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Thomas Parmer

NODE INFLUENCE IN NETWORK-BASED DISCRETE DYNAMICAL SYSTEMS

Many complex systems can be modeled as network-based discrete dynamical systems,
where individual nodes (representing some variable of interest) are connected by edges that
describe their interactions. Each node can take on different states relevant to the network under
investigation (for example, a gene may be turned ON or OFF in a genetic regulatory network,
or a person may be Infected or Susceptible to a disease in an epidemiological network). These
networks are frequently studied by analyzing global properties such as fixed points, robustness
(sensitivity to perturbation), and functional organization (modularity). A fundamental problem
in complex systems science is to understand how interactions between individual components
of a system give rise to such properties; in other words, how can the influence of a node,
or set of nodes, be measured and how does it affect the large-scale dynamics of the system?
Understanding this influence is crucial to characterize, predict, and control complex systems.

Traditional lines of inquiry often analyze only the network structure or assume that the
entire network configuration is known (i.e., the state value of all nodes in the network). In
practice, however, a network’s structure may not be a good predictor of its dynamics and fur-
thermore, it is reasonable to assume that some nodes may not be measureable or controllable.
Some recent approaches, such as causal inference methods, do not make such assumptions;
still, calculating influence is in general a NP-hard problem and thus there is a need to further
develop feasible approximate methods that work well in practice. This dissertation focuses on

methods to calculate node influence and uncover dynamical properties of a network (modular
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organization, attractor control sets, size of perturbation cascades) that depend only on limited
(partial) knowledge of the network configuration.

I begin by reviewing the literature on node influence and related problems (influence max-
imization, control, and modularity), with special focus on methods that utilize either causal
inference or approximations of dynamics. I then expand upon these methods with my own
contributions to the field. First, I utilize the the existing concept of pathway modules on a
dynamical map to define complex (synergistic) modules and use these to describe a network’s
dynamics by its underlying causal mechanisms (by calculating direct node influence) and mea-
sure its dynamical modularity. Next I use a mean-field approximation of a node’s state based
on iterative update of the states of its inputs (the IBMFA) to estimate the influence of that node
on long-term configurations and attractors of a network, finding that the approximation per-
forms well in comparison to actual simulations of the system. Finally, I define a thresholded
representation of the dynamics (a generalized threshold network) to study different structural
representations of the node update functions. I use these different representations and the
IBMFA to calculate node influence and find that the choice of which method to use depends
on the connectivity of the graph and the precision required. These methods are applied to
various networks including random Boolean networks and biological signaling and regula-
tory networks, with examples given of additional use cases (such as linear threshold models
and game-theoretic networks). Taken together, they help to elucidate the role of individual
components within complex systems, with applications to dynamical modularity, influence
maximization, and attractor/target control. Throughout I try to bridge the gap between litera-
ture on dynamical networks (e.g., logical models, Boolean networks) and dynamical processes

on networks (e.g., epidemic and information spreading).
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6.1

Al

LIST OF TABLES

Example transfer functions that de ne the dynamicsD for the network in Fig-

ure 1.1 In network-based discrete dynamical systems, functions may be de ned
by either logical or mathematical expressions. In the expressions, the state of node
x isindicated by the variable,. . . . . . ... ... L Lo 13

Comparison of methods used in this dissertation Advantages, disadvantages,

and use cases of each method are listed here; methods include generalized thresh-
old networks (GTN general), GTNs speci cally with disjunctive normal form rep-
resentation (GTN with DNF), GTNs speci cally with schematic redescription rep-
resentation (GTN with SR), and the individual-based mean- eld approximation
(IBMFA). DOI here refers to the domain of in uence ofaseedset. . . . ... ... 153

Core complex modules in thedrosophilasingle-cell SPN with pinning pertur-

bation. Modules are grouped by seed set size and ordered by resultingsgize

The module labels are colored to correspond to Figures 3.5, A.4, A.5, and A.6;
membership in a set of related moduless also indicated in parentheses. The
s-units are listed in the temporal order that they are visited within the dynamical
unfolding process. . . . . . . . . e e 183

Xiii



A.2 Maximal modules in the drosophilaparasegment SPNThe seed se$? and size
jSij of the maximal pathway module per seed set size jS?j are shown, along
with the associated intracellular complex modules found within the maximal mod-
ule. HereM indicatedM ywe o; M, indicatedMe, 1; Mz indicatedM pyny 1; M4
indicatesM nHH 0. M5 indicatesM cir 1. Mg indicatesM SLP 1:nHH 1: M- indi-
catesMsip onwc 1; MgindicatesMouy 1.en 1; Mg indicatesMprc o; nally,
Mo indicatesMsip onwc 1nHu 1. FOrs =5, all maximal pathway modules
have the same associated intracellular modulessfer 6, the rst two group-
ings of seed sets have associated modMlgsM 1o, andMg, while the latter three
groupings have associated modul¢g,, Mg, andMg. The subscript on the s-unit
labels denotes the cell of the parasegment whexed| are arbitrary cells cho-
sen such that there is no logical contradiction between variable states and cellular
addition uses modular arithmetic. As maximal modules with larger seed sets tend
to build on the same set of modules with smaller seed sets, particular seed sets
are condensed to variables for readability. Given the periodic boundaries of the
parasegment and the similarity of complex modules, a signi cant degree of redun-
dancy in regards to cellular indices can be seen in the maximal module sets. A seed
setof sizes 6is needed to resolve every variable in the network. . . . . . . . .. 189

A.3 Minimal observability and control sets for the drosophilasingle-cell SPN.The
attractors label the node states in order of Sk, WG, en EN, hh, HH, ptc,
PTC, PH, SMOci, ClI, CIA, CIR, nHH, nWG. The associated complex mod-
ules are colored to correspond to Table A.1. Hedg, indicatesM 4 o; Mg
indicatesMs p 1.nvn 15 M7 indicatesMsip onwc 1; Mg indicatesMprc o;
My indicatesMsip onwe 1nnn 15 M1 indicatesMuawe opnn 15 M1o indi-
catesM qn OPTC 1, M43 indiC&tGSNlSLp LnHH OPTC 1, naIIy, M 14 indicates
MnWG ONHH OPTC 1+ + + + + + + o o o o o v v v v v e o 0 e e e e e e s 195

A.4 Attractors and minimal observability sets for the drosophilaparasegment SPN.
A node or s-unit's index indicates to which cell in the parasegment it belongs. In
addition to the expressed nodes listed, every attractor has input nodes SOFF
and SLR., =ON. The associated intracellular complex modules are listed for
cells 1-4 (top to bottom) in the parasegment. Only the main complex modules
for each cell are listed; they are colored to correspond to Table A.1. INeje,
indicatesM g p LnHH 1, M- indicatesM g p onNWG 1, Mg indicatesMptc o;
My indicatesMsip onwe 100H 1, M1p indicatesMuawe onnn 1 M1z indi-
catesM \yn 0OPTC 1, M13 indicatesM SLP 1:nHH OPTC 1, naIIy, M 14 indicates
Mmwe onne opTc 1. Note that observability sets only require two sensors to
reveal the given attractor. . . . . . . . . . . . . . .. ... 196
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A.5 Comparison of dynamical modularity between genetic regulatory networks.
The optimal cover is estimated for each network by maximizing the mean dy-
namical modularity among covers across seed set sizes, assuming pinning perturba-
tion. Six networks are considered: the example GRN from Fig. 3.2jrbsophila
single-cell and parasegment SPNs [20], Tinraliana arabadopsisell-fate speci -
cation network [396], the yeast cell-cycle network [155], and the T-LGL leukemia
network [21]. For the rst grouping of networks, was calculated considering
all possible covers off 6 core complex modules with seed set sze 5,
with higherq values used when computationally feasible. By contrastior the
drosophilaparasegment and leukemia networks was estimated using the greedy
heuristic mentioned in Section 3.2.3. For each network the mean dynamical modu-
larity of the optimal coveD (), the size of the estimated optimal cover, j, the

average module size within the optimal cover, a)gj 2 , and the maximum
module size within the optimal cover, m@&j 2 , is shown. Percentages are
calculated based on the number of nodes the network. . . . . . .. ... ... 197

A.6 Comparison of attractor controllability between genetic regulatory networks.
Statistics for the driver sets suf cient to fully resolve each xed point attractor in
the network, assuming pinning perturbation, are shown. Driver sets are equivalent
to the seed sets of the minimal pathway modules whose unfolding includes all
node states found in the respective attractor. The superset of driver nodes needed
(based on the set of s-units suf cient to control to each attractor) is compared to
that predicted by feedback vertex set theory [246, 247]. See the caption of Fig. A.5
for a description of the networksused here. . . . . . ... ... ... ....... 197

A.7 Comparison of core complex modules between genetic regulatory networks.
The number of core complex modules, along with the maximum module size, is
found per network per seed set széAdditionally, the minimal seed set size found
to fully resolve every variable state (min xed point seed set size) is shown; note
that this xed point is not necessarily an attractor of the original network, due to the
pinning of the seeds involved. It is apparent that variable states in each network are
quickly resolved as is increased when considering the largest complex module.
In comparing the larger networks, the leukemia network has more core complex
modules than thelrosophilaparasegment pes value, suggesting more compli-
cated dynamics. Percentages are calculated based on the number of variables
the network. See the caption of Fig. A.5 for a description of the networks used here. 198
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B.1 Accuracy of the greedy selection process to predict ground-truth minimal
driver sets in the yeast cell-cycle network. Driver sets calculated by brute-
force computation (BF) compared to the greedy selection algorithm (GR) for the
yeast cell-cycle network. The attractors are in the same order as in Fig. B.9.
For each attractor, the label of the driver nodes and their states are speci ed.
For the sake of compactness, a different notation is used with respect to Chap-
ter 4 and the rest of Appendix B. For example, the notatiGelISize: 0; SBF :
0;MBF : 0;Sicl : 1;Cdhl : 1g corresponds to the sé{(CellSize "ceisize =
0); (SBFE, *sgr = 0); (MBF; *vge = 0);(SiclL *sic1 = 1);(Cdhl *cany = 1) 0.
Attractor 1 corresponds to the G1 phase of the cell cycle and is the attractor with
the largestbasin. . . . . . . . . . 207
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2.1

LIST OF FIGURES

Example Genetic Regulatory Network. A graph representing a genetic regula-
tory network withN = 6 nodes andEj = 6 edges, including two input nodes

(i1 andi2), two nodes representing gened @ndg2), and two nodes represent-

ing proteins P1andP2). The graph is directed and has a cydd.( g2! P2

I P1). The graph's structure is captured by the adjacency matyiwhere each
node’s inputs are determined by its respective column and each node's neighbors
are determined by itsrespectiverow. . . . . . . .. ... oo

Example automaton with a logical ‘OR' transfer function. (a) The node X has
two inputs, shown as a graph. (b) The look-up tablelescribing the transition
of X, along with the one and two-symbol schemata redescrigfiband F % (#
denotes a wildcard enpita group-invariant enput). (c¢) The canalyzing map of X
describing the associated logical function, representing both state updates. Black
s-units represent nodes in their ON state, white s-units represent nodes in their
OFF state, and blue diamonds represent t-units labeled with their threshold value
. Each edge ( bre) represents the logical contribution of a source unit to an end
unit and thus dictates how X will turn ON or OFF. The canalyzing map shows that
one input in the ON state is suf cient to turn X ON but that both inputs in the OFF
stateareneededtoturn XOFF. . . . . . . . . . . . ...

XVii



2.2 Representations of dynamics on a genetic regulatory network (GRN§a) Struc-
tural graph representing an example GRN. This network has two infufy (two
genes@1,g2), and two proteins (P1,P2). There is a negative feedback loop present
as P1 promotes the creation of P2, an inhibitory protein. P1 requireggth@thd
the absence of P2, while P2 requires bgthandi2. (b) Logical interaction hy-
pergraph representation; + (black) and - (red) signs denote activating and inhibit-
ing regulations, respectively, while hyperedges represent AND relationships. (c)
Expanded network representation; active nodes are denoted in black and inactive
(complementary) nodes are denoted in white and named with the NOT (*) operator,
while composite nodes (grey circles) represent AND relationships. (d) Dynamics
canalization map representation; s-units representing active nodes are denoted in
black and s-units representing inactive nodes are denoted in white, while t-units
(grey diamonds) represent redescribed schemata. T-units with threahotd 1
that represent schemata with no permutation redundancy are left out of the gure
for simplicity. Note that the representations in panels c and d are nearly equivalent
aside from some differences innotation. . . . . . . ... ... ... oL, 49

3.1 Example of different perturbations in the drosophilasegment polarity net-
work (SPN). (a) The dynamical unfolding of the pathway modi¥ke, ; in the
drosophilasingle-cell SPN under pulse perturbation. Black represents nodes in
their active (ON) state, white represents nodes in their inactive (OFF) state, and
grey represents nodes whose state is unknown. Node states are not maintained
over time, and as a result cannot activateor HH which require the activation
of EN. (b) Same as panel a, bMts, ; unfolds under pinning perturbation. The
s-unitshh-1 and HH-1 re due to the continual presenceof EN. . . . . . . . .. .. 64

3.2 Example genetic regulatory network (GRN) (a) The interaction graph of an
example GRN. See the caption of Fig. 2.2 for a full description. (b) The exact
logic of the dynamics is captured in the DCM, where black s-units represent nodes
in their active (ON) state, white s-units represent nodes in their inactive (OFF)
state, and grey diamonds represent t-units. The seeds of pathway migidyles
andM;; ( are indicated by double edges; the pathway modlge ¢ is shown in
blue. T-units with thresold = 1 that represent schemata with no permutation
redundancy are left out of the gure for simplicity. . . . . . ... ... ... ... 65

3.3 Example pathway module interactions.The DCM shown here is the same from
Figure 3.2. Individual modules are differentiated by color, with the seed s-unit
given a double edge. (a) ModuMp; o is subsumed by moduld;; (. (b) Mod-
ulesMp; ; andM;; ; are decoupled. (c) There is logical obstruction between
modulesMp; ; andMp, ;. (d) There is synergy between modulMs, ; and
Mi, 1. (e) A limit cycle of the network due to modul®sr, 1, Mi; 1, andM;, ;.
(f) All six complex modules with seed set sige= 1. The nodes shown in yellow
are subsumed by multiple other modules. Additional details are given in the text. . 74

XViii



3.4 Computational expense of the T-LGL leukemia network.The number of path-
way modules is compared to the number of core complex modules found using
the maximal seed heuristic (described in section 3.3.1) for the T-LGL leukemia
network (N = 60). Determining modularity using all pathway modules (every
combination of s-units) is a combinatoric problem and grows exponentially with
the seed set size whereas the number of complex modules is much lower, allow-
ing for easier evaluation. Note that the y-axis is logarithmic. . . . ... ... ... 75

3.5 Complex modules in thedrosophilasingle-cell SPN(a) The DCM of thedrosophila
single-cell SPN (input node states are given a double edge). Black represents vari-
ables in their active (ON) state, white represents variables in their inactive (OFF)
state, and grey diamonds represent t-units. The DCM consists of 34 s-units. Note
that several t-units have been removed or modi ed in the gure for clarity of the
transition function. (b) Select complex modules (indicated by color) are shown
for seed set sizi8?j = 1; seeds are indicated by a double edge. ModMegs ;
(blue),Mpun 1 (green),Msip 1 (pink), andMu4 o (gold) are shown. The s-
unit CIR-0 is in botiM¢, 1 andM 4 1. Together these four modules cover 59%
of the s-units in the DCM. (c) Same as b, butj8fj = 2. ModulesM \we 1s1p 0
(blue) andM ppy  1sp 1 (red) are shown. The s-unit CIR-0 is in both modules.
Together both modules cover 82% of the s-units in the DCM. (d) Same as b, but
for ]S’ = 3. ModulesMnun 1nwe 1sie o (Violet) andM pyy Optc LSLP 1
(brown) are shown. The s-units CIA-0, PHAg-0 and WG-0 are in both mod-
ules. Together both modules cover 85% of the s-units in the DCM. Additional
modules are shown in Fig. A4-A.6. . . . . . . . ... ... 81

3.6 Dynamical unfolding of the wildtype attractor in the drosophilaparasegment.
The minimal pinning perturbation that was found suf cient to fully resolve the
wildtype attractor is shown. Cell boundaries are separated by a blue line; white
indicates that a node is OFF in that time step, black indicates that a node is ON,
and grey indicates that the node state is unknown. The color of the node label
indicates an associated complex module. Select modules are also highlighted in
the dynamical unfolding process by colored borders. Arrows indicate the initiation
of a new module; arrows pointing to the side or upwards indicate that the respective
s-unit is initiating a module in a neighboring cell. For exampe, p o is present
in cell 1 based on initial conditions (blue arrow). The in uence of WG-1 in cell
4 (blue arrow) initiatesMs.p onwc 1 In cell 1 (shown by blue borders). This
module turns omhand HH which initiatedM 4 1 In cell 2 (shown in green) and
then turns off WG in cell 1 which, together with WG-0 in cell 3 (indicated by red
arrows), initiateM wg o in cell 2; the synergy betweev .y 1 andMpwe o
results inM puunwe o In cell 2 (which subsumes both individual modules and is
shown by red borders). Refer to Fig. A.11 for a full description. . . . . ... ... 84
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3.7

4.1

Comparison of dynamical modularity across GRNs.(a) | display results for the
drosophilasingle-cell SPN, the yeast cell cycle network, ardhliana arabadop-
sis The relative cover sizg ¢j=2N is shown for each network’'s optimal cover
(based on maximizin® ( s), shown as full lines) and minimally-sized cover
min (Shown as dashed lines) per maximum seed setssizblote that values
of | sj=2N can be at mosi because there a2\ s-units which together cre-
ate a trivial cover (every s-unit acts as a module's seed); the intermediate line
] s§ = N is indicated by grey dashes. Note that the optimal cover has more
than the minimal number of modules fer> 1. (b) Same as panel a, but the dy-
namical modularity scord = D( ) is shown for each network's optimal cover
(full lines) and minimally-sized cover i, (dashed lines). (c) | display results
for thedrosophilaparasegment SPN and the T-LGL leukemia network. | estimate
the optimal cover ¢ by greedy selection of the maximum module independence,
max(ind(M;; s M;)), as described in section 3.2.3. The relative cover size
J <J=2N is shown for each network. Grey dashes indicate thejling= N. (d)
Same as panel ¢, but the dynamical modularity sebre D( ) is shown for
each network. Due to the suboptimal nature of the greedy seledtsmmetimes
decreases for larger maximum seed setsizes. . . . .. .. ... . ... .. ...

Accuracy of the individual-based mean- eld approximation. (a) | evaluate the

mean squared err&(t), as de ned in Eq. 4.5, of the prediction made under the
individual-based mean- eld approximation (IBMFA) with respect to the ground-
truth con guration of the system at stagef the dynamics. The systems under
observation are random Boolean networks (RBNs) Witk 100 nodes and xed
degreek. Initial con gurations are sampled from Eq. 4.3, where the probability

of nodei to be active equalsi(t = 0) = 0:5foralli = 1;:::;N. | consider
100RBNs for each value ok. For each of them, ground-truth trajectories used

in the computation of the IBMFA error are estimated by relyingRor 100 in-
dependent simulations. The average error overl®@RBNSs is then displayed
using full curves of different colors depending on the dedtesf the underly-

ing RBN. IBMFA errors are compared to their corresponding baseline va{tigs

l.e., the variance of the sampled trajectories used to estimate the average trajec-
tory of the network (see Eq. 4.6), that are shown as dashed curves in the plot. (b)
Same as in panel a, but for selected biological signaling network®rtteophila
melanogastesegment polarity network (drosophila), the T cell large granular lym-
phocyte leukemia network (leukemia), and the estrogen receptor breast cancer net-
work (breast cancer). Initial con gurations are sampled from Eq. 4.3, where the
probability of node to be active equals tg(t =0) =0 :5foralli =1;:::;N. . . 101

XX
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4.2

4.3

Dynamical in uence in Boolean networks.(a) The residual entropy of tligrosophila
melanogastesegment polarity network is seen as a function of time. Entropy is
measured in bits and is normalized by the size of the network. Different curves
correspond to different choices for the set of seed nadespeci cally, | show
results forX = ;, X = f(en”en = 1)g, X = f(CIR;*cr = 1)g, andX =
f(CIR;*cir = 0)g. (b) Same as in panel a, but for the estrogen receptor breast
cancer network. The baseline is given by a seed set wit#amedes of the network
are set to biologically relevant states and the dilgelisibis activated, i.e.X
f(SGKLT; *sgket = 0); (IGFIRT; MNgrirt = 1) 5 (PIM; “pim = 0); (ER; "er
1); (PBXL; "pgx1 = 1) ; (HERZ “pgr2 = 0) ; (HER3.T; Mygrat = 0); (PTEN "pren =
0) (BIM_T; *gim 1 = 0); (BCL2_T; "gcrzt = 0); (PDKL; “ppka = 0) ; (MTORC2
mrorc2 = 0); (Alpelisily *appeiisiv = 1) g [98]. The various curves are obtained
by activating a speci ¢ anti-cancer drug (other thalpelisib) and adding it to the

baseline. . . . . . s 104

Driving Boolean networks to the desired attractor. (a) Graph of thérosophila
melanogastesegment polarity network. In the visualization, a directed connec-
tion from nodei to nodej indicates that the state of nodas one argument of

the Boolean functiorf; that regulates the dynamical evolution of ngdeOne of

the attractors of the network is shown: active nodes are depicted in black; inac-
tive nodes are depicted in white. The attractor may be reached by controlling the
state of the three nodes highlighted in orange. The see&set,f (SLP, s p =

0); (NWG; Mwe = 1); (nNHH; Aun = 1) g, is identi ed using the greedy optimiza-

tion algorithm. (b) ThelO attractors of the network, and their corresponding min-
imal driver sets as identi ed by the greedy optimization algorithm (highlighted in
orange). Attractod is the same as in panel a. These predictions recover exactly
the minimal driver sets for of the 10 xed points, while overestimating the size

of the driver sets required to reach attractors 5, 9 and 10 by one node only (the
PTC node). (c) Residual entropy as a function of the size of the seed set for three
selected seed sets found by the greedy optimization algorithm leading to speci c
attractors. The labels of the attractors are the same as in panel b. The uncon-
strained greedy selection process nds attractor 4. All entropy values are estimated
over R = 100 simulations of the dynamical process. As a term of comparison,
the curve corresponding to seed sets composed of randomly selected nodes' in-
dices/states is also shown. The curve displays the value of the entropy averaged

overR = 100 simulations oflOOrandom seed sets. . . . . . . . . . . . . .. ... 106
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4.4

In uence maximization in synthetic and real Boolean networks. (a) | identify
the optimal sets of driver nodes by implementing the unconstrained optimization
algorithm on random Boolean networks (RBNs) with variable networkNiznd
xed degreek. The relative size of the optimal driver set is plotted as a function
of the network size. Different curves correspond to diffedenalues. Results
refer to average values ové® RBNs. (b) Relative size of the optimal driver sets
identi ed by the unconstrained optimization algorithm in thénetworks that are
part of the Cell Collective repository. The relative size of the identi ed driver
set is plotted against the network size of the corresponding network. (c) Cumula-
tive distribution function of the relative size of the optimal driver sets of the Cell
Collective networks shown in panel b. (d) | compare these predictions with those
obtained byBorriello and Danield355]. | consider networks from the Cell Collec-
tive repository that were analyzed in [355] and have xed point attractors, and plot
the average size of the optimal driver sets predicted by the greedy (constrained)
optimization algorithm vs. the average size of the control kernels (blue circles).
A control kernel is an approximation of the minimal driver set towards a desired
attractor [355]. Each point in the plot is a network. Average values are computed
over all the possible xed points of a network. The dashed grey line indicates an
exact match between the two predictions. For the same set of networks, | also show
the size of the minimal optimal driver set (computed using the unconstrained op-
timization algorithm) vs. the average size of the control kernels (orange squares).
............................................. 111
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5.1 Different representations of a transfer function on the generalized threshold
network. The same transfer function is shown in panels a, ¢ and e, along with a
different generalized threshold network (GTN) representation in panels b, d, and
f. Here | display only theN nodes andE edges of the GTN that concern the
activation of noded; for compactness, nodes and edges concerning dtatare
ignored. (a) A Boolean network composed of four nodes. The wdades three
inputs,a, bandc; the transfer function governing its update is shown as a logical
expression and converted to disjunctive normal form. (b) The corresponding GTN
representation of panel a denotes this relationship uNing 6 total nodes and
E = 6 total edges. (c) The transfer function a@fis shown as a look-up table.

(d) The corresponding GTN representation denotes this relationship Nsm@

total nodes an@& = 12 total edges. (e) The transfer functionais shown as the
two-symbol schemata redescription of the look-up table in panel c. The wildcard
symbol (#) indicates a node that can have either state value, while the position-free
symbol €) denotes that the two indicated state values can switch; that is aither

or b may be active to ensure that nodeés in the active state, while the state of

the other input does not matter. (f) The corresponding GTN representation denotes
this relationship usingl = 6 total nodes an@& = 5 total edges. The GTN based

on schematic redescription is the most concise representation shown. In the GTN
representations, state nodes representing the active statel() of variablei are
shown in black, state nodes representing the inactive state) of variablei are
shown in white, and threshold nodes are showningrey. . . .. ... ... .. ... 124

5.2 Ground-truth vs. approximate domains of in uence in real-world networks.
(a) Average size of the domain of in uence for networks in the Cell Collective.
Results are shown for the ground-truth domain of in uence (GT) as well as ap-
proximate domains of in uence as estimated by the individual-based mean- eld
approximation (IBMFA) and three different GTN representations whose transfer
functions are de ned by the node look-up tables (LUT), by disjunctive normal
form (DNF) of logical expressions, and by schematic redescription (SR). Results
are averaged over all seed sets of a given size and across all networks. (b) Same
as panel a, but for the average value of the similarity (i.e., Jaccard index) between
approximations of the domain of in uence and the ground-truth domain of in u-
ence. (c) Same as in panel a, but for the average recall of approximate domains
of in uence as compared to the ground-truth. (d) Same as in panel a, but for the
average precision of approximate domains of in uence as compared to the ground-
truth. Across measures, DNF, SR, and IBMFA perform similarly. IBMFA does
somewhat better at size, similarity, and recall but somewhat worse at precision. . . 133
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5.3

5.4

Comparison between approximate domains of in uence in real-world net-
works. (a) Average similarity between domains of in uence for networks in the
Cell Collective. Results are shown for the ground-truth domain of in uence (GT)

as well as approximate domains of in uence as estimated by the individual-based
mean- eld approximation (IBMFA) and three different GTN representations whose
transfer functions are de ned by the node look-up tables (LUT), by disjunctive
normal form (DNF) of logical expressions, and by schematic redescription (SR).
Similarity is calculated as the average Jaccard index between approximate domains
of in uence obtained by the various methods. Results are averaged over all seed
sets and across all networks. (b) Same as panel a, but results are calculated only
for seed sets of sizk (c) Same as panel a, but results are calculated only for seed
sets of siz&. (d) Same as panel a, but results are calculated only for seed sets of
SIZE3. . . e e 134

Seed set rankings based on the domain of in uence in real-world networksl.
measure the Spearman's correlation coef cient between the size of the domains of
in uence predicted by the various approximate methods and the size of the ground-
truth domains of in uence for networks in the Cell Collective. Results are shown
for the ground-truth domain of in uence (GT) as well as approximate domains of

in uence as estimated by the individual-based mean- eld approximation (IBMFA)
and three different GTN representations whose transfer functions are de ned by
the node look-up tables (LUT), by disjunctive normal form (DNF) of logical ex-
pressions, and by schematic redescription (SR). Results are calculated per network
for a given seed set size and then averaged across all networks. As a term of
comparison, rankings based on degree centrality (by summing the out-degree of
seed nodes in the original structural graph) are also considered (SG); note that in
this case, seed nodes of different states will have the same rank-order. Dynami-
cal methods except for LUT perform similarly; however, LUT still performs better
than predicting seed set rankings based on degree centrality. . . .. .. ... ... 136
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5.5

6.1

Computational time for the estimation of the domain of in uence in real net-

works. (a) Average time required to estimate domains of in uence irtfesophila
single-cell segment polarity network (sike= 17) [20]. Results are shown for the
ground-truth domain of in uence (GT) as well as approximate domains of in u-
ence as estimated by the individual-based mean- eld approximation (IBMFA) and
three different GTN representations whose transfer functions are de ned by the
node look-up tables (LUT), by disjunctive normal form (DNF) of logical expres-
sions, and by schematic redescription (SR). Results are averaged over all seed sets
of a given size. The maximum degree of this networkgjs, = 4. In this network,

GTN methods perform much quicker than the IBMFA or the ground-truth. (b)
Same as panel a, but for the EGFR & ErbB Signaling netwbkk=104) [407].

