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We continue to explore the ways in which high-level topological connections arise
from connections between fundamental features of the spaces, in this case focusing
on star-selection principles in Pixley-Roy hyperspaces and uniform spaces. First,
we find a way to write star-selection principles as ordinary selection principles,
allowing us to apply our translation theorems to star-selection games. For Pixley-
Roy hyperspaces, we are able to extend work of M. Sakai and connect the star-
Menger/Rothberger games on the hyperspace to the w-Menger/Rothberger games
on the ground space. Along the way, we uncover connections between cardinal
invariants. For uniform spaces, we show that the star-Menger/Rothberger game
played with uniform covers is equivalent to the Menger/Rothberger game played
with uniform covers, reinforcing an observation of Lj. Kocinac.

© 2024 Published by Elsevier B.V.

1. Introduction

In this paper, we show how the game-theoretic translation techniques developed in [3-5] can be applied

to star-selection principles, as studied in [18,21,19,29,1]. Using a limited-information approach provides a

more robust toolkit, and can shed light on various connections between selection games and selections prin-

ciples. We establish a certain relationship between the star-Rothberger (resp. star-Menger) game for the

Pixley-Roy hyperspace of X with the w-Rothberger (resp. w-Menger) game for X (see Theorem 3.13);

we also establish some equivalences between the uniform-Rothberger and uniform-Menger games on a

space to star versions of those games (see Theorem 4.6). We note a game-theoretic characterization of

the uniform-Rothberger and uniform-Menger selection principles for paracompact spaces as an application
of the well-known Hurewicz/Pawlikowski theorems (see Corollary 4.11). Along the route to Theorem 3.13,
we establish Proposition 3.12, a cardinality bound between the so-called k-pseudocharacter of X and the
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star-Lindelof degree of the Pixley-Roy hyperspace defined relative to an ideal of compact subsets of X . This
follows from Proposition 3.9, which is a generalization of a cardinality bound due to Sakai [28]. We also
expand the applicability of the existing game-theoretic translation machinery with Theorem 2.17 and, with
Proposition 2.33, we compare selection principle properties relative to sequences and sets.

2. Preliminaries

We use the word space to mean topological space and, unless otherwise stated, all spaces X are assumed
to be Hausdorff. In general, spaces X are assumed to be infinite and, when relevant, non-compact.

2.1. Selection games and cover types

In this section, we introduce the various entities that will be considered in this paper and the general
framework for selection games.

Definition 2.1. For a space X, we let 9x denote the collection of all proper, non-empty open subsets of X.

Definition 2.2. For an open cover % of a topological space X, we say that % is non-trivial provided that
X & % . We let Ox denote the collection of all non-trivial open covers of X.

Definition 2.3. For a space X and a class A of closed proper subsets of X, a non-trivial open cover % is an
A-cover if, for every A € A, there exists U € % so that A C U. We let O(X,.A) denote the collection of all
A-covers of X.

Typically, the classes A that will be considered are bases for ideals or bornologies (see [14]); that is,
collections of closed sets A that cover the space X with the property that, for every A, B € A, AUB € A.
We will also often stipulate that {z} € A for every x € X. We will refer to such collections as ideals of
closed sets.

Two such ideals of particular interest are

o [X]<¢, the set of finite subsets of X, and
o K(X), the set of compact subsets of X.

Remark 2.4. Note that,

o if A=[X]<¥, then O(X,.A) is the collection of all w-covers of X, which will be denoted by x.
o if A= K(X), then O(X, A) is the collection of all k-covers of X, which will be denoted by Kx.

The notion of w-covers is commonly attributed to [12], but they were already in use in [22] where they are
refereed to as open covers for finite sets. The notion of k-covers appears as early as [23] in which they are
referred to as open covers for compact subsets.

We recall the standard selection principles seen in the literature. For a primer on selection principles and
relevant references, the authors recommend [20,31,32].

Definition 2.5. Let A and B be classes of sets. Then the single- and finite-selection principles are defined,
respectively, to be the properties

S1(A,B) = (VA € A%) (33 cI1 An> {B,:new}ehB

new
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and

Sin(A, B) = (VA € A¥) <3B € H [An}<‘”> U{Bn :n €w} € B.

necw

For a space X,

e San(Ox,Ox) is known as the Menger property.

e 51(Ox,0Ox) is known as the Rothberger property.

o Sin(Qx,Qx) is known as the w-Menger property.

o S1(Qx,Qx) is known as the w-Rothberger property.
e Sin(Kx,Kx) is known as the k-Menger property.

e S1(Kx,Kx) is known as the k-Rothberger property.

Selection games arise naturally from the study of selection principles. Selection games originated as
topological games; a history of this development is outlined in Telgarsky’s survey [34] along with a robust
list of references.

Definition 2.6. Given a set A and another set B, we define the finite-selection game Ggy, (A, B) for A and B
as follows:

1|40 A A
|7 A 5

where A,, € Aand F,, € [4,]<% for all n € w. We declare Two the winner if [ J{F, : n € w} € B. Otherwise,
One wins.

Definition 2.7. Similarly, we define the single-selection game G1(A, B) as follows:

1|40 A A
1I ‘ To T T2

where each A4,, € A and z,, € A,. We declare Two the winner if {x,, : n € w} € B. Otherwise, One wins.

The study of strategies for mathematical games like these understandably cannot be separated from
the games themselves. Infinite games and corresponding full-information strategies were both introduced in
[10]. Some forms of limited-information strategies came along shortly after, like positional (also known as
stationary) strategies [7,33]. For more on stationary and Markov strategies, see [11].

Definition 2.8. We define strategies of various strengths below.

o A strategy for player One in Gi(A, B) is a function o : (|JA)<¥ — A. A strategy o for One is called
winning if whenever z,, € o(zy : k < n) for all n € w, {z,, : n € w} & B. If player One has a winning
strategy, we write I 1 G1(A, B).

o A strategy for player Two in Gi(A, B) is a function 7 : A< — | JA. A strategy 7 for Two is winning if
whenever 4,, € A for all n € w, {7(Ao,...,A,) : n € w} € B. If player Two has a winning strategy, we
write IT 1 G (A, B).

e A predetermined strategy for One is a strategy which only considers the current turn number. We call
this kind of strategy predetermined because One is not reacting to Two’s moves, they are just running
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through a pre-planned script. Formally it is a function o : w — A. If One has a winning predetermined
strategy, we write I T G1(A, B).

pre
e A Markov strategy for Two is a strategy which only considers the most recent move of player One and the

current turn number. Formally it is a function 7 : A X w — |J A. If Two has a winning Markov strategy,
we write I 1T Gy (A, B).

