
 Making Quilts
 without Sewing:
 Investigating Planar Symmetries in Southern Quilts

 Holly Garrett Anthony and Amy J. Hackenberg

 As two former high school geometry
 teachers with doctorates in mathe

 matics education, we have found a
 rich source for the study of transfor
 mational geometry in the patterns of

 handmade quilts from the southern United States.
 Although practical features of these quilts, such as
 decoration and warmth, and their general geomet
 ric nature may be evident, the complex structure of
 their patterns is much less obvious. Investigating
 the structure of these quilt patterns is a fruitful

 way to study symmetries of the plane and the
 transformations that produce them. The mathemat
 ical activities we have derived from quilt patterns
 can "enable all students to apply transformations
 and use symmetry to analyze mathematical situa
 tions" (NCTM 2000, p. 41).

 In this article, we first give a brief introduction
 to symmetries of the plane. Then we describe our
 analyses of the different combinations of planar
 symmetries?the wallpaper patterns?displayed
 by seventeen Tennessee quilts made by Holly
 Anthony's grandmothers. The different possible
 combinations of symmetries that coexist in a pla
 nar pattern are called wallpaper patterns, where
 the word wallpaper is used to indicate the nature
 of a planar pattern continuing indefinitely, not to
 refer literally to wallpaper. Finally, we outline an
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 activity for "making quilts without sewing" that
 enables high school students to develop their un
 derstanding of planar symmetries and wallpaper
 patterns. This activity allows students and their
 teachers to incorporate the culture and traditions
 of quilting into their study of geometry. Thus in
 our work with quilts, "appropriate consideration
 of symmetry provides insights into mathematics
 and into art and aesthetics" (NCTM 2000, p. 43).

 THE ART OF QUILT MAKING
 Background
 Quilt making is a special part of the heritage of the
 United States. Historically, quilts provided decora
 tion in the home and protection from cold tempera
 tures, and quilt making was a social and educational
 activity in communities. In the eighteenth and early
 nineteenth centuries, girls' education in stitchery
 started when they were as young as three, and "girls

 were expected to have thirteen quilt tops, twelve
 everyday and one special bridal top ... ready for
 their engagement" (Smithsonian Institution Travel
 ing Exhibition Service [SITES] 1972, p. 10). While
 such traditions have waned over time, the use of and
 need for quilts prevails throughout the United States.

 Today, because of a renewed interest in preserv
 ing family and community history, quilts are re
 garded as an artistic record of cultural history and a
 reflection of the lives of the people who created
 them. "Always quilts reflect the prevailing tastes
 and moods of their times" (SITES 1972, p. 13). The
 kinds and styles of quilts from each region in the
 United States are unique, a combination of particu
 lar environmental and economic conditions and the

 traditions of the people who live there. Tradition
 ally, southern quilts are characterized as "elegant
 and understated" (SITES 1972, p. 13).

 Process
 A quilt is the result of two kinds of needlework:
 patchwork and quilting. Patchwork is the art of
 sewing together pieces of fabric of various kinds and
 colors and is a "development of the primitive desire
 for adornment" (Webster 1915, p. xvii). In areas that

 were isolated or rural and where families had little

 income, women used scraps of material from old
 clothing and worn flour sacks to create patchwork
 pieces. Quilt makers sew pieces together to form a
 quilt block, which is usually a square that in turn is
 sewn to other blocks to make the quilt. The resulting
 patchwork patterns are both aesthetically pleasing?
 and (often unintentionally) mathematically rich.

 Quilting "is an ancient craft, its basic technique
 unchanged for millenia: two layers of material, usu
 ally with a filler in between, are stitched through to
 join them together" (SITES 1972, p. 7). Quilting
 stitches often outline the patterns already present

 Fig. 1 Wheel pattern with 10-fold (cyclic) rotational symmetry

 (10 rotations of 36 degrees maps point A back to itself). C is

 the center of rotation. This drawing is a GSP reproduction of

 the pattern on the quilt block for the Red Pinwheel quilt.

 in the patchwork. Depending on the creativity of
 the quilter, the quilting stitches may also result in
 artistic stitched designs within the patchwork of
 the quilt. Thus, both patchwork and quilting offer a
 rich context for the study of planar symmetries and
 wallpaper patterns.