The maximum degree of this networkksa.x = 14. In this network runtimes are
similar except for the SR method, which takes much longer than the others. (c)
Average time required to estimate domains of in uence for networks in the Cell
Collective. Results are averaged over all seed sets ofisizach point in the plot

Is a network; time is plotted as a function of the network $ize(d) Same as in

panel ¢, but time iqaolotted as a function of the total size of all node look-up tables
inthe network, i.e., 1L, 29, ... 139

GTN representations of game-theoretic models(a) The look-up table (LUT)

for an agend with three neighbors who is using the deterministic best response
(DBR) strategy in a stag-hunt (i.e., coordination) game. This LUT is identical to
that of an agent using the generalized tit-for-tat strategy that copies the state of
the majority of its neighbors. Here the state O corresponds to defection, while the
state 1 corresponds to cooperation. (b) The GTN representation of the LUT in
panel a. For compactness, | display only the nodes and edges of the GTN that
concern the activation of nodk (c) The LUT for an agend with three neighbors

who is using the deterministic best response (DBR) strategy in a snowdrift (i.e.,
anti-coordination) game. (d) The GTN representation of the LUT in panel c. For
compactness, | display only the nodes and edges of the GTN that concern the
activation of nodel. (e) The LUT for an agerd with three neighbors who is using

the deterministic best response (DBR) strategy in a prisoner's dilemma game. (f)
The GTN representation of the LUT in panel e. Notice that in this case the chosen
strategy ofd is unconditional defection. As suctis state is constant and does not
depend on its neighbors; furthermore, the sthieis disconnected from the rest of
thegraph. . . . . . . . 162
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6.2

Al

A.2

GTN representation of the CNOT gate. (a) A GTN representation of a CNOT

gate, composed of two distinct subgraphs. One shows dependencies between the
target qubitt and the control qubit; the other shows dependencies between the
phase of the target qubit (labeled)dsand the phase of the control qubit (labeled
asy). If the initial state of the target is known to be 0 (indicated in orange and by
double edges) and the state of the control is in a superposition (with gkase

y-1, indicated by yellow), then there are two possible paths that may be followed

in the graph (indicated by dashed lines), depending on what the (unknown) state
of the control is. (b) The same GTN is shown as in panel a. In this case, both
the target and the control are in superposition so the statamdc are uncertain.
However, if the initial phases are known toxd andy-0 (indicated in orange and

by double edges), the resulting phases at timel arex-1 andy-1, indicating

phase kickback from the target to the control variable. . . . . ... ... ..... 164

Pseudo-code for algorithm 1. Input to the function is a DCM, a seed set of s-
units S°, and a perturbation type (‘pinning' or “pulse’). The algorithm is similar
to breadth- rst search (BFS) and explores what part of the DCM is reachable from
the seed set, factoring in the perturbation type, relative time steps, logical contra-
diction, and t-unit thresholds. FIFO queues hashed by relative time step are stored
in time_stepswhile sets of visited units hashed by relative time step are stored in
unfolding Units (s or t) are only added to the queue associated with the respective
time step if they meet the requisite conditions. S-units are given a default threshold
=1 and delaydt = 1, while t-units have delaglt = 0. Units that are visited are
added to the setsgsitedandactive step Each t-unit must track the s-units that con-
tribute towards its threshold; with pulse perturbation, unit thresholds are reset after
each time step. The algorithm halts when a repeat set of s-units and t-units is found
for a given time step or when no new units can be reached based on their logical
conditions. The function returns the pathway modJig initiated by the seed set,
l.e., the sets of units visited at each relative time step. In the above pseudo-code,
fkey:valug represents ahashtableagdaset. .. ... ... ... ....... 180

Pseudo-code for algorithm 2.Input to the function is a DCM, the maximum seed

set sizemaxs, a set of s-unitseedsand a perturbation type ("pinning’ or “pulse’).

At each iteration, new seed sets of sze k are generated by combining seed
sets of current pathway modules of size k 1 with the members afeedgsize

s = 1). The pathway modules for these new seed sets are found using algorithm
1; this set of modules is then condensed to a set of complex modules by removing
those that are subsumed by other modules or that fail a synergy check. For pinning
perturbation, the former condition lIters any modylewvhereS, S, for any

other modulem 2 P, whereas for pulse perturbation the temporal order of when
units re must be checked as well. The function returns the set of complex modules
| . In the above pseudo-codg, representsaset. . . ... ... ... ... .... 181
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A.3 Example interactions between pathway modules.(a) Module M subsumes
Mg as the unfolding oMy is completely contained iM 5. (b) Mag o logically
obstructsM , because of the contradiction between B-0 and B-1, which prevents
the rest ofM, from unfolding. (c)M, andMp are decoupled (dynamically in-
dependent); even though they share a thresilgy does not re the t-unit and
thus cannot cause any downstream effects. Md) and Mg are synergistic be-
causeMar res a t-unit that neither module can re by itself, thereby reaching
the node H. (e) There is both synergy and logical obstruction present bellveen
andM¢ 1, as a logical contradiction with C-1 blocks the complete unfolding of
Ma; however, the synergy present also alloMia.c ; to include | and J. (f) An
example of synergy between non-maximal sedis.is subsumed byl , andM ¢
Is subsumed biMg . Because of the contradiction of B-0O and BfS45 o] = 3
(shown in green). However, if C and K are used as seeds, then a larger module is
seen which includes the extra nodes L and$,x j = 4 (shown in brown). This
synergy is found in two complex modulgSc.s o =5 andjSax j = 6; however,
neither of these are core complex modules becBMis@andM are not maximal. . 182

A.4 Complex modules in thedrosophilasingle-cell SPN, seed set size= 1. Select
complex modules (indicated by color) are shown: moddigys o (a), module
Mcir 1 (b), moduleMprc o (c), and all 14 complex modules with seed set size
s = 1 (d). These modules dynamically unfold from their seed set of sizel
(highlighted with a double edge) to include the s and t-units that are guaranteed to
re given pinning perturbation. In panel d, the 14 modules indicated compegse
and cover the DCM. S-units and t-units are colored by the largest module that they
are a part of; modules that only contain the sg&j (= 1) are in purple. Note
that several t-units have been removed or modi ed in the gure for clarity of the
transition function. . . . . . .. L

A.5 Complex modules in thedrosophilasingle-cell SPN, seed set sizz= 2. Se-
lect complex modules (indicated by color) are shown: motidgr 1.p7c o (),
moduleM nHH len 1 (b), moduleM nHH 1.CIR 1 (C), and modulev nHH O;ptc 1
(d). These modules dynamically unfold from their seed set of size2 (high-
lighted with a double edge) to include the s and t-units that are guaranteed to re
given pinning perturbation. In panel d, note that s-yni@-0 does not re with
pinning perturbation due to contradiction wigkc-1 Note that several t-units have
been removed or modi ed in the gure for clarity of the transition function.
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A.6 Complex modules in thedrosophilasingle-cell SPN, seed set size= 3. Select
complex modules (indicated by color) are shown: modlgpr onwc 1nHH 1
(@), moduleM nwe onHH 1.cir 1 (D), moduleM awe onHH 0pic 1 (C), @and mod-
ule Msip onnn opic 1 (d). These modules dynamically unfold from their seed
set of sizes = 3 (highlighted with a double edge) to include the s and t-units that
are guaranteed to re given pinning perturbation. In panel a, the indicated module
resolves all 17 variable states and results in one of the network’s 10 attractors. In
panel b, the indicated module is identicaMg p 1.nve 1.cir 1 but differs only
in the seed. In panel c, the indicated module is identicB & 1.1 optc 1 DUL
differs only in the seed. Note that several t-units have been removed or modi ed in
the gure for clarity of the transition function. . . . . . .. ... ... ....... 186

A.7 Dynamic cycle by perturbation of nHH. The input nHH can unfold different
modules if its state is changed periodically. If held ON long enough, and SLP-
1 or nWG-O0 is also presenMsip 1:niH 1 OF Mhwe onwn 1 Can unfold (a),
which turns onptc. If nHH is turned OFFMpun  optc 1 UNfolds and turns off
ptc (b). If nHH is turned ON again, it turns off PTC and alloWss p 1.n4n 1
orMnawe onnn 1 to unfold (c), which again turns gptc. If nHH is turned OFF,
Mnun  opic 1 UNfolds and the cycle continues (d); thus, periodically ipping the
state of nHH causes several other nodes states (suyutis, #&TC, CIA, and SMO)
toalso ip.. . . . . .. e 187

A.8 Dynamical unfolding in the drosophilaparasegment SPNCell boundaries are
separated by a blue line; white indicates that a node is OFF in that time step, black
indicates that a node is ON, and grey indicates that the node's state is unknown.
The color of the node label indicates the associated complex module. (a) The
dynamical unfolding of SLP= SLP; = 0, wg, = 1. The presence of WG-1 in
cell2allowsMs p onwe 1 (labeled as blue) to unfold in cells 1 and 3 by acting as
an additional input to SLP-0. These modules turn off WG and turn on HH in cells
1 and 3, which initiate® ,we onun 1IN cells 2 and 4 (labeled as red). Finally
Mnwe onnn 1IN cells 2 and 4 turns off HH which initiates the (smaWyun o
module in cells 1 and 3 (labeled as yellow). This resolves almost the entire network
(52 variables) with only three inputs. (b) The dynamical unfolding of SEP
SLP; = PTG, = 0, SLP, = 1 is almost identical, except instead wf}-1, SLP-

1 and PTC-0 are pinned in cell Mg, p 1p7c o (labeled as orange) similarly

turns on WG, initiating théls.p onwc 1 Module in cells 1 and 3. However, the

time differences are more pronounced. The unfolding can be seen in three distinct
epochs where rsMgip 1.p7c o must unfold in cell 2, then th®lsip onwe 1

modules are initiated in cells 1 and 3, and ttMRvc onun 1 IS initiated in cell

4. This demonstrates how important timing is in the dynamic interplay between cells.188
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A.9 Minimal schemata for attractor control in the drosophilaparasegment SPN.
(a) One of the minimal schemata found to reach an attractor, representing the min-
imal seeds suf cient to drive the dynamics to that attractor with pinning control.
Each row represents a cell in tdesophilaparasegment and each column the state
of the respective node: black represents ON, white represents OFF, and grey rep-
resents a wildcard value (i.e., the node state is redundant for convergence to the
attractor under pinning perturbation of the seeds). The color of the row label rep-
resents the main module group active in that cell during unfolding (pink represents

1, red represents s, and violet represents,, see Table A.1). (b) Same as panel

a, but for the minimal schema suf cient to reach the wildtype attractor. The min-
imal con gurations found are much smaller than the previous estimates without
pinning perturbation foundin[19]. . . . . . . . ... ... .. L . 190

A.10 Dynamical unfolding of a minimal seed set to reach an attractor in thelrosophila
parasegment SPNCell boundaries are separated by a blue line; white indicates
that a node is OFF in that time step, black indicates that a node is ON, and grey in-
dicates that the node's state is unknown. The color of the node label indicates
the associated complex module. All four SLP inputs are pinned; additionally,
wg anden are ON in the rst cell. Mg, 1 unfolds in cell 1, andvg-1 initiates
Msip onwc 1 incell 2 by acting as an input along with SLP-0. This turns on HH
in both cells which extends the unfolding in each cell via additional synergy (mod-
ulesMen 1nmn 1 @NdMsip onwe 1nme 1, 1@beled as violet). It also extends
the unfolding ofMg p ;incells 3 and 4 (modults p 1.0un 1, labeled as red).

This nal con guration is in the basin of attraction of the broad stripes attractor
[20], and the network will reach this attractor once the seeglandenin cell 1
arenolongerpinned. . . . .. . .. ... e 190

A.11 Dynamical unfolding of the wildtype attractor in the drosophilaparasegment.
This gure is the same as Fig. 3.6 except that the full unfolding of the minimal seed
set to the wildtype attractor is shown in terms of intracellular modNes.r o is
present in cell 1 based on initial conditions (blue arrow). The in uence of WG-1 in
cell 4 (blue arrow) initiate s p onwe 1 in cell 1 (shown by blue borders). This
module turns orhh and HH which initiateM,yy 1 in cell 2 (shown in green)
and then turns off WG in cell 1 which, together with WG-0 in cell 3 (indicated
by red arrows), initiateM v o in cell 2; the synergy betweeW .4 1 and
Mnwe oresultsinMpypyy  1.nwe o in cell 2 (shown by red borders). Based on ini-
tial conditions,Mprc ¢ is also presentin cell Mg p o andM,,4 o are present
incell 2,Mgp 1 andMcg ; are presentin cell 3, afds.p ; andM,,4 1 are
present in cell 4Msp 1 in cell 4 (shown by pink borders) turns dih and HH
which, together witthh-0 and HH-0 in cell 2 (indicated by brown arrows), initi-
atesMpuy o in cell 3, which is subsumed bV uy  opTc 1 (Shown by brown
borders). Finally, the presenceftf1 and HH-1 in cell 1 initiate$/ 1 in cell
4, which is subsumed bMis p 1.nun 1 (Showninred). . . . . . ... ... ... 191
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B.1

B.2

Accuracy of the individual-based mean- eld approximation across various
update schedules.(a) | evaluate the errog(t), as de ned in Eq. 4.5, commit-

ted by the individual-based mean- eld approximation (IBMFA) in predicting the
ground-truth con guration of the system at stage the dynamics. Each curve cor-
responds to a different updating schedule inBmesophila melanogastesegment
polarity network (SPN): synchronous (syn), deterministic asynchronous (det asyn),
stochastic asynchronous without replacement (sto w/o rep), and stochastic with re-
placement (sto w rep). In all asynchronous updating schemes, the state of a single
node is updated while the state of all other nodes is kept invariant, and one unit of
time corresponds to a number of updates equal to the system size. The node whose
state is updated is selected in different ways depending on the updating scheme: in
(det asyn), the node is selected according to a predetermined sequence; in (sto w
rep), the node is selected at random among all the possible nodes; in (sto w/o rep),
the node is selected according to a sequence, but such a sequence is randomized at
every time step. All results are averaged oRer 100 independent simulations of

M =100 randomly selected updating schemes. Initial con gurations are sampled
from Eq. 4.3, where the probability of nodd¢o be active equals(t =0) =0:5

In addition to the other update schedules, the block-sequential update (block-seq)
from Goles et al[353] is included. In this case, nodes are updated sequentially in
blocks, where all nodes in the same block are updated synchronously. The blocks
updated in order are: ['CellSize',Swi5','Cdc20/14''Clb5,6'] , [MBF',Sicl] ,
[CIn3'SBF',CIbl1,2''Mcm1/SFF1, ['CIn1,2, and ['Cdhl']. One unit of time

is given by a fullupdate of all blocks. . . . . ... ... ... ... ........ 199

Average node and con guration entropies for the Drosophila melanogaster
segment polarity network. (a) | consider all possible seed sets of gix¢ = 2.

| then compare the residual entropy(s) of each node in the network afte= 1
iterations of the IBMFA, averaged across all seed sets, to the residual entropy of
each node averaged over= 100 simulations of each seed set. Entropy is mea-
sured in bits; maximum entropy per node is 1 bit. Different dots correspond to
different nodes in the network. The dashed line indicates perfect agreement be-
tween entropy estimates. (b) Same as in panel a, but for iteratrod0. (c) |

again consider all possible seed sets of gkge= 2. | then compare the residual
entropyH (gX) of the network con guration after = 1 iterations of the IBMFA,
averaged across all seed sets, to the residual entropy of the network con guration
averaged oveR = 100 simulations of each seed set. Entropy is measured in bits
and is normalized by the size of the network. Different dots correspond to different
choices for the set of seed nod¢s(d) Same as in panel ¢, but for iteratios 10.

The results show a strong positive correlation between the IBMFA and the simu-
lations, although after 10 iterations the IBMFA tends to underestimate entropy as
compared to the simulations. . . . . .. ... .. .. ... .. .. ... .. .. .. 200
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B.3

B.4

B.5

B.6

Entropies of the IBMFA compared to simulations in genetic regulatory net-
works. (a) The residual entropy of tHerosophila melanogastesegment polarity
network is plotted as a function of time. Entropy is measured in bits and is nor-
malized by the size of the network, and then averaged over all possible seed sets of
sizejXj. Full curves correspond to predictions made by the IBMFA, while dashed
curves correspond to the average entropy baseld enl00 independent simula-

tions of each possible seed set. (b) Same as in panel a, but for the T-LGL leukemia
network. Although node entropids(s) predicted by the IBMFA are sometimes
lower and sometimes higher than those measured by the simulations (and can in-
crease as well as decrease over time), the IBMFA on average consistently predicts
lower entropy of the network con guratiod (§X ) than the simulations do. . . . . 201

Dynamical in uence in the Drosophila MelanogasteSPN under different up-

date schedules(a) The residual entropy of tHerosophila melanogastesegment
polarity network (SPN) is plotted as a function of time. Entropy is measured in bits
and is normalized by the size of the network. Results are shown for the empty seed
set,X = ;. Different curves correspond to different choices of the update sched-
ule: synchronous (syn), deterministic asynchronous (det asyn), stochastic asyn-
chronous without replacement (sto w/o rep), and stochastic with replacement (sto
w rep). For de nitions of the updating schemes, see the caption of Fig. B.1. All
results are averaged over= 100 independent simulations & = 100 models.

(b) Same as in panel a, but f&r= f (e "¢, = 1) g. (c) Same as in panel a, but for

X = f(CIR; *¢cr = 0) g. (d) Same as in panel a, but fgr= f (CIR; *cr = 1)g. . 202

Dynamical in uence in the yeast cell-cycle network under different update
schedules.(a) The residual entropy of the yeast cell-cycle network is plotted as a
function of time. Entropy is measured in bits and is normalized by the size of the
network. Results foX = ; are shown. Different curves correspond to different
choices for the update schedule: synchronous (syn), deterministic asynchronous
(det asyn), stochastic asynchronous without replacement (sto w/o rep), stochastic
with replacement (sto w rep), and block-sequential (block-seq). For de nitions
of the updating schemes, see the caption of Fig. B.1. All results are averaged
over R = 100 independent simulations dfl = 100 models. (b) Same as in
panel a, but foiX = f(CellSize "ceisize = 1) 9. () Same as in panel a, but for

X = f(CIn3; *cin3 = 0) g. (d) Same as in panel a, but f&r= f(CIn3; *cini3=1)g. 203

Dynamical in uence in the Drosophila melanogastesegment polarity network.

(a) The residual entropy of the network is plotted as a function of time. Entropy
IS measured in bits and is normalized by the size of the network. Different curves
correspond to different choices for the set of seed n&deall possible seed sets

of sizejXj = 1 are shown. (b) Same as in panel a, but a random samgl60D

of all possible seed sets of sipéj = 3 are shown; one of the seed sets results in

zero entropy (an attractor of the system). . . . . . .. ... ... ... ... ... 204

XXXi



B.7 Dynamical in uence in the T-LGL leukemia network. (a) The residual entropy
of the network is plotted as a function of time. Entropy is measured in bits and
Is normalized by the size of the network. Different curves correspond to different
choices for the set of seed nodés All possible seed sets of siZ&j = 1 are
shown. (b) Same as in panel a, but a random sampleXfi00of all possible seed
setsofsizgXj =3 areshown. . . . . .. .. . . .. ... .. 204

B.8 Driving genetic regulatory networks to a desired attractor. (a) Residual en-
tropy as a function of the size of the seed set for seed sets found by the greedy se-
lection algorithm (see Section 4.2.5) leading to the 10 attractors iDtbsophila
melanogastesegment polarity network (the size of the networlis= 17). The
values shown are based on averadihg 100 simulations of the selected seeds.
Circles denote the greedy selection process towards an unconstrained attractor,
which in this case nds attractor 4. As a term of comparison, the curve corre-
sponding to seed sets composed of randomly selected nodes' indices/states is also
shown (dashed line). The curve displays the value of the entropy averaged over
R = 100 simulations ofLlO0Orandom seed sets. The set size indicated does not take
into account seed reduction which results in driver sets ofjXize= 3 or jXj =4
for each attractor in the network. (b) Same as panel a, but for the yeast cell-cycle
network N\ = 12). Solid lines show greedy selection towards each of the 11 at-
tractors in the network. The unconstrained greedy selection process in this case
nds an attractor that does not exist if nodes are not pinned. Interestingly, entropy
must increase during the seed selection process to reach some of the attractors.
(c) Same as in panel a, but for tBeosophila melanogastgrarasegment network
(N = 60). Solid lines show greedy selection towards six biologically relevant at-
tractors, representing the wildtype phenotype, wildtype variant (wildvar), ectopic
phenotype, ectopic variant (ectopvar), broad stripes (broad), and no segmentation
(noseg). Even though this network is too large for the dynamical landscape to be
fully described, each of these known attractors can be reached by pinning as few
as six to eleven nodes. (d) Same as in panel a, but for the T-LGL leukemia network
(N = 60). Entropy decreases quickly after the selection of only three nodes and
falls to zero after nine selections. Note that the lower bounds on driver set sizes in
panels c and d are nearly equivalent to the lower bounds seen in Table A.7. . . . . 205

B.9 Accuracy of the greedy selection process to predict ground-truth minimal
driver sets. (a) A brute-force approach is used to determine the ground-truth size
of the minimal driver set for each of tH®attractors of th®rosophila melanogaster
segment polarity network (SPN) (orange squares). Minimal driver sets to the same
attractors are approximated using the constrained greedy optimization method (blue
circles). (b) Same analysis as in panel a, but forlthexed points of the yeasBac-
charomyces cerevisiaell-cycle network. . . . . . .. ... ... L. 206
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B.10 Driver set sizes in random Boolean network models with different biaseqa) |
consider random Boolean networks (RBNs) where the output of the node look-up
tables is chosen to equalvith probability0 p  0:5. I identify the optimal sets
of driver nodes by implementing the unconstrained greedy optimization algorithm
on RBNs with network siz&l = 20 and xed degreek. The relative size of the
optimal driver set is plotted as a function of the hpa®ifferent curves correspond
to differentk values. Results refer to average values G@¥YRBNs with the same
bias. (b) Same as panel a, except with variable networkisizand xed degree
k = 3. Different curves correspond to differeNt values; note that thie = 3 line
in panel a is the same as tNe= 20 line in panel b. In agreement with the results
of Fig. 4.4a, the size increases wikH{panel a) but does not depend Nn(panel b). 206

B.11 Dynamical in uence inthe CD4 T Cell Signaling network and the HH Drosophila
Signaling Pathway.(a) The residual entropy of the CD4 T Cell Signaling network
[420] (N=188, the largest network shown in Fig. 4.4b) is plotted as a function of
time. Entropy is measured in bits and is normalized by the size of the network.
Different curves correspond to different choices for the set of seed rddes
random sample df0of the possible seed sets of sjxg = 1 are shown. (b) Same
as in panel a, but for the HH Drosophila Signaling Pathway [421] (N=24, the net-
work with the largest relative driver set size in Fig. 4.4b). All possible seed sets of
sizejXj = 1 are shown. For both networks, entropy value$ at 10 iterations of
the IBMFA represent well the long-term entropy values of the system. . . . . . .. 208

B.12 Driver set statistics in the Cell Collective. | identify the optimal sets of driver
nodes by implementing the unconstrained greedy optimization algorithm @i the
networks that are part of the Cell Collective repository. The relative size of the
identi ed driver set is plotted against the average degree (a), the maximum degree
(b), and the average bias of the look-up tables (c) of the corresponding network.
There is one driver set per network. The results show that driver set size does
not correlate well with the network's average degree (Pearson's R=-0.10, p=0.41),
maximum degree (Pearson's R=0.03, p=0.78), or average bias (Pearson's R=0.26,
P=0.03). . . . . e 208

B.13 Driver set canalization statistics in the Cell Collective. | identify the optimal
sets of driver nodes by implementing the unconstrained greedy optimization algo-
rithm on the62 networks that are part of the Cell Collective repository and have a
maximum degre&n.x < 10. The relative size of the identi ed driver set is plotted
against the average effective connectivity (a) and the average input symmetry (b)
of the corresponding network, using upper bounds to calculate an individual node's
input redundancy (the complement of its effective connectivity) and input symme-
try [19]. There is one driver set per network. The results show that driver set size
does not correlate well with the network's average effective connectivity (Pearson's
R=0.20, p=0.11) or average input symmetry (Pearson's R=-0.22, p=0.09). . . . .. 209
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B.14 Topological centrality of nodes in the minimal driver sets.Results are for nodes
in all 74 networks in the Cell Collective repository. (a) Each node is represented
by its in- and out-degree. | display all nodes from all networks of the repository
and color points depending on whether the node is identi ed within the minimal
driver set by the unconstrained greedy selection algorithm. (b) Conditional prob-
ability of a node to be part of the minimal driver set depending on its in-degree.
Excluded from the analysis are all nodes with null in-degree as they are always
identi ed as drivers. The dashed blue line indicates the expected probability with
no dependence on the in-degree; error bars indicate one standard deviation away
from the expected value in such a null model. (c) Conditional probability of a node
to be part of the minimal driver set depending on its out-degree. Reference value
and error bars are obtained in the same way as for panelb. . . ... ... ..... 209

B.15 Attractor found by the greedy algorithm under different updating schemes.
(a) The unconstrained optimization algorithm is used to nd the minimal driver set
toward an unspeci ed xed-point of thBrosophila melanogastesegment polarity
network (SPN). | consider different choices for the update schedule: synchronous
(syn), deterministic asynchronous (det asyn), stochastic asynchronous without re-
placement (sto w/o rep), and stochastic with replacement (sto w rep). | then mea-
sure the frequency of observation of attractor 4 (blueMor 100 models of the
various updating schemes. Different attractors, each identi ed by a different color,
are reached only for a few realizations of the asynchronous updating rules. (b)
Same analysis as in panel a, but for the y&astcharomyces cerevisiaell-cycle
network. In this case, several different attractors, each identi ed by a different
color, are reached depending on the updating scheme. Also included in the anal-
ysis is the block-sequential (block-seq) updating scheme. For de nitions of the
updating schemes, see the captionof Fig.B.1. . . . .. ... ... .. ... .... 210

B.16 Driving the drosophilaSPN to a desired attractor under different update sched-
ules. (a) The residual entropy of therosophila Melanogastesegment polarity
network (SPN) is plotted as a function of time. Entropy is measured in bits and is
normalized by the size of the network. | report results for the driver set solution
for attractor 1 found by the greedy approximation algorithm under synchronous
updating. Different curves correspond to different choices for the update schedule:
synchronous (syn), deterministic asynchronous (det asyn), stochastic asynchronous
without replacement (sto w/o rep), and stochastic with replacement (sto w rep). All
results are averaged over= 100 independent simulations & = 100 models.
(b-j)) Same as in panel a, but for attractors 2-10. The attractors are displayed in the
same order as Fig. 4.3b and Fig. B.8a. Regardless of update schedule, all driver
sets eventually result in the desired attractor. . . . . . . ... .. ... ...... 211
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B.17 Driving the yeast cell-cycle network to a desired attractor under different up-
dating schedules(a) The residual entropy of the yeast cell-cycle network is plot-
ted as a function of time. Entropy is measured in bits and is normalized by the size
of the network. | report results for the driver set solution for the attractor found
by the unconstrained greedy approximation algorithm under synchronous updat-
ing. Different curves correspond to different choices for the update schedule: syn-
chronous (syn), deterministic asynchronous (det asyn), stochastic asynchronous
without replacement (sto w/o rep), stochastic with replacement (sto w rep), and
block-sequential (block-seq). All results are averaged &er 100 independent
simulations ofM = 100 models. (b-l) Same as in panel a, but for the original 11
attractors of the network. The attractors are displayed in the same order as in Fig.
B.8b. Regardless of update schedule, all driver sets eventually result in the desired
attractor. . . . . . e e e 212

B.18 Time to nd driver sets in Boolean networks. (a) | identify the optimal sets of
driver nodes by implementing the unconstrained greedy optimization algorithm on
random Boolean networks (RBNs) with variable network $izeand xed degree
k. | plot the average time of computation to nd one driver set as a function of
the network size. Different curves correspond to diffetlentlues. Results refer
to average values ovel0 RBNs. The time to nd driver sets increases wkh
(b) Optimal driver sets are identi ed by the unconstrained greedy optimization
algorithm for the74 networks in the Cell Collective repository. The time to nd
each network's driver set is plotted against the network size. Each dot represents
one network. The time to nd driver sets is exponentidkjiut most cell collective
networks are sparse (average degre®. In both plots, reference cubic functions
are shown as dashed curves. Computations were performed using an Intel Core i7
3.2GHZ ProCessor. . . . . . . o e e e e e 213