I
o If there is a single element Ag € A so that the constant function with value Ay is a winning strategy for
One, we say that One has a constant winning strategy, denoted by I 1 G1(A, B).

cnst

These definitions can be extended to Ggy, (A, B) in the obvious way.
Remark 2.9. The following are mentioned in [6, Prop. 15] and [5, Lem. 2.12] for O € {1, fin}.

o I ¥ Gg(A,B) is equivalent to Sp(A, B).

pre

o I ¥ Gp(A,B) is equivalent to the property that, for every A € A, there is {z, : n € w} C A so that

cnst

{z, :new}eB.

Note that the property I ¥ Gp(A, B) is a Lindelof-like principle and falls in the category of what Scheepers

cnst
[32] refers to as Bar-Ilan selection principles.

Definition 2.10. We say that two selection games G and H are equivalent, denoted G = H, if the following
hold:

eIl + G <= 11 1+ H

mark mark

e II1G «<— II1TH
o 1YG <= IYH
e I VG =17 H

pre pre

If, in addition, I ¥ G <= 1 ¥ H, then we write that G = H.

cnst cnst

Note that these notions of game equivalence are more robust than the traditional game equivalence,
which only depends on full-information strategy equivalence.
We now recall a partial ordering on games introduced in [3,5].

Definition 2.11. Given selection games G and H, we say that G <pj H if the following implications hold:

I+ 6¢=1 1 H
mark mark

+6 = I1tH
196G = 1YH
IYG =17V H

pre pre

If, in addition, I ¥ G = 1 ¥ H, then we write that G §I+I H.
cnst cnst
Observe that the partial ordering G <j1 H effectively asserts that, if Two can win the game G with a
particular level of “strength,” then Two can win the game H with the same kind of strength; this is why we
chose to use the subscript II. The additional criterion constituting G Sﬁ ‘H asserts that the corresponding
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Lindel6f-like property, or Bar-Ilan selection principle, is also transferred; the inequality G <i; H alone cannot
guarantee this since the implications constituting its definition are dependent upon turn number, in general.
Note that, by Remark 2.9, if Go(A,C) <11 Go(B,D) for O € {1, fin}, then we have that, in particular,

So(A,C) = Sp(B,D).
Also, as the reader can readily verify, for any collections A and B,
G1(A, B) <{; Gan(A, B).
We recall the Translation Theorems, as developed through [3-5].
Theorem 2.12 (/5, Thm. 2.16]). Let A, B, C, and D be collections. Suppose there are functions

. ?I)n:B—LAand
e Trn: UA x B [UB~

for each n € w so that

(P1) I F e [‘an(B)} ™ then Tun(F, B) € [B]<

<w
(P2) If F, € {$1n(Bn)] for each n € w and |J Fn €C, then

ncw

U ?Il,n(fna Bn) eD.

new
Then Ggn(A,C) <11 Gn (B, D). If, in addition, ?1,1 = ?Ln for alln € w, then Ggn(A,C) <{} Gan(B, D).
Corollary 2.13 (/5, Cor. 2.17]). Let A, B, C, and D be collections. Suppose there are functions

. <TLn:B—néland
e Trn: (UA) xB—=UB

for each n € w so that the following two properties hold.

(P1) Ifz € (TI,"(B), then 7117,”(35,3) € B.
(P2) If F, € {?Ln(Bn)} ~ and U, .. Fn €C, then

new

U {?H’n(:p,Bn) Lz e ]—'n} eD.

new

Then, for 0 € {1, fin}, Go(A4,C) <u Go(B, D). If, in addition, Ty, = Ty for alln € w, then Go(A,C) <
Go(B,D).

Remark 2.14. In the situation where ?171 = ?Ln for all n € w, we may omit the second subscript and
simply write ?1.

Also, since the conditions in the Translation Theorems relating to the functions ?H,n only depend on
the range of the corresponding %IJL? we will often partially define 711, on the relevant inputs. In such a
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case, extending ?H,n beyond the given definition to its entire domain is immaterial to the application of
the theorem, and thus any mention of such an extension will be omitted.

Remark 2.15. Since, for collections A and B, and O € {1, fin},

II 1+ Gg(A,B) = 111 Gp(A,B)

mark
= 1 ¥ Go(A, B)

pre

= 1 7 Go(4,B),

cnst

when applying the Translation Theorems to show
GD(A, C) SII G[](B,D) or GD(.A,C) §I+I GD(B, D),

we may assume that I ¥ Gp(A,C); that is, we may assume that, as in Remark 2.9, for every A € A, there

cnst

is some {x, : n € w} C A with {z,, : n € w} € B.

In a similar way, we may also assume that I ¥ Gg(A, B) when applying the Translation Theorems to
pre

show G(A, C) <11 Gg(B, D), which is to say that we may assume Sg(A,C) in such a setting.

As we often make use of the Axiom of Choice, we offer a generalization of the Translation Theorem 2.13
to make certain applications more readable. Before we present the generalization, we isolate a technique
that will be used.

Remark 2.16. Suppose R C X x Y is so that R[z] = {y € Y : (z,y) € R} # 0 for each z € X. We can
define an equivalence relation ~ on X by saying that zy ~ x5 if R[z1] = R[x2]. We can then define, for
x € X/~, R[x] = R[z] where z € x. Now we apply the Axiom of Choice to select, for each x € X/~, some
4(x) € R[x]. This 4 extends to a function v : X — Y where vy(x1) = vy(z2) whenever z1 ~ x5.

Theorem 2.17. Suppose A, B,C and D are collections. Suppose there are functions ﬁl,n : B — P(A) and
ﬁn,n cUAXx A X B—=JB for every n € w so that

(R1) for all B € B, Ry, (B) 0,
(R2) whenever x € A € RIZE(B)’ then ﬁnyn(:n,A, B) € B, and
(R3) whenever F,, C A,, € R1,(By) are finite so that |J F, €C, then

new

{ﬁn,n(x,An,Bn) ‘m€wandzx € Fn} eD.

Then Go(A,C) <u Go(B,D), where O € {1,fin}. If, in addition, <EM = <ELn for all n € w, then
Go(A,C) <f; Go(B, D).

<~ )
Proof. Define ?Ln : B — A to be a choice function for Ry, as in Remark 2.16; that is, for each B € B,

?Ln(B) € %Ln(B) and, for By,Bs € B, <17_%1,7,,(B1) = <1’_%1,,,,(B2) guarantees that ?Ln(Bl) = ?Ln(Bg).
When z € T'1,(B), define T 11,,(z, B) by

Trin(z, B) = Riin (x T1a(B), B) .
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From here, (R2) and (R3) ensure that $Lﬂ and ?H,n are as required in Corollary 2.13.
To address the situation in which Ry; = Ry, for all n € w, simply ensure that T'1; = $I,n for all
n € w in the construction of T'y,. O

2.2. Star-selection games

The primary goal in this section is to capture star-selection games as selection games as discussed in
Section 2.1. For a systematic treatment of star-selection principles, the authors recommend [21].