 TYPES OF PLANAR SYMMETRY
 A pattern has rotation symmetry if the pattern ap
 pears unchanged when rotated about a center point
 C through an angle of less than 360 degrees (An
 nenberg/CPB 2002). Wheel or rosette patterns dis
 play rotation symmetry (fig. 1). The smallest angle
 such that the pattern appears unchanged is the
 angle of rotation, and the maximum number of ro
 tations of this angle in 360 degrees determines the
 nature of rotation symmetry of the pattern. In fig
 ure 1, the pattern has 10-fold rotation symmetry
 because 10 rotations (of 36 degrees each) are re
 quired for point A to rotate 360 degrees, or map
 back to itself. This wheel pattern is reproduced in
 The Geometer's Sketchpad (GSP) from the block of
 a quilt pattern called Red Pinwheel.

 Reflection symmetry occurs if the pattern ap
 pears unchanged when reflected over a line. Quilt
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 block patterns with rotation symmetry can also dis
 play reflection symmetry, where reflection lines
 pass through the center of rotation (fig. 2). Rota
 tion centers such as these are called dihedral, as op
 posed to centers such as those in figure 1, which
 are called cyclic. Figure 2 displays a pattern repro
 duced from the quilted design inside a block for the

 Fig. 2 Pattern with 4-fold dihedral symmetry reproduced

 in GSP from the quilted design of the block for Flying

 Geese. This quilted pattern occurs in the middle of the

 light blue squares on the quilt but is difficult to see in the

 photo. See highlighted square on the quilt.

 Fig. 3 Strip pattern with translation symmetry; the shortest translation vector is
 shown (translation can be in the direction shown or its opposite). The pattern is

 reproduced in GSP from the quilted border of Flying Geese. The quilted border

 occurs in the light blue strips above and below the patchwork border.

 Flying Geese quilt. The reflection lines are marked,
 and the pattern has 4-fold dihedral symmetry. To
 see why, determine the angle of rotation. How

 many of these rotations must be made for point
 to map back to itself?

 Finally, a pattern has translation symmetry if
 the pattern appears unchanged when translated by
 a vector (a distance and a direction). Border or
 frieze patterns display translation symmetry, such
 as the quilted pattern along the border of the Flying
 Geese quilt (fig. 3). In figure 3 the shortest trans
 lation vector is shown. "Sliding" the pattern by that
 vector, or an integer multiple of that vector, makes
 the pattern appear unchanged. Note that, for exam
 ple, the shortest translation vector would map D
 to image D\ However, a translation of D' by twice
 Tin the opposite direction (i.e., -2T) would map D%
 to image D" and also leave the pattern unchanged.
 Can you identify reflection lines and rotational
 symmetry in this border pattern? What fold rota
 tion are the centers? Are they cyclic or dihedral?

 QUILTS ANALYZED AS WALLPAPER
 PATTERNS
 All of these symmetries (and more) are present in
 wallpaper patterns, which can be thought of as the
 structure of planar patterns; that is, wallpaper pat
 terns identify and categorize combinations of pla
 nar symmetries that coexist in a particular pattern.
 Many quilt patterns, such as Red Geese (fig. 4), are
 examples of wallpaper patterns. Before reading on,
 try to identify rotation centers, reflection lines, and
 translation vectors in this quilt pattern. You might
 start with reflection lines, since sometimes they are
 easiest to identify.

 In Red Geese, vertical and horizontal reflection
 lines pass through the centers of the red squares and
 the small white squares. Do you also see the diago
 nal reflection lines that bisect the angles formed by
 the vertical and horizontal reflection lines (fig. 5)?
 In the middle of both the red and the small white

 squares are 4-fold dihedral rotation centers?dihe
 dral because they occur at the intersection of four
 reflection lines. Do you also see the 2-fold dihedral
 rotation centers, where two reflection lines inter
 sect? These occur in the middle of the green rectan
 gles. This pattern also has translation symmetry: All
 translation symmetries in the quilt can be generated
 from integral linear combinations of the two short
 est translation vectors and T2. For example, a
 translation by 3Tj - 2T2 would make the quilt pat
 tern appear unchanged. See figure 6.

 Because this quilt has both reflection and trans
 lation symmetry, it also has their composition: glide
 reflection symmetry. A pattern has glide reflection
 symmetry if it appears unchanged under a glide re
 flection. All the reflection lines in this quilt pattern
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 Fig. 4 Red Geese quilt, an example of a wallpaper pattern

 Fig. 5 Red Geese shown with reflection lines, dihedral
 rotation centers (4-fold centers are squares, 2-fold centers

 are circles), and shortest translation vectors T} and T2. Note

 that the photo of the quilt has been reduced in contrast.

 are also glide reflection symmetry lines. For exam
 ple, if you select a red triangle, reflect it over a ver
 tical reflection line, and translate it by T2, it will
 map directly onto another red triangle (fig. 7). Can
 you see analogous glide reflection symmetry over a
 horizontal glide reflection line? What about diago
 nally? The glide reflection symmetry over the diag
 onal reflection lines requires different translation
 vectors that are parallel to those lines.

