Revisiting the sliding ladder

Introduction

A uniform ladder leaning against a wall, or sliding down against a wall, is a familiar
theme in introductory mechanics and calculus courses, made popular in recent years by
several papers pertaining to its various intriguing aspects and important limitations. This
configuration is particularly well-known in the context of static equilibrium where the
friction exerted by the floor keeps the ladder from sliding [1]. The situation involving the
ladder sliding down instead of being static is a staple topic of calculus courses, although
usually only from a geometric point of view. The physics of the sliding ladder was
addressed in [2], [3] and [4], none of which took friction into consideration. In the present
work we study in detail a situation involving a ladder sliding between a rough wall and a
frictionless floor. This is a situation where in spite of the presence of friction the ladder is
still destined to slide down, no matter how large the friction coefficient between the wall
and the ladder is. As we will establish in this paper, in spite of the friction present, the
ladder must always be speeding up while sliding down, until it breaks off the wall at

some critical angle.

The framework and analysis

Fig. 1 shows the side view of the uniform ladder of mass M and length L touching a
vertical wall and a horizontal floor, along with all the different forces acting on it. As
seen in the figure, a single angular coordinate & is sufficient to specify the instantaneous
configuration. As a reminder to the readers, static friction is a force of friction between

two objects when there is no sliding, the maximum possible magnitude fs nax Of the force



of static friction being given by fsmax = N0, where n is the magnitude of the normal force
at the point of contact between the two objects and s is the coefficient of static friction
between the objects [1]. On the other hand the force of kinetic friction acts between the
objects when there is sliding, the magnitude fy of the force of kinetic friction being given
by fx= wn, where g4 is the coefficient of kinetic friction between the objects [1]. The
coefficients of friction are positive numbers. In this paper, we consider the situation
where there is no friction on the floor, but there is friction on the wall, as shown in Fig. 1,
where ny is the normal force exerted by the wall, n, the normal force exerted by the floor,
Mg the force of gravity acting through the ladder’s center, and f the force of friction
exerted by the wall. In this situation, irrespective of the value of the static friction
coefficient, the ladder can never lean at equilibrium and is destined to slide down. This is
because the only force on the ladder that has a horizontal component is the normal force
nx exerted by the wall due to the presence of which there can be friction to start with, and
therefore the net external force on the ladder will always have a non-vanishing horizontal
component, and hence the ladder cannot be at equilibrium. That said, it is not intuitively
obvious how kinetic friction will affect the motion of the ladder when it slides down.

From this point onward f refers to the force of kinetic friction, and x the corresponding

coefficient of kinetic friction. In order to analyze the situation, we start with the

expressions of the Cartesian coordinates of the center of mass of the ladder

x=(L/2)sing, 1)
and
y=(L/2)cos@, @)



If we define the angular velocity as o = ?j—f , differentiating equations (1) and (2)

respectively with respect to time t, we obtain

dx

i (L/2)wcosé, 3)
and

dy .

o = (L/2esine. (4)

Differentiating (3) once more, we obtain for the x-component of the acceleration of the

center of mass

d?x
tZ

=—(L/2)w*siné+(L/2)acosé, (5)
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where the angular acceleration is defined as « = et

Since ny is the only force acting on the ladder in the x-direction, Newton’s second law

2

gives n, =M Hence we can write from (5)

2

n, =—(ML/2)®*sin@+(ML/2)acosé. (6)
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Now, the kinetic energy of the ladder is given by K = % M ((%} + (%j j+% @,

where Icy is the moment of inertia of the ladder about its center of mass, given by

oy = %ML2 [1]. Hence, using (3) and (4), we can write K :%MLza)z.



Since the vertical height of the center of mass of the ladder measured from the floor as a

. L . . . .
reference level is Ecos&’ , the gravitational potential energy of the ladder will be given

by Mg%cos@.