Definition 2.18. If % is an open cover of X and A C X, the star of A relative to % is St(A, %) = |J{U €
% :UNA#D}. When dealing with singleton sets, we will use St(z, %) in place of St({z}, %).

Definition 2.19. For a space X, we define the star-selection principles to be the following:

o S%,.(Ox, B) is the property that, for each sequence (%, : n € w) of open covers, there are finite subsets
Vo C Uy, for each n € w so that {St(J ¥, %,) : n € w} € B.

o Si(Ox,B) is the property that, for each sequence (%, : n € w) of open covers, there are open sets
U, € %, for each n € w so that {St(U,,%,) : n € w} € B.

» SS7(Ox,B) is the property that, for each sequence (%, : n € w) of open covers, there are .J, € J for
each n € w so that {St(J,,,%,) : n € w} € B.

As introduced in [18], for any space X,

o S5%,.(0x,0x) is known as the star-Menger property.
o S7(Ox,0Ox) is known as the star-Rothberger property.

As defined, we cannot apply the Translation Theorems to star-selection principles. We remedy this in the
following definition and proposition by finding a way to write star-selection principles as ordinary selection
principles on more complicated sets.

In what follows, when discussing collections of subsets of X, we will identify X with [X]!, the set of
singletons of X, where the understood bijection is z — {z}.

Definition 2.20. Let X be a space.

o If % is an open cover of X and J is a collection of subsets of X, then Cons(J,% ) = {St(J,%):J € J}.
Notice that

Cons(%, %) ={St(U,%):U € U}.
o If % is a collection of covers of X and f: % — P(P(X)), then
Gal(f,€) = {Cons(f(%), %) : % € ¢}.
If f is constantly .4, we write A instead of f.
Notice that

Gal(X,0x) ={Cons(X, %) : % € Ox} ={{St(x, %) :x € X} : % € Ox},
Gal(A,O0x) ={Cons(A, %) : % € Ox} = {{St(A, %) : Ac A} : % € Ox},
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and
Gal(id,Ox) = {Cons(%, %) : % € Ox}={{St(U,%):Uec«}: % € Ox}.

We chose the notation Cons to stand for constellation, a collection of stars; we chose the notation Gal to
stand for galazy, a collection of constellations, of sorts.
The reader may readily establish the following.

Proposition 2.21. The following equivalences hold.

o S;.(Ox,B) is equivalent to S, (Gal(id, Ox), B).
o S7(Ox, B) is equivalent to S1(Gal(id, Ox), B).
e SS%(Ox, B) is equivalent to S1(Gal(J,Ox), B).

Since we will be interested in selection games, we will let, for notational brevity,
GH(A, B) = Go(Gal(id, A), B)
and
SG7 0(A, B) = Go(Gal(J, A), B),

where O € {1,fin}. When J = K(X), well use SGg (A, B) to denote SG7; (A, B).

Observe that the selection principle SS¥; (A, B) traditionally appears in the single-selection context, as
noted in Proposition 2.21. In certain scenarios, like when 7 forms an ideal of closed subsets of the ground
space, then there is no difference between single- and finite-selections, as we’ll make explicit in Proposi-
tion 2.22. So the distinction between the selection principles S;(Gal(J,.A), B) and Sg,(Gal(J, A), B) is
generally a bit more subtle, as we illustrate in Examples 2.24 and 4.8. This distinction between the two
selection principles is why we have chosen to use the notation SG}D(A, B) for the corresponding games.

Recall that a collection A is said to refine another collection B, also stated as A refines B, if, for every
A € A, there exists B € B so that A C B.

Proposition 2.22. Let X be a space, J be an ideal of closed sets of X, Q be a collection of open covers of
X, and B be a collection so that, if ¥ € B and ¥ refines a collection of open sets %, then % € B. Then

567,1(Q,B) = SG7,4,(2, B).
Proof. Since

$G71(Q,B) <f; SG7 3, (Q. B)
is evident, we need only show that

SG7 6n(Q, B) <i} SG771(Q, B).

To establish this, we describe how Two can use a winning play in SG}yﬁn(Q, B) to produce a winning play
in SG7 ;(Q, B). Suppose we have a sequence (%, : n € w) € Q¥ and F,, € [J]<* for each n € w so that

J{St(1. %) : J € Fu} € B,

new
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Since J is assumed to be an ideal of closed sets, | J F,, € J for each n € w and so we see that St (| J.%,, %)
is a legal sequence of plays by Two in SG}J(Q, B). By our assumption on B and the fact that

U st 2) =st (| JF. %)

JEFn

for each n € w, we also have that

{St (U,?n,%n) in € w} € B.

Since the way Two translates the plays between the games is not dependent upon any previous information,
it is evident that the strategic strength of Two’s play is preserved. 0O

In a similar vein, we obtain the following.
Proposition 2.23. For any space X, if J = [X]<¥ and Q is a collection of open covers X,
SGx in(Q, Ox) & 5G7 1(Q, Ox).
Proof. The idea of this proof is similar to the proof of Proposition 2.22.

Let (%, : n € w) € Q¥ be arbitrary.
To see that

SG*X,ﬁn(Q? OX) SP} SG*J,1<Q7 OX)7
suppose we have F,, € [X]< so that

| {St(z, %) : x € Fu} € Ox.

ncw

Then F,, € J for each n € w and
{St(Fn, %) : n € w} € Ox.
To see that
SG 1(Q,0x) <{} SG s (Q, Ox),
suppose we have F,, € J so that
{St(Fn,%,) : n € w} € Ox.
Since the target set is Oy, it’s straightforward to check that

U {St(e, %) -z € Fo} € Ox

new

is the corresponding winning play by Two. O

Proposition 2.23 does not generalize to other target sets, as witnessed by the following example.
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Example 2.24. For X =R and J = [R]<¥,

SG*X,ﬁn(OXy QX) §—é SG*jJ (OX, Qx)

By o-compactness of R, Two has a winning Markov strategy in SG’; ;(Ox,Qx); indeed, given any open
cover %,, we can find F,, € [R]<“ so that [—n,n| C St(F,, %,).
On the other hand, One has a predetermined winning strategy in SG 5,(Ox, Q2x); to see this, let

o= {5 (s phs) swem).