C.1 Size comparison of GTN representations of networks in the Cell Collective.
(a) Generalized threshold network (GTN) si¥g is plotted against the original
network size for three different GTN representations whose transfer functions are
de ned by the node look-up tables (LUT), by disjunctive normal form (DNF) of
logical expressions, and by schematic redescription (SR). Each point in the plot
is a GTN representation of a network in the Cell Collective. The GTN size is
normalized by the number of nodes in the original graph. (b) Same as panel a,
but the number of edges of different GTN representattogss plotted against the
number of edges in the original network. Each point in the plot is a GTN. The
number of edges is normalized by the number of edges in the original graph. . . . 214
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C.2 Similarity of dynamical methods in approximating the domain of in uence.
(a) Cumulative probability distribution of the average similarity between domains
of in uence for networks in the Cell Collective. Results are shown for approximate
domains of in uence as estimated by the individual-based mean- eld approxima-
tion (IBMFA) and two different GTN representations whose transfer functions are
de ned by disjunctive normal form (DNF) of logical expressions, and by schematic
redescription (SR). Similarity is calculated as the average Jaccard index between
approximate domains of in uence obtained by the various methods. Results are av-
eraged over all seed sets of sjXg¢ = 1 and across all networks. The cumulative
probability distribution is shown for similarities between three pairs of methods:
DNF and SR, DNF and IBMFA, and SR and IBMFA. (b) Same as panel a, but
results are calculated only for seed sets of g¥ge= 2. (b) Same as panel a, but
results are calculated only for seed sets of gkge= 3. (d) The average size of
the approximate domain of in uence found by the SR and IBMFA methods, as
compared to the DNF method. Each point in the plot is a network. Results are
averaged over all seed sets of 5iX¢ = 1. The dashed line indicates an equal av-
erage size of the approximate domain of in uence. (e) Same as panel d, but results
are calculated only for seed sets of siX¢ = 2. (f) Same as panel d, but results
are calculated only for seed sets of siX¢ = 3. Results show that the DNF and
SR methods are nearly identical in terms of size and similarity across networks
and across seed set sizes. By contrast, the IBMFA is similar to DNF and SR in
most networks but deviates signi cantly in some networks where it predicts larger
domainsofinuence. . . . . . . . . . .. 215

C.3 Ground-truth vs. approximate domains of in uence by network size. (a) Av-
erage size of the domain of in uence for networks in the Cell Collective. Results
are shown for the ground-truth domain of in uence (GT) as well as approximate
domains of in uence as estimated by the individual-based mean- eld approxima-
tion (IBMFA) and three different GTN representations whose transfer functions
are de ned by the node look-up tables (LUT), by disjunctive normal form (DNF)
of logical expressions, and by schematic redescription (SR). Results are averaged
over all seed sets of sigz&| = 1. Each point in the plot is a network. (b) Same as
panel a, but results are calculated only for seed sets of)§jze 2. (¢) Same as
panel a, but results are calculated only for seed sets ofjze 3. (d) Same as
panel a, but for the average value of the similarity (i.e., Jaccard index) between ap-
proximations of the domain of in uence and the ground-truth domain of in uence
per network. (e) Same as panel d, but results are calculated only for seed sets of
sizejX) = 2. (f) Same as panel d, but results are calculated only for seed sets of
sizejXj = 3. (g) Same as in panel a, but for the average recall of approximate do-
mains of in uence as compared to the ground-truth per network. (h) Same as panel
g, but results are calculated only for seed sets of }{ze= 2. (i) Same as panel
g, but results are calculated only for seed sets of g{ge= 3. Across seed set
sizes, DNF, SR, IBMFA, and the ground-truth predict larger domains of in uence
as network size increases. Additionally, all methods have decreasing similarity and

recall compared to the ground-truth as network size increases. . . . ... ... .. 216
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C.4

C.5

Proportion of state space sampled by simulations of networks in the Cell Col-

lective. The proportionp of the state space for each network of sitethat is

sampled byR simulations is shown, considering the seed set p{ge For net-

works of sizeN 10, the entire state space is sampl&d< 2N %/ ) otherwise,

R = 100 randomly chosen initial con gurations are chosen. The size of the state
space grows a&' XI and thusR becomes a vanishingly small proportionNasn-

creases. The uppermost line dengies1 (the whole state space); the line below
denotep = 0:01(1% of the state space). . . . .. .. ... ... ... ...... 217

Bruteforce vs. approximate domains of in uence in the Cell Collective. (a)

Average size of the domain of in uence, as estimated by sampling a propgrtion

of the state space. Results are averaged over all seed sets of a given size and across
6 networks from the Cell Collective with siZ€0 N 14. This is compared

to the actual domain of in uence, as measured via bruteforce enumeration of each
network's possible con gurations. (b) Same as panel a, but for the average value

of the similarity (i.e., Jaccard index) between the estimated domain of in uence
and the bruteforce solution. Given that recall is perfect for each estimate, average
similarity here is equivalent to average precision. (c) Average size of the domain of

in uence for the 6 networks in panel a. Results are shown for the ground-truth do-
main of in uence as based on bruteforce enumeration (BF) as well as approximate
domains of in uence as estimated by the individual-based mean- eld approxima-
tion (IBMFA) and three different GTN representations whose transfer functions
are de ned by the node look-up tables (LUT), by disjunctive normal form (DNF)

of logical expressions, and by schematic redescription (SR). Results are averaged
over all seed sets of a given size and across all networks. (d) Same as panel c, but
for the average value of the similarity (i.e., Jaccard index) between approximations

of the domain of in uence and the bruteforce solution. . . . . ... ... ..... 218
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C.6 Comparison of DNF methods in approximating the domain of in uence. (a)
Average time required to estimate domains of in uence for networks in the Cell
Collective. Results are shown for the ground-truth domain of in uence (GT) as
well as approximate domains of in uence as estimated by the individual-based
mean- eld approximation (IBMFA) and three different GTN representations whose
transfer functions are de ned by disjunctive normal form of logical functions with-
out any reduction (DNF), by disjunctive normal form of the prime implicants of
each logical function (PI1), and by schematic redescription (SR). Results are aver-
aged over all seed sets of sikeEach point in the plot is a network; time is plotted
as a function of the network si2¢. For many networks, the Pl representation takes
longer than regular DNF, and nearly as long as the SR representation. The average
time per seed set, across networks, is 0.11 seconds for the DNF representation,
34.6 seconds for the Pl representation, and 39.9 seconds for the SR representation.
(b) The average size of the domain of in uence found by the DNF method with-
out reduction, as compared to the Pl method. Each point in the plot is a network.
Results are averaged over all seed sets of silee dashed line indicates an equal
average size of the domains of in uence. As panel b shows, the DNF method with-
out reduction is almost equivalent to the Pl method. The average Jaccard similarity
between the two methods across networks and across seed set sizes is 0.995. This
high similarity does not depend on the seed setsize. . ... ... ... ... ... 219

C.7 Example GTN with multi-valued states. (a) The structural graph representing
the network. Although there are only 4 nodes and 8 edges, the dynamical system
is too complex to predict by the topology alone. (b) Transfer functions that de ne
the dynamics for the network in panel a, written as Boolean logical expressions for
state-speci c transitions. State nodes are expressed awherei is the variable
name and is the state value. If the right-hand side of a transfer function evaluates
to True, then the node transitions to the state indicated on the left-hand side. Note
that if the right-hand side evaluates to False then the corresponding variable must
have a different state value. (c) A generalized threshold network (GTN) represen-
tation of the graph in panel a. All dynamical transitions are captured in the graph
via thresholds (small nodes). The number in the threshold node dictates the thresh-
old value. The state nodes are labeled-aswherei is the variable name andis
the state value. Note that different variables have different possible state values: A
is a constant with only one possible value, B and C have two possible values, and
D has three possible values (note also that this network could further be reduced to
FEMOVE A). . . . o e e e e e 220
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C.8 GTN representation of a linear threshold model. (a) Example linear thresh-

C.9

old model graph with six variables (nodes). (b) A generalized threshold network
(GTN) representation of the graph in panel a. Large circles denote variables A,
B, C, D, E, and F in the original graph. Each variable has two possible states: S
(susceptible) or | (infected), represented as state nodes (small circles). Dynamical
transitions are captured in the graph via thresholds (small nodes); the number in
the threshold node dictates the threshold value. This models the dynamics of the
linear threshold model with global threshold> 0:5. A possible infection path

is shown with node A as the seed (shown by yellow edges). Node A spreads the
infection to B and then both spread it to C; B spreads the infection to D, but D
cannot spread it any farther. The dynamics of the infection can be seen as a path
on the GTN. The resulting inuence set & |, = fA-I;B-1;C-I;D -1 g with
sizejSp |) = 4. State nodes in yellow are part of the in uence path®ef and
represent nodes that are infected; state nodes in grey are not part of the in uence
path of A-1. Importantly, the state dt andF is unknown; they could be either
infected or susceptible. Note that when a node is infected, it stays in the infected
state inde nitely; however, self-loops of state nodes have been left out of the gure
forsimplicity. . . . . . . . . 221

GTN representations of a linear threshold model with SIR dynamics.(a) Ex-

ample linear threshold model GTN with possible in uence path. Large circles de-
note variables A, B, C, D, E, and F; each variable has three possible states: S (sus-
ceptible), I (infected), or R (recovered), represented as state nodes (small circles).
Dynamical transitions are captured in the graph via thresholds (small nodes). This
models the dynamics of the linear threshold model with global thresheld:5

and probability of recovery = 1 after one time step. A possible infection path is
shown with node A being pinned (shown by yellow edges), followed by recovery

of the infected nodes (shown by green edges); the resulting in uence set has size
jSa 1] = 7. State nodes in yellow are part of the in uence pathAef and repre-

sent nodes that are infected; state nodes in green are part of the in uence path of
A-l and represent nodes that are recovered; state nodes in grey are not part of the
in uence path ofA-l. Note that the state & andF is unknown. (b) Same as
panel a, but additional edges are drawn to show correlations between the recovered
states of nodes; for exampl&;R impliesB-R in the next time step, & is both
infected and recovered one time step afierNote that self-loops have been left

out of the gure for simplicity. . . . . ... .. .. .. ... .. ... ... .... 222
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C.10Perturbation in uence determined by the IBMFA and by simulations in a
genetic regulatory network. (a) The perturbation in uence of seeds within the
Drosophila melanogastesegment polarity network (SPN) is plotted as a function
of time. Perturbation in uence is calculated as in Eg. 6.5, and then averaged over
all possible seed sets of sigej. Full curves correspond to predictions made by
the IBMFA, while dashed curves correspond to the perturbation in uence based on
R = 100 independent simulations of each possible seed set. The IBMFA is a good
predictor of the perturbation in uence, although it tends to overestimate in uence.
(b) The Spearman rank correlation coef cient between the residual entropy of the
drosophilaSPN and the perturbation in uence is shown over time, calculated for
all possible seed sets of sig€ . Full curves correspond to predictions made by the
IBMFA, while dashed curves correspond to predictions basdrl rl00 indepen-
dent simulations of each possible seed set. Con guration entropy and perturbation
in uence are negatively correlated inthe SPN. . . . . . .. ... ... ... ... 223

C.11 Correlation between con guration entropy and perturbation in uence in ge-
netic regulatory networks. (a) | consider all possible seed sets of giXxg = 1
in the Drosophila melanogastesegment polarity network (SPN). | then compare
the residual entropif (§X ) of the network con guration averaged ovier= 100
simulations of each seed set after 10 iterations of the network dynamics, to
the perturbation in uence based ¢ = 100 simulations of each seed set after
t = 10 iterations. Entropy is measured in bits and is normalized by the size of the
network. Different dots correspond to different choices for the set of seed Kades
(b) Same as in panel a, but the Spearman rank correlation coef cient is calculated
between the residual entropy of the network con guration and the perturbation
in uence over all possible seed sets of sjXgf = 1 at timet = 10. Results are
shown for each network in the Cell Collective; each dot in the gure corresponds to
one network. Correlations are mostly negative, but vary depending on the network
considered. . . . . .. e 224
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CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Overview

Many complex systems found in nature can be described as networks of interacting, inter-connected
components. Examples include intracellular networks describing protein interactions, brain net-
works describing neural interactions, social networks of inter-personal connections, and epidemio-
logical networks that explain how diseases spread between individuals in a population. The struc-
ture of the network de nes how individual nodes are connected, which determines which nodes
may interact with one another. The network's dynamics, on the other hand, describes the nature
of those interactions. The dynamics determines how a perturbation may spread across nodes, for
example, or how the state of an individual may change over time within the network.

Network dynamics may describe a dynamical process that occurs on an existing graph struc-
ture; for example, how information diffuses through a social network, how diseases spread through
a population, or how innovations are adopted in a market. In this case, dynamics are taking place
over the constraints imposed by the network’s structure. However, networks themselves may also
be dynamical systems where the nodes represent variables that change in value over time. Ex-
amples include genetic regulatory networks, where the level of expression of genes and proteins
varies within a cell, or cellular automata where nodes can update their individual state to collec-
tively solve global (i.e., network-wide) problems based on local interactions with their neighbors
[1, 2]. Depending on the network, therefore, the structure may be independent of the dynamical
rules or it may be de ned by the dynamics (where nodes are connected only if they interact in the
dynamical system). For example, social contact networks exist independently of a disease that may
spread through them, whereas the connections in an interbank lending network may be de ned by

the dynamical rules that describe the lending process. Regardless of how independent a network's



structure is from its dynamical rules, the structure constrains the dynamical interactions that may
take place. For example, the type of network structure is known to affect perturbation spreading

and dynamical steady states [3, 4, 5], as well as individual node dynamics (such as the amount
of cooperation in game-theoretic networks [6]). As such, the link between network structure and

dynamics is currently an active area of research.

There are many types of network-based dynamical systems. Depending on the context, time
may be continuous or advance in discrete steps, the number of values a node may take may be
nite or in nite, nodes may change value synchronously with other nodes or on an asynchronous
schedule, and the change of node values may be deterministic or stochastic. If node values and time
are continuous, the dynamics can be modeled by ordinary differential equations. These typically
give a detailed description of a system's dynamics but are often hard to solve mathematically. By
contrast, if both time and the values of nodes are discrete, then nodes may be modeled as nite
automata, which take on a given value (state) that is completely determined by the immediate
states of the node's inputs. Transfer functions determine how the node's output state is related to
its inputs. For example, a node may turn ON if a majority of its neighbors are in the ON state,
or it may become Infected if it has at least one neighbor who is Infected. In this case, it is also
important to specify an order of update. The simplest example is synchronous update where all
variables update their state at timbased on the state of their neighbors at time1l.

Despite the simplicity of such models, in many networks it is suf cient to describe the dynam-
ical behavior of interest using only a small number of discrete states (e.g., ON or OFF, Susceptible
or Infected) [7, 8, 9]. Networks of automata have been used widely to study random Boolean
networks (RBNSs), cellular automata (CA), and genetic regulatory networks (GRNs). Furthermore,
given the complexity of real systems, it makes sense to rigorously analyze such simple approxima-
tions in order to obtain a rm foundation for understanding more complicated mathematical and
computational models.

A key problem in network science, and complex systems science in general, is understanding

how local variable interactions affect the dynamical behavior of the system. Determining the in u-



ence of individual nodes in networks is critical for understanding and controlling real-world sys-

tems [10]. Examples include identifying super spreaders in marketing and political campaigns [11],
immunization targets for disease containment [12], vulnerable nodes in nancial networks [13],

and key therapeutic targets in biological signaling and regulatory networks [14, 15, 9]. Related
problems include in uence maximization (identifying sets of nodes that maximize a contagion on

a network), controllability (forcing the system towards a speci ¢ dynamical behavior), and dynam-

ical modularity (partitioning a network into separate functional communities).

Determining node in uence is often a dif cult problem for real-world systems that cannot be
solved analytically. In the case of discrete, deterministic networks, the dynamics can be described
by a network’s state transition graph (STG) which is a directed graph that describes how the dy-
namical state of the network changes. Nodes are network con gurations (a vector representing the
current state of every node in the network) and they are connected if one con guration leads to
another after one time step (i.e., following an iteration of node updates as de ned by the update or-
der), based on the node transfer functions. However, the number of network con gurations grows
exponentially as" , wheres is the number of states that a node can be inNrid the number of
nodes in the network. Thus, even in these simple models, it is often impossible to enumerate over
the entire dynamical state space. Approximations may be made by assuming linear, homogeneous
transfer functions, using heuristic algorithms, applying network reduction techniques, or sampling
possible con gurations from the state space.

Often structural metrics, such as node degree or centrality, are used as proxies to estimate
dynamical behavior. However, many different dynamical processes can be associated with the
same graph of interactions, and the network structure alone cannot give a detailed description of
network dynamics, in the general case. Due to this, some methods create network structures that
also take into account the dynamics, including threshold networks [16], the logical interaction
hypergraph [17], the expanded network [18], and the dynamics canalization map [19].

Another issue in solving for node in uence is that it is dependent on the network state. For

deterministic networks, if the initial con guration is known, it is trivial to solve for the network’s



future con gurations by iteratively solving the transfer functions, according to the order of update.
However, it is unrealistic to assume for real-world networks that all node states are known by
the researcher or even accessible. Many networks may have nodes that are dif cult to observe or
control externally (a particular gene, for example); furthermore, the size of the network may restrict
researchers from measuring all node states due to time or computational limitations. In these
cases, one cannot utilize the STG or rely on other methods that require the complete knowledge of
the network con guration; moreover, it's useful to be able to predict a node's average in uence,
independent of any given network con guration.

It is the goal of this dissertation to explore methods where the network's dynamics can be
elucidated with only a limited and partial knowledge of the network con guration. Various such
methods exist, including analytical solutions (for simple dynamical systems), mean- eld approx-
imations, and causal inference methods. | expand upon such methods with the goal of estimating
node in uence and its effect on long-term and global properties of network dynamics in discrete,
deterministic networks with general transfer functions. It is my hope that the methods presented
here will help future researchers identify and analyze the effects of individual components inter-
acting within complex networks (for example, predicting and controlling signaling pathways in
biological networks).

The dissertation is structured as follows. In this chapter, | provide an introduction on net-
works, discrete dynamical systems, and node in uence. In chapter 2, | cover current methods to
estimate node in uence, with an emphasis on literature that focuses on mean- eld approximations
and causal inference. Chapters 3-5 contain original research on methods to uncover node in uence,
including de nitions of two types of in uence based on micro-scale interactions and their applica-
tions to distinct, but related, macro-scale network problems (modularity, in uence maximization,
and control).

In chapter 3, | focus on the problem of dynamical modularity. | make use of the dynamics
canalization map [19], a threshold network that captures the minimal logic necessary for state

transitions within automata networks (based on redundancy in the transfer functions of nodes).



| give a formal de nition for pathway modules ( rst introduced in [19]), which rely on logical
inference to determine exact effects of node perturbation, based on partial knowledge of the node
inputs. | study the interaction of different pathway modules and use this to determine synergy
between seed nodes (where combining seeds leads to novel modules; for example, the combination
of two proteins that together are necessary to activate a gene). The synergy between seed nodes
allows to nd the corresponding dynamical modularity of the network. In this contexdiieet
in uence of individual nodes, based on micro-scale interactions, is thus able to determine macro-
scale activity patterns within the network. The method is applied to biological networks such as the
Drosophila melanogastesegment polarity network [20] and the T-LGL leukemia network [21].

In chapter 4, | focus on control of long-term behavior in a networkceia guration in uence
as measured by the resulting entropy of possible network con gurations given the perturbation
of seed nodes. Node states are estimated using an individual-based mean- eld approximation
(IBMFA), based on certainty of the perturbed nodes and maximal starting uncertainty of all other
nodes. Despite neglecting dynamical correlations between variables, the IBMFA is found to be in
good agreement with ground-truth values of both individual node states and con guration entropy
measures. The approximation is then used to estimate the minimal size of a driver node set that
can control a network to an unspeci ed steady-state, or to speci c, known attractors of interest.
The method reproduces known dynamical behavior of speci ¢ biological networks, and is applied
to random Boolean networks (RBNs) and networks from the Cell Collective repository [22]. This
approximation of node in uence is thus able to reliably predict control towards steady states in
networks.

In chapter 5, | focus on the problem of target control via estimation of a seed node's domain
of in uence, de ned as the node states that become certain due to the direct in uence of the seed.
| introduce generalized threshold networks (GTNs), which generalize dynamical graphs such as
the expanded network and the dynamics canalization map. A GTN is a thresholded network, such
that every possible state of every variable is represented as a node, and thresholds between nodes

dictate the transfer functions. The model is logically complete, which means that any dynamical



trajectory in the system can be represented by a path on the GTN; however, the GTN is otherwise
ambivalent towards the structural representation of the transfer function. | de ne three such repre-
sentations: one based on disjunctive normal form of the transfer functions, one based on schematic
redescription [19] of the transfer functions, and one based naively on the node transfer functions as
look-up tables without any further logical reduction applied. | then measure performance of these
different GTN representations and the IBMFA, compared to ground-truth values, on networks from
the Cell Collective repository. | nd that different methods perform similarly, but that there are key
differences between them: in particular, the IBMFA has better recall than GTN methods but worse
precision. | also nd that the IBMFA runs faster on denser networks, while GTN methods are lim-
ited in use to sparse graphs. However, both types of methods make good predictions in estimating
the true domain of in uence of seed nodes and are therefore able to reliably predict target control
of node states.

Finally, in chapter 6, | review the advantages of each GTN method and the IBMFA, and their
applicability to the problems of dynamical modularity, in uence maximization/attractor control,
and target control. | discuss other non-biological domains to which these methods can be applied
(e.g., social contagion, game-theoretic models, quantum algorithms), and | propose an additional
de nition of in uence useful for perturbation studies. Lastly, | conclude with remarks about future
work to be done in this area. For example, the methods of chapters 3-5 can be expanded to include
non-pinned perturbations (where nodes are only controlled for a portion of possible time steps),

asynchronous updating, multi-valued node states, and stochastic updates.

1.2 Networks and their Dynamics

Complex networks are ubiquitous in nature as they can be used to model any system of interacting
components. A network is composed of nodes (representing some component or agent) that are
connected to each other by edges if they interact in some @agnplexnetworks are those that
exhibit non-trivial topological or dynamical properties that cannot be predicted from looking at the

individual components by themselves. These networks are found across scienti ¢ disciplines, from



sociology to biology, economics to neuroscience. They can be used to describe signaling within
cells, friendships within social networks, trading on nancial markets, and spreading of disease.

A network’s structurerefers to how its nodes are connected, while a netwalksamicgefer
to the nature of the interactions that take place within those structural constraints. Some networks
are studied just for their structural properties, to understand how nodes are connected; examples
include transportation networks [23, 24, 25], product networks [26, 27, 28], collaboration networks
[29, 30], and the internet [31, 32]. In many cases, however, there exists a dynamical process of
interest that takes place on an existing network structure; this could be the ring of neurons in
a brain network [33, 34], the spreading of an infection within a population [3, 35, 36], or the
dissemination of misinformation over a social network [37, 38]. Mathematical models are used
to describe how such a perturbation or spreading process moves through a pre-existing network.
Alternatively, the structure of the network may not exist independently of the dynamics; rather, the
structure may be determined by which nodes interact within a mathematical model. In this case,
the model de nes both the dynamics (for example, how a variable's state changes over time) and

the structure. Examples of both cases will be discussed more in depth below.

1.2.1 Graphs

A network can be described by a mathematical object called a graph. A graph is a pair of sets:
G = (V;E), whereV is the set of vertices (also called nodes) & the set of edges. An edge

is a tuple(i;j ) that indicates that node2 V and nodg 2 V are connected. Edges may be
undirected to indicate a symmetrical relationship between nadd nodg or directed to indicate

an asymmetrical relationship. In an undirected graph, all edges are undirected and tfig g¢dge
equivalent tdj;i). In a directed graph all edges are directed; the €d@¢ indicates a relationship

from nodei to nodej and is distinct from the eddg; i ) which indicates the reverse relationship.

An undirected graph can trivially be converted to a directed graph by replacing everyigdge

with two edges(i;j ) and(j;i).

The size ofG is the number of vertice$\ = jVj. The set of edges 08 can be de ned by a



N N adjacency matrid, whereA;; = 1 if there exists an edg@; ] ) andA;; = 0 otherwise.
If the edgeA;; = 1 exists,i andj are considered adjacent and ngds a neighbor of node. In
an undirected graph the matrix is symmetric about the diagonais i@ neighbor of , thenj is a
neighbor ofi. In a directed graph, howevek;; = 1 does not entaih;; = 1 and nodg may be a
neighbor ofi withouti being a neighbor of.

The set of edges de nes the network's topological structure and dictates what paths exist on
the network. A pathP is a sequence of connected vertices between two endpairaad v, :
P = (vi;Vo; 5 V), Wherey; 2 V andy; is connected tej,; forl i n. The length of the
path fromv; tov, isn 1. A graph contains a cycle or loop if there exists a path fxgrto v;.
If the length of this path id (there are no intermediate nodes), then this is called a self-loop. If
a graph has no loops, it is called acyclic. In weighted graphs, each(gglgenas an associated
weightw; . The shortest path between two nodes is then the path that minimizes the intermediate
edge weights. In an unweighted graphj, = 1 for each edge, and the shortest path is equivalent
to the path with the fewest edges.

A subgraphGP of a graphG contains a subset of the vertices and edgeS:iG°= (V% E9),
VO V;E® E. Anundirected graph is said to be connected if there exists a path between every
pair of verticegi;j ) 2 V?2,i 6 j, and a subgrap@®is fully connected if there exists an eddg )
between every pair of vertices ®° (i;j ) 2 (V9?,i 6 j. A graph that is not connected may be
composed of several subgraphs that are themselves connected.

The in-degree of a nodeis equal to the number of nodes thias a neighbor to; that is, how
many nodes connect to The out-degree of a nodas equal to the number of neighbors of node
i; that is, how many nodes it connects to. For undirected graphs, these numbers are the same and
are simply referred to as the degieef the node.

Graphs (i.e., networks) have a degree distributiqiik), which refers to the probability that
an arbitrary node has degri&e The density of the network depends on this degree distribution:
dense networks will have a number of edges on the ordir’dievery node is connected to every

other node), whereas sparse networks will have a number of edges on the dxd¢eath node
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Figure 1.1:Example Genetic Regulatory Network. A graph representing a genetic regulatory
network withN = 6 nodes angEj = 6 edges, including two input noded @ndi2), two nodes
representing genegll and g2), and two nodes representing protei&l @nd P2). The graph
is directed and has a cycl®l! g2! P2! P1). The graph's structure is captured by the
adjacency matriXA, where each node's inputs are determined by its respective column and each
node's neighbors are determined by its respective row.
only has a few connections). For example, random networks have randomly connected edges and
the density of the network depends on the average node degree [39]; small-world networks, on
the other hand, are typically sparse but have edges that allow for easy traversal of the network
(path lengths are small) [40]. Many real-world networks are scale-free, which means that there is
a power-law relationship describing the degree distribuB¢k) k [41]. This suggests that
most nodes have a low degree, but there is a non-zero probability of having nodes with a very high
degree.

Finally, while the discussion so far has focused on regular graphs with pairwise interactions
(i;] ), it is possible to generalize graphs to include higher-order interactions. A hypetgraph

(X; E) contains edges that may connect any number of nodes; tleat i¥ for each edge 2 E

(describing which nodes it is connecting). Hyperedges may also be directed, in which case they are



a pair of subsets representing the tail and head of the hyperedge. For examléi;j g;fkQ)
indicates that there is a hyperedge from nadasdj to nodek. However, hypergraphs are harder

to visualize and design algorithms for than regular graphs, and as a result most network analyses
(at least at the structural level) are restricted to pairwise interactions.

An example graph, representing a genetic regulatory network, is shown in Fig. 1.1.

1.2.2 Discrete Dynamical Systems

A dynamical systenD describes how a set of variables change over time; more forrDaky

(T;M; ) ,whereT represents timeyl the phase or state space of the system, atitk evolution
function that for any element2 T maps a point irM back into the state spa¢g M) ! M.
Usually, the system is deterministic and every pair2 M has a unique image. At a timethe

stateof the system is a vector (a tuple of the values of the system's variables) and is represented
by a point in the state spadé.