 The combination of symmetries present in the
 Red Geese quilt determines the wallpaper pattern it
 exemplifies. Different wallpaper patterns are often
 referred to by key symmetries that, composed, yield
 all the symmetries of the pattern. In Red Geese, the
 4-fold and the 2-fold dihedral rotation centers are

 characteristic of a particular wallpaper pattern that
 exhibits all the other symmetries identified above.
 Although there are different naming systems for
 wallpaper patterns, a common one, called Conway
 notation or orbifold notation, refers to the pattern
 exemplified by Red Geese as *442 (Conway 1992;
 also, www.xahlee.org/Wallpaper_dir/c5_17Wall

 Fig. 6 Red Geese shown with the vector for one of its

 translation symmetries. Translating the pattern by an inte

 gral linear combination of 7, and T2, such as 3T, - 2T2,

 leaves the pattern unchanged. Note that the photo of the

 quilt has been reduced in contrast.

 * ? ?

 ?3

 Fig. 7 Red Geese shown with glide reflection symmetry.

 Follow the numbered red triangles to see an example of

 glide reflection symmetry. Note that the photo of the quilt
 has been reduced in contrast.

 paperGroups.html). The asterisk indicates the dihe
 dral nature of the rotation centers, and the num
 bers tell the "fold" of the centers in the pattern.
 Note that 4 appears twice because there are two dif
 ferent 4-fold centers: those in the middle of the red

 squares and those in the middle of the small white
 squares. Any pattern exhibiting the combination of
 planar symmetries displayed by Red Geese would
 be an example of the wallpaper pattern *442.
 To contrast with the example of Red Geese,

 consider the Green Pinwheel quilt (fig. 8). It has
 no reflection lines and 2-fold cyclic rotation cen
 ters. In fact, it has only rotation and translation
 symmetry. Thus it exemplifies a different wallpa
 per pattern than Red Geese. Since there are four
 distinct 2-fold centers, this pattern would be called
 2222 under the Conway notation system. The ab
 sence of an asterisk indicates the cyclic nature of
 the rotation centers.
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 Fig. 8 Green Pinwheel shown with 2-fold cyclic rotation

 centers marked with triangles. The shortest translation

 vectors, T3 and 4, are shown in black. Note that the photo

 of the quilt has been reduced in contrast.

 In our view, learning a naming system for wall
 paper patterns is less important than experimenting
 to see what planar symmetries occur together in
 patterns?to see what patterns are structurally
 equivalent based on the symmetries present, even if
 they look different in color and shape. We analyzed
 Anthony's quilts in the manner we have described
 for Red Geese and Green Pinwheel, and we found
 seven structurally different patterns (see
 jwilson.coe.uga.edu/QuiltWebsite/mainpage.html).
 The pattern shown in Red Geese, with the dihedral
 4-fold and 2-fold centers, recurred frequently. Be
 cause we knew that seventeen structurally different
 wallpaper patterns are possible (www.clarku.edu/
 %7Edjoyce/wallpaper/seventeen.html; mathforum
 .org/geometry/rugs/symmetry/fp.html), we were a
 little surprised that only seven were displayed in
 the quilts. Thus we decided to investigate further.

 MAKING QUILTS WITHOUT SEWING
 By reproducing quilt blocks taken from Malone
 (1985), we tried to make "quilts" that would dis
 play the remaining ten wallpaper patterns we had
 not seen in Anthony's quilts. We used transforma
 tions to make quilts consisting of sixteen blocks
 and then analyzed the combination of planar sym
 metries present in the resulting pattern. In this
 process, we made two more wallpaper patterns (see
 jwilson.coe.uga.edu/QuiltWebsite/mainpage.html),
 reproduced two patterns already present in Anthony's
 quilts, and generated an activity for high school stu
 dents to deepen their understanding of transforma
 tional geometry.