Note that, for any = € R, St(z,0(n)) C B (x, 2%) Therefore, for any sequence (F, : n € w) of finite sets of

X and any n € w, there cannot be any = € F), so that {—2,2} C St(z,o(n)).
We record the following basic properties of stars, constellations, and galaxies.
Proposition 2.25. Let X be a space, A, B be collections of subsets of X, and %,V be open covers of X.

e If A,B C X are so that A C B, then St(A, %) C St(B,%).

o If ¥V refines %, then, for any A C X, St(A,¥) C St(A, %).

o If AC B, then Cons(A, %) C Cons(B,% ).

e If A refines B, then Cons(A, %) refines Cons(B, % ).

o If ¥V refines %, then Cons(A, ) refines Cons(A, %).

o If A refines B and Q is a collection of open covers of X, then every member of Gal(B, Q) is refined by
a member of Gal(A, Q).

We now record a fact which can be thought of as a monotonicity law (see [32]).

Proposition 2.26. Let X be a set. Suppose A and B are families so that, for F € B, there exists some 4 € A
so that 4 refines % . Also suppose that C and D are families so that, for every % € C and 4 C UB, if F
refines 4, then 9 € D. Then

Gn(A,C) <{; Gn(B, D).

Proof. Define a choice function p : B — A so that p(%#) is a refinement of .Z for every % € B. Now, given
F € B, define vz : p(F) — F to be a choice function so that A C y4(A) for every A € p(F). We can
extend this to a function

7:(UA)><B—>UB

so that v(A4,.%) = vz (A) when A € p(F).
Note that, by the definition, (1) of Corollary 2.13 is satisfied; that is, if A € p(.%), then v(4,.%) € .Z.
To finish the proof, note that, if F,, € [p(.%,)]~ for all n € w is so that |, ., Fn € C, then

U (n(A,.2.): AcF,}eD

new

by our assumptions on C and D.
Therefore, Corollary 2.13 applies to yield that Go(A,C) Sf} Go(B,D). O
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Corollary 2.27. Let X be a space and Qp, Qo be collections of open covers of X. Additionally suppose that
Qs has the property that, if % € Qs and ¥ is an open cover so that % refines V', then ¥ € Qs. If A and
B are collections of closed subsets of X with A C B, then

SG (21, Qo) <f SGp 0(Q1, Q2)-

Proof. By Proposition 2.25, every element of Gal(B, Q1) is refined by a member of Gal(A, Q1). By our
assumption on Qs, Proposition 2.26 applies. O

The following will be used to apply the Translation Theorems under reasonable separation axioms.

Proposition 2.28. If X is regular, then every open set is a star of the form St(V, % ). If X is Ty, then every
open set is a star of the form St(x, ).

Proof. Suppose X is regular and let U C X be open. Let FF C U be closed with non-empty interior
V :=int(F). Then define % = {V,U, X \ F'}. Observe that St(V,%)="U.

Now suppose X is T} and let U C X be open. Let € X. Then X \ {z} is open and % = {U, X \ {z}}
is an open cover. Now St(z, %) =U. O

Corollary 2.29. If X is regular, then | J Gal(id, Ox) = Ix. If X is Ty, then |J Gal(X,O0x) = Ix.

The following demonstrates why star-selection principles with respect to w-covers are not, in general,
worth investigating.

Proposition 2.30. If % € Qx and x € X, then St(x, %) = X.

Proof. Let y € X. Then since Z € Qx, there is a V,, € % so that {z,y} C V,. Thus V,, N {z} # 0, and so
y € St(x,%). So X =St(z,%). O

2.8. Sets versus sequences in selection principles

We devote this section to a technical discussion of the use of sets versus the use of sequences for selection
principles. In many instances, there is no need to distinguish between the two, but certain results are only
true for sequences, and not for sets. We see this come up with A-covers, in particular.

Definition 2.31. Recall that a countably infinite collection of open sets % is a A-cover if, for each xz € X,
{U € % : x € U} is infinite. In a similar way, we say that a (potentially uncountable) sequence of open
sets (Ug : f < «) is a A-cover if, for each € X and < «, there is a v > [ so that € U,. We will let
A x denote the collection of all A-covers of X, leaving the set or sequence formulation to be evident from
context.

The main distinction here is that a sequence of open sets may have repeats, especially when the open
sets have been created by an operation as we will do later in this paper. In this situation, it is possible for
the open sets to form a A-cover when treated as a sequence, but not when treated as a set.

In light of this issue, we introduce notation for selection principles where the winning condition is in
terms of the sequence created by Player Two as opposed to the set created by them.

Definition 2.32. Let A and B be collections. Then the sequence-based selection principles are defined as
follows:
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. S (A, B) holds if and only if, for all sequences (A,, : n € w) of elements of A, there are z,, € A,, so that
(xn :m €ew) € B.

e Stn(A, B) holds if and only if, for all sequences (A, : n € w) of elements of A, there are F,, € A% so
that Fy ~ Fy ~--- € B.

We will overload notation when we write these sequence-based selection principles. For instance,
§1(OX7(9X) will mean that for every sequence of open covers (%, : n € w), there are U, € %, with
the property that for each x € X there is an n € w so that z € U,.

As with regular selection principles, we can also talk about corresponding selection games and strategies.
We denote the selection games by él(A, B) and éﬁn(A7 B). In the following proposition, we observe some

basic relationships between these variations, establishing why the distinction is relevant.
Proposition 2.33. Let X be a space and C C P(Jx). Then

(a) Go(C, Ax) S Go(C, Ox), )
(b) for an ideal A of closed sets of X, Go(C,O0(X,A)) = Go(C,O0(X,.A)), and
(¢) Go(C,Ax) # Go(C, Ax).

Proof. To establish (a), first note that

Go(C, Ax) <i; Go(C, Ox)

is evident since, assuming Two can play in such a way that they produce a sequence (U,, : n € w) which is
a A-cover of X, {U, : n € w} is certainly an open cover of X.

2 — w to be a bijection so that (8(j, k) : k € w) is increasing

For the reverse inequality, choose (8 : w
for each j € w. Then, assume Two is playing in such a way that they can win Go(C, Ox). The main idea
here is to apply whatever winning strength Two has on each of the sequences (8(j,k) : k € w). So consider
(U, :n € w) € C¥ and fix some n € w. Let (m,¢) = ~1(n) and consider ((m, k) : k < £). Since B(m, k) is
increasing as a function of k, we see that S(m, k) < n for all k& < ¢. Then we can apply whatever level of
strength Two is able to use to win on the initial segment consisting of (%3(m k) : k& < £). So, for m € w, Two
produces (Ug(m k) : k € w) so that {Ug(m i) : k € w} € Ox. Consequently, the sequence (Ug(m i) : m, k € w)
is a A-cover of X.

(b) is evident since any sequence of open sets (U, : n € w) has the property

VAe A)(Fnew) ACU,

if and only if {U,, : n € w} € O(X, A).

For (c¢), consider w with the discrete topology. Two can win the Rothberger game, but, if One plays the
set of singletons, the winning play can never be a A-cover; that is, by (a), Two can win él((’)X,AX), but
Two cannot win G1(Ox,Ax). O

We record the following corollary to Proposition 2.33 for use later.