Often time is continuous and the evolution operator is described by differential equations. How-
ever, in discrete dynamical systems (also called maps$3,the set of integers and the evolution
operator is de ned by difference equations (also called recurrence relations). In practical applica-
tions, T is often restricted to be non-negative and the state ddace nite.

Solving a dynamical system determines all future states from an initial xx§adad requires
iterating the evolution function many times agdvances. For linear and other simple systems,
it is possible to solve a dynamical system analytically, but for more complex systems numerical
simulations are necessary. The sequence of states that result from an initialjdmymriteration of
the evolution function are known as ttrajectory of x,.

Often dynamical systems are studied to determine their stability, attractors, or bifurcation
points. Anattractor is a set of states towards which many different trajectories lead, and if a
trajectory is perturbed away from the attractor it will tend to return to the attractor; furthermore,
trajectories on an attractor will remain on the attractor as time advances. An attractor may be a

single state (a xed point), a periodic trajectory among multiple states (a limit cycle), or potentially
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a region whose exact states are hard to predict given any deviation in the initial condition (a chaotic
attractor). An attractoA has a basin of attraction, which is the set of states whose trajectories lead
toA.

Often the evolution function depends on parameter values; the choice of values of this set of
parameters can greatly affect the behavior of the dynamical system. A bifurcation describes a
gualitative change in the state space via a change in a parameter value; the number and type of
attractors of a system may change when a bifurcation occurs. Stability analysis of a dynamical
system seeks to understand whether the qualitative behavior of trajectories are conserved (e.g., the

number of xed points) under different initial conditions or parameter values.

1.2.3 Network-based Discrete Dynamical Systems

Dynamical systems may be applied to networks to describe processes that happen on that network
(such as information spread) or to describe the network itself (as is the case with networks of
automata, discussed below). In either case, the topology of the network constrains what dynamic
interactions may take place. Understanding these systems typically requires consideration of both
the dynamics and the structure of the network in question. Following | give a brief overview

of different concepts before giving a more formal de nition of select concepts in the following
subsections. | conclude this section by introducing speci ¢ network models.

The study of nite automata (also called nite-state machines) was developed in the mid-20th
century as part of systems theory and the theory of computation. An automaton has an associated
set of states and at any given time it must be in one of these states; furthermore, it's future state
(i.e., output) is determined entirely by its current state and current inputstraaster function

Cellular automataapplied the concept of automata to a graph (in this case, the automata were
called cells and the graph was a regular grid); pioneering work was done by Ulam and von Neu-
mann, and further popularity was gained by Conw&y&me of Lifeand Wolfram's investigations
in the 1970s and 1980s [42, 43, 44, 45, 46, 47]. It was discovered that, despite the deterministic

nature of such systems and the simple, local rules that govern their evolution, cellular automata
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were capable of creating chaotic and complex dynamics [45, 47], solving global problems such as
the density classi cation task [1, 2], and even universal computation [48, 49].

Meanwhile,Boolean networksvere developed in the 1960s by Kauffman to describe genetic
regulatory networks [50, 51]. A Boolean network consistdlodutomata that each have two pos-
sible states and are connected via a graph; these automata update their state as dictated by transfer
functions in an order speci ed by an updating scheme. Boolean genetic regulatory networks are a
simpli cation of continuous models that use ordinary differential equations or stochastic expres-
sions to estimate concentrations of biochemical components. Although initial work was done only
on random graphs with random transfer functions (random Boolean networks) [52, 53], further
studies explored different network topologies [4, 5], different types of transfer functions [54, 55,
56], and different types of updating schemes [57, 58, 59]. Boolean networks are thus generalized
cellular automata with an arbitrary node neighborhood, non-homogeneous transfer functions, and
potentially non-synchronous updating scheme.

Cellular automata and Boolean networks can be extended to include stochastic, rather than de-
terministic, transfer functions (probabilistic cellular automata [60, 61] and probabilistic Boolean
networks [62], respectively). Boolean networks can be further generalized by allowing the in-
dividual nodes (automata) to take on more than two states [63, 64]. However, studies of such
multi-state automata networks are less common as the computational complexity of their analysis
grows exponentially with the number of states per node.

Other network-based models of discrete dynamical systems include McCulloch and Pitts' clas-
sic threshold network model describing the ring of neurons [16], the Ising model (a probabilistic
cellular automata) [65, 66, 67, 68], the voter model (a continuous-time Markov process) [69, 70,
71], contact processes (also a continuous-time Markov process) [72, 73], Petri nets (a discrete-
event dynamic system) [74, 75], logical models (which include Boolean networks as well as net-
works with multiple or possibly fuzzy states, and updates in discrete or continuous time) [57, 76,
77], and polynomial dynamical systems (which unify logical models with bounded Petri nets) [78,

79]. Thresholded networks have also appeared in economics and the social sciences [80, 81, 82],
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many of which are instances of the linear threshold model [83, 84] discussed formally below.

More recently, in the eld of mathematicgraph dynamical systentzave been de ned to
describe dynamical systems on graphs [85, 86, 87]; usually, these dynamical systems are discrete
in both timeT and state spackl. Node update may be synchronous or asynchronous (called
sequential dynamical systems [88, 89]). Graph dynamical systems can also be described by multi-
state automata networks.

It is useful to note that some of the models mentioned above start from the structural perspec-
tive where a network is de ned rst and then a dynamical system is imposed on that structure (say,
as some sort of spreading process), whereas others start from the dynamics perspective where the
dynamical system is de ned rst and the network structure arises as a consequence of the depen-
dencies between variables. | argue that the choice of perspective is unimportant for uncovering
local or global dynamics: once a structueels chosen and a discrete dynamical sysienthen
the system can be modeled as a network of automata, where each automaton updates its state based
on its inputs, i.e., the nodes connected to itGn By de nition, a dependency il must appear
in G; conversely, if a node's input i® does not appear as a dependenc® jrthen this input will
not have an affect on that node's dynamics and thus can only affect structural (but not dynamic)

properties of the network.

Node Logical Form Mathematical Form
i1 i1= i1 i1= i1

Vi i2= 2 i2= 2

o)1 gl = i1 gl = i1

02 2= P1 2= P1

PL p1= @”: P2 pP1= @ (1 p2)
P2 p2= 2" P2= i2 g2

Table 1.1:Example transfer functions that de ne the dynamicsD for the network in Figure
1.1 In network-based discrete dynamical systems, functions may be de ned by either logical or
mathematical expressions. In the expressions, the state okriededicated by the variable,.
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Cellular Automata

In the classic model, a cellular automaton consists @klls ( nite automata) arranged in a regular
grid. Each cell can be in one of a nite number of states, often 0 or 1 (also referred to as OFF or ON,
respectively). An initial condition is given at tinte= 0 by assigning a state to each cell. Time
advances in discrete steps (iterations), and each cell updates its state at each iteration according
to a xed rule that is based on its current state and the state of the cells in its neighborhood.
The neighborhood is de ned by proximity, such as the nearest neighbors left and right of the
cell (periodic boundary conditions are usually assumed). Update of cellular states is typically
synchronousall cells update at the same tihbased on the state of the cells in their neighborhood
attimet 1). The rules governing cell update are also typically homogeneous across cells and
do not change over time. The state of the system, i.e., the state values\otalls, is called a

con guration.

Many studies have looked at two-dimensional cellular automata (such as the Game of Life) or
one-dimensional cellular automata (known as elementary cellular automata) [45, 46, 47]. Despite
their simplicity, elementary cellular automata have been shown to produce ordered, chaotic, and
complex behavior, and are even capable of universal computation [48, 49, 47, 90]. These are
typically studied from either random initial conditions or initial conditions where only one cell is
ON and the rest are OFF.

Cellular automata can be generalized to include asynchronous update (asynchronous cellu-
lar automata) [91, 92, 93], non-deterministic update rules (stochastic or probabilistic cellular au-
tomata) [60, 61], and continuous or fuzzy (imprecise) cell states [94, 95]. They can also be gener-
alized to networks of automata (such as Boolean networks), by replacing the grid with a network

G and replacing each cell's neighborhood with its neighbor&on

Boolean Networks

A Boolean Network (BN) is a network of automata where each automaton is restricted to being

in one of two possible states (which can be labeled as 1 or 0, ON or OFF, Active or Inactive,

14



etc). More formally, a Boolean network is the graph= ( X; E ) whereX is a set ofN Boolean
automata (nodes) arkflis a set of directed edgeg 2 E indicating that nodeis aninputto node
j . Each node has an associated binary state variabl¢) = 0; 1, and the value of the variable

i(t) is fully determined by the state 06 inputs attime 1. That is, a node updates its state in
discrete time steps via a transfer function (also called an update function), which may be written as
a mathematical or logical expression (eA 5= B _ C) of its inputs (see Table 1.1 for an example).

More formally,

i(t)= Fi(en (U 1) (1.1)

where~y, (t 1) = jgi)(t 1); 0, 0 (t 1)]is the vector representing the con guration of
the system restricted to the neighborrlld\d)dz fjf); i ;jﬁ:)g = fj 2 GjA; = 19 of nodei,
wherek; is the degree of node F;( ) is the binary-valued activation (transfer) function of node
and fully determines the rules governing the dynamics of varigbl&€he transfer functions;( )s
are static and do not evolve in time. The mappigf0; 1g¢ ! f 0; 1g can also be read from the
automaton'dook-up table(LUT) that denotes the output for each of its2€ input combinations.

The con guration of a BN is the vector of state values (0 or 1) for each nofleX at a

the deterministic rules of Eq. 1.1 according to @rdating schem&hich dictates the order in
which nodes should be updated. Nodes may be updated synchronously in the same time step
or asynchronously where each node has a different update schedule (deterministic asynchronous
Boolean networks) or is selected at random with some probability [58, 96]. Deterministic Boolean
networks are guaranteed to eventually resolve in some attractor, either a xed point or a limit cycle
of repeating states. The long-term behavior of the system depends on the transfer fuf¢t)sns
and the initial condition-(t = 0).

Boolean networks are graph-based discrete dynamical systems. The dynamics are fully de-
termined by the transfer functions, which further de ne the network’s structure. Full information

about the network topology is contained in the N adjacency matriA with generic element
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A =1 if adirected connection between nadand nodg exists (meaning thatis an input tg )

andAj = 0 otherwise. Since the network is directed, in gene#gl,6 A;. Self-loops (a node

is an input to itself) and cycles may be present in the topology. The network structure speci es
dependencies among variables in the de nition of the dynamical system.

In some cases, a nodanay be assumed to have a constant value that does not depend on
other nodes in the network. These are known as input or source nodes, and their dynamics can
be represented by a self-loop and the simple transfer functign+ 1) = (t). In biological
networks, these often represent stimuli (e.g., external signals, introduced drugs, cellular states)

that interact with the rest of the network.

Multi-state and Non-Static Networks

Boolean networks can be generalized to networks of automata that can take on any number of
discrete states. These automata networks are also known as discrete dynamical networks [53], dis-
crete dynamic models [97, 98], logical (or logic-based) models [76, 77], discrete dynamic network
models [9], and graph dynamical systems [86, 87]. Many of the methods that are applicable to
Boolean networks also apply to such network models with a general, nite number of states per
node, although extensions of some methods are not explored beyond the Boolean case. In this
dissertation, | will clarify when methods refer to the Boolean or the general multi-state case.

The above discussion of network-based discrete dynamical systems refers to static networks,
where the set of nodes (variables) and edges are constant and transfer functions do not change over
time. However, in many real-world systems the structure of the network, representing the interac-
tions taking place, changes due to the addition of new nodes and/or new edges (i.e., interactions)
between nodes. The static network approximation of such systems is valid when the rate of change
of the network structure is much slower than the dynamical process taking place on that structure;
for example, viral spread on the internet [99]. In other cases, the evolution of the network structure
may occur much faster than the dynamical process, such as when the network constantly rewires

itself; these networks are known as annealed networks [100, 101, 102]. In other cases, the time
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scale of the network's evolution is similar to that of the dynamical process. Temporal networks
[103, 104] describe such cases where connectivity changes independently of the dynamics, while
adaptive or co-evolving networks [105, 106, 107] describe cases where connectivity and dynamics
affect each other in non-trivial ways, such as a social network where contacts change (e.g., due to
guarantining) based on the outbreak of a disease on that network.

In this dissertation | consider only static networks, where the set of Nédesl edge& are
guenched G is unchanging over time). Additionally, | assume that the set of transfer functions,

i.e., the dynamical systei, is also constant.

1.2.4 Types of Network Models

Many different types of dynamical models can be described by graph-based dynamical systems. In
the following subsections, | give some explanation of different types of models that are referenced

in this dissertation.

Random Boolean Networks

Random Boolean networks (RBNSs) are extensively studied networks with well-known theoretical
properties. RBNs are special cases of Boolean networks where the connections between nodes
and the transfer functions governing node update are random [50, 51, 96]. In the classic model,
each node hak random inputs (which may include itself), and transfer functions are generated
by assigning a random output value, eitleor 1, to each of the* possible entries in the LUT
with probability0 p  0:5. This probabilityp is known as the bias. Both the connections
between nodes and the transfer functions remain xed (quenched) throughout time. Usually an
initial con guration is chosen at random and node update is synchronous. The dynamics of the
RBN are thus deterministic and each initial con guration is guaranteed to result in a xed point or
cycle attractor. For a given network structure, thereﬁkrepossible transfer functions per node.
However, the classic model has been extended to include multi-state networks (where each

node can take more than two values) [63, 64], non-homogeneous topologies [4, 5], random node

17



update (asynchronous RBNSs) [58], non-homogeneous node updating schedules (e.g., deterministic
asynchronous RBNSs) [59, 96], and stochastic transfer functions (probabilistic Boolean networks)
[62].

RBNs have been used to study phase transitions between ordered and chaotic regimes [108,
109, 110, 5], robustness to perturbations (i.e., network stability) [108, 111, 112, 113], the number
of attractors in a network [51, 114, 115, 59], and the size of attractor basins [53, 52, 59]. They
have been used to model many real-world phenomena including genetic regulation [50, 116, 117,

118], evolvability [119, 120, 121, 122], and neural networks [123, 124, 125].

Biological Signaling and Genetic Regulatory Networks

Biological systems are complex interactions of genes, proteins, and molecules and can be de-
scribed at various hierarchical levels (e.g., organs, tissues, cells, organelles, proteins). Despite
this overwhelming complexity, successful approaches have been taken to model biological sys-
tems via networks, where a node represents some biological entity and an edge an interaction
between two such entities [126, 127]. These networks include “interactome' networks based on
physical interactions, such as protein-protein interaction networks [128, 129], metabolic networks
[130, 131], genetic regulatory networks [132, 133, 134, 135], and RNA networks [136, 137], as
well as functional networks such as transcriptional pro ling (based on gene coexpression) [138,
139], phenotypic pro ling (based on correlated phenotypic pro les) [140, 141, 142], and genetic
interaction networks (based on phenotype comparisons between single and double mutants) [143,
144]. Structural and functional networks have also been employed in the study of complex brain
networks [33, 34].

Additionally, researchers have studied human disease networks (where diseases are linked via
common disease genes, metabolic reactions, or comorbidity) [145, 146, 147, 148]. Diseases are
rarely caused by a single gene, but may be understood instead as a relationship between disease
genes, the interactome, and a phenotypic outcome. Disease genes tend to cluster together in the

interactome, allowing for the identi cation of regions called disease modules, such that diseases
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with overlapping modules may show signi cant coexpression patterns, symptom similarity, and
comorbidity [126, 149].

Despite this inherent complexity, discrete dynamic network models are a popular method to
model biological systems because they can often recreate phenotypical states using discrete vari-
ables, while ignoring kinetic details (unlike continuous models such as ordinary differential equa-
tions) [150, 8, 151, 9]. The network nodes (automata) may represent genes, transcripts, proteins,
molecular species, external inputs, or other qualitative states affecting the biological cell, and they
are connected to one another by an edge if they interact in some way. The simplest, and most often
used, discrete model for biological networks is the Boolean network model [50, 152, 153]. Each
Boolean automatonr 2 f 0; 1g (traditionally ON or OFF) represents activation of the molecule of
interest (the variablg) above or below a certain threshold. The state of an automaton is updated
in discrete time steps, governed by a transfer function that is usually written as a logical function
of its inputs (e.g.A = B _ C).

Boolean networks (BNs) have been used to successfully model biological processes such as
cell-fate determination, cell-cycle regulation, and cancer development [154, 155, 98, 9]. There
are various types of biological networks that are modeled as BNs, including genetic regulatory
networks (GRNs) which characterize the relevant components of a cellular process (e.g., proteins
or genes) as nodes that are connected if one component has a regulatory (activating or inhibitory)
effect on another [20, 155]. Other applications of biological BNs include cancer signaling net-
works [21, 98], metabolic networks [156, 157], and neural networks [125, 158]. Importantly, the
attractors of these networks can mimic actual stable states of biological interest, such as wildtype
or mutant phenotypes. These models are particularly useful in cases where kinetic parameters of
biological components have not been established or where phenotypes of interest can be recovered

without such parameters [8, 153].
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Epidemic and Information Spreading

Spreading on networks is an important topic that has achieved much attention in the literature [159,
84, 3, 7]. Typically, these studies use an existing network topology (e.g., a social contact network)
and then de ne a dynamical spreading process that takes place over that network structure. One or
more nodes are selected as the initial spreaders, while the rest of the nodes are initially assumed to
not be affected by the spreading process. Over time, the dynamics dictate how the process spreads
to other nodes and when it stops spreading. Depending on the context, the dynamical process may
represent the spread of a disease or a computer virus [3, 7], the communication of (mis)information
[160, 161, 37, 38], the adoption of a product or innovation [159, 162, 163, 164], or the formation

of opinions [165, 166, 167, 168]. Research on spreading processes has been able to predict disease
origin, arrival times of infections, epidemic thresholds, and best-response immunization strategies
[169, 12, 170, 171, 172].

Given that nodes may take on different, discrete states, they can be represented as nite au-
tomata within the de ned network topology. For example, in the simple Susceptible-Infected (SI)
model, a node may be in stagor |, representing that it is susceptible to infection or already
infected, respectively. Initially, all nodes are in st&except for the seeds, or initial spreaders,
who are in staté. Each node updates it state deterministically or stochastically based on an update
function that is homogeneous across nodes. The infection continues until all nodes are Infected or
the process has infected a certain density of nodesyut can infect no more (in threshold mod-
els). The epidemic threshold refers to the disease reproduction ratio beyond which an epidemic
is guaranteed to reach a nite relative fraction of nodes in the network [7]. This is similar to the
critical point . associated with a phase transition in statistical physics [173].

The classic Susceptible-Infected-Recovered model has a thirdRstadpresenting nodes that
recovered from an infection and are immune to becoming infected again (or, equivalently, died
and are removed from the population). The Sl and SIR models represent an irreversible spreading
process, where a node may only change from the Susceptible state to the Infected state and from

the Infected state to the Recovered state. By contrast, the Susceptible-Infected-Susceptible model
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allows for infected nodes to change back to the Susceptible state (meaning that they are no longer
infected but are susceptible to infection in the future). There are many additional variants and
extensions to this model, such as the SIRS and SEIR models, which include temporary immunity
and an individual exposure period before being able to spread the disease, respectively.

Disease spreading in these models was initially studied in well-mixed populations as systems
of deterministic differential (or difference) equations, equivalent to a stochastic reaction-diffusion
process, where an individual changes staté | with probability (known as the force of
infection) that is proportional to the current fractionof Infected individuals, becomes susceptible
| ' S with constant probability , or recoverd ! R with constant probability , depending on
the speci c model being studied. These models are characterized by an exponential growth phase
of the disease, followed by a stationary state. In the SIS model, an endemic state can be reached
where a constant average fraction of the population is Infected, whereas in the SIR model all
Infected individuals eventually recover and no long-term endemic state is possible. The transition
rate for infection is = = ', and the reproduction numb&y = = indicates the average
number of secondary infections caused by an infected individual in a fully susceptible population.
The epidemic threshold occurs By = 1; above this threshold, the epidemic can lead to an
endemic state, while below the threshold the relative outbreak size will be negligible [174, 175, 7].

These models were later adapted to describe spreading processes on networks, where an in-
dividual is restricted to interactions with their neighbors. This had the advantage of allowing for
spatial effects known to be important in contagion; for example, transportation networks have been
shown to highly in uence the long-range transmission of disease [35, 36]. Spreading on networks
has been studied to understand the effect of topology on the epidemic threshold, the size of out-
breaks, and the long-term dynamics of the disease. More details, and speci ¢ methods, will be
addressed in Chapter 2.

Akin to the spreading of diseases, information and behavior can also diffuse through social
networks where a node may ‘infect' others that it shares an edge with. Information spreading is

also known as information diffusion [176, 160] and refers to the process by which information is
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disseminated through a network. Such contagion through social in uence can be applied to many
real-world phenomena, such as rioting behavior, adoption of innovations and fads, rumor diffusion,
voting behavior, migration, education, and viral marketing [80, 177, 162, 164, 167, 178].

Unlike disease epidemics, social in uence is often a complex contagion. This means that
the transmission of information or behavior depends on other (e.g., cognitive) factors than the
network structure alone; for example, an idea may have to be repeated many times to infect a
new individual, and each individual may have a different adoption threshold where they won't
change their behavior unless a certain percentage of those around them have already changed their
behavior. Cascades of behavior in social networks have been dif cult to predict, due to their
sensitivity to topology and initial conditions [83, 179, 180, 181].

Other contagion processes include those of failure cascades in network routing or infrastructure
networks [182, 183], the propagation of shocks through nancial and macroeconomic markets [13,
184, 185], and the adoption of strategies among game-theoretic agents [82, 6, 186], discussed

below.

Evolutionary Game Theory

In game theory, a game is an interaction between multiple players who must make a choice between
different, discrete options (the simplest case being two players with binary options); each option
is associated with a real-valued payoff [187, 188]. A player's strategy dictates which actions they
choose. Nash equilibria describe a set of player strategies, such that no player can unilaterally
change their strategy and achieve a higher utility value (i.e., their strategy is optimal given the
strategies of their competitors) [189]. A classic example is the Prisoner's Dilemma [190]. In
this game, each player can choose whether to cooperate or defect. If a player defects they always
receive a higher payoff, given their opponent's choice to cooperate or defect; however, both players
receive higher payoffs if they mutually cooperate than if they mutually defect. The sole Nash
equilibrium is for both players to defect. This is paradoxical in the sense that both players are

receiving a lower payoff than if they had chosen to cooperate. Thus, the Nash equilibrium does
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not need to equal the social optimum (i.e., the maximum total payoff across all players). Socially
sub-optimal equilibria have been found in various games, including those involved with traf c
patterns, common pool resource usage, and collective social responsibilities [191, 192, 193], and
it is an open question how cooperation can evolve in such situations [194, 195].

Evolutionary Game Theory (EGT) studies the evolution of strategies among a population of
players in order to solve problems such as the emergence of cooperation among self-interested
agents [196, 186]. Players typically adopt strategies by replicating the strategies of their neighbors,
based on the tness of the given strategy [197, 198]. Other variants use models such as best
response, where a player stochastically selects the strategy that would yield them the largest payoff
[199, 200]. Previous work has analyzed the results of various games being played on different
network structures [201, 202, 6].

Games on networks typically involve multiple iterations, where a player (node) will participate
in several games with their neighbors. In such iterated games, an evolutionary stable strategy (ESS)
is seen if a population using that strategy cannot be invaded by a mutant strategy (unconditional
defection is one example) [196]. For example, the tit-for-tat strategy has done well in iterated
prisoner's dilemma tournaments; the strategy simply cooperates in the rstiteration and then copies
its opponent's last move for all subsequent interactions. It is robust and an ESS if there is a
suf ciently large probability of two agents meeting again; thus the strategy can resist invasive
clusters of mutant strategies [194].

Network structure can greatly affect the total payoff across players, as different topologies may
allow for the formation of communities of cooperators. This represents social in uence - a player
who is surrounded by cooperators will be pressured to cooperate and the costs of cooperating will
be offset. However, a player surrounded by defectors will face a high cost and little pressure to
cooperate [203, 204]. Clusters of cooperation have been found in real networks where similarity
in cooperative behavior is related to social proximity [205]. Additionally, social contributions
can cascade through a network [206], so the network topology is important in determining how

effective a cascade may be.
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Similarly to the example of social contagion, agents on a network may be represented as au-
tomata, where their state corresponds to which action they choose, and the (stochastic or determin-

istic) update function dictates how their strategy changes based on the strategies of their neighbors.

1.3 Node In uence

A problem of fundamental importance in complexity science is understanding how the interactions
of localized and dispersed individual components of a system give rise to complex, emergent be-
havior. This requires an understanding of the in uence of the system'’s variables on the dynamics
within the system, and how changes to variables affect global properties of the system (such as
possible long-term con gurations). Many different types of approaches in many different elds
have attempted to understand the dynamical effects of changing a variable's value. In this disser-
tation, | will approach this problem by trying to understand a node's in uence within the context

of deterministic network-based discrete dynamical systems, such as those discussed in the last sec-
tion. | characterize a nodeis uence as the effect of that node's state on the values of all other
variables in the system, across time.

In general, uncovering relationships between variables in large systems is a dif cult problem.
Consider the case of a simple dynamical system de ned by ordinary differential equations, a vari-
able of interesk, a set of other variableg, and a function describing the system's stafg; Y ).
Evaluating the in uence of requires an analytical solution of the partial derivatife(x; Y ))=dx,
that can be integrated over time. For most systems describing real-world phenomena, the function
f (x;Y) does not exist and, if it does, it is most likely too complicated to solve for the node's in-
uence. As such, many statistical methods exist to estimate the in uence that one variable has on
another, such as regressions, correlation coef cients, and mutual information [207, 208]; however,
these solutions are inexact and they often focus only on the simplest case of two variables. In addi-
tion, it is often impossible to distinguish causation from correlation or, alternatively, which effects
are coming from the variable of interest and which are caused by a latent variable.

| discuss here the more approachable problem of nding a node's in uence within a network-
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based deterministic discrete-time dynamical system. As mentioned above, such a system is often
de ned by difference equations that de ne the state of a variabbes a function of its inputs,
x(t+1) = f(xq(t); 5 xk(t)). Solving for the in uence ofx requires integrating over time the
partial derivatives of all other variabl&swith respect toc, d(y 2 Y)=dx. This is often impossible

to solve with a closed-form solution.

A straightforward approach is to use brute-force computation. Sthee-transition graph
(STG) of a discrete dynamical model is a graph compose2l'ofiodes, where each node cor-
responds to a possible con guration of the network, and a directed edge between awdp
indicates that the con gurationat timet directly leads to the con guratiop at timet + 1. The
STG makes it easy to understand the dynamics of a network over time. For example, a xed point
-a of the system corresponds to a con guration pointing to itself in the STG, while the basin of
attraction ofa corresponds to the connected component of the STG that includéswever, it's
harder to elucidate the in uence of an individual nodeas the calculation requires enumerating
over all possible starting conditions and comparing dynamical trajectories over timg imithf-
ferent states. Furthermore, since the size of the STG grows exponentially with the system size,
creating the graph in the rst place is practically limited to very small systems only.

Given that it is generally impossible to enumerate all con gurations of a network, sampling
methods are often used to estimate the effects of variables. These are limited as well, since the
fraction of the state space that is sampledRgimulations diminishes exponentially with the
number of nodes. This problem is simpli ed if one considers node effects only to certain areas
of the dynamical state space, for example, in uence on speci ¢ attractors or con gurations of
interest. A node whose state is perturbed from a xed point or an initial condition may cause an
avalanche of "damage’ that spreads through the network [108, 209]. Suf ciently large perturbations
to certain variables can change a system from one attractor to another attractor's basin, resulting
in a different long-term con guration [51, 210, 211]. Similarly, one may measure the probability
that perturbations will propagate to a speci c target variable [212]. It is trivial in discrete-time

deterministic systems to measure the difference between a “perturbed' system con guration and
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an 'unperturbed' con guration by simply nding the Hamming distance (absolute difference) of
the states of alN variables between the con gurations [109, 213].

