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Azouani-Titi
du

dt
= F (u) , u(0) unknown (1)

dU

dt
= F (U) + αIh(U − u), U(0) = 0 (2)

Know: Ihu = proj of u over time, h ∼ sp res

Solution to (1): reality, e.g., the weather

Solution to (2): What can be computed

(U-u) approaches 0 at an exponential rate.
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The Lorenz Equations

dx

dt
= −σx + σy

dy

dt
= rx − y − xz

dz

dt
= −bz + xy .

(3)

dX

dt
= −σX + σY

dY

dt
= rX − Y − XZ − α(Y − y)

dZ

dt
= −bZ + XY .

(4)
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Trajectory of the Lorenz Equations

Figure: Trajectory starting at (5, 5, 5) at σ = 10, b = 8/3, r = 28
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Figure: A plot of x vs t for the same trajectory.
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Figure: The reference solution is in blue, X is in orange.
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Figure: error =

√
(x−X )2+(y−Y )2+(z−Z)2√

x2+y2+z2

We see that as t increases the error is decaying at an exponential rate to 0.
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Korteweg-de Vries (KdV) Equation

Jolly-Sadigov-Titi

Korteweg-de Vries (KdV) partial differential equation.

ut + uxxx + uux + γu =f

Ut + Uxxx + UUx + γU =f − αIh(U − u)
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Figure: The L2-norm of the reference solution for KdV . Where ||u|| =
∫ π

−π
u2dx .
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Figure: The L2-norm of ||u − U||
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Approximate solution is a truncated Fourier series.

u ≈ sM =
M∑

m=−M
ume

imx , u−m = ūm

U ≈ SM =
M∑

m=−M
Ume

imx , U−m = Ūm
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Discrete convolution for nonlinear term.

uux ≈ sMs ′M =
2M∑

m=−2M

( M∑
ν=−M

iνum−νuν
)
e imx .

O(M) coefficients to compute.

O(M) ops to compute each.

Total : O(M2) ops.
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ODE approximation of KdV.

dum
dt
− im3um +

M∑
ν=−M

iνum−νuν + γum = fm

dUm

dt
− im3Um +

M∑
ν=−M

iνUm−νUν + γUm

=

{
fm + α(Um − um) |m| < 8

fm else

f =
M∑

m=−M
fme

imx ,M = 128
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Dedalus, Pseudo-spectral Code

coeffs
FFT−1

−−−−−−→
O(MlogM)

mult physical space−−−−−−−−−−−−→
O(M)

FFT−−−−−−→
O(M logM)

coeffs

Total: O(M logM)
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Implementation Overview

Jetstream - distributed production cloud resource

Interactive virtual machines

Supports a wide range of scientic software

Dedalus pseudo-spectral package for PDEs.
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Thank You
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