Corollary 2.34. Suppose X is star-Menger and let (%, : n € w) be a sequence of open covers. Then the
star-Menger selection principle can be applied to produce a sequence (¥y, : m € w) where ¥, € [%,]<“ for
each n € w so that, for every x € X and m € w, there is m > m so that x € St ({J ¥n, %)
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3. Star-selection games in Pixley-Roy hyperspaces

Many connections between selection principles involving w-covers of X and finite powers of X have been
established in [12,16,27,30]. By investigating the space of finite sets with the Vietoris topology (see [24]),
many analogous results were established in [5]. Inspired by these connections and results of [28,29], we now
study Pixley-Roy hyperspaces.

The Pixley-Roy topology was originally defined in [26] on subsets of the real numbers. We will follow the
generalized approach to more general classes of sets found in [8].

Definition 3.1. If A is an ideal of subsets of X, we define the topological space PR 4(X) to be the set A
with basic open sets of the form

[A,U]={BeA:ACBCU}

where A € A and U C X is open. The sets [A, U] form a basis since A is an ideal; indeed, for A, B € A and
U,V C X open,

[AUB,UNV]=[AU|N[B,V].
When A = [X]<¥ (resp. A = K(X)), we use PR(X) (resp. PRk (X)) instead of PR 4(X).

As noted in [8], for any space X and any ideal A of subsets of X, PR 4(X) is T} and has a basis consisting
of clopen sets.

Now we define the cardinal invariants to be discussed. For a general introduction to cardinal invariants,
see [13].

Definition 3.2. For a space X, recall that the Lindelof degree of X, L(X), is the least cardinal x so that
every open cover % has a subcover of size k. Below we define various related cardinals.

e hL(X), the hereditary Lindelof degree of X, is the supremum of the Lindelof degrees of all subspaces
(equivalently, all open subspaces) of X.

o Ly (X), called the star-Lindeldf degree of X, denotes the least cardinal x so that every open cover % of
X has a k-sized subcollection {U, : o < k} so that {St(U,, %) : @ < k} is an open cover of X.

o L,(X), called the w-Lindeldf degree of X, is the least cardinal k so that, for every w-cover of X, there
exists a k-sized sub-w-cover (a subset which is an w-cover).

o hL,(X), called the hereditary w-Lindelof degree of X, is the supremum of the w-Lindelof degrees of all
open subspaces of X.

Just as we say a space X is Lindelof if L(X) = w, we say that
o X is hereditarily Lindelof if hL(X) = w,
o X is star-Lindelof if Ly (X) = w,
o X is w-Lindelof if L,(X) = w, and
o X is hereditarily w-Lindeldf if hL,(X) = w.

Proposition 3.3. For any space X and n € w,

La(X)< LX) < L(X") <L (U X’“) = L,(X).
kew
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Proof. The star-Lindelof degree is clearly bounded by the Lindelof degree of X as U C St(U, %) for any
open cover % of X and U € % . The chain L(X) < L(X") < L (Uge, X*) holds since X can be seen as a
closed subspace of X™ and X" is a closed subspace of |, X*. For the equality L (U, X*) = Lo (X),
see [12,16]. O

Note however, that these cardinals can be different. If X is the Sorgenfrey line, then L(X) = w < L, (X),
which holds since X is Lindeldf but X2 is not Lindeldf. On the other hand, w; with the order topology is
star-Lindel6f via Fodor’s Lemma but is not Lindelof. So Lyt (w1) = w < L(wy).

Inspired by the w-Lindelof degree, we offer a generalization to other ideals of closed subsets.

Definition 3.4. For a space X and an ideal A of closed subsets of X, we define

o L4(X), called the A-Lindeldf degree of X, to be the least cardinal x so that, for every A-cover of X,
there exists a k-sized sub-A-cover (a subset which is an .4-cover).

o hL 4(X), called the hereditary A-Lindelof degree of X, to be the supremum of the A-Lindel6f degrees of
all open subspaces of X.

Note that, when A = [X]<%, L4(X) = L,(X) and hL 4(X) = hL,(X).

Definition 3.5. Recall that a collection % of subsets of a topological space X is said to be discrete if, for
every x € X, there exists an open neighborhood U of X so that U intersects at most one element of 7. Let
de(X), called the discrete cellularity of X, denote the supremum over all cardinals x so that there exists a
k-sized discrete family % of open sets.

Definition 3.6. The pseudocharacter 1¥(X) of a space X is the least cardinal x so that every point is the
k-length intersection of open sets. Analogously, the k-pseudocharacter 1(X) of a space X is the least
cardinal k so that every compact subset of X is the x-length intersection of open sets.

The following cardinal inequalities are inspired by various results of [28,29].
Proposition 3.7. If X has a basis of clopen sets, then de(X) < Lgt(X).

Proof. Let x be cardinal so that de(X) > k. We will show that L (X) > & as well, which in turn means
that Lg(X) > de(X). By our assumption that de(X) > &, there is a cardinal A > s and a collection of
non-empty open sets {U, : @ < A} which is discrete (and so also pairwise disjoint). As we have a basis of
clopen sets, we can assume the U, are clopen. Set W = X \ J, ., Ua. To show that W is open, let y € W.
Then there is an open set V so that y € V and V meets at most one U,. Then y € V\U,, and V\U, C W,
so W is open.

Let % = {Uy : @ < A} U {W} and note that this forms an open cover of X. Suppose ¥ is a k-sized
sub-collection of % . Since the U, are disjoint, St(Uy, %) = U, and St(W, %) = W as well. Then

U st(v.z) =st (U“/,%) - #x,

Verv

which implies that Lg(X) > k. O
Corollary 3.8. For any space X and any ideal A of compact subsets of X,

de(PRA(X)) < Ly (PRA(X)).
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Proof. Since PR 4(X) has a basis of clopen sets, we can apply Proposition 3.7. O
Propositions 3.9 and 3.10 offer a generalization of [28, Thm. 3.10].
Proposition 3.9. For any space X and any ideal A of compact subsets of X,
BLA(X) < de(PRA(X)).

Proof. We first show that, for open U C X, PR 4(U) is a clopen subspace of PR 4(X). PR4(U) is clearly
open as the union of basic open sets. To see that PR 4(U) is closed, let A € PR 4(U). That means that
A Z U, so there is some © € A\ U. Then [{z}, X] is a neighborhood of A that is disjoint from PR 4(U).

We now show that L4(X) < de(PRA(X)). Assume % = {U, : @ < A} is an A-cover of X consisting of
non-empty sets. For o < A, let

Vo = PRA(U)\ | Vo,

B<a

Clearly, the V,, are disjoint. We claim they are clopen as well.