Such damage spreading was initially studied to understand phase transitions in RBNs between
ordered and chaotic dynamics [108]. It was discovered that perturbations quickly die out (i.e.,
the perturbed network quickly returns to the unperturbed con guration) in ordered systems, while
they propagate throughout the network in chaotic systems. Systems in the ordered phase are said
to be robust because their long-term dynamical behavior is unaffected by small perturbations to
the states of their variables; many real-world systems near the critical point between phases (called
the “edge of chaos') are also robust [21Bgrrida and Pomeawsed a mean- eld approximation
(discussed more in Chapter 2) to solve for the critical pdigt 2 in RBNs with homogeneous
degreek and biagp = 0:5) [109]. Luque et al.analytically solved for the critical point for RBNs
with heterogeneous degree and bias, average dégrees 1=2p(1 p), by using an annealed
approximation to calculate how changes can propagate through a network due to perturbing a
given node as compared to an unperturbed network [209]. This is thus related to the in uence of
an average node: in a chaotic network, in uence can spread much more easily than in an ordered
network.

So far these analyses require averaging, enumerating over, or sampling from known con gura-
tions, and the calculation of a single node's trajectory requires knowing the initial valuef all
nodes. However, each node is immediately dependent only dnimgsuts, and not on the other
nodes in the network. This allows for the calculation of node in uence upargal con gura-
tions that is, only the states of some nodes are assumed, while the states of the other nodes are
unknown [17, 19]. These variables with known values are dependencies in the transfer functions
of variables with unknown values and so, as time iterates, these known variables can determine the
value of some of the unknown variables (a process known as signal ow analysis [17] or dynamical
unfolding [19]). This process can be more ef cient by using Boolean minimization techniques to
reduce the dependencies in the node transfer functions. This allows for more inferences to be made

while using a smaller set of known variables [215, 216, 19]. Such causal inference methods are
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discussed more in Chapter 2.

Other methods use heuristics based on structural properties. Perhaps the simplest metric to use
is a node's degrek, with the intuition that nodes with higher degree are able to in uence more of
the network than nodes with lower degree. However, it was found that high-degree nodes which
are not close to the core of the network may only initiate local cascades that do not spread much
farther [217]. Reasonable alternatives include a node's closeness or betweenness centrality, or its
k-core index. For a nodk its closeness centrality is the inverse of its average shortest path length
to every other node reachable in the network [218], while its betweenness centrality is the number
of shortest paths between any two vertices that pass thro{®lD]. A network'sk-core is the
maximal subgraph obtained by iteratively deleting all nodes with degree les& tlzanode’s k-
core index is equivalent to the highéstore it is a part of, the idea being that nodes with a higher
index are more central to the network and thus more in uential [220].

Node in uence, particularly in relation to spreading processes on networks, has also been esti-
mated via mean- eld approaches, common in statistical mechanics. These approaches typically
assume independence between variables (nodes) in the network, and average over topological
properties or the dynamical rules that govern node state updates. They are thus useful to pre-
dict dynamical behavior averaged over an ensemble of networks that t a given topology or degree
distribution, where the rules determining the network dynamics are often stochastic and homoge-
neous across nodes [109, 3, 221, 222, 223]. Similar approaches have applied bond percolation
[224, 225, 226] or message passing methods [227, 228]. More details, and speci ¢ methods, will
be discussed in Chapter 2.

Arelated problemto nding a single node's in uence is the problem of in uence maximization;
that is, nding a set ok variables that maximize the size of a spreading process on a network.
Other related problems include those of controllability (how to control the dynamical behavior
of the system by controlling certain variables), observability (how to make inferences about the
dynamical behavior of the system based on observed variables), and modularity (how to partition

a network into optimal communities).
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These related problems will be discussed below, while speci ¢ methods to infer in uence in

networks will be covered more formally in the next chapter.

1.3.1 In uence Maximization

A large body of research within the network science literature focuses on the probiemesfce
maximizationi.e., identifying the nodes that maximize a spreading process on a network [159].

In the standard problem setting, all nodes in the network are initially set to an inactive state, and
a xed number of seed nodes are activated to initiate a spreading process in the network. The
in uence of the seed set is measured in terms of the size of the outbreak, i.e., the total number of
nodes activated during the spreading process. The size of the outbreak depends on the rules of the
spreading process, the structure of the underlying network, and the nodes in the seed set. The opti-
mization problem of in uence maximization is the identi cation of the seed set, among all possible
with prescribed size, that generates the largest average outbreak in the network. This problem is
known to be NP-hard for both simple and complex contagion processes, and thus exactly solvable
only in small networks [84]. The computational complexity of existing approximate algorithms
ranges from linear to cubic [229].

The in uence maximization problem is a speci c case of the general in uence problem de-
scribed above, but restricted to where transfer functions are typically similar across nodes (e.g., a
thresholding function or infection probability) and node state change is irreversible. Depending
on the model, these transfer functions may be deterministic or stochastic. Two commonly studied
dynamical models in the in uence maximization literature are the linear threshold model and the
independent cascade model, which are both special cases of the SI model discussed in Section
1.2.4.

The linear threshold model (LTM) incorporates the idea that social contagion often relies on the
social in uence of one's neighbors, and that the transmission of opinions, behavior, or information
may depend on a majority of one's neighbors having already adopted that opinion, behavior, or in-

formation. Individuals may have different adoption thresholds; those with low thresholds are “early
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adopters', and they transmit the change from the innovators of the idea to the general population.
Network topology plays a large role in generating outbreaks, as different structures may promote
or hinder the role of early adopters. For example, topologies with greater clustering can be more
effective for spreading behavior as compared to random networks [230]. This model of diffusion
thus represents social reinforcement; the more an individual is exposed to a behavior or idea, the
more likely they are to imitate it. Social reinforcement has been used to model how permanent
innovations and transient fads are adopted [231].
In the standard implementation of the linear threshold model (LTM), the diffusion process starts
with an active (infected) set of nodes while all other nodes are considered inactive. Eachshode
in uenced by its neighborg proportional to their weighty; such that the total in uence sums 1o
A threshold ; is assigned to each nodsuch that the infection can spread b P PN, b, i
whereN; N ; are the active neighbors of Diffusion progresses in discrete time steps until no
new nodes can be activated [83, 84]. The LTM is thus a deterministic discrete dynamical system.
The independent cascade model (ICM) also assumes that social reinforcement plays a role,
but in this case it is due to possible exposures to several individuals where each individual has
an independent probability of infecting their neighbor. Similar to the LTM, the diffusion process
starts with an active set of seed nodes while all other nodes are inactive. Oncei asaciezated,
it infects a neighboj with probability p;; . A node only has one chance to infect each of its
neighbors. Like the LTM, the ICM is irreversible: once a node is active, it cannot become inactive
[84]. The diffusion process ends once there are no more nodes that can possibly be activated.
Kempe et alproved that the problem of in uence maximization in both the LTM and the ICM
is NP-hard, but they offer a greedy hill-climbing algorithm that provides an approximate solution
within1 1=e  of the optimal, due to the submodularity of the in uence function [84]. Their
method outperforms structural methods based on degree and centrality, although it still relies on
simulations to estimate a node set's in uence. Further efforts have improved the computational

ef ciency of this method using bond percolation [176] and graph-pruning techniques [232].
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1.3.2 Control

Control theory studies the question of how to control a complex system towards some desired
behavior. Control of dynamical systems has been studied in depth in both linear and nonlinear
models, including networks with continuous or discrete dynamics [233, 234, 235, 236, 237]. A
system is said to be controllable if one can force the system from any initial state to any desired nal
state in nite time via driver nodes, where the minimum driver node set is the minimal set of nodes
suf cient to control the whole system. The driver nodes are controlled by an external controller

(t) which sends signals to the driver nodes at timghis controller is capable of changing the
state of a driver node to different values at different times However, this level of control is
typically unnecessary in systems such as biological signaling networks where the objective is to
be able to transition the network between different steady states (e.g., phenotypes) [238]. In these
cases it's attractor controllability [239, 240], the ability to drive the network from any attractor
to any other attractor, or target control [216, 241, 242], the ability to control a speci ¢ subset of
network nodes, that's desired.

One method of control used in discrete networks is structural controllability (SC) [243, 244].
SC assumes that a node can only control one of its neighbors at a time and that directed cycles
regulate themselves; this means that the method ignores directed cycles when searching for driver
nodes and partitions the rest of the nodes into distinct, directed chains (acyclic paths). There is one
controller per chain. In addition, any input (source) nodes in the network (hodes which have no
inputs themselves) are required to be controlled. A graph will be structurally controllable unless it
has nodes that are inacessible from the controller or dilations where one node is forced to control
multiple neighbors simultaneously. SC is guaranteed to nd a necessary and suf cient set of driver
nodes for full control of almost all linear time-invariant systems associated with a structurally
controllable graph (regardless of parameter values). SC also provides suf cient conditions for
local control around a given steady state or system trajectory of interest for nonlinear systems
([243, 237] and see S| Appendix in [245]).

By contrast, feedback vertex set (FVS) theory guarantees attractor controllability by nding
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the minimum set of "determining nodes' whose observations are suf cient to determine the long
term dynamics of the ensemble of all nonlinear dynamical systems on a given graph structure
that satisfy some mild conditions (e.g., dissipative and continuous). This set is equivalent to the
subset of nodes in absence of which the directed graph becomes acyclic [246, 247, 245]. FVS
only guarantees a superset of the minimal control nodes for a particular dynamical system, but the
actual minimal set may be smaller depending on the network dynamics. The advantage of FVS is
that it allows for the control of attractor dynamics in nonlinear systems without dynamic details of
the network; however, nding the minimal FVS for a directed graph is NP-complete [248, 246].

Although FVS assumes continuous dynamics, itis also suf cient for attractor control in discrete
Boolean systems for all attractors where the members of the feedback vertex set do not oscillate
(including, clearly, all xed points). This is because pinning the feedback vertex set breaks any
feedback loops, which multi-stability or oscillatory behavior require [249], resulting in an acyclic
Boolean network that has a unique attractor. FVS in continuous models is similar to stable motif
control for Boolean dynamics [250], which identi es subgraphs whose manipulation controls to a
speci c attractor of interest (see Sl Appendix in [245]).

There are other structural methods for nding control nodes such as the minimum dominating

set (MDS); this is the minimum node set such that every node not in the set is adjacent to at least
one node in the set. MDS is applicable to nding the minimum set of sensors for observability
[251, 237] and has been applied to controllability as well [252, 253, 254]; however, this makes
the strong assumption that every edge is undirected and a node can control all of its neighbors
simultaneously. Additionally, MDS is NP-hard except for suf ciently sparse networks [255, 251].
In general, structural methods are not guaranteed to nd the minimal or the correct control nodes
for either full control or attractor control (with the exception of FVS which guarantees correctness
but not minimality) for nonlinear networks as they do not take the speci ¢ dynamics into account
[239].

There are various ways to control a network's nodes. In general, the external cont(o)ler

may be any time-varying vector of input signals applied to the system. However, it is also possible
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to consider direct control of driver nodes by overriding their state vadbirening controlassumes

a pinning function that controls the input of a subset of pinned nodes. In collective behavior
problems (e.g., synchronization and ocking), feedback control inputs are applied to the pinned
nodes, whose in uence then propagates to the rest of the network [256, 257, 258]. In biological
networks, it is common to use node state overrides (as in the case of FVS) to force the system to
an attractor of interest [247, 245]. The simplest form uses the functiogh= ;(t 1), where ;

is the state value of a pinned nodeThis ensures that the driver nodes are pinned in a particular
state inde nitely (i.e., their value cannot change). For example, this could represent knock-out
experiments in biology where a gene is removed from the network [211], or immunization in
epidemic spreading.

By contrast, control can also be applied transiently, as in perturbation spreading or compen-
satory perturbations (which seek to nudge a system into a desired basin of attraction) [210, 213,
259, 237]. This assumes that control inputs are only applied over a short period, such as a single
time step. For example, a subset of driver nodes may be perturbed once, repeatedly, or in a repeated
sequence (such as by a drug that is introduced at intervals during/awo biological study). Per-
turbations allow a variety of real-world control methods to be simulated within the network model.

In this dissertation, | will use the term “pinning perturbation’ to refer to long-term (steady-state)
control of variables, and the term “pulse perturbation’ to refer to short-term (transient) control of
variables.

It's important to note that some nodes may be easier to control than others in real-world net-
works. For example, source nodes or nodes on the periphery of the network may be more acces-
sible for perturbation than nodes in the interior (say, in biological networks, where source nodes
represent external inputs to a cell). Additionally, although the assumption of pinning control may
be convenient mathematically, it can be unrealistic for real networks where nodes are dif cult to
pin over an extended period of time. Taking physical constraints into account, some studies have
analyzed the “control energy' which is the amount of effort that's needed to control a system from

a given set of nodes [260, 261, 262], although these considerations are outside of the scope of this
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dissertation.

A related problem to controllability isbservability A network is observable if it is possible
to recover any initial stat&, of the system from measured outputs, where the minimal sensors
are the minimum set of nodes whose measurement infers all other node values [233, 263, 264,
265, 237, 266]. Such inference may be necessary for control methods such as feedback control. If
the system is observed in a steady-state, #yetorresponds to an attractor. Similarly to the case
of controllability, one can de ne attractor observability, where the minimal sensors are the set of
nodes whose measurement infers which attractor basin the network is in.

Both controllability and observability require understanding the in uence of nodes, not just
how in uential a node is quantitatively, but also which other variables that node affects and how

the values of those variables change in response to the node.

1.3.3 Modularity

Many real-world networks consist of different communities. A community is a subg&dphat
is more densely connected to itself than to other parts of the network. This suggests that the
probability of an edge (i.e., interaction) existing within a community is much higher than an edge
(interaction) existing between communities. Much literature has focused on the problem of com-
munity detection [267, 268, 269, 270], where a graph is decomposedimimmmunities based
on some optimization criteria, such as minimizing connections between communities. In general,
a node may belong to multiple communities; if there is no overlap (a graph partition), then each
community is a distinct subgragb? with verticesV,%, such thatS T V= Vandv\ Vv = ; for
all communities 6 j.

Modularity describes how easily a network can be decoupled into separate communities (also
referred to as modules or clusters). A highly modular network has distinct communities that do not
interact much with each other; a network that is not modular, on the other hand, has communities

that largely overlap and often interact with each other. For example, a perturbation or spreading

process may be easily able to travel between communities in a less modular network, but would

33



have more dif culty traveling between communities in a more modular network. Modularity is
often measured by the density of connections between nodes and is therefore dependent on the
topology of the network [271, 272, 273, 274, 275, 276, 270].

The classic de nition of (structural) modularity measures the density of connections within
communities in a networt as compared to a null model based on a random distribution of edges
within a networkG® with the same size, number of edges, and degree distribution (or expected
degree sequence) & [271, 270]. Given a grapls = (V;E) and a community in G with
verticesV,, the fraction of edges withinise = jf (u;v) : u 2 V;;v 2 Vigj5Ej. By comparison,
the fraction of edges with at least one end iis & = jf (u;Vv) : u 2 Vigj5E]j. The modularity
of GisQ = P M (e a2, wherem is the number of communities [277, 273]. High modularity
indicates that there are more connections within communities than expected by chance. Many
community detection algorithms are based on modularity; however, as discussed in Chapter 3,
these algorithms do not take the dynamics of the network into account.

Modular structure may hinder epidemic or information spreading, as local communities can
trap the infection and prevent it from spreading globally [278, 279]. By contrast, it has also been
shown that strong communities can facilitate the global diffusion of information by enhancing local
spread in models with social reinforcement. In social networks, groups may reinforce information
diffusion within their community; the more users that adopt a certain idea, the more likely that
other individuals will surpass their adoption thresholds and also adopt that idea. If there are strong
enough ties between communities, the social group can transmit the information to another com-
munity in the network. Thus, there is an optimal balance between the strength of communities and
the bridging between them such that global diffusion can occur with a minimal number of early
adopters. Communities in the optimal topology are connected via a few bridges that are suf cient
to transmit the innovation, information, or behavior [181]. This suggests a non-trivial relation-
ship between community structure and spreading processes that depends on the type of contagion
considered [280].

Communities may emerge naturally in social networks with biased attachment based on strong
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ties or where nodes are biased against interaction with dissimilar nodes [281, 282]. Modularity
has also been used in models explaining the emergence of scienti ¢ disciplines within research
communities [283], and it is associated with the emergence of reusable patterns, called network
motifs, in biological organisms [284]. Biological networks often have motifs that are associated
with a speci ¢ dynamic function (e.g., negative feedback loops or oscillators) and hubs that act to
coordinate behavior within functional modules or that connect functional modules together [126,
127]. Studies have shown that modular solutions may be reinforced in dynamic environments
[284], and that other factors, such as network size and horizontal gene transfer, may also reinforce
network modularity in biological environments [285].

As such, modularity affects spreading processes on networks and the organization of functional
dynamics, which in turn affects the in uence that a node may have. Modular networks can be
broken down into subsystems with independent trajectories. This can increase node in uence
within communities but restrict in uence between communities; bridges between communities

can help in uence propagate, however, even in very modular networks.
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CHAPTER 2
TECHNICAL APPROACH

This chapter will introduce the necessary theoretical and methodological background to understand
the methods developed in chapters 3-5. Although there are numerous de nitions of in uence, and
a vast array of methods to calculate it in different contexts, | will focus only on those methods that
are directly applicable to my work on network-based discrete dynamical systems. | will discuss
exact methods of determining in uence based on causal inference, statistical methods based on
mean- eld approximations, and graph-theoretic methods that combine a network’s structure with
information on the network's dynamics.

As mentioned previously, it is unusual to be able to obtain a master equation describing the state
of a system, except in very simple models; however, in many instances, it is reasonable to expect
that there exist equations describing the change of a single variable, i.e., a node in the network.
Examples include the concentration of a metabolite in a biochemical network or the infection status
of an individual in a social contact network. Importantly, these equations depend only on a node's
neighbors in the network and can be solved independently of the other system variables as long as
the inputs of the node are known. In other words, the trajectory of the node depends todglon
information. This local behavior in turn affects tigeobal trajectory of the system because only
regions of the state space compatible with the local node values can be reached.

Inferences on local values can be made with only partial information of the system state. In-
deed, this is the idea behind control and observability discussed in section 1.3.2. Control assumes
that perturbations made to local variables can affect global outcomes. Observability assumes that
measurement of local values can infer the values of the remaining variables of the system. Ad-
ditionally, it is often unnecessary to determine the exact dynamical state of the system for many
applications. Rather, control to, or observability of, select attractors, trajectories, or target variables

has been a well-studied problem in control theory [265, 237].
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The effectiveness of the local inferences that can be made within a network model depends, in
part, on redundancy in the transfer functions of nodes and the representation of the network being

considered, discussed in detail below.

2.1 Logical Redundancy and Causal Inference

The idea of canalization emerged early in the study of biological networks in order to explain
phenotypic stability and robustness to genotypic perturbations [286]. A biological system may
undergo many genotypic mutations, which accumulate without any observable change, before a
sudden transition to a novel phenotype. This genetic redundancy, referreddnaization has

been found in many biological systems and has been hypothesized to be necessary for evolvability
[287, 288, 289, 290]. A canalyzing function is one in which a single input determines the output
(rendering all of the other inputs super uous) [291]. This redundancy makes it possible to infer
the future state of a node with less information. For example, if the state obnistgoverned by

the logical expression,(t + 1) = (t) _ ,(t), theneither y, =1 or , = 1 at timet ensures

that , = 1 attimet + 1. In this case, knowledge of only one input is enough to infer the state

of nodex. This can be extended to the case where multiple inputs determine a node's output (they
are collectively canalyzing); in this case, the node's state transition is controlled by a subset of
its inputs [290]. Canalyzing rules thus aid system control and observability by allowing for more
control, or inference, based on fewer perturbations or less local information.

The idea that different inputs have an unequal role in determining a node's output led to an
attempt to quantify this in uence. The importance of variables in Boolean functions has been
studied in various elds over many decades [292]; more recent applications to Boolean networks
include such measures as node activity, function sensitivity, and function strength [293, 294]. The

activity of inputx; in the Boolean transfer functidn(x) with k total inputs [¥j = k) is

(.1 X e
T x @x

%x2f 0;1gK

(2.1)
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where @{x)=@xis the partial derivative of functioh with respect to variableg;. In other
words, the activit)a{ is the probability that changing thth input changes the value of the function
f , assuming that all input vectors are equally likely; under an arbitrary distribution, it is also called
the in uence ofx; onf [295, 62, 293].

A Boolean transfer function has an associated activity vegtor [a]; a);:::; a ]. Its average
sensitivity measures how much, on average, the function changes between input vectors with a
Hamming distance of 1 [62, 293]. Assuming all input vectors are equally likely, it is the sum of all

incoming activities to the functioh with activity vectord :

= & (2.2)

A function's sensitivity measures its internal homogeneity, in the sense that homogeneous func-
tions (whose output is mostly either O or 1) are not sensitive to perturbations while heterogeneous
functions are. For random Boolean functions with [pashe expected activity for each input is
2p(1 p) and the expected average sensitivitghp(1 p) for a function withk inputs [293].

Similarly, a transfer function's strength is the sum of all of its outgoing activities:

sfi = X a (2.3)
i=1

where the output of functiofy participates as an input toother transfer functionf (i.e., the
out-degree of nodie= n)*. This measure was found to be a good predictor of short-term spreading
of perturbations, but not as good of an indicator as the principal eigenvector of the activity matrix
for long-term spreading [294].

In the extreme case, a node's state is either constant or has no effect on the states of other
variables in the system. This is the basis of network reduction techniques that identify stable nodes
(i.e., those that have a constant value) and non-regulating nodes (i.e., those that have no effect on

the transfer functions) [115, 296]; the logical insertion of such constant values within the node

1The original formulation of this measure in [294] sums over the size of the netiNqrilthough this is equivalent
to Eg. 2.3 as any activities between variables without a dependency will add null contributions to the sum.
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transfer functions may result in other variables adopting a constant value as well and thus this
effect can propagate through the network. In the end all stable and non-regulating variables can be
removed from the system, resulting in a reduced network that includes only the nodes relevant to
the long-term dynamics of the network [115].

Determining which inputs are redundant (or canalyzing) can be accomplished by reducing the
logical expressions governing variable transfer functions to their prime implicants [152]. This is the
basis of the Quine-McCluskey Boolean minimization algorithm [215]. As any discrete mapping
between input and output states (i.e., any look-up table) can be expressed by Boolean fénctions
this algorithm is applicable to any discrete, deterministic system.

Some methods utilize the presence of redundancy in transfer functions by converting the Boolean
expressions to disjunctive normal form (DN¥) which can describe any Boolean function as an
OR relationship between clauses composed entirely of AND relationshipsAeg(,B » C) _

(D ~: E) _: F). Inthis way, the Boolean expression can be described only by AND, OR, and
NOT operators, and the logical satisfaction of any clause guarantees the entire expression to be
true. Klamt et al. used DNF of Boolean functions to infer propagation of downstream signals
based on the perturbation of certain input nodes [17], a process that was further developed to ex-
plicitly and ef ciently calculate minimal control sets (called minimal intervention sets) for target
control [297, 298, 216]. SimilarlyWang et al.used DNF of Boolean functions to infer cascading
failures by removing certain nodes in the network [18].

Reduction of logical expressions was also used in a process called schemata redescription
(described below) to remove redundancy from node transfer functions in order to characterize
canalization in a Boolean genetic regulatory network [19]. An input within a LUT row may be
redescribed as wildcard (the value does not matter) or position-free (it can permute its value with

other inputs), meaning that only a subset of a node's inputs dictate its output (partial canalization).

2Consider that any LUT subséf;f,;:::f yg, where the rowd; are those that result in target statecan be
written in disjunctive normal form as = f; _ f,::: _ f and eacH; can be written as a logical conjunction of its
inputs,f; = i1 N iz ik, This will be discussed further in Chapter 5.

3The Quine-McCluskey Boolean minimization algorithm can be used to reduce a Boolean expression to DNF, as in
[250]; in general, a Boolean expression in DNF may be composed of prime implicants [216] but this is not guaranteed.
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Figure 2.1:Example automaton with a logical "OR' transfer function. (a) The node X has two
inputs, shown as a graph. (b) The look-up tabldescribing the transition of X, along with the one

and two-symbol schemata redescriptiotandF °(# denotes a wildcard enpdta group-invariant
enput). (c) The canalyzing map of X describing the associated logical function, representing both
state updates. Black s-units represent nodes in their ON state, white s-units represent nodes in
their OFF state, and blue diamonds represent t-units labeled with their threshold valiseh

edge ( bre) represents the logical contribution of a source unit to an end unit and thus dictates how
X will turn ON or OFF. The canalyzing map shows that one input in the ON state is suf cient to
turn X ON but that both inputs in the OFF state are needed to turn X OFF.

This redescription allows to describe dynamical modularity, critical nodes to guarantee conver-
gence to steady states (with incomplete knowledge of initial conditions), and measures of macro-
level canalization [19]. It has been shown that partially canalizing functions dominate the space
of possible Boolean functions and thus should be common in both random and genetic regulatory
networks [290]. The natural presence of canalyzing rules in Boolean networks can thus allow for
more ef cient inference in perturbation spreading and network reduction techniques; such causal

inference is furthermore useful for predicting node in uence, as shown in Chapters 3 and 5.

2.1.1 Schematic Redescription

Schemata redescription is a process whereby transfer functions are simpli ed by redescribing look-
up table rows (schemata) to explicitly represent the redundancy present in the transfer functions.

This is possible because specifying the state of only a subset of an automaton's inputs can often
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satisfy its Boolean transfer function and cause a state update, ignoring the logical states of its other
inputs. The Quine-McCluskey Boolean minimization algorithm is used to reduce an automaton's
look-up tableF to a set of prime implicants [215], which are then combined to form a set of
wildcard schemat& °. Within the wildcard schemata only essential inputs (or “enputs’) are de ned

as ON or OFF and every other input is replaced with the wildcard symbol ('#'), indicating that
those inputs are redundant (given the states of the enputs) and do not affect the automaton's state
transition [19]. Additionally, permutations of inputs that leave the transition unchanged (meaning
inputs within the group can switch places within the wildcard scheratare marked with a
position-free symbol°) and combined to form group-invariant enputs. This captures the input-
symmetry within the wildcard schemata and further reduces the set of wildcard schemata to a set
of two-symbol schemata without permutation redundanty{see Fig. 2.1).

The redundancy of the transfer functions, describing the micro-level canalization present in the
network, can be quanti ed by the number of wildcard and position-free symbols in the redescribed
LUTs [19]. An automaton's input redundancy is the number of inputs, on average, that are unnec-
essary to determine that automaton's transition, assuming all input vectors are equally likely. It is

equal to:

P

#
fop f2 (N7)

K, (x) = i (2.4)

for nodex. Each entryf in x's LUT F can be redescribed by at least one, but potentially
multiple, overlapping schemat&°2 F % wheren” is the number of wildcard symbols that appear
inf% s the set of all LUT rowd; that are redescribed Hy° . , is an operator om”
for all schematd ®thatf can be redescribed by;= max indicates the maximum number of
wildcards in the set of schemata that redescribefgiving the upper bound df; (x)), = min
indicates the minimum number of wildcards in the set of schemata that redeskriljgsing
the lower bound ok, (x)), and = avgindicates the average number of wildcards in the set of
schemata that redescribes A measure of input symmetry is calculated in the exact same way

as Eq. 2.4, except that the number of position-free symibis counted instead of the number of
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wildcard symbols” .

An automaton’'s effective connectivity is simply the complement of its input redundancy:

ke(X) = k(x) ki (x); (2.5)

that is, the average number of inputs (ouk@x) total) that are needed to cause a state transi-
tion.

Redundancy and effectiveness can also be calculated per input (i.e., incoming edge) for a given
nodex [299]. Edge redundancy is a measure of how often, on average, an iisp@dundant to

the state transition of. It is de ned by:

P
f 2F f 2 (X#,)

iFi (2.6)

ri(x) =

where terms are de ned the same as in Eq. 2.4, with the addition(lh’éb is equal to 1
if input i has the wildcard valué¢ in schematd “®and 0 otherwise. The operatorcan again
be equivalent to the maximum, minimum, or average number of wildcard symbols in the set of
schemata that redescribies Similarly edge effectiveness is, on average, how often an injgut

needed to determine the valuexof

a(x)=1 ri(x): (2.7)

The sum of a node's edge redundancies is equal to its input redundPanCt\()() = k(x), and
the sum of its edge effectivenesses is equal to its effective connecl?iviit@{,(x) = Ke(X).

Edge effectiveness can then be used to construct an effective §rafdn Boolean networke
has the same set of nodes and edges as the original network, but the edges are weighted by their
edge effectiveness [299, 300]. The weights give a statistical measure of how in uential a node is
on its neighbors, similar to the activity measure mentioned above, and can therefore be useful in
determining important interactions in the Boolean dynamics.