The work-energy theorem applied to the ladder gives us

%MLz(a)z —a)oz)—%MgLa—cose):—j fdz , @)
0

where the first term on the left-hand side of (7) is the change in kinetic energy (w, is the
initial angular velocity, i.e. the value of @ at 8 =0. Obviously, o, >0.), the second

term being the change in gravitational potential energy and the term on the right-hand
side being the work done by the friction force f on the ladder, z being the distance
covered by the top of the ladder from its initial position shown in Fig.1, given by

z=L(L-cosé).
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Now j fdz = j f(gjde - j fLsin &6 . Hence
0 0 de 0

;_H[j fdz] = fLsing . 8

At this point, recalling the relation f = xn, , and recognizing that « = a)g—g , using (6)
we write

) . dw
f =—(uML/2)w SIﬂH-i—(/JML/Z)(a)@jCOSH. 9)

Differentiating (7) with respect to 8, and using the expressions from (8) and (9), we

obtain after rearranging



(gsin 0 + uw’ sin’ 9}
dw L

O— = (10)
dée 2 .
3 + usingcosé
Putting this in (6), we obtain after rearranging
39 2
MLsing| 5 ¢~ @
n, = 3 (11)
2 1+ 7’usin gcosd
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The left-hand side of (10) is equivalently %%a;) We see from (10) that irrespective

is zero at

d(@?)
d6

of the value of « (which must be a positive number by definition),

d(@?)

=0 and >0 for 0 < @ < /2, which means that within the domain

0<0<7r/2, o (and hence o aswell) is a strictly increasing function of &, meaning
that once the ladder is sliding down, it can never slow down—rather, it must always be

speeding up, irrespective of the value of . This may seem counterintuitive at first since
one might think that large enough values of « should make the friction force f large as
well which should in turn slow down the movement of the ladder. But if we resort to
(11), we see that, interestingly, n, - 0 as x — oo. This implies that if the kinetic
friction coefficient x is made indefinitely larger, the normal force n, becomes
accordingly smaller such that the force of kinetic friction f givenby f = un, actually

remains finite, and the magnitude of the friction force f remains restricted such that

although it opposes the motion it is never large enough to slow it down.



At this juncture, we address the question of the ladder breaking off the wall. Since the
normal force exerted by the wall can never be directed toward the wall, ny can never be

negative while the ladder is in contact with the wall. From (11), we see that for 8 =0,

n,=0.From (11) we can also derive that dn, = &[3—9— a)ozj which implies
e ),., 2 \2L

dn

that if o, >2—ﬁ, then ( Xj <0 . This, combined with the fact that n, =0 at 6 =0
6=0

leads us to infer that if @,” > 2—% , then n, becomes negative as soon as & > 0. This

means that if co02 > 2—% , the ladder will break off right away at the initial position =0

itself. Thus, we have arrived at the expression for the maximum possible initial angular

velocity given by

3
Oomu =5 (12

Now, from (11) we see that n, vanishes also at the point when @ satisfies

3—gcose—a)2=o . (13)
2L

When o,” < z—i , the term [z—ﬁcose— wzj in the numerator on the right-hand side of
(11) starts with a positive value at & = 0. Now, within the domain 0 <6 < /2 the term
39

Zcose is a strictly decreasing function of @ that decreases all the way to zero at

6=rxl12 ,and »® astrictly increasing function of @ (as already established). Therefore,

there must be a critical angle 6, with 0 <6, < 7 /2 at which (13) is satisfied and the



3 . . i
term (Z_ECOSQ - a)zj crosses over from positive to negative, and hence ny itself crosses

over from positive to negative as well. Therefore, we infer that (13) gives the break-off
point when the ladder starts with some @, < @, .., - Since this argument holds
irrespective of the value of ., we infer that the ladder must break off the wall at some
point no matter what the value of x is.

In order to find the break-off angle for a given value of 4, we have to resort to numerical

integration using (10). For this purpose we first define the dimensionless angular velocity

as o = a)\/E and then write from (10) after slight rearranging:
g

d(@?) Z(Sin6?+,ua)*2 sin? )

40 > . Using this, for a given value of a)o*, we can integrate
(3+ysin ecosej

numerically using the initial condition that o” = a)o* at @ =0 to obtain values of "

against values of &. We do this following the forward Euler scheme with A& = 0.00001,

and then determine the value of @ for which the dimensionless form of (13), namely
gcose— ™ =0 is satisfied, which gives us the break-off angle 6. corresponding to the

value of @, we started with. Fig. 2 shows the plots of the break-off angle 6, vs. @,

for several values of 4 . The plots show that for a given value of ., the greater the value
of w, , the smaller the break-off angle €,. At the same time, it is clear from the plots that

for a fixed value of a)o*, the greater the value of 4, the greater the break-off angle 6. In



addition, all the plots corresponding to the different values of x are seen to drop to a

break-off angle of zero at coo* = \/g ~1.22, commensurate with (12).
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Fig. 1: The geometry and all the forces acting on the ladder.
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Fig. 2: Break off angle &, vs. initial dimensionless angular velocity a)o* for various

values of the coefficient of kinetic friction between the ladder and the wall.



