invariants? Can we isolate this infor-

mation?

In the context of Milnor’s invariants, this question asks if it is possible to separate the

information these invariants capture from the parts of link Floer homology which encode

smooth concordance information.
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APPENDIX A

Well-Definedness of Constructions

The purpose of this appendix is to prove that the following objects introduced in Sections

3.1, 3.6, and 3.7 are well-defined:

(W1) The spaces Xn(L) = XG
n (L), up to homotopy equivalence.

(W2) The homotopy classes ιn(L) = ιGn (L) ∈ [M,Xn(L)]0.

(W3) The homotopy classes ψm,n = ψm,n(L) ∈ [Xm(L), Xn(L)]0.

(W4) The homotopy classes ϵSn = ϵSn(L) ∈ [Xn(L), Xn(LS)]0.

We will also prove certain naturality properties of these objects:

(N1) The model obtained forXn(L) depends naturally on the choice of model forK(π/Γn, 1)

and based map pn : EL → K(π/Γn, 1) induced by the canonical projection π ↠

π/Γn. Two sets of choices yield a canonical based homotopy class of based homo-

topy equivalences ψ between the two resulting models.

(N2) The inclusions ιn(L) : M ↪→ Xn(L) into two models of Xn(L) are related, up to

based homotopy, via the canonical homotopy equivalence from (N1).

(N3) The maps ψm,n between two different models of each of Xm(L) and Xn(L) are

related, up to based homotopy, via canonical homotopy equivalences provided by

(N1).

(N4) The collection {ψi,j}i≥j satisfies ψm,p ≃ ψn,p ◦ ψm,n.

(N5) The maps ϵSn between two different models of each of Xn(L) and Xn(LS) are related,

up to based homotopy, via canonical homotopy equivalences provided by (N1).

(N6) The collection {ϵSn}n,S satisfies ϵjn(Li) ◦ ϵin(L) ≃ ϵ
{i,j}
n (L) ≃ ϵin(Lj) ◦ ϵjn(L). More

generally, ϵTn (LS) ◦ ϵSn(L) ≃ ϵS∪Tn (L) ≃ ϵSn(LT ) ◦ ϵTn (L).

(N7) The collections {ψi,j} and {ιk(L)} satisfy ψi,j ◦ ιi(L) ≃ ιj(L).

(N8) The collections {ϵSn} and {ιn(L)} satisfy ϵSn ◦ ιn(L) ≃ ιn(LS).
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(N9) The collections {ψi,j} and {ϵSn} satisfy ϵSn ◦ ψm,n(L) ≃ ψm,n(LS) ◦ ϵSm.

To this end, we discuss the homotopy pushout, a standard construction in algebraic

topology, in Section A.1. For more information on homotopy pushouts, see Chapter 6 of

[Ark11]. We prove the well-definedness properties (W1)-(W4) and naturality properties

(N1)-(N9) in Section A.2. We prove properties (W1), (N1), (W2), and (N2) in Theorem

A.13, properties (W3), (N3), and (N4) in Theorem A.14, properties (W4), (N5), and (N6)

in Theorem A.15, and properties (N7), (N8), and (N9) in Theorem A.16.

A.1. Homotopy pushouts

Much of our exposition in this section follows Chapter 6 of [Ark11]. Let D be the

diagram of spaces

(∗)

A B.

D =

C

f

g

Recall that the pushout of D (or the pushout of B and C along A) is the space

B ∪A C =
B ⊔ C

f(a) ∼ g(a)

which comes equipped with canonical maps iB : B → B ∪A C and iC : C → B ∪A C. If

A, B, and C are based spaces, and if the maps f and g are based, then B ∪A C is a based

space, inheriting its base point from the base points of B and C which are identified under

the gluing. In this case, the maps iB and iC are based as well.

The completed diagram

A B

D =

C B ∪A C

f

g iB

iC
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is called a pushout square and satisfies the following universal property: Given any space X

and a commutative diagram

A B

C B ∪A C

X,

f

g iB

iC
∃!h

there exists a unique map h : B ∪A C → X making the diagram commute. Again, in the

case of based spaces and based maps, the map h is also based. Parts of this appendix

center around the difficulty that the above notion of pushout, the pushout in the category

of topological spaces, is not homotopy invariant.

Example A.1. Consider the morphism of diagrams ∆ : D1 → D2 below, where D1

consists of the three spaces on the left side of the diagram and D2 consists of the three

spaces on the right.

S1 S1

D2 ∗

D2 ∗

≃

≃

The morphism ∆ is a homotopy equivalence of diagrams in the sense that it consists of

homotopy equivalences between respective spaces in D1 and D2, and all squares commute

up to homotopy. Observe that ∆ does not induce a homotopy equivalence between pushouts

S2 → ∗. Thus, the pushout in the category of topological spaces does not respect homotopy

equivalences. The maps in diagram D2 are not cofibrations, a key issue we must resolve to

obtain a homotopy-invariant notion of pushout.

A.1.1. Defining homotopy pushouts. We will work with based spaces but will often

use cylinders and mapping cylinders. Therefore, we use reduced versions of these spaces so

that certain canonical maps are based.

Definition A.2. Let A and B be based spaces, and let f : A→ B be a based map.
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• The reduced cylinder on A is the based space

(A× [0, 1])× =
A× [0, 1]

{∗} × [0, 1]

with base point [∗].

• The reduced mapping cylinder of f is the based space

M×
f =

B ⊔ (A× [0, 1])×

f(a) ∼ (a, 0)

with base point [∗]. This is just the usual mapping cylinder Mf with {∗} × [0, 1]

collapsed to a point.

The canonical inclusions A × {0} ↪→ A × [0, 1], A × {1} ↪→ A × [0, 1], A × {1} ↪→ Mf ,

and B ↪→Mf become based maps when we pass to the reduced versions of the cylinder and

mapping cylinder. We use the notation X× to mean some reduced version of the space X,

obtained by collapsing some interval including the base point of X to a single point. For the

remainder of this appendix, unless otherwise specified, all spaces, maps, and homotopies will

be based.

Definition A.3. Given a diagram D of spaces as seen above (∗), we define the standard

homotopy pushout of D to be the space

M(f, g)× =
B ⊔ (A× [0, 1])× ⊔ C

f(a) ∼ (a, 0), g(a) ∼ (a, 1)
.

It comes equipped with canonical inclusions ιB : B ↪→M(f, g)× and ιC : C ↪→M(f, g)×.

The completed diagram

A B

D =

C M(f, g)×

f

g ιB

ιC

is called the standard homotopy pushout square for D. It commutes up to homotopy via the

canonical map A× [0, 1]→ (A× [0, 1])× ↪→M(f, g)×.
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Observe that the standard homotopy pushout is the pushout of each of the diagrams

below.