Note that V) = PR 4(Up), which is clopen. So, given a > 0, suppose that Vj is clopen for all § < a. It is
immediate then that V,, is closed. To see that V, is open, let A € V,,. Then [A, U,] is a neighborhood of A
disjoint from U,B<a V. To see this, let B € [A4,U,] and § < a. Note that

U v = U PrRawy).
v<B v<B
Since A ¢ U, ., V5, we see that A Z Ug. Hence, B £ Ug, so B ¢ V.

By a similar argument as what’s above, {V, : a < A} is a discrete family of clopen sets. So, by the
discrete cellularity, there are ag < X for £ < § := de(PR4(X)) so that Vo, # 0 for all £ < ¢ and Vg = () for
all B ¢ {ag : § < d}. Now, {Vi, : £ < 6} is a cover of PR4(X). To see this, let A € A and take oo < A to be
minimal so that A C U,. Then A € V,, which means a € {a¢ : §{ < d§}. Hence, {Us, : £ < d} is an A-cover
of X.

We finally show that hL4(X) < dc(PR4(X)). Let V' C X be open. Then PR 4(V) is clopen, and so
de(PR4(V)) < de(PRA(X)). Thus L4 (V) < de(PR4(X)) by the same proof as above. 0O

Proposition 3.10. For a non-compact space X and any ideal A of compact subsets of X,

hL(X) < hL4(X).
Proof. Suppose % is an open cover of an open set V C X. Let

¥ = {U]—':J—'e [%F“}.
Notice that, since A consists of compact sets, ¥ is an A-cover of V. That means we can find a sub-.A-cover
¥ so that |¥'| < hL o(X). Now for each W € ¥, choose Fy C % which is finite so that W = | Fw . Let
#" = Uwey Fw. Then %" is a cover of V and
|%"| < V'] -Ro < hLa(X) - Ro.

The rightmost part is equal to hL 4(X) provided that it is infinite. O
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Proposition 3.11. If X is reqular, ¥ (X) < hL(X).
Proof. Let K C X be compact and consider
¥ ={F CX:KCint(F) and F is closed}.
Notice that {X \ F': F € ¥} is a cover of X \ K by regularity. Using the hereditary Lindelof degree, there
is an hL(X)-sized collection {X \ Fy : v < hL(X)} so that X \ K =, p,1(x)(X \ Fa). Let U = int(Fa)

and notice that K C U, for all a < hL(X). Clearly, K € (\,.p(x) Ua- Now if y € K, then y € X'\ F,, for
some . Thus y ¢ Uq, so y & (<, Ua- Therefore K =, _p,;(x)Ua- O

a<k

Proposition 3.12. If X is a non-compact reqular space and A is an ideal of compact subsets of X, then

Yr(X) < Ly (PRA(X)).

Proof. Since X is regular, 15 (X) < hL(X) by Proposition 3.11. Then Propositions 3.10, 3.9 and Corol-
lary 3.8 show that

BL(X) < hLA(X) < de(PRA(X)) < Lor(PR4(X)).
Therefore, 1, (X) < Lyt (PRA(X)). O

The following captures [29, Thm. 4.12] (see also [21, Thm. 3.4 (2)]), but extends it to the other strategy
types considered in this paper.

Theorem 3.13. Assume X is regular. Then, for O € {1,fin},
GH(Opr(x), Opr(x)) <1 Go(Q2x,2x).

Proof. As noted in Remark 2.15, we may assume that PR(X) is star-Menger. Then PR(X) is also star-
Lindelof which, by Proposition 3.12, implies that every singleton of X is a Gs. So, for € X, we define open
sets Gy, so that {z} = {Gu.n : n € w}. Without loss of generality, we suppose the sequence (G, : 1 € w)
is descending. Then, for F € [X]|<“ and n € w, we define Gp,, = |J{G4, : © € F}. Note that the sequence
(Gpp :n € w) is also descending.
We define a choice function v : Qx x PR(X) — Ix by choosing (%, F') € % to be so that F' C v(%, F).
For % € Qx,n € w, and F € PR(X), let
W(F, % ,n) = [F,v(%,F)NGpgy].
Then, for % € Qx and n € w, define
You n={W(F,%,n): F € PR(X)}.
Then we can define ?Ln : Qx — Gal(id, Opgr(x)) by the rule
Trn(%) = Cons(Var s Vi )-

Fix % € Qx and n € w. Then, for W € Cons(¥% n, Y n), consider

{FePR(X): W =St(W(E,%,n), Var )}
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We can define a choice function x4 ., : Cons(¥ n, Yo n) — PR(X) to be so that xo »,(W) € PR(X)
satisfies

W = St(W(xunW), % .n), Vg ).

Since PR(X) is regular, Corollary 2.29 asserts that |JGal(id, Opg(x)) = Tpr(x). S0 we define ?H,n :
Tpr(x) X Qx — Ix, in light of Remark 2.14, as follows: if W € Cons(¥ n, Y n), let

Trin(W, %) = AU, Xr n(W)).

Now, using Corollary 2.34, assume we have sequences (%, : n € w) € Q% and (%, : n € w) so that

<w
Z, € [?In(%n)} for each n € w and, for every F' € PR(X) and every m € w, there exist n > m and
W e %, so that F' € W. To show that

U {?IM(W, Uy): W € ﬁn} € Qx,

new

let F' € [X]<“ be arbitrary. Then we can let (£, : n € w) be cofinal in w and, for each n € w, choose
Wy € Zy, so that F' € W), for all n € w. To simplify notation, let F, = x4, ¢, (Wy). Then, for each n € w,
there is E,, € PR(X) so that

W(Ena%&”gn) mW(Fna%Tugn) 7& (Z)

and F € W(E,, %, , ). Observe that F,, C F for each n € w so, as the map n — E,, w — p(F), is into
a finite set, there must be some cofinal (k, : n € w) in w so that (Ej, : n € w) is constant. Hence, let
E € PR(X) be so that E = Ej,, for all n € w. Then, observe that F' C (%, ,E)NGg,y, foralln € w.
Thus, since the G, are descending, ' = E.

Now, behold that, as

W (B, %,y o) "W (Frg, Uy, Ury) 70,
there is some H € PR(X) so that
H € [Eyy, V(% Ery) NGy i) O [Fror V(%yy» Fry) 0 Gy ity ] -
Hence,

F=E=F, CHC ’y(%gko,Fko) ﬁGka
c ’7(%&-0 ) Fko)
= ?II,ZkO(WkOaOZ/EkO)-

Ly

Therefore, Corollary 2.13 applies, finishing the proof. O

Let Pn(X) represent the set [X]<* with the subspace topology induced by the Vietoris topology on
compact subsets of X (see [24] for more on the Vietoris topology). As noted in [8], the topology on PR(X)
is finer than the topology on Pgy,(X).