The effective graph can further be conditioned on known state values (for example, setting the
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inputs of the network to a predetermined ON or OFF state), resulting in the conditional effective
graph. Nodes from a s&t are xed in a constant state, meaning that only LUT rows compatible
with those node states are considered when calculating edge effectiveness. The conditional effec-
tive graphE K is equivalent tae but with the recalculated edge weights [300]. This is a useful

tool to determine the statistical in uence of a node on its neighbors, given a predetermined initial

condition.

2.2 Mean- eld Approximations

Causal inference methods are effective when there is enough local information to make inferences
about node in uence. However, in some cases, there are too many node inputs for effective in-
ference or else the exact connections and transfer functions of the network are uncertain (as in
biological networks, where it's known that two components interact but the quantitative nature
of that interaction is unclear). In these cases, it makes sense to approximate the behavior of an
average node (e.g., based on its degree) or use stochastic transfer functions. Mean- eld methods,
originally developed for use in physics and chemistry, have been used extensively to make such
approximations in various network models, especially to address problems of epidemic spreading
and related phenomena [301, 302, 3, 222, 303, 304, 7]. They have also been applied to deter-
ministic discrete-time models, including random Boolean networks and biological networks [305,
109, 223, 306, 307]. These methods are advantageous in that they give a statistical estimate of the
behavior of the entire system and are not restricted to measuring local effects.

Classical epidemiological models (introduced in Section 1.2.4) assume a population of homo-
geneous, well-mixed individuals that are in one of a few mutually exclusive possible states (also
called compartments), e.g., Susceptible or Infected [175]. The density of individuals in each state
can be solved via deterministic mean- eld equations, which treat every individual in the same
state as indistinguishable and are representative of real systems only when there is a large (ide-
ally in nite) population [308, 7]. For example, the change in the density of infected individuals

' over time for the Susceptible-Infected-Susceptible (SIS) and Susceptible-Infected-Recovered
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(SIR) models is

dl_ [ l.
o = : (2.8)

where S is the density of susceptible individuals andand are the transition rates for
infection and recovery, respectively.

However, this assumption of random interactions between an unlimited number of individuals
is not very applicable to real-world disease dynamics, prompting the need to consider a network
topology of heterogeneous connections between agents [309, 7]. In the network model, individuals
update their state stochastically based on interactions with their neighbors, where the infection rate

and recovery rate are constant. This epidemic process can be described by a Markov chain
[310, 311] ofN random variableX;(t) 2 f 0;1;::;;q 1grepresenting each node's state, analysis
of which gives the exact probabilities that a nadein each of the possibkgstates at timé. How-
ever, analysis is computationally dif cult as there are an exponential number of equations to solve
and as such few exact results have been found for epidemic models. For this reason, individual-
based and degree-based mean- eld approaches have been used to predict spreading processes [7].

The individual-based mean- eld approach determines evolution equations for each agede
suming that it is statistically independent from each of its neighpd&22, 312, 311]; that is,
the expectation that nodeis in state and its neighboy is in state ©at timet is E[X;(t) =
XM= 9= EXi() = EXjt)= 9=p®p °(t), wherep, (t) is the probability that
nodei is in state at timet. In the SIS model, which has binary statE§X;] = P[X; = 1] = p!
is the probability that nodeis Infected and.  p! is the probability that nodeis Susceptible. The
change in the probability of infection of nodever time is

dpl (t) _

X
LI ORI EI 1O R OF (2.9)
j=1

where the adjacency matrix entey = 1 if there is an edge between nodeandj, and

0 otherwise. Thus, the probability of infection is decreased by the chance of recoveng (if
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Infected) but increased by the chance of infectious neighborggiSusceptible). The epidemic
threshold can further be predicted via linear stability analysis. This approach can be adapted to
the SIR model as well [313, 7], by adding probabilitigs and p? for nodei to be Susceptible
or Recovered with the condition thp(t) + p! (t) + pR(t) = 1. Accuracy can be increased in
these models by using pair-approximation approaches [314, 313, 315, 316, 317]; these determine
evolution equations for the joint expectation valles; (t); X; (t)] in addition to the individual
valuesk [X;(1)].

The degree-based mean- eld approach instead assumes that all nodes ofkdagrestatis-
tically equivalent and nds the probability, (t) that a node of degrel is in state at timet
(equivalent to the partial density of nodes of degketbat are in state); P(k9k) represents the
probability that a generic node of degreés connected to a generic node of degk@¢3, 318].
The total density of individuals in stateis  (t) = P « P(K) (t). This approach thus makes an
annealed network approximation, where the adjacency matrix is replaced by an ensemble average
where onlyP (k) andP (kgk) are conserved [102]. In the SIS model, the change in the probability

of infection over time of a generic node with degies

d () _

X
ot O+ K[ (O PKIK) jolt): (2.10)

Ko
This equation is similar to Eq. 2.9 except that the summation occurs over all défirghe
network and an extra multiplicative factor kfis included to account for thke neighbors from
which the infection may spread. As in the individual-based approach, the epidemic threshold can
be predicted via linear stability analysis [318, 7]. This approach can also be adapted to the SIR
model [319, 221, 320, 7] by considering the densities of Susceptible and Recovered §¢tes,
and R(t), and adding the condition thag(t) + |(t)+ R(t) =1; the size of an outbreak is the
number of recovered nodes} = lim P P (k) Rt).
The degree-based mean- eld approach depends on the topological properties of the network
and is useful to describe processes where interaction patterns change much faster than the spreading

process [102, 7]. It can also be derived from the individual-based mean- eld approach if the
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annealed adjacency matrix is substituted for the actual one in Eq. 2.9 and the degree-based average

| is calculated [7]. Accuracy can again be increased by considering variables representing the
states of pairs or triples of nodes, a so-called extended degree-based approach [321], or by adding
additional variables representing other detailed dynamical quantities [322, 323, 324].

Both individual and degree-based approaches assume that the network is quenched (i.e., the
adjacency matrix or annealed adjacency matrix does not change over time), and they ignore dy-
namical correlations between nodes. However, they have been used to achieve good accuracy in
predicting epidemic thresholds and sizes in networks (depending on the type of graph and degree
exponent in scale-free networks) as compared to numerical simulations [325, 172, 316, 324, 323].

Mean- eld approaches have also been used to approximate dynamics in Boolean networks with
deterministic transfer functions. An early application wash®rrida and Pomeawvho used an
annealed approximation (assuming that inputs and transfer functions are randomly reassigned at
each time step) in order to solve for the critical point between ordered and chaotic behavior in
random Boolean networks (RBNs) with homogeneous degree [109]. Similardye and S&
used an annealed approximation based on the average node degree to solve for the critical point
in RBNs with heterogeneous degree and bias (and further generalized to networks with more than
two discrete states) [209]. Cellular automata have also been studied using mean- eld approaches
[305, 46, 326, 327, 328, 329, 330], and generalized cellular automata rules have been studied on
RBNSs via mean- eld equations [331, 223, 306, 332]. For examdiwrecutfound the probability
that a node is active (state 1) considering all neighborhoo#tsnoides of whichs are also active
for asynchronous RBNSs with totalistic transfer functions (i.e., the output depends only on the sum
of inputs) [223].Joy et al, building on the work of previous approaches [331, 333, 334], analyzed
dynamics of Boolean networks with random degree distributions and a homogeneous, totalistic
transfer function for all nodes, using a mean- eld approximation to determine the evolution of
the density of the network (proportion of nodes in state 1) in order to understand how the degree
distribution affects chaotic dynamics [306].

Mean- eld approximations have been applied to biological networks as weltdrecut and
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Kauffmanused a mean- eld approximation in genetic regulatory network models that replaces
all regulatory interactions to a gene with an effective interaction that considers the activating and
inhibitory effects of the regulators in an attempt to account for the stochastic nature of such inter-
actions [335].Kochi and Matacheategorize transfer functions into different classes for a signal
transduction network, and use a mean- eld approximation to nd the density of active nodes dur-
ing a given time step (i.e., an estimate of the probability that a node is active at that time) based on
these classes in order to determine how such rule categories affect the network dynamics [307].
Mean- eld approaches are useful to study networks whose connectivity or transfer functions
are only partially known as they account for some noise in the model (via the annealed approxi-
mation), and they allow one to vary features of the network (e.g., degree distribution or Boolean
rule distribution) as adjustable parameters in order to obtain predictions on the resulting dynamics;
thus, they can be used to study ensembles of networks that t various assumptions or parameter

values.

2.3 Graphical Representations of Dynamics

Historically, node in uence has often been estimated by structural metrics, such as node degree
or centrality, in both epidemiological and biological networks [336, 337, 338, 339]. However, a
network's graphG only contains information about dependencies between components, but does
not explain the dynamidd that take place over that topology. As such, several methods have tried
to combine information abou@ into a graphical representation. An early example is the threshold
model of McCulloch and Pitts to explain the logic of neural ring [16], which was later applied to
neural networks [123].

Within the logical modeling framework;homasde ned signed interaction graphs (also called
regulatory graphs) which assign a sigrfin; g to each edge in biochemical networks to indicate
if the edge is activating or inhibiting its target node [340]. However, this coarse description is
unable to specify complex dynamics, such as when an input can have either an activating or in-

hibitory effect depending on the states of the other inputs. Local interaction graph methods address
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this problem by creating a signed interaction graph for each state (con guration) of the network
[341, 249]; however this leads to an exponential number of possible graphs and the dynamics on
each graph are still ambiguous (such as whether there is an AND or OR relationship between inputs
or what the values of kinetic parameters are).

To avoid ambiguity, some methods seek to create a full map of the dynamical state space
as a graph. The state transition graph (STG), which connects network con gurations together if
one con guration may lead to the next, is such a map. However, given that it maps global states, it
destroys the information in the original graph describing local interactions. Other methods preserve
G by adding dynamical information to it or else creating a similar structure from w@idan
be derived. These include the logical interaction hypergraph [17], the expanded network [18],
and the dynamics canalization map (DCM) [19]. Thgical interaction hypergrapltFig. 2.2b)
represents a Boolean network as a signed directed hypergraph by adding signs to each interaction
and hyperedges to represent AND relationships. &Xpanded networfEig. 2.2¢) uses composite
nodes to represent AND relationships and complementary nodes to represent variable negation for
interactions involving NOT operations. Finally, tB&CM (Fig. 2.2d) uses s-unit nodes to represent
all possible variable states (both True and False for each variable) and thresholds (t-unit nodes) to
represent AND and OR relationships present in a node's redescribed look-up-table (LUT).

These methods are distinct from methods that describe dynamical aspects of the system via
graphs but do not directly descrii2 as a mapping between individual interactions and their
logical outputs. Instead they estimate interactions, simplify the network, or focus on long-term
con gurations of the system. Examples include the activity graph or in uence diagram [342], the
effective graph [300], the controlled state transition graph and controlled attractor graph [239], the
layered network (which uses backwards inference to determine upstream nodes which may affect
a target node of interest) [343], and reduced network models [115, 344, 345, 346, 347].

Two of these graphical representations, the expanded network and the DCM, are explained in
more detail below. Both incorporate the dynamics of component interactions into a graph structure

by using additional nodes and edges to represent negated variable states and transfer functions.
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Figure 2.2:Representations of dynamics on a genetic regulatory network (GRN§Ja) Structural

graph representing an example GRN. This network has two infdyi8)( two genesd1,g2), and

two proteins (P1,P2). There is a negative feedback loop present as P1 promotes the creation of P2,
an inhibitory protein. P1 requires bogil and the absence of P2, while P2 requires lgZandi2.

(b) Logical interaction hypergraph representation; + (black) and - (red) signs denote activating and
inhibiting regulations, respectively, while hyperedges represent AND relationships. (c) Expanded
network representation; active nodes are denoted in black and inactive (complementary) nodes
are denoted in white and named with the NOT (7) operator, while composite nodes (grey circles)
represent AND relationships. (d) Dynamics canalization map representation; s-units representing
active nodes are denoted in black and s-units representing inactive nodes are denoted in white,
while t-units (grey diamonds) represent redescribed schemata. T-units with thrésinotd 1

that represent schemata with no permutation redundancy are left out of the gure for simplicity.
Note that the representations in panels ¢ and d are nearly equivalent aside from some differences
in notation.
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Both methods include all dynamical interactions possible in the system; however, the two methods

take a different approach in how the transfer functions and the graph structure are represented.

2.3.1 The Expanded Network

The expanded network (Fig. 2.2c) was originally created to de ne functional topology in regulatory
networks and evaluate essential components in biological signaling networks [20, 18], although it
can be applied to any type of Boolean network. The expanded ne@fb+k( V% E9 of a graph
G = (V;E) ‘expands'G by adding nodes and edges to represent the network's dynamics [18].
Each nodd 2 V represents a variable in the ON stateMf while the complementary node
i 2 V represents that same variable in the OFF state; complementary nodes are added to capture
the interactions of variables that negatively regulate or are negatively regulated by other nodes.
Edges are added such that an edge2 E that would have an inhibitory effect connect® the
complementary nodeinstead ér 2 E9. Likewise, inhibition of a nodé can effect either original
or complementary nodes, e.g;; 2 ECor e 2 E® In the original formulation, all node¢®and
edgesE of G must additionally be involved in at least one input-output path (de ned as a path
from a node with no inputs to a node with no outputs in the original gapfi8].

Along with complementary nodes, composite nodes are added to represent AND relationships
between two or more variables, such that if nodasdj regulatek in G, then the composite node
ij is added, with the edges; , g , andej, (see Fig. 2.2c). By contrast, an OR relationship is
represented by multiple edges without the need of a composite node, such that if eitheonjode
can regulaté in G, then the edgesy, ex exist inE® As such, any Boolean expression can be
represented on the expanded network by rst turning it into disjunctive normal form (DNF), which
is equivalent to a disjunction of conjunctions, and then adding a composite node for each conjunc-
tive clause. The Boolean expression of a complimentary node is obtained by simply negating the
Boolean expression of the corresponding original node.

The expanded network represents all dynamical component interactions in a non-ambiguous

way. As such, it was used to determine cascading effects of node removal by seeing what down-
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stream nodes are disrupted given the deletion of a particular compon&f{18]; in this case,
removal of an original node represents the knock-out of a particular cellular component, while
removal of a complementary node represents that component's constitutive activation. It was also
used to nd elementary signaling modes, which are minimal sets of nodes that are capable of
transducing a signal from the input nodes to the output nodes of a signaling network; an in uence
measure was created to rank the importance of nodes by how many elementary signaling modes
are disrupted given the removal of that node [18].

The expanded network is also useful in control probleZ&iudo and Alberfound minimal
strongly connected components of the expanded network, called stable motifs, which are self-
regulating, partial xed points of the network dynamics; the downstream effects of a stable motif
may cause other nodes to stabilize such that successively nding these stable motifs allows to
classify quasi-attractors, which are a set of stabilized nodes (and their corresponding xed states)
and the remaining set of nodes whose state is unknown [97, 250]. This method may uncover xed
points, or xed nodes within limit cycles where the remaining nodes oscillate. Transient control
of a subset of the nodes in the stable motifs is suf cient to guide the dynamics toward an attractor
of interest, and blocking stable motifs can prevent speci ¢ attractors from being reached [250].
Because stable motifs are partial xed points, control targets are robust to choice of updating
scheme (synchronous or asynchronous) as well as type of model (discrete or continuous) [250].
The expanded network was also used to nd the logical domain of in uence of a nasleich
is the set of nodes that are stabilized via the contrdl based on a breadth- rst search of the

expanded network, for the purpose of target control of a speci ¢ subset of node states [242].

2.3.2 The Dynamics Canalization Map

Transfer functions within a Boolean network, after redundancy is removed via schematic redescrip-
tion (see section 2.1.1), can be represented by canalyzing maps (CMs) [19], a type of threshold
network [16]. The CM of a variable represents all logical transitions (two-symbol schemata) that

can result in an update of the statexoflt is composed o$-unitswhich represent nodeg @gnd its
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inputs) in a particular discrete state (e.g., ON or OFfhitsthat implement the transfer function

of x via thresholds, and bres that connect s-units and t-units together. A bre may connect one
s-unit to one t-unit (indicating that the s-unit sends one signal to the t-unit), or multiple bres may
be merged together so that several s-units send one signal to a t-unit (representing permutation
redundancy). T-units have a threshold valugand only re if they receive at least simultaneous
incoming signals from s-units; s-units re if they receive any incoming signal from a t-unit. All
logical interactions betweex and its inputs are represented such that each t-unit corresponds to
one schema ifF . Thus the CM is equivalent to the schemata necessary to ensure the logical
transition from (t) to (t +1) (see Fig. 2.1).

The canalyzing map of each node (automaton) can be then be integrated into a larger threshold
network called the dynamics canalization map (DCM) [19]. The DCM (Fig. 2.2d) represents the
control logic and dynamics of the entire Boolean network, after removal of input and symmetry
redundancy. Each possible state of each variable is represented in the DCM,; thus ti#e are
s-units for a Boolean network of si2¢. Additionally there are t-units representing each schema,
as de ned for each individual CM.

Because the DCM captures the state updates of all automata in the network, similarly to the ex-
panded network, it is possible to determine a logical sequence of signals based on the deterministic
ring of s-units and t-units. Given an initial set of s-units (and barring any outside interference),

a logical sequence of state updates is guaranteed to occur based on the logic embedded in the
schematd “°and represented by the t-units in the DCM. This sequence of state updates is referred
to as gpathway module pathway' because it is a sequence of s-units and t-units ring in the DCM

and ‘'module’ because the state updates occur independently of all other node states that are not
involved in the ring of t-units [19].

Importantly, the initial conditions of a pathway module may only de ne the state of a (small)
subset of nodes in the network, while the complement of this set can be assumed to be in an
unknown state; this collection of known and unknown node states is referred to as a partial con-

guration of the network. This initial condition causes a deterministic sequence of state updates
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(referred to as dynamical unfolding) that results in an outcome con gur&iomhich may either

be another partial con guration or an attractor of the networke i an attractor, then the subset
of known states in the initial condition is a suf cient driver set to control the network dynamics to
that attractor if the initial node states are sustained.

Furthermore, a set of partial con gurations that lead to a given outcome con guration can
also be redescribed, resulting in the enputs that control network dynamics to a target of interest
(such as an attractor). A minimal con guration is a set of two-symbol schemata that redescribes
the set of network con gurations that converge to an outcdmesuch that all nodes that are
redundant to convergence are replaced with a wildcard symbol (#) and input-symmetry is removed
with the addition of a position-free symbdl)(per group-invariant enput. This represents the
minimal inputs necessary to ensl®e[19]. Thus, it is possible to compute global (macro-scale)
dynamical information from only partial knowledge of the network con guration by integrating
knowledge of the local (micro-scale) dynamics.

The dynamics of node updates are also captured by the logical interaction hypergraph (LIH)
and the expanded network [17, 18], although without the explicit removal of permutation redun-
dancy from the transfer functions. The process of dynamical unfolding was previously seen in
Klamt et al, where the logical deduction of future states on the LIH following an initial condition
results in partial logical steady states (i.e., a partial con guration) of the network; in this way,
they were able to nd initial conditions (assuming sustained inputs) that lead to xed points of the
network [17, 216]. Dynamical unfolding is also similar to cascading effects of node removal, the
determination of active clusters of nodes, and the calculation of elementary signaling modes on
the expanded network [20, 18], and the concept of logical domain of in uence developed later by

Yang et a[242].

2.4 Example Systems

This section describes speci ¢ networks used to test the novel methods introduced in Chapters 3-5;

these include random Boolean networks (RBNs) and biological networks. Note that all networks
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considered here are Boolean networks and as such any given node has exactly two states (referred
to interchangeably as 1 and 0, ON and OFF, or active and inactive). Furthermore, for biological
networks, | follow the convention that the names of genes are lowercase and italicized, while
the names of proteins and external states are capitalized; drug names and the names of species,

meanwhile, are also italicized.

2.4.1 Random Boolean Networks

| consider classical RBNs where each network Nasodes and every node has exadtlgeigh-

bors; each network evolves under synchronous update, as in traditional literature [50, 51, 96]. To
ensure that there are no isolated nodes, networks with d&grele have a directed ring structure,
networks of degrek = 2 have an undirected ring structure, and for higher dedree 3, random
connections are generated between the nodes. Transfer functions are determined by assigning a
random output value, eithéror 1 with equal probability, to the functioR; of Eqg. 1.1 for each of

the 2 possible rows of the node LUT for all nodies

2.4.2 Biological Signaling and Regulatory Networks

Drosophila melanogaster Segment Polarity Netwoikie drosophilasegment polarity network
(SPN) [20] describes gene-regulatory pathways involved in the segmentation of the body of the
fruit y during development and can be modeled as a single cell or a one-dimensional parasegment
of four cells with periodic boundary conditions. Nodes in this model represent segment polarity
genes and their protein products, as well as external inputs to the cellird$aphilaSPN has been
extensively studied [348, 20, 349, 350, 351] and its attractors are fully known for the single-cell
model, making it a useful example to test the application of various methodologies.

Thesingle-cell SPNIN = 17) [352, 19] has three input nodes that are not regulated by other
nodes (usually assumed to be pinned ON or OFF): SLP (Sloppy-Paired proteins), nWG (neighbor-
ing Wingless protein), and nHH (neighboring Hedgehog protein), as well as 14 internal nodes that

are regulated by other nodes in the network.
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The parasegment SPKN = 60), on the other hand, is the equivalent of four interconnected
single-cell SPN models where each cell A&nodes, some of which are dependent on neighbor-
ing cells and one which is an external signal [20]. Each cell in the parasegment has 14 internal
nodes (the same as the single-cell model) and one SLP input (usually assumed to be pinned ON or
OFF) which regulate interactions in that cell; however, the internal nodeshiN@nd HH in each
cell also act as external inputs to the two neighboring cells, taking the place of the inputs nWG
and nHH seen in the single-cell model. Through these nodes a cell can thus interact with its two
neighbors, allowing dynamics to move between cells in the parasegment. Several experimentally-
validated and theoretical biologically relevant attractors are known for this network, representing
the wildtype, wildtype variant, ectopic, ectopic variant, broad stripes, and no segmentation pheno-
types [20].

Saccharomyces cerevisiae Cell-cycle Networke yeast cell-cycle networkN( = 12) de-
scribes cell-cycle regulation in budding yeast [155]. Nodes represent proteins such as cyclins,
transcription factors, and inhibitors which regulate the cell-cycle, as well as checkpoints in the
process (e.g., the cell's size). The cell cycle starts with the activation of CIn3 which is controlled
by the input node CellSize. Assuming thatsize = 1, there are 7 attractors; the xed point with
the largest basin of attraction corresponds to the G1 phase of the cell cycle, and has been found to
be robust to network perturbation [155] and to choice of updating scheme [353]. If additionally
the alternate statecesize = 0 Is considered, the network has 11 attractors [354].

T Cell Large Granular Lymphocyte (T-LGL) Leukemia Netwdrke T-LGL leukemia network
(N = 60) describes T cell survival signaling in leukemia [21]. Normally, the population of cyto-
toxic T lymphocytes in the human body undergoes activation-induced cell death after developing
their cytotoxicity, so that only a smaller, more stable population endures. However, sometimes
certain cells become resistant to Fas-induced apoptosis, leading to abnormal clonal expansion and
eventually leukemia. The network was created from experimental evidence to reproduce such
deregulations and to verify key mediators of cell survival; predictions from the model were further

validated empirically in laboratory experiments [21].
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Nodes in the network represent proteins, mMRNAs, and small molecules (e.g., lipids), as well as
external and cellular states (e.g., Stimuli, Proliferation, and Apoptosis). The original formulation
assumes asynchronous update starting from a biologically plausible initial condition; although the
attractor landscape is too large to be fully described, the primary concern of the model is the
resulting state of the node Apoptosis, indicating whether or not cell death occurs [21].

Estrogen Receptor (ER+) Breast Cancer Netwdrke estrogen receptor breast cancer network
(N = 80) describes signal transduction in ER+ breast cancer [98]. Alteration &fIBi€cCAgene
and the PI3K signaling pathway appears to play a role in various cancers, including breast cancer
and, as such, drugs have been developed to inhibit the PI3K protein. The network was created
from experimental evidence to model resistance mechanisms to PI3K and other inhibitors in order
to predict successful drug interventions.

Nodes represent signaling proteins and mRNA transcripts, as well as cell states (e.g., Apopto-
sis and Proliferation); additionally, there are 7 input nodes representing the external administration
of a drug (namelyAlpelisib, Neratinib, Palbociclib, Ipatasertih Trametinih Everolimus andFul-
vestran} 4. The activation of these nodes suggest that the drug is present, while their inactivation
suggests that the drug is absent; furthermore, the network contains several pathways relevant to
ER+ breast cancer that can be manipulated by these drugs. The original formulation focused on
biologically plausible initial conditions relating to ER+/HER2- breast cancer that reach a cancer-
ous state without drug intervention; additionally, the PI3K inhibikdpelisib is introduced and
the model is updated asynchronously while various other nodes are controlled to see if they in-
teract synergistically or antagonistically wilipelisibin order to understand both drug resistance
mechanisms and potential combinatorial treatments for use in multi-drug therapies [98].

Cell Collective RepositoryThe Cell Collective repository [22] is an open source collection
of biological signaling and regulatory networks that have been created over time by various re-

searchers based on experimental evidéné¢eonsider 74 Boolean network models from the Cell

4The original model considers multi-state variables, although each higher level state is turned into its own Boolean
node; for example, Apoptosis is represented by three nodes: Apoptosis, Apdhtaesid Apoptosis3; further,
Apoptosis 2 =1 implies Apoptosis = 1 and Apoptosis 3 = 1 implies Apoptosis 2 = 1.
SAccessible at https://cellcollective.org

56



Collective that are distinct from the models mentioned abbov&he models range in size from

N = 5 nodes (Cortical Area Development) k0 = 321 nodes (Signaling in Macrophage Acti-
vation). The networks tend to be sparse, with maximum dekirge = 15; knax=N = 0:11and
maximum average degréki max = 4:94; ki nax =N = 0:15across models. The number of attrac-
tors per model for 49 networks with sidé¢ 73 were estimated biorriello and Danielg[355]

and found to vary over many orders of magnitude. Trivially, every network withput nodes
must have at leag” attractors to account for all possible combinations of input values; the num-
ber of inputs varies from = 0 ton = 14. Most of the attractors are xed points; however, some
networks only have one limit cycle (e.qg., Arabidopsis Thaliana Cell Cycle), while others have a

mix of xed points and limit cycles (e.g., Budding Yeast Cell Cycle).

5The repository was accessed on August 5th, 2020. The 74 models used are those present in the CANA Github
repo: https://github.com/rionbr/CANA/tree/master/cana/datasetsioidictive [299].
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CHAPTER 3
DYNAMICAL MODULARITY OF COMPLEX NETWORKS

Biological networks provide a useful case study to understand the problem of modularity in com-
plex networks (see Section 1.3.3). Intracellular networks (introduced in section 1.2.4) are often
composed of modules, which are formed from molecular components and perform a speci ¢ func-
tion within the cell [356, 357, 358, 359, 360, 361, 126, 127]. They are known to be robust against
genotypic mutations and environmental perturbations [362, 363, 364, 365], and it is hypothesized
that these separable components provide the biological organism with such robustness while still
allowing enough exibility for evolution [289, 364, 366, 367]. These networks often display high
clustering with a small-world scale-free topology that may come from gene duplication events in
evolutionary history [368, 369, 126, 127], and this scale-free topology allows for dynamical ro-
bustness [370]. Central nodes (as de ned by degree or betweenness centrality) are often essential
genes or proteins [339, 371]. In particular, genetic regulatory networks (GRNs) may be modular
via sub-circuits that are structurally and functionally distinct, and they may display deeply layered
or shallow hierarchies [359, 360]. The connectomes' (structural graphs) of brain networks are
also robust, modular, small-world networks with heavy-tailed degree distributions and hierarchical
organization [40, 33, 372, 373].

GRNs have been used to study modularity and robustness in various model organisms. For
example, a continuous ODE model was used to model segment polarity genes and their products
in Drosophila melanogastemwith the result that body segmentation is modular and robust to pa-
rameter variation [348]; another experiment applied a thermodynamic model to predict expression
patterns of regulatory modules involved in segmentation and found that such module expression
patterns were robust to mutation [374]. Similarly, a model of the core neurogenic network in
drosophilawas found to be robust to noise in initial conditions and different parameter values,

conferring functional and evolutionary exibility in the model [375]. Boolean network models
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have also been successfully used to study robustness and modularitydrosiophilasegment
polarity network and cell-cycle regulation in yeast [20, 155, 19].