A M×
f

C

g

A B

M×
g

f
A M×

f

M×
g

While each pushout yields the same space, the standard inclusions of A into the pushouts

differ: A is viewed as A × {1}, A × {0}, and A × {1
2
} inside (A × [0, 1])× ⊂ M(f, g)×,

respectively. For our purposes, we let the leftmost pushout diagram determine our chosen

inclusion of A intoM(f, g)×. This choice works nicely with the diagrams Dn(L) from Section

3.1. In the special case where the map g : A → C is an inclusion, as in the case of Dn(L),

the canonical inclusion ιC : C ↪→ M(f, g)× is a canonical extension of the chosen inclusion

A ↪→ M×
f . Our maps ιn(L) from Section 3.1 are such canonical extensions. More generally,

if the map g is a cofibration, then ιB is also a cofibration. Furthermore, if g is a cofibration,

then the pushout square is a homotopy pushout square in the sense of Definition A.5 below.

Example A.4. Given a map f : A→ X, the reduced mapping cylinderM×
f and reduced

mapping cone C×
f are standard homotopy pushouts of the diagrams DM and DC , respectively,

seen below. In the case of the reduced mapping cylinder, our chosen inclusion of A into the

standard homotopy pushout agrees with the inclusion of A into M×
f .

A X

DM =

A

f
A X

DC =

∗

f
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Definition A.5. Given a diagram D as seen above (∗), a space D is a homotopy pushout

of D if there exist maps h : B → D and k : C → D and a homotopy equivalence ψ :

M(f, g)×
≃−→ D such that ψ ◦ ιB ≃ h and ψ ◦ ιC ≃ k.

The completed homotopy-commutatiave square

A B

DD = ≃

C D

f

g h

k

is called a homotopy pushout square. The square DD fits into the following homotopy-

commutative diagram involving the standard homotopy pushout square:

A B

C M(f, g)×

D.

f

g ιB
h

ιC

k

ψ

Homotopy pushouts satisfy a property similar to the universal property for pushouts.

Proposition A.6. Suppose the diagram below is homotopy-commutative and that the

upper-left square in the diagram is a homotopy pushout square. Then there exists a map

δ : D → X (not necessarily unique, even up to homotopy) such that δ ◦ h ≃ β and δ ◦ k ≃ γ.

A B

C D

X

f

g h
β

k

γ

∃δ
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Proof. We first prove the statement for D = M(f, g)×, h = ιB, and k = ιC . Let

F : A× [0, 1]→ X be a homotopy between βf and γg. Define δ0 :M(f, g)× → X as follows:

δ0(x) =


β(b), x = b ∈ B

F (a, t), x = (a, t) ∈ A× [0, 1]

γ(c), x = c ∈ C

.

Then β = δ0ιB and γ = δ0ιC , and δ0 fits into the homotopy-commutative diagram.

Now consider the general case. Since D is a homotopy pushout, there exists a homotopy

equivalence ψ : M(f, g)× → D such that ψιB ≃ h and ψιC ≃ k. Let ψ : D → M(f, g)× be

a homotopy inverse for ψ. Define δ : D → X by δ = δ0ψ. The map δ satisfies δh = δ0ψh ≃

δ0ψψιB ≃ δ0ιB = β and δk = δ0ψk ≃ δ0ψψιC ≃ δ0ιC = γ. Again, δ fits into the desired

homotopy-commutative diagram. □

A.1.2. Homotopy invariance.

Definition A.7. A morphism of homotopy pushout squares ∆ : D → D′ is a diagram

(∗∗)

A B

A′ B′

C D

C ′ D′

f

α

g

β

h

f ′

h′

γ

k

g′

k′

where the front and back faces are D′ and D, resepectively, and all squares homotopy-

commute. Such a morphism is a homotopy equivalence of homotopy pushout squares if α, β,

and γ are homotopy equivalences.

In diagram (∗∗) above, we do not assume there is a map D → D′; however, a morphism

∆ of homotopy pushout squares induces such a map. This map is a homotopy equivalence
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provided ∆ is a homotopy equivalence. As in our proof of Proposition A.6, we begin with

the case of standard homotopy pushout squares.

Proposition A.8. Suppose the diagram below is a morphism ∆ : D → D′ of standard

homotopy pushout squares with β◦f ≃ f ′◦α and γ◦g ≃ g′◦α via homotopies F : A×[0, 1]→

B′ and G : A× [0, 1]→ C ′, respectively.

A B

A′ B′

C M(f, g)×

C ′ M(f ′, g′)×

f

α

g

β

ιB

f ′

ιB′

γ

ιC

∃θ(F ,G)

g′

ιC′

Then

(1) There is a canonical map θ(F,G) : M(f, g)× → M(f ′, g′)×, depending on the ho-

motopies F and G, such that ιB′ ◦ β ≃ θ(F,G) ◦ ιB and ιC′ ◦ γ ≃ θ(F,G) ◦ ιC via

canonical homotopies H : B × [0, 1]→M(f ′, g′)× and K : C × [0, 1]→M(f ′, g′)×.

(2) If F ≃ F ′ rel (A× {0, 1}) and G ≃ G′ rel (A× {0, 1}), then θ(F ′, G′) ≃ θ(F,G).

(3) If ∆ is a homotopy equivalence, then θ(F,G) is also a homotopy equivalence.

Proof. Define the map θ(F,G) :M(f, g)× →M(f ′, g′)× as follows:

θ(F,G)(x) =



β(b), x = b ∈ B

F (a, 3t), x = (a, t) ∈ A× [0, 1
3
]

(α(a), 3t− 1), x = (a, t) ∈ A× [1
3
, 2
3
]

G(a, 3(1− t)), x = (a, t) ∈ A× [2
3
, 1]

γ(c), x = c ∈ C

.

Figure A.1.1 depicts which maps θ(F,G) applies to the various parts of M(f, g)×. Note that

ιB′ ◦ β = θ(F,G) ◦ ιB and ιC′ ◦ γ = θ(F,G) ◦ ιC , so the desired diagram commutes. The
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B

(A× [0, 1])×

C

M(f, g)×

β

γ

F

α

G

Figure A.1.1. The map θ(F,G) defined on M(f, g)×.

canonical homotopies H and K are just (ιB′ ◦ β) × [0, 1] and (ιC′ ◦ γ) × [0, 1], respectively.

This proves (1).

Now suppose F ′ : A × [0, 1] → B′ and G′ : A × [0, 1] → C ′ are homotopies such that

F ≃ F ′ rel (A × {0, 1}) via F : (A × [0, 1]) × [0, 1] → B′ and G ≃ G′ rel (A × {0, 1}) via

G : (A × [0, 1]) × [0, 1] → C ′. We show θ(F ′, G′) ≃ θ(F,G) by constructing a homotopy

Θ :M(f, g)× × [0, 1]→M(f ′, g′)×. Define Θ as follows:

Θ(x) =



β(b), x = (b, s) ∈ B × [0, 1]

F(a, 3t, s), x = (a, t, s) ∈ A× [0, 1
3
]× [0, 1]

(α(a), 3t− 1, s), x = (a, t, s) ∈ A× [1
3
, 2
3
]× [0, 1]

G(a, 3(1− t), s), x = (a, t, s) ∈ A× [2
3
, 1]× [0, 1]

γ(c), x = (c, s) ∈ C × [0, 1]

.