Corollary 3.14. For any regular space X and O € {1,fin},

GH(Opr(x), Opr(x)) <11 GO(OPg, x)> OPgnx) )-
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Proof. By [5, Thm. 4.8],

Go(Q2x,2x) S Go(Op,, (x), Opg, (x))-

So then Theorem 3.13 applies to yield

G*[](OPR(X)a OPR(X)) <u GD(OPﬁn(x) ) OPﬁn(X) ) d
In the next example, we see that the inequality in Theorem 3.13 cannot, in general, be reversed.

Example 3.15. By [29, Cor. 4.8], PR(R) is not star-Menger. Since R is w-Menger (which follows from o-
compactness in every finite power, see [16]), this shows that, even when points are Gy, the inequality in
Theorem 3.13 may not reverse.

Due to the use of Proposition 3.12 in the proof of Theorem 3.13, one may expect an analogous argument
to establish an analog to Theorem 3.13 for PRk (X). However, an important part in the final steps of the
argument for the finite subsets case involving isolating a cofinal sequence on which the Ej  are constant
does not seem to have remedy in the compact case. We hence leave this as Question 2 in Section 5.

In general, however,

Go(Kx, Kx) <11 GH(Oprg (x), OPRy (x))
fails, as witnessed by the following example.

Example 3.16. Let X be the one-point Lindeldfication of discrete wy. Then, by [2, Ex. 3.24] and the game
duality results of [6], II T G1(Kx,Kx). Note that PRg(X) = PR(X) since the compact subsets of X are
exactly the finite subsets. Since {{a} : a € w1} is a discrete family of open sets, we see that PRk (X) is not
star-Lindelof by Corollary 3.8. In particular, IT ¥ G5 (Opry (x)> OPRy (X))

4. Star-selection games in uniform spaces

We first recall a few key facts about uniformities. For more on uniformities and uniform spaces, the
authors recommend [9,15,17].

Definition 4.1. Given a set X, a collection £ of sets containing the diagonal A = {(x,z) : x € X} is called
a uniformity on X if,

1
2
3
4

foral E€ &, E7l €&

forall E,Fe& ENF €&;

for all £ € £, thereis an F' € £ so that F'o F C E; and
forall Ee€ & if EC F, then F e €.

A~~~/
— — — ~—

Each E € £ is called an entourage. We refer to (X, ) as a uniform space.
Definition 4.2. The topology generated by a uniformity £ on a set X is
T={UCX:(VzxeU)3IEc€) E[z] CU}

where Elz] = {y € X : (z,y) € E}.
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Definition 4.3. Given a uniform space (X, ) and a collection % of subsets of X, % is a uniform cover of X
(with respect to &) if there exists E € € so that {E[z] : € X} is a refinement of 7. We will say a uniform
cover is an open uniform cover if it consists of open sets. Let C¢(X) be the collection of all open uniform
covers with respect to £.

As introduced in [19], if (X, ) is a uniform space, then

o San(Ce(X),Ox) is known as the uniform-Menger (with respect to £) property and
e S51(Ce(X),Ox) is known as the uniform-Rothberger (with respect to £) property.

Recall that a collection % star-refines a collection ¥ if {St(U, %) : U € % } refines V.
The following can be established using the comments in [9, p. 427] along with the fact that entourages
that are open in X2 with the induced topology form a base for the uniformity [17, Thm. 6.6].

Proposition 4.4. If £ is a uniformity on a non-empty set X, then C¢(X) has the following properties:

o If % € Ce(X) and % is a refinement of an open cover ¥, then ¥ € Cg(X).

o For any U, % € Ce(X), there exists ¥ € Cg(X) so that ¥ refines both 24 and %s.

o For every % € Cg(X), there exists ¥ € Ce(X) so that ¥ is a star-refinement of % .

o For any x,y € X with x # vy, there is a« % € C¢(X) so that, for dlU € %, x € U = y ¢ U and
yelU = x¢U.

The following follows from [9, Prop. 8.1.16].

Proposition 4.5. Suppose X is a topological space. If X admits a collection of open covers C so that the
conditions of Proposition ./ hold, then X admits a uniformity £ so that C = Cg(X).

The following captures [19, Thm. 1, Thm. 20], but extends them to the other strategy types considered
in this paper.

Theorem 4.6. Let (X,E) be a uniform space. Then
Go(Ce(X), 0x) = SGx n(Ce(X), Ox) = GH(Ce(X), Ox).

Proof. We first show that Go(Ce(X), Ox) <{j SGx n(Ce(X), Ox). Define <E1 1 Gal(X,Ce (X)) = P (Ce(X))
by

Ri(Cons(X, %)) = {¥ € Ce(X) : Cons(X, %) = Cons(X, ¥)}.
For each U € Jx, choose v(U) € U and, for V€ ¥ € <}_%I(Cons(X,%)), we define
Ru(V., 7, Cons(X, %)) = St(3(V), /).
Clearly, <EI(COHS(X, %)) # 0 and is a subset of Cg(X). When
%
Vev e Ri(Cons(X, %)),
we know that Cons(X, %) = Cons(X,¥) and so St(y(V),?#) € Cons(X, % ). Finally, suppose F,, C ¥, €

e
R1(Cons(X,,)) are finite so that J,, F, is an open cover of X. For each n € w and each V € F,,
~(V) eV € ¥, so we can conclude that V' C St(y(V), ¥,). Thus
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{ﬁH(V, Vo, Cons(X, %)) :mewAV € ]:n}

forms an open cover as well. Hence, Theorem 2.17 applies.
Next, we show that SG% 5(Ce(X), Ox) <fi G(Ce(X),Ox). To sce this, define % Gal(id, C¢ (X)) —
P(Gal(X,Ce (X)) by

<}_%I(Cons(%, %)) ={Cons(X,¥) : ¥ € Ce(X) NCons(%,%) = Cons(¥,¥)}.
For each z € X and % € C¢(X), let Uy oy € % be so that x € Uy o . For
St(x,¥) € Cons(X, ¥) € Ry(Cons(%, %)),

define

Ru(St(z, ¥), Cons(X, ¥), Cons(% , %)) = St(Uy.v, V).
Then if St(z,?) € Cons(¥,¥) € ﬁI(CODS(%, %)), we know that

Bru(St(z, ¥), Cons(X, V), Cons(% , %)) € Cons(% ,%).
Also, if {St(F,, ¥,) : n € w} forms a cover, where the F,, C X are finite, then, as

Fn,7/ U St ly/n, ,

zEF,

we know that

U {ﬁH(St(x,“ﬁn),Cons(X, V), Cons(%y,, U,)) : « € Fn}

necw

also forms a cover of X. So Theorem 2.17 applies

Finally, we show that G(Ce(X),Ox) <{; Go(Ce(X),Ox). For each % € C¢(X), use the properties of
uniform covers to choose Z* € Cg(X) which is a star-refinement of %. As noted in Remark 2.16, we can
then define avy : #* — % to be so that St(U, %*) C ag (U) for allU € %* and a (U) = ag (V) whenever
St(U, %*) = St(V, % *). We then define ?1 :Ce(X) — Gal(id, Ce (X)) by ?1(%) = Cous(%*,%*) and

Tr(SUU, %), %) = ag (U).