 The purpose of the activity is to make sixteen
 block "quilts" with different combinations of pla
 nar symmetries and to relate these symmetries
 both to the transformations used to make the quilt

 Fig. 9 Signature quilt block made with GSP. The 2-fold

 cyclic center C is identified.

 and to the symmetries present in the block. In
 short, the activity derives directly from our work
 in trying to make the missing wallpaper patterns.
 The activity is most appropriate for students who
 have already had some practice with analyzing
 planar symmetries as described in the previous
 section.

 Beginning the activity requires having a quilt
 block to work with. Students can use blocks from

 their family's quilts, copy blocks from books, or cre
 ate their own blocks. In our work we used The

 Geometer's Sketchpad, Version 4, to reproduce the
 block called Signature (Malone 1985; see fig. 9)
 among others. (See jwilson.coe.uga.edu/QuiltWeb
 site/mainpage.html.) Note that the Signature block
 has 2-fold cyclic symmetry. We made sixteen copies
 of the block on a transparency (see fig. 10) and cut
 them out. Using the transparency was crucial to
 using reflection and glide reflection, and not just
 translation and rotation, in making quilts. Then we
 began to experiment.

 A SIGNATURE EXAMPLE
 We started with one Signature block and reflected
 it, using another Signature block to represent the
 reflected image. Then we reflected both of those
 blocks and used two more blocks to represent their
 images, and so on, until the quilt was complete (see
 fig. 11). Take a moment now to identify the planar
 symmetries present in the quilt, just as was done
 for Red Geese.

 The way we made the quilt produces vertical
 and horizontal reflection lines along the edges of
 each block; these lines are also glide reflection lines.
 Do you also see the glide reflection lines that are
 not reflection lines? They are located midway be
 tween the reflection lines both vertically and hori

 zontally (see fig. 12). Two-fold cyclic centers are
 present in the center of each block (consistent with
 the symmetry of the block), and 2-fold dihedral cen
 ters occur at the intersection of two reflection lines,
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 Fig. 10 Signature transparency master: Print on transparency film and cut out to make 16 blocks. Note: Blocks should be at least 1.5 inches by 1.5

 inches for easy manipulability.

 or at the corners of a block. All translation symme
 tries can be generated by integral linear combina
 tions of shortest translation vectors T5 and T6; all
 translation vectors for glide reflection symmetry
 can be generated by integral linear combinations of
 shortest translation vectors T7 and T8.
 The Signature quilt displays a different wallpa

 per pattern than either Red Geese or Green
 Pinwheel. Unlike Red Geese, the Signature quilt
 contains only 2-fold rotation centers and some are
 cyclic, because of the cyclic 2-fold symmetry of the
 quilt block. However, unlike Green Pinwheel, not
 all centers are cyclic, because of the use of reflec
 tion rather than rotation or translation in making
 the quilt. Using reflection to make a quilt is not eas
 ily accomplished in actual quilt making?a quilt

 maker cannot just reflect blocks at will once he or
 she has made them. Through this activity students
 can consider how the process of actual quilt making
 can constrain the wallpaper patterns quilt makers
 typically produce.

 CONCLUSION
 The reasons particular wallpaper patterns are un
 common in quilts is just one of many mathemati
 cally and culturally interesting explorations that
 derive from this activity. Others include exploration
 of how the symmetries of the quilt block relate to
 the planar symmetries in the quilt pattern; why and
 how certain planar symmetries appear together in
 patterns; and whether quilts from some regions tend
 to exhibit particular wallpaper patterns.
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 Fig. 11 Signature quilt created by reflection.

 Making quilts without sewing is generative. It is
 also flexible: From the same block, students can
 make quilts with different wallpaper patterns by
 using various combinations of transformations.
 Students might explore what transformations can
 be used to generate a quilt with a certain wallpaper
 pattern given a particular quilt block. Students can
 also investigate what possible combinations of
 transformations might have been used to generate
 a given quilt and wallpaper pattern?and which of
 these combinations are most suitable for quilt mak
 ers. (For a summary of our findings, see jwilson
 .coe.uga.edu/QuiltWebsite/mainpage.html.)
 Finally, through making quilts without sewing,
 students?and their teachers?not only may study
 transformational geometry but also may reflect on
 the cultural activity of quilt makers and the art of
 quilt making.

 Holly Anthony would like to acknowledge her
 grandmothers, Emmagene (Martin) Garrett and
 Laura (Boles) Garrett, who pieced and quilted the
 quilts featured in this article. Together, and indi
 vidually, they produced works of art for each mem
 ber of our family. The love, time, and effort that
 they put into each quilt will be remembered for
 ever. They live on in their work. I extend my
 thanks to them for their inspiration and tradition.
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