This proves (2).

Finally, we prove (3). For our purposes we make the mild assumption that the spaces

involved are all homotopy equivalent to CW complexes. Statement (3) is true in general,

but this assumption substantially simplifies the proof. By Whitehead’s Theorem, it suffices

to show that if the maps α, β, and γ are homotopy equivalences, then θ(F,G) is a weak

equivalence. See Appendix E of [Ark11] for a complete proof in the general case.
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Consider the decomposition M(f, g)× = U ∪ V , where U = B ∪f
(
A × [0, 2

3
)
)
and

V = C ∪g
(
A × (1

3
, 1]

)
. There are deformation retractions U → B, V → C, and U ∩ V =

A×(1
3
, 2
3
)→ A, so we obtain a Mayer-Vietoris sequence computing H∗(M(f, g)×) in terms of

H∗(A), H∗(B), and H∗(C). Let M(f ′, g′)× = U ′ ∪ V ′ be an analogous decomposition, where

U ′ = B′ ∪f
(
A′ × [0, 1)

)
and V ′ = C ′ ∪g

(
A× (0, 1]

)
, so we have a Mayer-Vietoris sequence

computing H∗(M(f ′, g′)×) in terms of H∗(A
′), H∗(B

′), and H∗(C
′). The map θ(F,G) induces

a the following diagram of Mayer-Vietoris sequences:

· · · Hn(A) Hn(B)⊕Hn(C) Hn(M(f, g)×) Hn−1(A) · · ·

· · · Hn(A
′) Hn(B

′)⊕Hn(C
′) Hn(M(f ′, g′)×) Hn−1(A

′) · · ·

α∗ β∗⊕γ∗ θ(F,G)∗ α∗

If ∆ : D → D′ is a homotopy equivalence of homotopy pushout squares, the maps α∗, β∗,

and γ∗ are isomorphisms. By the Five Lemma, θ(F,G)∗ : H∗(M(f, g)×) → H∗(M(f ′, g′)×)

is an isomorphism.

Applying the Van Kampen Theorem shows that π1(M(f, g)×) is the pushout of

π1(B)← π1(A)→ π1(C),

and π1(M(f ′, g′)×) is the pushout of

π1(B
′)← π1(A

′)→ π1(C
′).

Thus, by the naturality of the Van Kampen Theorem, θ(F,G) induces an isomorphism

θ(F,G)∗ : π1(M(f, g)×)
∼=−→ π1(M(f ′, g′)×). By the Hurewicz Theorem, θ(F,G) is a weak

equivalence. □

We prove an analogous result for general homotopy pushout squares, although Proposi-

tion A.8 will turn out to be more useful for our purposes. Specifically, the map θ(F,G) in

Proposition A.8 is canonical, while the corresponding map δ in Corollary A.9 below is not.

This is a byproduct of the fact that Definition A.5 only requires the existence of a homotopy
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equivalence ψ :M(f, g)× → D. In general, this map ψ is neither canonical nor unique up to

homotopy.

Corollary A.9. Suppose ∆ : D → D′ is a morphism of homotopy pushout squares as

in (∗∗). Then

(1) There is a map δ : D → D′ which fits into the homotopy-commutative diagram (∗∗)

such that h′ ◦ β ≃ δ ◦ h and k′ ◦ γ ≃ δ ◦ k.

(2) If ∆ is a homotopy equivalence, then δ is also a homotopy equivalence.

Proof. Let ψ : M(f, g)× → D and ψ′ : M(f ′, g′)× → D′ be homotopy equivalences

given by Definition A.5. Let ψ : D →M(f, g)× be a homotopy inverse for ψ. By Proposition

A.8, after choosing homotopies F and G we obtain a canonical map θ(F,G) : M(f, g)× →

M(f ′, g′)× such that ιB′ ◦ β ≃ θ(F,G) ◦ ιB and ιC′ ◦ γ ≃ θ(F,G) ◦ ιC . Define δ : D → D′ as

δ = ψ′ ◦ θ(F,G) ◦ ψ. Since

δ ◦ h = ψ′ ◦ θ(F,G) ◦ ψ ◦ h ≃ ψ′ ◦ θ(F,G) ◦ ψ ◦ ψ ◦ ιB

≃ ψ′ ◦ θ(F,G) ◦ ιB ≃ ψ′ ◦ ιB′ ◦ β ≃ h′ ◦ β

and

δ ◦ k = ψ′ ◦ θ(F,G) ◦ ψ ◦ k ≃ ψ′ ◦ θ(F,G) ◦ ψ ◦ ψ ◦ ιC

≃ ψ′ ◦ θ(F,G) ◦ ιC ≃ ψ′ ◦ ιC′ ◦ γ ≃ k′ ◦ γ,

the map δ fits into the homotopy-commutative diagram. This proves (1).

Statement (2) follows directly from Proposition A.8. If ∆ is a homotopy equivalence,

then θ(F,G) is a homotopy equivalence by part (3) of Proposition A.8. Since ψ and ψ′ are

also homotopy equivalences, so is δ. □

A.1.3. Homotopy pushouts and Eilenberg-MacLane spaces. As seen in Proposi-

tion A.8, a morphism ∆ of standard homotopy pushout squares with choices of homotopies

F and G yields a canonical map θ(F,G) between standard homotopy pushouts. If some of
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the spaces involved are Eilenberg-MacLane spaces K(H, 1), the homotopy class of θ(F,G)

does not depend on such choices. Recall the following facts from obstruction theory:

Lemma A.10. Let A be a connected CW complex, H a group, and K a model for K(H, 1).

Let φ : π1(A) → H be a group homomorphism, and suppose f and f ′ are (based) maps

A→ K inducing φ. Then

(1) The maps f and f ′ are (based) homotopic.

(2) If F and F ′ are (based) homotopies between f and f ′, then F ≃ F ′ rel (A×{0, 1}).

Proof. Statement (1) follows from the well-known bijection

Hom(π1(A), H)←→ [A,K(H, 1)]0

(see [DK01] Theorem 7.26). Now suppose F and F ′ are homotopies between f and f ′. To

show they are homotopic rel (A× {0, 1}), we solve the extension problem

(A× [0, 1]× {0, 1}) ∪(A×{0,1}×{0,1}) (A× {0, 1} × [0, 1]) K.