Note that ?H is well-defined by the conditions on ag . For W € ?1(02/), there is U € % * so that W =
St(U, % *). Then observe that

?H(VV, %) = Oé@(U) €EU.
To finish the proof, suppose we have

Fo e [?1(%)} =

so that |J,,,, Fn forms a cover of X. By the fact that applying ?H produces a collection of open sets which
is refined by |, o, Fn, we see that Corollary 2.13 applies. O

new



C. Caruvana, J. Holshouser / Topology and its Applications 348 (2024) 108889 21

The following result can be seen as a generalization of [I, Thm. 3.4 (1)] beyond the paracompact case
and to the other strategy types discussed in this paper.

Theorem 4.7. For any uniform space (X, &),
SGx n(Ce(X),Ox) = SGk 1(Ce(X), Ox) = SGk ,(Ce(X), Ox).
Proof. By Proposition 2.22,
SGk 1(Ce(X), Ox) S SG n(Ce (X), Ox)
and, by Corollary 2.27,
SGx sin(Ce(X), Ox) <{} SGk 4n(Ce(X), Ox).
To finish the proof, we show that
SGk fin (Ce (X), Ox) <ij SGX gin (Ce (X), Ox).
For % € Cg(X), let v(% ) € € be so that be so that
{(y(#)ory(U)ory(%))[x] : x € X}
refines %. Then define T1(%) = {v(%)[z] : z € X}.
We can then define (K, %) for K € K(X) and % € Ce(X) to be a finite subset of K so that
KU @)le]:x e n(K, %)}
Then, for F € [K(X)]<¥ and ¥, % € C¢(X), we define

Tu(SUE, ) : K e Fy, %) = |J {St(a, %) s w € n(K, %)}.

KeF

To finish this application of Theorem 2.12; we just need to show that ?11 takes winning plays to winning
plays. So let (%, : n € w) € Cg(X)¥, ¥, = ?1(%,1), and suppose we have F,, € [K(X)]<“ so that

U {St(K, %) : K € F} € Ox.

new
Let € X be arbitrary and choose n € w and K € F, so that € St(K, ¥;,). Then there is some wg € X so
that x € v(%,)[wo] and K N~y(%,)[wo] # 0. Let wy € K N~ (%,)[wo] and y € F, be so that wy € v(%,)[y]-
Then (z, wo), (wo, w1 ), (w1,y) € v(%,) which implies that (z,y) € v(%,)oy(%n)ov(%,). By the assumption
on y(%,), there is some U € %, so that (v(%,) o v(%.) o v(%,))[z] C U and so we see that y € U. As
x € U as well, we see that x € St(y, %,). This finishes the proof. O

Theorem 4.7 fails for SGY ; (Ce(X), Ox), as illustrated by the following example.

Example 4.8. Consider X = R with the uniformity £ generated by the standard metric; that is, the unifor-
mity generated by

{{(z,y) eR*: [z —y| <&} : e >0}
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Then Two has a winning Markov strategy in SGg ; (Ce (X), Ox) but One has a predetermined winning strat-
egy in SG 1 (Ce(X), Ox). To see this, note that a winning Markov strategy for Two in SGk ;(Ce(X), Ox)
follows from o-compactness of R, as illustrated in Example 2.24. A predetermined winning strategy for One

in SGy, (Ce(X), Ox) is
o(n) = {B <x2n%> v ]R}.

Then, as St(z,0(n)) € B (w, 5 ), there is no sequence (z, : n € w) or R so that {St(z,,0(n)) : n € w}

covers R.

Definition 4.9. Given a space X, the universal (or fine) uniformity on X is the finest uniformity on X
compatible with its topology (see [9, Exercise 8.1.C] and [15, Thm. 1.20]).

The following, along with Theorem 4.6, extends [1, Thm. 3.2 (1), (2)] and the paracompact case of [1,
Thm. 3.3 (1)] to more strategy types.

Theorem 4.10. If X is paracompact and 4 is the universal uniformity on X, then

Go(Cu(X),0x) = Go(Ox, Ox).

Proof. By [9, Thm 5.1.12], every open cover of a paracompact space has an open star-refinement. Then, by
Proposition 4.5, Ox generates a uniformity on X, the universal uniformity 4, and Ox = Cy(X). O

Using the well-known results of Hurewicz and Pawlikowski (see [25]) along with Theorem 4.10, we obtain
the following.

Corollary 4.11. If X is paracompact and i is the universal uniformity on X, then

I 1 Go(Cu(X),0x) <= I1Gp(Cu(X),Ox).

pre

In general, Theorem 4.10 cannot be generalized beyond paracompact spaces, as the following example
illustrates. (Compare to [19, Note 4].)

Example 4.12. Let £ be any uniformity on w; compatible with its order topology. Note that w; is not
Menger as it’s not even Lindelof. However, w; is uniform-Rothberger (hence, uniform-Menger) with respect
to £.

To establish that wy is uniform-Rothberger, we first show that self compositions of open entourages on
wy create open sets that contain tails. So let U C w% be open so that A C U. For each limit ordinal \ < wy,
let by < A be so that (by,A\]*> C U. By Fodor’s Pressing Down Lemma, there is a stationary, thus cofinal,
set S C wy and some B < wy so that by = § for all A € S.

We now show that [+ 1,w1) C (UoU)[B+1]. Indeed, let v > 5 and A € S be so that v < A. Notice that
by = f <y < Asince A € S; so we obtain that (A,v) € U and that (8+1,\) € U. Hence, (8+1,7) € UoU,
which implies that v € (U o U)[B + 1].
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Now, this means that, for any uniformity £ on w; compatible with its order topology, every uniform
cover of wy contains a co-countable element; so w; is uniform-Rothberger.

5. Open questions
Question 1. Are there any other interesting selection principles of the form
So(Gal(f, A), B)
where O € {1,fin}, A and B are collections, and f is not either constant or the identity?

Question 2. For any space X, is there an analog to Theorem 3.13 for PRk (X)? That is, is it the case that

GH(Opry (x), Opry (x)) <11 GO(Kx,Kx)?

Question 3. Can Corollary 4.11 be generalized beyond the paracompact setting, despite the fact that The-
orem 4.10 cannot?
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