Because biological networks are known to be robust, it's not surprising to nd component re-
dundancy (e.g., micro-level canalization), as this buffers perturbations to individual genes and can
help maintain wildtype phenotypes and developmental stability [287, 288, 366]. Indeed, it has
been shown that Boolean network models with nested canalyzing rules are stable with scale-free,
exponential, or uniform degree distributions; this stability increases with the average number of
inputs, while critical dynamics are seen if there are only a few inputs per node [54]. As such, mea-
sures of canalization (introduced in Section 2.1) can be useful in measuring robustness, criticality,
and modularity [19, 376].

Modularity and component redundancy are suspected to play a key role in providing the neces-
sary stability for evolution [287, 366, 367]. Biological systems face a tradeoff between robustness
and evolvability. Robustness favors persistance of of a system's characteristic behavior under per-
turbations and is important to allow for survival and reproduction; on the other hand, a system also
needs to be able to innovate to nd new solutions. A system that is too robust may not be evolvable
enough, and vice versa. Additionally, becoming robust to some set of perturbations may make a
system vulnerable to another set of perturbations, and adding robustness generally increases the
complexity of the system [289]. However, robustness can enhance evolvability by enabling geno-
typic variability without functional consequences [377]. This robustness may be accomplished via
redundancy/degeneracy, feedback controls, modularity, and hierarchies [289].

Stability and evolvability can be measured respectively as the persistence of attractors or ap-
pearance of new attractors (phenotypes) in GRNs, where the duplication and divergence of a single
gene in a network can completely change the attractor landscape (novel phenotypic change). Both
stability and evolvability are maximized for networks close to the critical regime [214]. This makes
an organism robust to change, though still able to evolve in the long-term. Evolution at the genetic
scale has been studied on protein-protein interaction and gene interaction networks [378, 144].

Furthermore, it is possible to apply the evolution analogy outside of the biological domain to other
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systems where agents/ideas change in an iterative fashion in order to meet an environment-speci ¢
goal. Evolutionary principles have been applied to areas such as economics, psychology, physics,
and technological innovation [379, 380, 6]. Words, grammar, and languages appear to undergo
evolutionary processes [381]. The evolution of cultural artifacts has also been studied, including
speci c ingredients in regional cuisines [382, 383], musical characteristics in popular songs [384,
385], and styles in art pieces [386].

Aside from its application to evolvability, modularity is useful to understand properties of
biological networks. For example, disease genes may be predicted via linkages with known disease
proteins or by presence in a disease module [126]. Furthermore, the products of disease genes for
similar diseases often interact, suggesting there are disease-speci ¢ functional modules [145]. The
overlap of disease modules makes it possible to predict commonalities between diseases, even if
those diseases don't share any genes [149]. Such cellular interactome networks are important to
study in order to identify drug targets and biomarkers for disease. Similarly, knowledge of modules
in the brain connectome is important because structural deviations may be useful diagnostically or
to assess the results of lesions or drug effects [33].

Despite the importance and ubiquity of modularity, it is not clear how to best model this phe-
nomenon in living systems or in general, complex networks. Modularity has become a standard ap-
proach to solve community detection problems on graphs (see section 1.3.3), but these approaches
mostly focus on topological modules [271, 273, 274, 270]. Such structural modularity measures
ignore the dynamical information of the network and may therefore be limited in discovering func-
tional modules [387, 388]. Additionally, the same circuit topologies in biological systems can
switch between distinct steady states and dynamical behaviors (multi-stability and multifunction-
ality), indicating there is not a clear relationship between structure and function [389].

Due to these reasons, dynamical modularity measures have also been praposext.al. pro-
posed a method to decompose Boolean networks into dynamical modules based on attractors of the
system without needing details of the underlying network, although with a suitable mathematical

model the method can also determine how robust subsystems are and how they are regulated [390].
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Kolchinsky et alproposed a method based on the idea that modules constrain the spread of pertur-
bations and de ned perturbation modularity as the autocovariance of perturbed trajectories [391].
Deritei et al. measure dynamical modularity as the extent to which attractors of the system are
combinations of attractors of its regulatory switches (functional subgraphs of the network that dis-
tinguish between attractors/phenotypes) [392]. Other methods combine structural and dynamical
approaches by decomposing a network into structural components and associating these compo-
nents with dynamical properties [393, 394anudo and Albertdlecompose an expanded version

of a Boolean network (taking into account its dynamics) into stable motifs, which are strongly-
connected components representing partial xed points of the system, and show that controlling
these motifs can drive a network to a desired attractor [2M¥rques-Pita and Rochaimilarly

use a graphical representation of a network's dynamics, called a dynamics canalization map (in-
troduced in Section 2.3.2), to identify the dynamical modules onCttesophila melanogaster
single-cell segment polarity network [20] that are controlled by the network'’s inputs [19].

Even given a simple model like a Boolean network, it is unclear how to optimally decompose
the system into separable modules. Furthermore, networks observed in the real-world may contain
a large number of nodes and interactions and be arbitrarily complex. Although the interactions
between components in a Boolean network are well de ned, it is unclear how these individual
node interactions give rise to global properties of a network such as its modularity or attractor
landscape; it is therefore useful to understand how the micro-dynamics of component interactions
gives rise to the macro-dynamic behavior observed in networks.

In this chapter, | formally de ne modules on the dynamics canalization map. | expand upon
previous analysis [19] by nding such modules not just for the inputs but for all possible nodes
and low-order interactions on tlieosophilasegment polarity network. | develop theory to explain
the interaction of different dynamical modules and de ne synergy between modules; this concept
of synergy is further used to de ne a subset of modules called complex modules that capture all
unigue dynamical information in the Boolean network. | then use complex modules to de ne a

measure of dynamical modularity for Boolean networks. This measure is driven purely by the
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network’'s dynamics rather than its structure. Unlike other measures, this dynamical modularity
measure differentiates between different states of a variable, recognizing that a single variable may
be part of multiple functional modules depending on its behavior, and thus may be useful in models
of multifunctionality in biological systems; additionally, the in uence of each variable in each state

is quanti ed and the control that that variable has on the rest of the network is made explicit. |
also quantify a network's decomposability by its mean dynamical modularity, and use this metric
to compare different biological networks.

This chapter is organized as follows: in section 3.1 | present a summary of this work, which
is based on the pap&ynamical Modularity in Automata Models of Biochemical Netwpiks
collaboration with Luis Rocha. In section 3.2, | give theoretical results concerning the formal def-
inition of pathway modules (based on the perturbation of seed nodes), complex modules (which
have synergy between seed nodes and are of maximal size), and dynamical modularity (based on
an optimal partition of the dynamics canalization map). In section 3.3, | apply this methodology
to thedrosophilasingle-cell and parasegment segment polarity networks in order to nd complex
modules on these networks, quantify their dynamical modularity, and compare them to other bio-
logical networks of similar size. In section 3.4, | offer some conclusions and note some limitations

to the methodology.

3.1 Overview

Given the large size and complexity of most real-world networks, there is a non-trivial relation-
ship between the micro-dynamics of component interactions and the observed macro-dynamic
behavior. Here | address this issue by developing a novel dynamical modularity methodology. |
formalize the existing concept of pathway modules, which are sequences of state updates that are
guaranteed to occur (barring outside interference) within a network based on the states of a sub-
set of perturbed nodes. | present an algorithm to nd these modules on automata networks and
formalize the interactions that may take place between modules. Speci cally | identify complex

modules, which are both maximal in length and based on synergy between the perturbed nodes. |
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formally de ne the dynamical modularity of a network based on the overlap of complex modules
and estimate modularity on several genetic regulatory networks, including the segment-polarity
network ofdrosophila | show that the identi cation of complex modules allows for the compu-
tation of macro-scale properties of biological networks (such as the decomposability of biological

mechanisms) from micro-scale interactions and partial knowledge of the network con guration.

3.2 Formal Results

Pathway modules (see section 2.3.2) are a logical sequence of state updates that occur on the
dynamics canalization map (DCM) based on a known initial condition; this initial condition de nes
a seed set of s-units that re at an initial time steép=(0), while the state of all other variables
not represented in this seed set remains unknown (i.e., a partial con guration of the network) [19].
This initial condition represents the current knowledge of the network atttim@. The ring of
the seed set can also represent a perturbation that forces the seed nodes to the state speci ed by the
respective s-unit (e.gx-0 indicatesx is set to OFF), while the downstream effects of this initial
condition are dependent on the logical in uence of the seed set. In other words, pathway modules
answer the question: if speci ¢ seeds are set to speci c states at an arbitrary time, what other state
updates are guaranteed to occur in the network?

An intuitive way to determine a pathway module is to run a breadth- rst search algorithm on
the DCM starting from the initial seeds. However, unlike a search on a traditional graph, the
different types of units on the DCM must be considered. For a t-unit to be included, its threshold
must be met. Furthermore, the threshold is met only if its inputs re simultaneously; therefore, the
ring of a t-unit with multiple inputs requires con dence that all of its inputs can re at the same
time. If the initial seeds are pinned (not allowed to change), then they re at every time step and
all downstream s-units re continuously as well; however, if the initial seeds are only perturbed
once (pulse perturbation), then their future state cannot be guaranteed afteritheThe type
of initial perturbation therefore affects the pathway module that unfolds on the DCM.

As an example, consider the case of the engrailed gamén(the drosophilasegment polarity
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Figure 3.1:Example of different perturbations in the drosophilasegment polarity network
(SPN).(a) The dynamical unfolding of the pathway modile, ; in the drosophilasingle-cell

SPN under pulse perturbation. Black represents nodes in their active (ON) state, white represents
nodes in their inactive (OFF) state, and grey represents nodes whose state is unknown. Node states
are not maintained over time, and as a result cannot activede HH which require the activation

of EN. (b) Same as panel a, bMt,, 1 unfolds under pinning perturbation. The s-urhits1 and

HH-1 re due to the continual presence of EN.

network (see Fig. 3.1). ¥nis perturbed to ON for only a single time step, the resulting pathway
module takes four time steps to unfold (panel a). Howevemik constitutively active, then the
resulting pathway module takes six time steps to unfold and reaches two extra nodehstdtes (

and HH-1) which can re because the logical conditionfibr1, nn(t+1) = gn (D)™ cir (1),

is satis ed by the continued ring of EN-1 (panel b). Perturbations may be more complicated than
these two extremes of pulse or pinning perturbation; for example, an s-unit may be kethie

step intervals or may be controlled for a speci c length of time and then released.

It is also important to factor logical contradiction into the search algorithm when determining
pathway modules. If a s-unit representing the state of variables at timet, then an s-unit repre-
senting a different state afcannot also re at time. For pinning perturbation, this guarantees that
only one state of any variable is ever reached, while for pulse perturbation s-units representing dif-
ferent states ok may re. The consequence of this is that modules based on pinning perturbation
may uncover xed points in the network but not limit cycles.

In the example GRN in Fig. 3.2, the modWg; ( includes the same s-unitg¥-0, P1-0,g2-

0, and P2-0) and t-units (not shown in the gure), regardless of perturbation type. The module
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Figure 3.2:Example genetic regulatory network (GRN) (a) The interaction graph of an example
GRN. See the caption of Fig. 2.2 for a full description. (b) The exact logic of the dynamics

is captured in the DCM, where black s-units represent nodes in their active (ON) state, white
s-units represent nodes in their inactive (OFF) state, and grey diamonds represent t-units. The
seeds of pathway moduldér, ; andM;; o are indicated by double edges; the pathway module
Mi1 o is shown in blue. T-units with thresold= 1 that represent schemata with no permutation
redundancy are left out of the gure for simplicity.

Mpo 1, however, includes the s-units P1¢2-0, and P2-0 under pulse perturbation but only P1-0
andg2-0 under pinning perturbation (because P2-0 is a logical contradiction to P2-1).

Multiple pathway modules may simultaneously unfold within the complex dynamics of a net-
work; thus, it's natural to explore how different pathway modules may interact, assuming that
their initial conditions are simultaneously activated. This leads to several concepts detailed below,
such as independence, logical obstruction, and synergy. Synergy is then used to de ne complex
modules, which are maximal pathway modules whose seeds have synergy between them; complex

modules are further used to de ne the dynamical modularity of the network. Formal de nitions of

these concepts are given in the following subsections.
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3.2.1 De ning Pathway Modules

Pathway modules are de ned on the dynamics canalization map (DCM) [19], a type of directed
threshold graph (refer to section 2.3.2 for more details). Xebe the set of all nodes in an
automata networB andS be the set of all s-units in the DCM & (representing all node states).
For Boolean networkgSj = 2 j Xj. Let be the set of all threshold units in the DCM ( it's
sizej | depends on the number of redescribed schemata for each n&)e Bach member of
S is connected to zero or more t-units in while each member of is connected to exactly one
member ofS. At any given timet, a set of s-unitsS' S , and a set of t-units,' , re inthe
DCM. A t-unit res at timet if its logical conditions are met (determined by its threshold valye
causing its neighboring s-unitto re attinte 1. The ring of a t-unit means that there is suf cient
information to satisfy a schema in the look-up table of the variable associated with the downstream
s-unit. The output state of this schema is the state associated with the s-unit (i.e., 0 or 1). An s-unit
res if its predecessor (a t-unit) res; when it res, it sends signals to all of its neighboring t-units.
An s-unit may also re at time due to an external signal (i.e., a perturbation) that is applied to the
associated variable i ; this s-unit may re neighboring t-units if their logical conditions are met,
which will in turn re downstream s-units. While signals from t-units to s-units propagate with
a one time step delayl( = 1), signals from s-units to t-units propagate immediately= 0) *.
This asymmetry guarantees that the original dynamics of state transiti@nsipreserved in the
DCM. Here, | denote the state of a Boolean variabley x-1 if x is ON andx-0 if x is OFF.

As mentioned above, there is a constraint on theSSatf s-units that re at timet. If an
s-unit representing the state of varialderes at time t, any s-unit that represents a different
state ofx (e.g., its negation) cannot re. Thug;12 S' =) x-02 S! and vice versa.St
represents partial con guration of B where the logical states of the corresponding node variables

x 2 X are known, but any other variable may be in either state (ON or OFF). The number of (full)

1Alternatively, the s-unit to t-unit transition can have detiy= 1 and the t-unit to s-unit transition can have delay
dt = 0. The choice of which hadt = 1 is arbitrary because t-units can only connect to s-units in the DCM and vice
versa (i.e., either preserves the dynamicB &f Importantly, it takes one time step for an s-unit to re after its inputs
have red.
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con gurations that a partial con guratios' describes iXii $'i, The maximum size oS8! is
bounded by the size of the netwonkax(jS'j) = jXj, which denotes the situation when the
logical state of all variables (i.e., the precise con guration of the network) is known attime
A seed sets a set of s-unitS® S that, without loss of generality, are assumed to re at
t = 0. This represents an external perturbation being applied to a subset of vakdblesX of
networkB . Note that these s-units can represent variables in either the ON or OFF states.
Dynamical unfoldingrepresented by the iterative functiofS!) ! S'*!, is the process where
the set of s-unit§' that re at timet transition to another set of s-units that re at time 1. This
function can be applied sequentially for 0;1;:::;1 . Note thatS'** \ S' 6 ; if any s-units in
S' re again due to external perturbation, regulation by other membegs$, afr self-reinforcement
(a node is an input to itself). The dynamical unfolding process is typically computed without
information about the state of many variables (i.e., partial knowledge of the network con guration).
The dynamical unfolding process is affected by the type of perturbation appligtl téor
pulse perturbationss-unitss 2 S° are assumed to re only &t = 0, unless the logic of the
dynamical unfolding process ) leads them to re again. In contragtinning perturbationsx
the s-unitss 2 S° into ring at every time steg 2. In this caseS'  S'*! for all time stepd.
This represents the situation where the perturbation lasts for a longer time period than the transient
dynamics that it affects.
A modulein the DCM is de ned asgvt  (S'; Y). In other words, it is a tuple consisting of a
set of s-unitsS' S and t-units * that re at timet due to a perturbation at= 0 applied to
seed seB’. Set operations are de ned on modules by applying the operation to both elements of
the tuple; for exampleM! MU iff S S*and |  V, for modulesM; andM; at time steps
andu.
Modules dynamically unfold in time based on the logical ring of s-units and t-units, until a

timet = T when either the module repedts™ M7 or an empty moduléd ™  (;;;) is

2In control theory, pinning may refer to controlling a variable to any pattern of set states (e.g., an oscillation), but
here | use the stricter sense of pinning to a single state. This is equivalent to the node state overrides assumed by
feedback vertex set theory and applied to biological networks [246, 247, 245].
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reached because no s-units or t-units can logically re with the known informatiopatAway
moduleis a time-ordered sequence of all modules that unfold due to a perturbation applied to seed
setS% Mgo =[M O ML ;M T for all time stepg T.

The pathway module seéhcludes all s-units that re in at least one modie' 2 Mgo and
isdenedasS = S T = ~, _S'. Under pulse perturbation (or other perturbation types), not
all elements ofS are guaranteed to re at tim€. However, in the case of pinning perturbation,

S = ST = S! sinceS! S'™! 3. The representation of pathway modules as pathway module
sets discards any temporal information about when certain s-units re relative to others; however,
it allows to easily quantify the number of variables affected by the perturbation of the seed set (i.e.,
the seed set's in uence). Thengthof a pathway modul®M o is T, whereas itsizeis simply

the cardinality of its corresponding pathway modulejSgt With pinning perturbationS) | X]j

(due to logical constraints), while for pulse perturbatj@p 2 j X|j (for Boolean networks);
furthermore, for pinning perturbatiofj is equal to the number of variablgs2 X whose state

is resolved during the dynamical unfolding process. Findlydenotes the set of all possible
pathway module# so that may unfold in a DCM from seed sets of sge jS°j given a type of

perturbation, whergPsj = 2 X for Boolean networks.

3.2.2 Interaction of Pathway Modules

Given that there are an exponential number of pathway modules, | de ne here how pathway mod-
ules may interact in order to narrow down the possible dynamical interactions of the system to
those that better de ne the computational dynamics of the network. Two pathway maddules
andM; can becombinedby considering the dynamical unfolding of the union of their seed sets,
My = (SP[ S0) * FurthermoreM; is asubmoduleof M; if S? S’ andS? 6 ;. Types of

interactions when combining modules are listed below; for examples, see Fig. 3.3.

3We assume that external signals take precedence over natural dynamics of the network; as such, a perturbation
that causes an s-unit to re will prevent any logically contradictory s-units from ring during the same time step. For
pinning perturbation, a variable may only re in one state during the dynamical unfolding of a pathway module; that is
x-12 S =) x-02 S and vice versa. As such, pinning perturbation cannot lead to limit cycles or other oscillations.

4Seed sets can of course be combined via set-theoretical operations at distinct time steps, but here we only consider
unions of seed sets at time= 0.
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SubsumptionM; is subsumed b; if S; ;. M; is partially subsumetby M; if S\ S; 6 ;
butS; 6 S (i.e., there is some overlap between the dynamical unfolding of the two modmMles).
is temporally subsumeby M; if there exists & 0 such thatM Mj“" forallt T (the
sequence is preserved temporally, where congtan© indicates that the dynamical unfolding of
the subsequendd; within M; beginsk time steps aftet = 0). Note thatM; being a submodule
of M; does not imply thaM; is subsumed b¥; due to the possibility of logical obstruction (see
below).
Maximat M; is considered a maximal pathway module if it cannot be temporally subsumed
by any other pathway modules with the same seed set size; for pinning perturlSatérs; for
all pathway module$/; with seed set sizjésjoj j S%. In other words, (S?) results in a unique
set of s-units that cannot be obtained from dynamically unfolding any other pathway module with
the same seed set size, Ps is the set of all maximal pathway modules with seed setsize
Logical obstruction There is logical obstruction between pathway modiMesndM; if their
combinationM;; results in an s-unit not ring during time step= k when that s-unit does re
in either pathway modul®; or M; at timet = k. For pinning perturbation this means that
(COIRNEY (S°[ S?) 6 ;; in cases where there is also no synergy betwdemnd M;
(see below), then(S’[ S°)  (SP)[ (S?). Logical obstruction occurs when the union of the
seed sets results in a logical contradiction (either in the resulting seed set or during the dynamical
unfolding process), e.gx-12 S°” x-02 SJ-O. This means that combining the pathway modules
results in one or more s-units not ring (as a result of logical contradiction) that would have red
had the pathway modules been separate.
Synergy There is synergy between pathway modulésand M; if their combinationM;
results in an s-unit (or t-unit) ring during time step= k when that s-unit (or t-unit) does not
re in either pathway modulévl; or M; at timet = k. For pinning perturbation this means that
(S S  (SH[ (S 6 ;. Incases where there is no logical obstruction betwdeand
M; (see above), then(S? [ SP) (SO [ (SP). This means that additional s-units re as a

result of combining the pathway modules.
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Decoupled modulesv; andM; are decoupled pathway modules if there is no partial subsump-
tion (s-unit overlap), logical obstruction, or synergy between them. This means(Bfat Sjo)

(SO (SN andj (Y[ SMj=j (SNi+]j (SN are necessary and suf cient conditions for
pinning perturbation.

Complex modulesPathway moduld; is a complex module ifM; 2 5 and any submodule
M; of M; is synergistic with the submoduM whose seed set 8 = S° S°. For seed set
sizes = 1, note that all pathway moduldd; 2 ; are complex. Furthets Py is the set of all
complex modules with seed set sie

In order to be a complex module then, the pathway module must be maximal and every sub-
module (seed combination) within the pathway module must add synergy. For agjieach
complex moduléM; 2 | represents a unique ring sequence that is not part of any other pathway
module with seed set size s (because otherwise it would not be maximal) or the union of any
set of pathway modules with seed set sizes s (because every submodule is adding synergy). As
a consequence, complex modules are the building blocks of the network’'s dynamics. Importantly,
they allow to reduce the vast number of possible dynamical interactions to a smaller set of unique
signaling sequences that may represent (full or partial) biological functional pathways.

Given a DCM and a type of seed set perturbation, complex modules are de ned using only one
parametes, the size of the seed set. Moreover, complex modules are hierarchical in the sense that
modules with larger seed set sizes are composed of (partially or fully subsumed) modules with
smaller seed set sizes. Higher-level complex modules thus capture the emergent behavior (e.g.,
synergy) that results from combining lower-level modules. For seed setsizd, the set of
complex module$; = ; is the minimal set of pathway modules that covers the DCM (de ned
below). However, synergy allows for the DCM to be covered using fewer pathway modules (with

larger seed set sizes).
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3.2.3 Dynamical Modularity

The characterization of pathway module interaction and the introduction of complex modules al-
low to describe the macro-scale properties of the network, such as its organization and modularity.
Analogous to structural methods, dynamical modularity relies on strong interaction within modules
(as occurs with complex modules), but weak interactions between modules (meaning that modules
are easy to decouple dynamically). Dynamical modularity then allows comparison between net-
works to determine which are easier to decouple into independently-functioning parts, which has
implications for measuring and understanding both network complexity and control.

A coverof the DCM is a set of pathway modules= fM;; M;j;:::g such that the union of
the corresponding pathway modules sets is equivalent to the set of all s-units in the DCM; that
is,S = Si S = S for setS; with corresponding pathway modul¢; 2 . Because pathway
module sets may overlap, this results in a fuzzy partition of s-upitg.is the size of the cover
in terms of the number of pathway modules that comprise it. Practically, it is of interest to nd
a cover g thatis composed of modules with no more tlsaseeds; additionally, here | focus on
smalls as modules with smaller seed sets are generally easier to control (and computationally more
tractable).

Theindependencef a pathway modul&l; from a set of pathway modulesis de ned as the

fraction of unique s-units that re within the pathway module:
ind(Mi; )= jS S j3Sij (3.1)

S
whereS = ;G for setS; with corresponding pathway moduM; 2 . If fMig[ =

thenS; [ S =S andind(M;; ) gives the independence of pathway modulewithin a cover

The dynamical modularityof a cover is the distribution of independence scores for all its

pathway module® () f ind(M;; Mi)g; 8wm,2 . This distribution can be characterized by
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its mean dynamical modularity

D()=( : ind(M;;  My)5 ] (3.2)
M; 2
Note that both pathway module independence and mean dynamical modularity give values in the
range[0; 1].

As there are many possible covers of the DCM, it is useful to nd one that is optimal for
measuring modularity. One can de ne optimality of a cover in different ways, for example, the
cover with the minimal size, i, . However, as the goal is to nd modules that are decouplable
from one another, here | de ne optimality by maximizing the mean dynamical modu(ily .

The optimal cover ¢ of the DCM thus has the maximum mean dynamical modularity among
covers that satisfy the property thdt 2 | for all pathway moduledt; 2 ¢ (i.e., the cover is
composed only of complex modules with seed setg2¢ s). The requirement that the cover

is composed of complex modules ensures that there is dynamical interaction between the seeds
within a module, while optimizing for mean dynamical modularity minimizes overlap between
modules. The corresponding mean dynamical modularity of the optimal &fey) indicates

how decouplable a network is into its constituent dynamical building blocks.

It's important to note that the optimal cover may be dif cult to calculate exactly due to the
exponential nature of the possible module combinations. For networks and seed set sizes that are
too large to nd an exact solution, | utilize a greedy selection to estimatel he algorithm starts
with an empty set = fg and then iteratively adds the complex modie 2 |, s that has the
highest independence score frommax(ind(M;; )) , until a cover is reached, such tf&t = S.

The cover is used to estimate the optimal cover and its mean dynamical modulxfily to
estimate the maximum mean dynamical modularity of the netiifk ;). This quasi-optimal
solution provides a lower-bound @\ ). In practice, multiple covers may have the same mean
dynamical modularity, meaning that there may be multiple optimal solutions.

The modules that compose a covey have a distribution of seed set sizes that are bounded
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by s. By de nition, the mean dynamical modularity of, should increase or remain the same as

s increases, as each increase in maximum seed set size allows for more modules to choose from
when nding an optimal cover. Theharacteristic seed number occurs when increasingno

longer increases the mean dynamical modularity gf This represents the minimal seed set size

that allows for a network to optimally be dynamically decoupled.

Dynamical modularity allows for the comparison of dynamical organization between networks.
Dynamically simple networks will be easier to decouple and will tend to have higher mean dynam-
ical modularity and lower characteristic seed number. More complex networks will have more
overlap dynamically and will tend to have lower mean dynamical modularity and higher character-
istic seed number. While a rigorous characterization of dynamical complexity is outside the scope
of this chapter, future work may incorporate such measures to help de ne dynamical complexity
in networks.

It's important to note that, because this dynamical cover partisemsitsin the DCM, the same
node (automaton) will belong to different modules depending on what state it is in (as automata
act differently in their ON and OFF states). This is a more granular but lengthier description of the
dynamics of the system than considering the nodes themselves.

Computationally, this optimal measure of dynamical modularity is NP-hard as it entails the set
cover optimization problem [248, 395] (by comparing all possible sets of complex modules that
cover the se§). However, the number of modules to consider is greatly reduced by considering
only complex modules rather than all pathway modules. For all real-world networks observed,
|s << P 5 because many pathway modules are either subsumed into longer modules or they have
non-synergistic submodules. Thus, by only considering complex modules, it is possible to greatly
reduce the computational complexity of the dynamical modularity optimization problem (see Fig.
3.4). Furthermore, for seed set sige= 1, the solution can be computed exactly as the set of
complex modules ; 1, 1; this cover is also minimal in size because every module;irs
by de nition maximal.

Possible interactions between pathway modules are demonstrated in Fig. 3.3. In this example
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Figure 3.3: Example pathway module interactions. The DCM shown here is the same from
Figure 3.2. Individual modules are differentiated by color, with the seed s-unit given a double
edge. (a) ModuleMp; ¢ is subsumed by modulsli; o. (b) ModulesMp; ; andM;; ; are
decoupled. (c) There is logical obstruction between modies ; andMp, ;. (d) There is
synergy between modulddr,; ; andM;, ;. (e) A limit cycle of the network due to modules
Mp1 1, M1 1, andM;, ;. (f) All six complex modules with seed set sige 1. The nodes shown

in yellow are subsumed by multiple other modules. Additional details are given in the text.
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Figure 3.4: Computational expense of the T-LGL leukemia network. The number of path-
way modules is compared to the number of core complex modules found using the maximal seed
heuristic (described in section 3.3.1) for the T-LGL leukemia netwdlk< 60). Determining
modularity using all pathway modules (every combination of s-units) is a combinatoric problem
and grows exponentially with the seed set Siz@hereas the number of complex modules is much
lower, allowing for easier evaluation. Note that the y-axis is logarithmic.
network, moduleMp; ¢ is subsumed by modulg;; o with either pinning or pulse perturbation
(panel a). ThusMi; ¢ 2 ;is a maximal module, whereddp, o is not. ModulesMp, ; and
Mi, 1 are decoupled (dynamically independent) as they share no overlap or synergy, regardless
of perturbation type (panel b). ModuMp; ; logically obstructs modul®p, ; with pinning
perturbation as the pinning of P1 prevents the ring of P1-0 and the subsequent unfolirg of
(panel c). By contrast, there is synergy between the moddles ; andM;, ; that results in the
ring of P2-1 (panel d). If the inputi2 is held constant, but the node P1 is not (pulse perturbation),
several additional downstream s-units will be reached. Panel e shows a limit cycle of the network
reached by the combination of moduMs; 1, M;; 1, andM;, ;. In this case, the inputs il and
i2 are held constant but the node P1 is not (pulse perturbation).