A× [0, 1]× [0, 1]

F⊔F ′
?∃

View the interval [0, 1] as having two 0-cells e00 and e01 and one 1-cell e1, and give

A× [0, 1]× [0, 1] the product cell structure. We assume for convenience that A has a single

0-cell, the base point a0. With this cell decomposition, the desired map has already been

defined on the 1-skeleton of A × [0, 1] × [0, 1]. There is only one 2-cell, a0 × e1 × e1, on

which our map is not already defined. Since f and f ′ are based, and F and F ′ are based

homotopies, ∂(a0 × e1 × e1) is sent to the base point of K. We may therefore extend over

this 2-cell. There is no obstruction to extending to higher skeleta. □

Recall the morphism of standard homotopy pushout squares from Proposition A.8. After

choosing homotopies which make the diagram homotopy-commute, there is a canonical map

θ(F,G) between the standard homotopy pushouts. If the spaces B and B′ in that diagram

are models for K(H, 1) and K(H ′, 1), respectively, and if β corresponds to some group
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homomorphism φ : H → H ′, then there is, up to homotopy, a unique choice of homotopy F

by Lemma A.10. The homotopy class of θ(F,G) is therefore independent of F .

Proposition A.11. Let ∆ : D → D′ be a morphism of standard homotopy pushout

squares as in Proposition A.8. Suppose A and A′ are connected. Let H and H ′ be groups,

and suppose that B is a model for K(H, 1) and that B′ is a model for K(H ′, 1), so that

β : B → B′ corresponds to some group homomorphism φ : H → H ′. Suppose F and F ′

are homotopies from β ◦ f to f ′ ◦ α, and that G is a homotopy from γ ◦ g to g′ ◦ α. Then

θ(F,G) ≃ θ(F ′, G), so that the homotopy class of θ(F,G) is independent of the choice of

homotopy F .

Similar assumptions about the spaces C and C ′ would imply the homotopy class of θ(F,G)

is independent of the choice of G.

Proof. Let F and F ′ be two homotopies between β ◦ f and f ′ ◦ α. Since β ◦ f and

f ′ ◦ α are maps A → B′ and B′ is a K(H ′, 1), part (2) of Lemma A.10 implies F ≃ F ′ rel

(A× {0, 1}). By part (2) of Proposition A.8, θ(F,G) ≃ θ(F ′, G). □

If we take different models for K(H, 1) and K(H ′, 1) in Proposition A.11, the resulting

homotopy classes θ(F,G) satisfy a naturality property. Consider the homotopy-commutative

diagram in Figure A.1.2. It represents a diagram of standard homotopy pushout squares

D0 D1

D′
0 D′

1,

where D0 is the standard homotopy pushout square

A B0

C M(f0, g)
×

f0

g ιB0

ι0C

and D1, D′
0, and D′

1 are defined similarly.

Let H and H ′ be groups, and let φ : H → H ′ be a group homomorphism. Suppose in

Figure A.1.2 that the spaces B0 and B1 are models for K(H, 1), the spaces B′
0 and B′

1 are

models for K(H ′, 1), and on fundamental groups the maps β0 and β1 induce φ, the map
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B0

A B1

B′
0

A′ B′
1

M(f0, g)
×

C M(f1, g)
×

M(f ′
0, g

′)×

C ′ M(f ′
1, g

′)×

e

ιB0

f1

α

g

f0

β1

ιB1

β0

e′

f ′1

f ′0

ιB′
1

∃θ(E,G)

γ

ι1C

ι0C

∃θ(F1,G)

∃θ(F0,G)

∃θ(E′,G)

ιB′
0

g′

ι1
C′

ι0
C′

Figure A.1.2. A diagram of standard homotopy pushout squares.

e induces idH , and the map e′ induces idH′ . By Lemma A.10, there are unique homotopy

classes of homotopies F0 from β0 ◦ f0 to f ′
0 ◦α, F1 from β1 ◦ f1 to f ′

1 ◦α, E from e ◦ f0 to f1,

and E ′ from e′ ◦ f ′
0 to f ′

1. If we fix a homotopy G from γ ◦ g to g′ ◦ α, the canonical maps

θ(F0, G), θ(F1, G), θ(E, g × [0, 1]), and θ(E ′, g′ × [0, 1]) are defined and are independent of

F0, F1, E, and E
′, by Proposition A.11.

Proposition A.12. The standard homotopy pushout of a diagram (∗) with B an Eilenberg-

MacLane space K(H, 1) is natural with respect to the choice of model for K(H, 1). That is,

if we have a diagram of standard homotopy pushout squares as described above, and if G is

some fixed homotopy from γ ◦g to g′ ◦α, then the following square is homotopy commutative:

M(f0, g)
× M(f1, g)

×

M(f ′
0, g

′)× M(f ′
1, g

′)×.

θ(E,g×[0,1])

θ(F0,G) θ(F1,G)

θ(E′,g′×[0,1])
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Proof. As described above, there are canonical homotopy classes of maps θ(F0, G),

θ(F1, G), θ(E, g × [0, 1]), and θ(E ′, g′ × [0, 1]) between the standard homotopy pushouts in

the diagram which are independent of F0, F1, E, and E ′. We show the desired square is

homotopy-commutative, so that these maps all fit into the diagram in Figure A.1.2. Before

defining this homotopy, note that the following are homotopic:

• The maps β1 ◦ e ≃ e′ ◦ β0, via some homotopy S : B0 × [0, 1]→ B′
1.

• The maps β1 ◦ e ◦ f0 ≃ e′ ◦ β0 ◦ f0 via the homotopy S ◦ f0 : A× [0, 1]→ B′
1.

• The maps β1 ◦ f1 ≃ e′ ◦ f ′
0 ◦ α via some homotopy T : A× [0, 1]→ B′

1.

• The homotopies β1 ◦ E ≃ e′ ◦ F0 via some homotopy F : (A × [0, 1]) × [0, 1] → B′
1

which restricts on (A×{0})×[0, 1] and (A×{1})×[0, 1] to S◦f0 and T , respectively.

• The homotopies F1 ≃ E ′ ◦ α via some homotopy F ′ : (A × [0, 1]) × [0, 1] → B′
1

which restricts on (A×{0})× [0, 1] and (A×{1})× [0, 1] to T and (f ′
1 ◦α)× [0, 1],

respectively.

The first three homotopies follow from the diagram in Figure A.1.2. The last two homotopies

follow from an argument similar to the one given in the proof of Lemma A.10.

We now define the desired homotopy Θ : M(f0, g)
× × [0, 1] → M(f ′

1, g
′). As usual, we

describe how Θ behaves on various parts of M(f0, g)
× × [0, 1]. First, define Θ|(B0∪C)×[0,1] by

Θ(x, t) =


S(x, t), x ∈ B0

γ(x), x ∈ C
.

For the sake of clarity, to define Θ on the remainder of M(f0, g)
× × [0, 1] (that is, on

(A × [0, 1]) × [0, 1]), we opt for a picture rather than a formula. See Figure A.1.3, which

depicts the [0, 1]× [0, 1] factors of (A× [0, 1])× [0, 1] and is labeled with the maps used. One

can check that the map glues properly along all regions of Figure A.1.3 and that the left and

right edges agree with Θ|(B0∪C)×[0,1]. □
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5
9

2
3

1

0

1

β1ef0

β1E

β1f1

F1

f ′
1α g′α

G
γg γg

e′β0f0

e′F0

e′f ′
0α

E ′α

f ′
1α g′α g′α

G

γg

Sf0 T

F F ′ α

g′α

G

γg

Figure A.1.3. The map Θ on (A× [0, 1])× [0, 1].

A.2. Well-definedness and naturality

Before proving the desired well-definedness and naturality properties (W1)-(W4) and

(N1)-(N9), we recall some definitions using our standard notation. Let L ⊂ M be a link

with link group π and normal subgroup Γ = ker(π ↠ π1(M) ↠ G) for some fixed quotient G

of π1(M). Choose a model K for K(π/Γn, 1), and let pn : EL → K be a map induced by the

canonical projection pn : π ↠ π/Γn. The space Xn(L) is the standard homotopy pushout of

the diagram Dn(L) below.

EL K

Dn(L) =

M

pn

j

It comes equipped with a canonical inclusion ιn(L) : M ↪→ Xn(L) which is a canonical

extension of EL ↪→ M×
pn , the inclusion of EL into the reduced mapping cylinder M×

pn . The

124



Xn(L) form a tower of spaces with maps ψm,n : Xm(L)→ Xn(L) for m ≥ n induced by the

projections pm,n : π/Γm ↠ π/Γn. Recall from Section A.1 that because j is a cofibration,

Xn(L) is homotopy equivalent to the pushout of Dn(L) in the category of topological spaces.

We choose to define Xn(L) as the standard homotopy pushout, not the pushout, of Dn(L)

in order to simplify certain parts of the body of this thesis.

Theorem A.13.

(1) The homotopy type of the space Xn(L) is well-defined, independent of the choices of

model K for K(π/Γn, 1) and map pn : EL → K.

(2) The model for Xn(L) obtained as the standard homotopy pushout depends naturally

on the choices of K and pn. If K ′ and p′n : EL → K ′ are other choices, and if

e : K
≃−→ K ′ is a homotopy equivalence inducing idπ/Γn on fundamental groups, then

the resulting morphism of standard homotopy pushout diagrams yields a canonical

homotopy class of homotopy equivalences ψ : X
≃−→ X ′ between the two models for

Xn(L).

(3) The homotopy class ιn(L) ∈ [M,Xn(L)]0 is well-defined and depends naturally on

the choices of K and pn. If K, K ′, pn, and p
′
n are as in (2), then ψ ◦ ιn ≃ ι′n, where

ιn : M ↪→ X and ι′n : M ↪→ X ′ are the canonical inclusions and ψ is the homotopy

equivalence obtained in (2).

Proof. Suppose K and K ′ are models for K(π/Γn, 1), and pn : EL → K and p′n : EL →

K ′ are maps realizing the canonical projection π ↠ π/Γn. Let e : K
≃−→ K ′ be a homotopy

equivalence inducing idπ/Γn on fundamental groups. By part (1) of Lemma A.10, e◦pn ≃ p′n.

Let F be a homotopy from e ◦ pn to p′n. Let X and X ′ be the standard homotopy pushouts

X =M(j, pn)
× and X ′ =M(j, p′n)

×, and let ιn :M ↪→ X and ι′n :M ↪→ X ′ be the resulting

inclusions. We obtain a morphism of standard homotopy pushout squares as in (∗∗), where

α = idEL , β = e, and γ = idM . By Proposition A.8, since these maps are all homotopy

equivalences, we obtain a canonical homotopy equivalence ψ = θ(j × [0, 1], F ) : X
≃−→ X ′.

This proves (1). Also by Proposition A.8, we have ψ ◦ ιn = ι′n ◦ idM = ι′n. This proves (3).
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Finally, since K and K ′ are both models for K(π/Γn, 1), by Proposition A.11 the homotopy

class of ψ is independent of the choice of F . This proves (2). □

This proves properties (W1), (N1), (W2), and (N2). We now prove properties (W3),

(N3), and (N4), which concern maps between Xn(L) for various n.

Theorem A.14. Let m ≥ n.

(1) The homotopy class ψm,n is well-defined and depends naturally on the choices of

models Km and Kn for K(π/Γm, 1) and K(π/Γn, 1), respectively, as well as maps

pm, pn, and pm,n : Km → Kn, a map induced by the canonical projection π/Γm ↠

π/Γn. If K ′
m, p

′
m, K

′
n, p

′
n, and p

′
m,n are other choices, and if em : Km

≃−→ K ′
m and

en : Kn
≃−→ K ′

n are homotopy equivalences inducing idπ/Γm and idπ/Γn, respectively,

then the resulting diagram of standard homotopy pushout squares yields a homotopy-

commutative square of standard homotopy pushouts

Xm X ′
m

Xn X ′
n,

ψm

ψm,n ψ′
m,n

ψn

where ψm and ψn are the homotopy equivalences obtained from part (2) of Theorem

A.13.

(2) The collection {ψi,j} satisfies ψm,p ≃ ψn,p ◦ ψm,n.

Proof. First, we have a morphism of standard homotopy pushout squares as in (∗∗),

where A = A′ = EL, B = Km, B
′ = Kn, and C = C ′ = M , and where α = idEL , β = pm,n,

and γ = idM . By part (1) of Lemma A.10, pm,n◦pm ≃ pn. Let F be a homotopy from pm,n◦pm

to pn. By Proposition A.8, we obtain a canonical map ψm,n = θ(j × [0, 1], F ) : Xm → Xn.

The homotopy class of this map does not depend on the choice of F by Proposition A.11.

Thus, the homotopy class of ψm,n is well-defined. Observe that the objects in the statement

of the theorem fit into a homotopy-commutative diagram of the type seen in Figure A.1.2.

We obtain the desired homotopy-commutative square by Proposition A.12. This proves (1).
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To prove statement (2), we again find a homotopy-commutative diagram of the type seen

in Figure A.1.2. LetKp be a model forK(π/Γp, 1), with the map pp : EL → Kp corresponding

to the cannonical projection π ↠ π/Γp. Let pm,p and pn,p be defined analogously to pm,n.

Then pm,p ≃ pn,p ◦ pm,n by part (1) of Lemma A.10. Adapting Figure A.1.2 shows that

ψm,p ≃ ψn,p ◦ ψm,n. □

We have a similar theorem regarding maps between Xn(LS) for various S.

Theorem A.15. Let S ⊂ I be a subset of the set of components of L. Then

(1) The homotopy class ϵSn is well-defined and depends naturally on the choices of mod-

els Kn and KS
n for K(π/Γn, 1) and K(πS/ΓSn, 1), respectively, and maps pn, p

S
n, and

qSn : Kn → KS
n , the map induced by the canonical projection π/Γn ↠ πS/ΓSn. If Kn,

pn, KS
n , p

S
n, and qSn are other choices, and if e : Kn

≃−→ Kn and eS : KS
n

≃−→ KS
n

are homotopy equivalences inducing idπ/Γn and idπS/ΓSn , respectively, then the result-

ing diagram of standard homotopy pushout squares yields a homotopy-commutative

square of standard homotopy pushouts

Xn Xn

XS
n XS

n

ψn

ϵSn ϵSn

ψSn

where ψn and ψSn are the homotopy equivalences obtained from part (2) of Theorem

A.13.

(2) The collection {ϵSn}n,S⊆I satisfies ϵTn (LS) ◦ ϵSn(L) ≃ ϵS∪Tn (L) ≃ ϵSn(LT ) ◦ ϵTn (L).

We omit the proof of Theorem A.15 which is nearly identical to the proof of Theorem A.14.

The only difference of note is that the left face of the diagram from Figure A.1.2 is now

EL ELS

M M.

iS

j jS

Proposition A.12 still applies. This proves properties (W4), (N5), and (N6).

Finally, we prove properties (N7), (N8), and (N9) which concern relationships among the

collections of maps {ιk(L)}, {ψi,j}, and {ϵSn}.
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Theorem A.16. The collections {ιk(L)}, {ψi,j}, and {ϵSn} satisfy the following:

(1) ψm,n ◦ ιm(L) ≃ ιn(L).

(2) ϵSn ◦ ιn(L) ≃ ιn(LS).

(3) ϵSn ◦ ψm,n(L) ≃ ψm,n(LS) ◦ ϵSm.

Proof. Parts (1) and (2) follow from Proposition A.8 and the commutativity of the

bottom square of a morphism of standard homotopy pushout squares. Part (3) again follows

from Proposition A.12 and a diagram of the type found in Figure A.1.2. □
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APPENDIX B

Poincaré Embedding Type

The goal of this appendix is to introduce the Vogel homology localization of spaces due to

P. Vogel [Vog78] and the related definition of Poincaré embedding type, a universal homotopy

invariant for concordance of knots and links due to J.C. Cha and K. Orr. Our discussion

is entirely expository and serves to present the definitions of the concordance invariants

from Chapter 3 within a broader context. The notion of Vogel localization also appears

in Le Dimet’s work on string links [LD88]. Other localization functors, due to Bousfield,

Cohn, and Vogel, appear in [Bou74,Bou75,Vog82,Coh85]. Most of the exposition in this

chapter is based on unpublished notes of Cha and Orr [CO].

Section B.1 contains a brief introduction to localization functors. In Section B.2, we

define the Vogel homology localization. We connect Vogel’s localization of spaces to other

localization functors in Section B.3. In Section B.4, we show the Eilenberg-MacLane spaces

K(π/Γn, 1) are examples of local spaces. Finally, we define the Poincaré embedding type of

a link in Section B.5.

B.1. General definition of a localization

We begin with the broad idea of localization, following [CO], and postpone our discussion

of specific examples of localization to the next several sections. Let C be a category, and let

Ω be a collection of morphisms in C. For objects X and Y of C, let Hom(X, Y ) denote the

collection of morphisms X → Y .

Definition B.1. An object Z of C is local with respect to Ω, or Ω-local, if for any

morphism f : X → Y in Ω and any morphism g : X → Z (not required to be in Ω) there is

a unique morphism h : Y → Z such that g = h ◦ f , that is, the diagram below commutes.
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X Y

Z

f

g
∃!h

Equivalently, the induced map f ∗ : Hom(Y, Z)→ Hom(X,Z) is a bijection.

Definition B.2. Let X be an object of C. A localization of X with respect to Ω, or

an Ω-localization of X, is an object E(X) equipped with a morphism ιX : X → E(X) such

that:

(1) E(X) is Ω-local, and

(2) For any Ω-local object Z and any morphism g : X → Z, there is a unique morphism

h : E(X)→ Z such that g = h ◦ ιX , that is, the diagram below commutes.

X E(X)

Z

ιX

g

∃!h

Condition (2) is equivalent to the statement that the induced map

ι∗X : Hom(E(X), Z)→ Hom(X,Z)

is a bijection.

In other words, a localization ofX is an initial local object which admits a morphism from

X. If localizations of two objects X and Y of C both exist, then any morphism f : X → Y

induces a morphism E(f) : E(X) → E(Y ). Since E(X) is a localization of X and the

composition ιY ◦ f : X → E(Y ) is a morphism to a local space, there is a unique morphism

E(f) : E(X)→ E(Y ) making the diagram below commute.

X E(X)

Y E(Y )

ιX

f ∃!E(f)

ιY

If localizations of all objects of C exist, we obtain a functor E : C → C along with a natural

transformation ι : 1C → E. We call such E an Ω-localization functor.

The following categorical properties of localizations are straightforward applications of

the definition:
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• If an Ω-localization of an object X exists, it is unique up to isomorphism in C. More

broadly, if (E, ι) and (E ′, ι′) are two Ω-localization functors C → C, then there is a

natural equivalence of functors η : E → E ′ such that η ◦ ι = ι′.

• If X is local, then E(X) = X.

• If f : X → Y is in Ω, then E(f) : E(X)→ E(Y ) is an isomorphism in C.

B.2. Vogel homology localization

In this section, we discuss a specific type of localization functor due to Vogel [Vog78]

that we call a Z[G]-Vogel homology localization of spaces. Again, our discussion follows

unpublished notes of Cha and Orr [CO]. For our purposes, G will be a quotient of the

fundamental group of a closed orientable 3-manifold. Let CWG denote the category of

pointed CW complexes over G and homotopy classes of maps between them. An object

of CWG is a CW complex X with a map X → BG, and a morphism between the objects

X → BG and Y → BG is a homotopy class of maps X → Y along with a diagram

X Y

BG

which commutes up to homotopy. Any object X of CWG has a well-defined G-covering space

corresponding to the map X → BG. In this section, we let X̃ denote the G-cover of the

space X.

A Z[G]-Vogel homology localization is a functor CWG → CWG localizing the class

Ω(G) =
{
(B,A)

∣∣ (B,A) is a finite pair in CWG with B̃/Ã contractible
}
.

We consider Ω(G) a class of maps by viewing the pair (B,A) as the inclusion A ↪→ B. The

requirement that B̃/Ã is contractible is equivalent to the following two conditions:

• H∗(B,A;Z[G]) = 0.

• ker(π1(B)→ G) is normally generated by the image of ker(π1(A)→ G).

We give a brief proof of this equivalence.
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Proof. ( =⇒ ). Suppose B̃/Ã is contractible. Since (B̃, Ã) is a CW pair,

H∗(B,A;Z[G]) = H∗(B̃, Ã;Z) ∼= H̃∗(B̃/Ã;Z) = 0.

Also, π1(B̃/Ã) = 1. This group may be computed from π1(B̃) = ker(π1(B)→ G) by taking

a quotient by the subgroup normally generated by elements in the image of π1(Ã), that is,

the image of ker(π1(A)→ G).

( ⇐= ). Conversely, if ker(π1(B)→ G) is normally generated by the image of ker(π1(A)→

G), then π1(B̃/Ã) = 1. The additional assumption that H∗(B,A;Z[G]) = H̃∗(B̃/Ã;Z) = 0

implies πn(B̃/Ã) = 0 for all n > 1 by the Hurewicz Theorem. Whitehead’s Theorem then

implies that B̃/Ã is contractible. □

Following our discussion in Section B.1, we define local spaces and a localization functor

with respect to Ω(G).

Definition B.3. A space Z ∈ CWG is Z[G]-local if it is local with respect to Ω(G).

Given any (B,A) ∈ Ω(G) and a morphism A→ Z, there exists a unique homotopy class of

maps B → Z making the following diagram commute up to homotopy:

A B

Z

BG.

∃!

A Vogel homology localization localizes the category CWG with respect to Ω(G).

Definition B.4. A Z[G]-Vogel homology localization consists of a functor

−̂ : CWG → CWG

and a natural transformation ι : 1 → −̂ such that for any Z[G]-local space Z and any

homotopy-commutative diagram

132



X X̂,

Z

BG

ιX

∃!

there is a unique homotopy class of maps X̂ → Z making the diagram homotopy commute.

For short, we will refer to such a pair (−̂, ι) as a Z[G]-localization, a Vogel localization,

or a homology localization. See [Vog78] or [LD88] for a proof of the following theorem.

Theorem B.5 (Vogel [Vog78]). A Z[G]-Vogel homology localization exists.

We restate the categorical properties from Section B.1 in the setting of Z[G]-localization.

• A Z[G]-localization of a space X is unique up to homotopy equivalence over G.

More broadly, any two Z[G]-localization functors are naturally equivalent.

• If X is Z[G]-local, then X̂ = X.

• If f : X → Y is in Ω(G), then f̂ : X̂ → Ŷ is a homotopy equivalence over G.

To state the next result, we make a distinction between a Vogel localization, any functor

satisfying Definition B.4, and the Vogel localization, a specific functor constructed in the

proof of Theorem B.5. Often, we will only care about the homotopy type of X̂, in which

case this distinction does not matter; however, the specific functor constructed in the proof

of Theorem B.5 is conveniently characterized as follows:

Theorem B.6 (Vogel [Vog78]). There exists a sequence of finite complexes {Xi}i≥1

in CWG with inclusions ji : Xi ↪→ Xi+1, ji ∈ Ω(G) for all i, such that X1 = X and

colim(Xi) = X̂, where X̂ is the Z[G]-Vogel homology localization. Furthermore, any Z[G]-

local space with such a sequence {Xi} is a Vogel localization of X and is therefore homotopy

equivalent to X̂.

So X̂ is the colimit of a sequence of spaces beginning with X such that only finitely many

cells are attached at each step. Any map from a finite complex to X̂ must factor through

some Xi.
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B.2.1. Vogel localization and concordance. LetM be a closed orientable 3-manifold.

We can use Z[π1(M)]-Vogel homology localization to study concordance in M . We will use

Z[π1(M)]-homology localization in Section B.5 to define Poincaré embedding type, a univeral

homotopy invariant of concordance.

Suppose C is a concordance between the links L,L′ ⊂ M . The inclusion EL ↪→ EC is

a Z[π1(M)]-homology equivalence, as seen in Proposition 2.1, and ker
(
π1(EC)→ π1(M)

)
is

normally generated by the image of ker
(
π1(EL) → π1(M)

)
. Both are normally generated

by the meridians of L. Thus, (EC , EL) ∈ Ω(π1(M)), so the induced map ÊL → ÊC is a

homotopy equivalence. The same holds for L′.

Proposition B.7. A concordance between L,L′ ⊂ M induces a homotopy equivalence

of pairs between Z[π1(M)]-Vogel homology localizations (ÊL′ , ∂EL′)
≃−→ (ÊL, ∂EL).

An analogous statement holds for a Z[G]-homology concordance between L ⊂ (M,φ),

L′ ⊂ (M ′, φ′), where φ : π1(M) ↠ G and φ′ : π1(M
′) ↠ G are surjective homomorphisms

onto a common group G.

Proposition B.8. A Z[G]-homology concordance between L ⊂ (M,φ) and L′ ⊂ (M ′, φ′)

induces a homotopy equivalence of pairs between Z[G]-Vogel homology localizations

(ÊL′ , ∂EL′)
≃−→ (ÊL, ∂EL).

B.3. Other localization functors

Vogel initially defined his homology localization of spaces [Vog78] as an adaptation of

a localization functor of Bousfield [Bou74,Bou75]. Vogel’s localization is better suited

to studying manifolds. Bousfield’s localization of spaces localizes a class much larger than

Ω(G), removing the normal generation condition seen in Section B.2.

Both localization theories have associated functors on categories of groups. The localiza-

tion functors commute with π1, so that π1(E(X)) = E(π1(X)). In particular, the fundamen-

tal group of a Z[G]-local space is a Z[G]-local group. In each case, the category of groups

over G and group homomorphisms over G is localized with respect to Z[G]-homologically
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2-connected morphisms, that is, morphisms which induce isomorphisms on H1(−;Z[G]) and

epimorphisms on H2(−;Z[G]). Vogel’s version further requires that such morphisms have

finitely generated domain and finitely presented codomain. The algebraic closure of a group

in the sense of J. Levine [Lev89a,Lev89b] is the same as Vogel’s group localization. For a

group π, we denote this group localization by π̂.

Given a group π over G, let Γ = ker(π → G) and Γ̂ = ker(π̂ → G). The homomorphism

π → π̂ is Z[G]-homologically 2-connected, which implies the homomorphism Γ → Γ̂ is Z-

homologically 2-connected. By the Stallings-Dwyer Theorem, the homomorphism Γ → Γ̂

induces isomorphisms on lower central quotients Γ/Γn
∼=−→ Γ̂/Γ̂n for all n. By the Five

Lemma, it induces isomorphisms on Z[G]-lower central quotients π/Γn
∼=−→ π̂/Γ̂n for all n.

Proposition B.9. The map ιX : X → X̂ from a space in CWG to its Z[G]-homology

localization induces isomorphisms on all Z[G]-lower central quotients.

Proof. Let π = π1(X). Then π̂ = π1(X̂). The above discussion yields isomorphisms

π/Γn
∼=−→ π̂/Γ̂n for all n. □

Analogous localization functors for rings and modules appear in work of Bousfield and

Cohn [Bou74,Bou75,Coh85]. In the appropriate settings, the Vogel localization of a

space has higher homotopy groups which are local modules over its fundamental group, a

local group. Classical localizations of rings and modules are special cases of the work of

Bousfield and Cohn. See [CO12] for a summary of these various localization functors and

their properties.

B.4. Some Z[G]-local spaces

In this section, we give some examples of Z[G]-local spaces which appear in this thesis.

As usual, let L be a link in the closed orientable 3-manifold M with link group π = π1(EL),

normal subgroup Γ = ker(π ↠ π1(M) ↠ G), and Z[G]-lower central quotients π/Γn.

Proposition B.10. For every n, the Eilenberg-MacLane space K(π/Γn, 1) is a Z[G]-local

space (in the sense of Vogel).
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Proof. Suppose we have a diagram

A B

K(π/Γn, 1)

BG

where (B,A) ∈ Ω(G). Let πA = π1(A), π
B = π1(B), ΓA = ker(π1(A) → G), and ΓB =

ker(π1(B) → G). To obtain the desired map B → K(π/Γn, 1), it is enough to have a

homomorphism πB → π/Γn making the following diagram commute:

πA πB

π/Γn

G.

But H∗(B,A;Z[G]) = 0, so the inclusion A ↪→ B is Z[G]-homologically 2-connected. Thus,

we have isomorphisms πA/ΓAk
∼=−→ πB/ΓBk for all k. The isomorphism for k = n produces

the desired homomorphism πB ↠ πB/ΓBn
∼=−→ πA/ΓAn → π/Γn, hence the desired map B →

K(π/Γn, 1). Thus, K(π/Γn, 1) is a Z[G]-local space. □

Because the spaces K(π/Γn, 1) are Z[G]-local, the map EL → K(π/Γn, 1) factors over

G uniquely up to homotopy through the Z[G]-homology localization ÊL. In fact, we may

arrange that we have a factorization of maps of pairs

(EL, ∂EL) (ÊL, ∂EL),

(M×
pn , ∂EL)

ιEL

where M×
pn is the reduced mapping cylinder of pn : EL → K(π/Γn, 1).

Proposition B.11. A homotopy equivalence of pairs (ÊL′ , ∂EL′)
≃−→ (ÊL, ∂EL) over G

induces homotopy equivalences of pairs (M×
p′n
, ∂EL′)

≃−→ (M×
pn , ∂EL) over G for all n.

Proof. The homotopy equivalence of pairs (ÊL′ , ∂EL′)
≃−→ (ÊL, ∂EL) over G immedi-

ately yields a homotopy equivalence of pairs (M×
p̂′n
, ∂EL′)

≃−→ (M×
p̂n
, ∂EL) over G, where M

×
p̂n
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is the reduced mapping cylinder of p̂n : ÊL → K(π̂/Γ̂n, 1) and M
×
p̂′n

and p̂′n are defined sim-

ilarly. Recall that the group homomorphisms π → π̂ and π′ → π̂′ induce isomorphisms on

Z[G]-lower central quotients. The following composition of homotopy equivalences of pairs

yields the desired homotopy equivalence:

(M×
p′n
, ∂EL′)

≃−→ (M×
p̂′n
, ∂EL′)

≃−→ (M×
p̂n
, ∂EL)

≃−→ (M×
pn , ∂EL).

□

In light of Proposition B.11, we may view the spaces K(π/Γn, 1) as n
th G-lower central

approximations of the spaces ÊL. Similarly, we may view the homotopy equivalence of pairs

induced by an n-basing (see Proposition 5.1) as an nth G-lower central approximation of the

homotopy equivalence of homology localizations.

B.5. Poincaré embedding types of links

As seen in Section B.2.1, a concordance C between links L,L′ ⊂ M induces homo-

topy equivalences of pairs between Z[π1(M)]-localizations (ÊL, ∂EL) ↪→ (ÊC , ∂νC) and

(ÊL′ , ∂EL′) ↪→ (ÊC , ∂νC). These maps extend over νC to homotopy equivalences X(L) →

X(C) and X(L′) → X(C), where X(L) = ÊL ∪∂EL νL and X(L′) and X(C) are defined

similarly. The space X(L) is the (homotopy) pushout of the diagram

EL ÊL.

D(L) =

M

ιEL

j

This yields the following diagram over π1(M) which leads to the definition of Poincaré

embedding type.
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(EL′ , ∂EL′) (EC , ∂νC) (EL, ∂EL)

(ÊL′ , ∂EL′) (ÊC , ∂νC) (ÊL, ∂EL)

(M, νL′) (M × [0, 1], νC) (M, νL)

(X(L′), νL′) (X(C), νC) (X(L), νL).

ιEL′

ιEC ιEL

≃ ≃

ι(L′)

ι(L)

≃ ≃

Definition B.12 (Cha and Orr). Two links L,L′ ⊂ M have the same Poincaré em-

bedding type if there exists a homotopy equivalence of pairs h : (ÊL′ , ∂EL′)
≃−→ (ÊL, ∂EL)

which restricts to an admissible homeomorphism ∂EL′ → ∂EL and extends to a homotopy

equivalence of pairs h : (X(L′), νL′)→ (X(L), νL) such that h◦ι(L′) ≃ ι(L), all over π1(M).

We have the following diagram over π1(M):

(EL′ , ∂EL′) (EL, ∂EL)

(ÊL′ , ∂EL′) (ÊL, ∂EL)

(M, νL′) M × [0, 1] (M, νL)

(X(L′), νL′) (X(L), νL).

ιEL′

ιEL

h
≃

ι(L′)

ι(L)

h
≃

If L and L′ have the same Poincaré embedding type, we will say L and L′ are Poincaré-

equivalent. Our discussion above proves the following proposition:

Proposition B.13. Concordant links have the same Poincaré embedding type.

With Definition B.12 in hand, Proposition B.11 shows that Poincaré-equivalent links are

n-equivalent for every n (in the sense of Definition 3.7).

Corollary B.14. Poincaré-equivalent links are n-equivalent for every n.
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Thus, n-equivalence is an nth π1(M)-lower central approximation of Poincaré-equivalence.

The spaces Xn(L) from Section 3.1 successively approximate the space X(L) from Definition

B.12, and the maps ιn(L) approximate the map ι(L).

Poincaré embedding type is the universal homotopy invariant of concordance in the

sense that it determines any homotopy-theoretic invariant capturing information about the

Z[π1(M)]-homology of EL. Two m-component links L,L′ ⊂ M are Poincaré-equivalent if

and only if one can set up a homology surgery problem, that is, if and only if they differ by

a normal map; see a forthcoming paper of Cha and Orr for more details.
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