Finally, all six complex modules of seed set size 1 are shown, assuming pinning perturba-

tion (comprising ; and the associated optimal covey); these aréli; 1, Mp; 1, Mi2 1, Mp2 1,

Mi1 o, andM;, o (panelf). The mean dynamical modularity of this coveDis ;) = 0:71 Addi-
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tionally, there are two complex modules (assuming pinning perturbation)swit (Mp;1 1.2 1
andMi; 12 o). With pinning perturbation, this network can be covered by three modules
fMi1 1i2 0, Mp1 142 1, Mi1 0@, with mean dynamical modularifp ( ,) = 0:6. Note that this
minimal cover is not optimal becauBg ) has a higher mean dynamical modularity. Rather, the
optimal coveras = 2 is , = fMj1 1;Mi2 o, Mp1 1i2 1, Mi1 00; D( ,) = 0:83 The mean
dynamical modularity does not increase with greateinence the characteristic seed number of

this network iss =2.

3.3 Experimental Results

| analyze the dynamics of trdrosophilasegment polarity network (SPN) [20] (see section 2.4.2)
using complex modules. | discover all complex modules present in the single-cell and parasegment
SPN models for seed set sige 6. This analysis allows for the dynamical characterization

of network components and the calculation of dynamical modularity in the SPN models. For

simplicity, | only consider modules that result from pinning perturbation of the seed set.

3.3.1 Analysis of theDrosophilaSingle-Cell SPN

Analysis of thedrosophilasingle-cell SPN highlights many useful features of the dynamical mod-
ularity methodology. It allows to reduce the enormous complexity of the dynamical state space
to only a few building blocks, it allows to characterize which dynamics are involved in transient
con gurations and attractors, it allows to understand the dynamical overlap between similar mod-
ules, and it allows to study the speci c effects of individual nodes or sets of nodes (for example,
comparing network inputs to internal nodes).

To understand the effect of perturbing a speci ¢ node in the single-cell SPN with a brute-force
approach would require analysis2f con gurations; additionally, there a2 NS possible seed
sets of sizes, where each sedadnay be in the state0 ori-1. However, this dynamical modularity
methodology offers a much more direct approach without enumerating all network con gurations

and by reducing the total possible number of seed sets to only those that initiate complex modules.
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For seed sets of size= 1, there are 34 possible pathway modules to consider as there are
34 possible seeds (each nadef theN = 17 nodes may be in the stated ori-1), but only 14
complex modules. This indicates that the other 20 pathway modules do not reveal any dynamical
information that is not contained in the 14 complex modules. These 14 modules cover the DCM,
meaning that they include all 34 node states. For seed sets of siz2, there are 9 complex
modules out of 544 pathway modules; for size 3, there are 19 complex modules out of 5440
pathway modules; for size = 4, there are 14 complex modules out of 38080 pathway modules.
For seed set sizes > 4, there are no more complex modules; this means that any higher-order
interaction between variables (i.e., modules with larger seed sets) can be understood as a combina-
tion of lower-order interactions that may include overlap or contradictions between the respective
modules but no synergy. In other words, no novel synergy emerges in the network by pinning
more than 4 seeds and thus all of the macro-scale computation that the dynamical system is doing
involves building blocks that are controllable by a small number of nodes.

In total there are 56 complex modules in the single-cell SPN. However, this number can be
further reduced using thmaximal seed heuristizwhere modules are discarded if they contain
seeds that do not initiate maximal pathway modules. That is, | de ne “core' complex modules as
those where each seed's pathway module is itself maximal2 1;8x 2 S°. This reduction
removes modules that would have been subsumed if not for contradiction; consider that a module
M; containing seed, x 2 ; would be subsumed by the corresponding modilevhich contains
seedy inplace ofx, y2 1; x 2 S, unless there is a contradiction to a node statd jrupstream
of x at some point during/l;'s unfolding. For example, botM ¢ 1001 0 @NdMprc 1oHH o
(which includes statptc-0) are complex modules in the single-cell SPN (see Fig. A.5d); however
Mprc 1nHH oIS NOta core complex module becadderc 1 is subsumed b . 1. Using the
maximal seed heuristic, there are 28 core complex modules for the single-cell SPN with maximal
seed set size = 3. These 28 are suf cient to describe all attractors in the network (with a slight
caveat mentioned below) and are listed in Table A.1.

Only one complex module directly results in an attractor itself, meaning that the state of all
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N =17 variables are resolve@iSnwe 1.stp onnn 1y) = 17, as shown in Fig. 3.5d. The other 9
attractors of the single-cell SPN can be recovered by combining two or three complex modules (see
Table A.3 for a full description of each attractor). Certain modules appear in multiple attractors.
For examplejSisip 1.0v0 1)) = 16 (shown in Fig. 3.5c) resolves every node except the input
NWG and therefore is involved in two attractors which are differentiated by the state of nWG. The
modulejSwe onnn 1)) = 14 is identical in its unfolding except that it does not resolwg or
WG,; therefore, this module must be combined wWilly o or My 1 and the inpuMs;p o Or
Msip 1 to reach an attractojSinwe 1.5t )] = 13 (shown in Fig. 3.5c) resolves most nodes
and is in the basin of two attractors when nHH is OFF (when nHH is ON, it is subsumed by
Mmwe 1:stp onHH 1) Mentioned above). FinallySpie 1:50p 1nHH o)) = 16 (shown in Fig.
3.5d) and the similar moduj& . 1.nwe onnn o)) = 16 reach one of three attractors, depending
on the state of the input nodes SLP and nWG

Even modules that don't result in a steady-state of the network give important information
about partial control of the network state. The size of the module indicates how many other nodes
can be controlled. For example, if a researcher can only perturb one node in the single-cell SPN,
then turningen ON has the most effect becaySg, 1j =9 is the largest module with seed set size
s = 1 (note that this one seed alone controls half of the other network nodes). If perturbing two
nodes, thepSisip 1001 1)) = 16 gives the most control. Aside from quantifying how in uential
a node is, this methodology also tells which other node states are reached if perturbingis
useful if one is wanting to reach certain states in the network. For example, for the T-LGL leukemia
network, modules of interest may include those that result in Apoptosis-1, as perturbation of the
respective seed set guarantees that the cell death state is reached.

Pathway modules also show between what seeds synergies occur and at what tinbestep

occur. For examplgSsip 1j =7 andjSprc of = 4; howeverjSsip 1.p7c o)) = 15 (and thus

SHere we see the caveat mentioned above: these three attractors are not quite re@ichisddft pinned. The
complex moduleM pic 1:.5tp  1nHH o) @MdM(pe 1:0we  o;HH o) RIN ptc in the ON state; however, fftc is
unpinned, these modules will tuptc OFF (as seen in the respective attractors). This behavior is captured by the
complex modulesM (prc 1:51p  1HH o) @NdMprc 1w onmnn o) Which do result inptc  0; however,
these are not core complex modules becaMisg 1 subsumedlprc 1.
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resolves every node in the network except the two additional inputs nWG and nHH), with synergy
between the two modules occurring at time steps 5 andt = 6. Knowing what nodes are
in what state allows for additional inferences when making further perturbations. For example,
Msip 1nun 1) results inptc-1; thus, if the state of nHH is ippedM e 1:51p 1001 0) Wil
unfold, resulting in a different attractor (see Fig. 3.5c-d and Fig. A.7).

This analysis also shows how dynamics overlap between different modules. In some cases,
this offers alternative control strategies. For example, the unfoldinyl of 1 is identical to
Msie onwe 1), With the exception that the states wfj and WG remain unknown. Perhaps
less obvious is that PTG-behaves similarly to nHH-(they both re SMO41 and CIRO and con-
tribute to ring CIA-1; this shared behavior means t1&&p 1.nve 1) @NdSsip 1.p7c o) @re
identical except for the seed nodes and the state of the PH node). In other cases, the lack of overlap
tells that two modules are independent. For examidg, ; andMs p ;1 have no overlap and
in fact all of their downstream products are in opposing states to one another; this indicates that
only one of these modules will ever be active at a time in the dynamical system. Because of this
independence these complex modules, and modules of greater seed set size that subsume them,
appear in the optimal covers of the DCM that are found for seed setsz§E; 4].

To aid in the analysis of the parasegment SPN, | group modules that have nearly identi-
cal (they may only differ in the inclusion aflg/WG) downstream products together: let =
fMuwe o Msip 10, 2 = fMensMuwe 1sie 00, 3= FTMawe onvn 13 Mstp 1ovH 10,

4 = TMengonn 1:Muwe 1sip onnn 19, @nd 5 = fMuwe optc o Msip 1p1c 00- AS

discussed below, these groups are seen often in the parasegment’'s dynamics.

Finally, these complex modules help to elucidate the role of speci ¢ nodes, such as the inputs,
in the single-cell SPN dynamics. It is already known that the input nodes control much of the
network dynamics [19, 239]; however, this analysis shows when the inputs themselves may result

in an attractor and when an additional node suclivgr PTC is needed. Additionally, this

This analysis matches the results in [354]; | similarly overestimate the size of driver sets for three attractors
because additional dynamics of hon-seed nodes are not accounted for. In other words, while this module methodology
has perfect precision in predicting node states, it does not always have perfect recall.
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analysis elucidates the effects that internal nodes, such as PTC or CIR, have by themselves. This
will be especially useful in analyzing the parasegment SRN:-(60), as all nodes in this network
are internal nodes except for the four SLP inputs.

Even though these modules are based on pinning perturbation, many of the results are gener-
alizable to any type of perturbation as the input node states are self-sustaining and therefore all
of their downstream products are guaranteed to re at some future point. Other modules can be
self-sustaining as well; for examplgSerc 1.0m1 o)) = 6 Maintains the state of its inputs (and

therefore its downstream products) due to a positive feedback loop betweeh &IIHHO.

3.3.2 Analysis of theDrosophilaParasegment SPN

Here | use the dynamical modularity methodology to aid the analysis adrtsophilaparaseg-
ment SPN. As in the single-cell case, this allows for a great reduction in the complexity of the
dynamical system, and it allows to characterize dynamical trajectories within the system; further-
more, the knowledge of complex modules in the single-cell SPN is used to understand the modules
present in the parasegment SPN. The use of complex modules allows to nd a minimal seed set
that reaches the wildtype attractor of drosophila that is lower than previous estimates seen in the
literature, and allows a characterization of the transient dynamics towards this attractor in terms of
the intracellular modules found in the single-cell SPN.

It is computationally restrictive to discover all complex modules fordrhesophilaparaseg-
ment model, but as in the single-cell case, the number of complex modules found for low seed
set sizes are substantially less than the number of possible pinned perturbations. | again use the
maximal seed heuristic to speed up computational timesFol , there are 40 complex modules
out of 120 possible pathway modules; foe 2, there are 40 core complex modules out of 7080
pathway modules; fos = 3, there are 152 core complex modules out of 273760sfer6, there
are 1475 out of more than 3.2 billion (comparable with T-LGL leukemia, Fig. 3.4). Despite this
great reduction, there are still enough core complex modules to make analysis dif cult; however, |

focus only on those modules with the greatest size for eaelue. Furthermore, analysis is aided
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Figure 3.5:Complex modules in thedrosophilasingle-cell SPN(a) The DCM of thedrosophila
single-cell SPN (input node states are given a double edge). Black represents variables in their
active (ON) state, white represents variables in their inactive (OFF) state, and grey diamonds rep-
resent t-units. The DCM consists of 34 s-units. Note that several t-units have been removed or
modi ed in the gure for clarity of the transition function. (b) Select complex modules (indicated

by color) are shown for seed set si&’j = 1; seeds are indicated by a double edge. Modules
Men 1 (blue),Mun 1 (green) Mg p 1 (pink), andMyy o (gold) are shown. The s-unit CIR-

0 is in bothMg, ; andMun 1. Together these four modules cover 59% of the s-units in the
DCM. (c) Same as b, but fg6°% = 2. ModulesM wc 1sip o (blue) andMy 1.s1p 1 (red)

are shown. The s-unit CIR-0 is in both modules. Together both modules cover 82% of the s-
units in the DCM. (d) Same as b, but fi8%j = 3. ModulesMu1  1.nwe 1sip o (violet) and

Mnun opic s 1 (brown) are shown. The s-units CIA-0, PH¥g-0 and WG-0 are in both
modules. Together both modules cover 85% of the s-units in the DCM. Additional modules are
shown in Fig. A.4-A.6. 81



by the symmetry in the model (the index of each of the four cells does not matter; each one is iden-
tical to the next) and by the fact that the intracellular dynamics of each cell in the parasegment are
the exact same as the single-cell case, except that they are in uenced by inputs from neighboring
cells (hamely WG and HH) as well as the external input SLP.

As in the single-cell case, the size of complex modules gives information about partial con-
trol in the network. Fors = 1, the largest module is similarlyBe, 1j = 13 in any of the four
cells; fors = 2, there is novel behavior not seen in the single-cell case: the largest modules are
JSten 1:en 1 1)) = 28 andjSicir 1,:cir 1, )] = 28, wherei denotes the index of the cell. For
s = 3, the largest modules aj§sip 1,:s1p 1, »wg 1 1)) = 52. Already it can be seen that three
seeds alone can resol8&% of the states of th&l = 60 nodes in the network. Fa = 4, the
largest complex modules resolve 56 node statess for5, the largest complex modules resolve
59 node states; f@ = 6, the largest complex modules resolve all 60 node states, thus indicating
a network attractor (see Table A.2 and Fig. A.9-A.10By sampling larger pathway modules, |
nd that 9 nodes are suf cient to reach the wildtype attractor of the parasegment SPN, which is
lower than previous estimates seen in the literature [19, 245, 354] (see Fig. 3.6).

Additionally, identifying complex modules allows to describe the transient dynamics that oc-
cur in the parasegment model towards the wildtype attractor (see Fig. 3.6 and A.11) and other
attractors in the network (see Table A.4). | nd that inter-cellular interactions can be described
by the intracellular complex modules found for the single-cell SPN, where the unfolding of one
intracellular modulévl; may initiate another modulé; by causing the seed of that module to re
(SjO Si). These transient dynamics move back and forth across cell boundaries as the unfolding
of one intracellular module affects its neighboring cells (see the example of the wildtype attractor
in Fig. 3.6 and further examples in Fig. A.8). For example anodule will initiateM ppy 1IN
both adjacent cells (which will interact synergistically with anyor , modules already active in
those cells) and , modules in non-adjacent cells will initiates modules in their neighboring cells

(via neighboring WG-0 and HH-1). Interestingly, some intracellular modules which were dynami-

7If pinning control is then relaxed, such a module leads to the broad stripes attractor de ned in [20].
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cally independent in the single-cell SPN work together across cell boundaries in the parasegment.
For exampleMisip 1001 1) (@ 3 module) will also activate WG-1, which can interact with
SLP-0in an adjacent cell to initiad nwc 1.s.p o (a2 2 module) in that cell, even though, and

3 modules are dynamically independent (with the exception of CIR-0) within the same cell.

By analyzing the largest complex modules, | nd that internal nodes play a large role in control
of the dynamics, particularlen, wg, PTC, and CIR. For example, the expressiorvbfir 1
in non-adjacent cells activatdd,wc o andM,yy o in the other two cells. As in the single-
cell case, one can also nd alternative control strategies. For example, Blihaf o.s.p 1 OF
Mnun 1sip 1 activatesMwe 1 in the two neighboring cells.

It's important to note that the unfolding of pathway modules indicates a temporal order of
events, such that (as in the examples above) one intracellular module may need to completely un-
fold to initiate another module in the same cell or an adjacent cell. Of course, during the natural
dynamics of the network, multiple modules will be initiated simultaneously based on initial con-
ditions and these "natural' activations may speed up convergence to a nal state. However, the
unfolding of a pathway modulkl; guarantees that any downstream node sta@sS; will occur
(and gives an upper bound on the number of iterations it will take to do so via the module length),
as long as the seed nodes are pinned for a long enough period. As an example, pinning the 9 seeds
indicated in Fig. 3.6 (4 of which are the SLP inputs) is guaranteed to drive the network to the
wildtype attractor in no more than 16 iterations. Given that this is a steady state, 16 iterations is
also an upper bound on how long the seed nodes must be controlled, as the network will remain in
the wildtype con guration once it reaches it.

As seen above, using the easily discoverable intracellular complex modules allows for a concise
description and qualitative understanding of what is happening in the parasegment network, even
though the network is too large for an exhaustive description. Becaudeds@philaparasegment
is divided into four identical and modular cells, one can understand the dynamics of the larger
network by understanding the complex modules within the individual cells and how those mod-

ules interact across cell boundaries. This gives a clearer picture of the multivariate dynamics in

83



Figure 3.6: Dynamical unfolding of the wildtype attractor in the drosophila parasegment.

The minimal pinning perturbation that was found suf cient to fully resolve the wildtype attractor

is shown. Cell boundaries are separated by a blue line; white indicates that a node is OFF in that
time step, black indicates that a node is ON, and grey indicates that the node state is unknown.
The color of the node label indicates an associated complex module. Select modules are also
highlighted in the dynamical unfolding process by colored borders. Arrows indicate the initiation
of a new module; arrows pointing to the side or upwards indicate that the respective s-unit is
initiating a module in a neighboring cell. For examplks p ¢ is present in cell 1 based on initial
conditions (blue arrow). The in uence of WG-1 in cell 4 (blue arrow) initiah¢s p onwe 1IN

cell 1 (shown by blue borders). This module turnshtrand HH which initiateM ,ny 1 in cell

2 (shown in green) and then turns off WG in cell 1 which, together with WG-0 in cell 3 (indicated
by red arrows), initiateM ,wc o in cell 2; the synergy betweeM .y 1 andMwg o results in
Munninwe o in cell 2 (which subsumes both individual modules and is shown by red borders).
Refer to Fig. A.11 for a full description. 84



the network than one could get via simple attractor analysis, while at the same time (due to its
Boolean nature) being easier to analyze than a more detailed model (e.g., parameter estimation
of differential equations). Rather the macro-level dynamics of the system have been simpli ed to
better understand how signals propagate between dynamically dependent modules and thus how

the network computes.

3.3.3 Dynamical Modularity of the DrosophilaSPN

| further use the complex modules found in dresophilaSPN to estimate dynamical modularity
of the single-cell and parasegment models by nding an optimal cover of the DCM, as described in
section 3.2.3. For seed set se 1, the optimal cover is de ned by the set of complex modules

1, in general, however, nding an optimal cover composed of modules with larger seed set sizes
is a NP-hard problem. Due to such computational constraints, one can instead restrict the problem

to nding a cover composed of at mogtmodules. Foil complex modules, there are therefore

|
q

is increased, as there are a greater number of module combinations to choose from. However, for

options to consider for the optimal cover. Dynamical modularity scores generally incregse as

larger networks like the parasegment SPN, it is computationally prohibitive to estimate covers with
even moderately highy. In this case, | use a greedy algorithm to estimate the cover (see section
3.2.3 for details). At each step of the algorithm, the module with the highest independence score is
added to the cover until all s-units are included in the cover. In both models, | only consider core
complex modules (using the maximal seed heuristic) for inclusion in the cover.

For the single-cell SPN, the optimal coversat 1 is composed of 14 complex modules and
has mean dynamical modulari§( ,) = 0:69. Fors = 2, | calculate the optimal cover, for
g 11 fors = 3, | calculate the optimal cover; forq 8; fors 4 there are no more core
complex modules and so the solution doesn't change. | nd that the optimal covers have more than
the minimal number of modules necessary to cover the DCM forl (see Fig. 3.7a-b). Far= 2,
the DCM can be covered with 5 modules, but the optimal covgr jg= 10, D( ,) = 0:73. For

s = 3, the minimal cover is only three modules, but the optimal coverig=8,D( ;) =0:81
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(s = 3 is also the characteristic seed number of the single-cell SPN). | also nd that the DCM
cannot be covered by only pinning the s-units representing the input nodes (SLP, nWG, nHH), as
none of these modules include the s-units SMO-0 or CIR-1.

Comparingdrosophilato other small genetic regulatory networks (GRNS), the yeast cell-cycle
network [155] { ,j = 7, D( ;) = 1:0) and thethaliana cell-fate speci cation network [396]
(i 3 =11,D( 3)=0:98 have higher modularity scores and characteristic seed nursberg
ands = 2 respectively. Interestingly, in both these networks, | nd covers composed of complex
modules that are (nearly) completely independent.

For the parasegment SPN, the optimal cover for seed set siZeisj ,j =40,D( ,)=0:83.
Using the greedy optimization algorithm, I nd similar or increased scores for highalues:
j ,j=35D( ,)=0:83]j 4 =36,D( 5)=0:83 andj ,j =32,D( ,)=0:87 Due tothe
sub-optimality of the algorithm, the estimated score decreases somewhat atdngihess, with
j 6 =24,D( ¢) = 0:84 These results suggest that h@sophilaparasegment SPN is more
modular than the single-cell SPN and the similarly-sized leukemia T-LGL network [21] (estimated
j 4j=36,D( ,) =0:61 see Figure 3.7c-d).

It's also interesting to identify the modules that are included in the optimal cover. For the
single-cell SPN, a$ = 2, this includegSinn  1.cir 1)) = 10 andjSpun optc 1)) = 6, as well
as single seed modules suchi8s, 1j = 9. Fors = 3, thisincludegSisip 1011 o0ptc 1)) = 16
(shown in Fig. 3.5d)jSinn 1en 1] = 13, and additional single seed modules. In both cases,
larger complex modules that are mostly independent cover much of the DCM and then single seed
modules Il in the missing node states. For the parasegment SPN, the majority of modules in
the estimated covers are also of seed set sizel with only a few larger complex modules;
additionally, observe from Fig. 3.7d that the estimated mean dynamical modularity is roughly
constant as is increased for both the parasegment SPN and the T-LGL leukemia network. This
suggests that, even though the optimal cover is impossible to calculate at $igiees, the mean
dynamical modularity as = 1 is a useful lower bound that may estimate well the true value for

higher seed set sizes and may be used for comparison to other networks; at the same time, however,
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this may miss larger complex modules that include useful synergies.

Figure 3.7: Comparison of dynamical modularity across GRNs. (a) | display results for the
drosophilasingle-cell SPN, the yeast cell cycle network, drthliana arabadopsisThe relative
cover sizg j=2N is shown for each network's optimal cover (based on maximizin® ( s),
shown as full lines) and minimally-sized covef,, (shown as dashed lines) per maximum seed
set sizes. Note that values of sj=2N can be at most because there a@N s-units which to-
gether create a trivial cover (every s-unit acts as a module's seed); the intermediatejlineN

is indicated by grey dashes. Note that the optimal cover has more than the minimal number of
modules fors > 1. (b) Same as panel a, but the dynamical modularity sdore D( ) is
shown for each network's optimal cover (full lines) and minimally-sized cover i, (dashed
lines). (c) I display results for thdrosophilaparasegment SPN and the T-LGL leukemia net-
work. | estimate the optimal cover, by greedy selection of the maximum module independence,
max(ind(Mi; s M;j)), as described in section 3.2.3. The relative coverjsizg=2N is shown

for each network. Grey dashes indicate the Jing = N. (d) Same as panel c, but the dynamical
modularity scored = D( ) is shown for each network. Due to the suboptimal nature of the
greedy selectiorg sometimes decreases for larger maximum seed set sizes.
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3.4 Discussion

In this chapter, | have formally de ned the pathway modules rst discovered in [19] and have
offered an algorithm to discover them via a modi ed breadth- rst search on a network's DCM. |
have also formally analyzed interactions between pathway modules and de ned complex modules,
which are maximal pathway modules with synergy (dynamic dependence) between seed s-units.
This allows to de ne the optimal cover of a DCM (a partition of s-units based on complex modules)
and the associated mean dynamical modularity.

This modularity methodology is advantageous in that it allows to greatly reduce the combina-
toric number of pathway modules in Boolean genetic regulatory networks for a given seed set size,
2 ': , to only consider those which are complex modules. It also allows a bottom-up approach to
de ning modularity based on a single parameter, the maximum seed set dig@as thus able to
analyze all complex modules that occur in tlresophilasingle-cell SPN, and sampled many that
occur in the parasegment. This analysis of dynamical modularity allows an in-depth understand-
ing of how dynamic signals propagate between cells in the parasegment, and how the dynamics
unfolds towards biologically-relevant attractors. It also allows the comparison of different GRNs
based on the size and dynamical modularity of the optimal cover of their DCM for a given seed set
size. This method can be applied to any automata network DCM, including those outside of the
biological domain.

Importantly, this analysis describes the emergent computation that takes place in the exam-
ple models as single seeds synergistically interact, causing their combined dynamical in uence to
logically propagate downstream, resulting in either an attractor or a partial con guration represent-
ing the (much reduced) possible network con gurations remaining. These partial con gurations
are useful for control problems, as the description of pathway modules elucidates exactly which
downstream nodes are guaranteed to be affected and which state they will be changed to. This
can be especially helpful for target control [241, 242], where a certain variable state is desired to

be reached (such as an apoptotic state in a cancer growth model) or avoided (such as a prolifera-
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tive state). Pathway modules, and complex modules in particular, can also be used to nd seeds
that have a similar effect on downstream targets. Alternative control strategies such as these have
potential uses in biological networks, such as designing optimal therapeutic targets.

Pathway modules describe the network dynamics in a mechanistic, causal way. All s-units in
a pathway module set are guaranteed to be reached given perturbation of the seed set, as long as
there are no other interfering signals. This suggests that modules should be somewhat robust to the
updating scheme chosen, although future work is needed to explore module robustness in depth.
Pathway module sets furthermore provide a way to estimate which other variables are stabilized
(guaranteed to be in a certain state) based on a seed set, regardless of the state of the other variables
in the network, the so-called logical domain of in uence of the seed set [242].

One drawback to this dynamical modularity methodology is that it is still NP-hard in general,
and analysis of moderately-sized networks (such asdtbeophilaparasegment or the T-LGL
leukemia network) becomes dif cult. However, it is possible to sample dynamics of even very
large networks with low seed set size and greedy selection criteria to estimate optimal covers. |
leave additional analysis of ef cient heuristics for estimating dynamical modularity for future work
as this is outside the scope of this dissertation.

Despite the computational dif culty of the problem, this work is a step towards understand-
ing how network components interact based on the micro-dynamics of node state updates, and
how these dynamical building blocks give rise to the macro-dynamics of network behavior. The
methodology here can be extended beyond biological networks and may help to provide insight on

theoretical concepts as well, including robustness, redundancy, multifunctionality, and evolvability.
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CHAPTER 4
INFLUENCE MAXIMIZATION IN BOOLEAN NETWORKS

The method presented in Chapter 3 for nding pathway modules allows for logical inference of
the causal dynamics of perturbing a seed set. However, it has a few drawbacks. For one, it cannot
tell how to ef ciently control to an arbitrary trajectory or steady state with minimal perturbation,

as this requires a combinatorial search over possible candidates. A second drawback is that it only
considers direct in uence when determining the downstream effects of a node. However, a node
also has indirect in uence on a network state by increasing the likelihood of certain state transitions
downstream that it cannot control directly. The rstissue can be approached with heuristics, while
the second can be approached with conditional estimates of the network con guration.

Here | consider the generalization of the in uence maximization problem (see Section 1.3.1)
to Boolean networks. In a Boolean dynamical system, one is not necessarily interested in maxi-
mizing the number of nodes that are activated during the dynamics; rather, the goal is identifying
sets ofdriver nodeghat are suf cient to control the dynamical system towards some desired nal
con guration [397, 398, 235]. Note that some of the spreading models considered in the standard
formulation of the in uence maximization problem (e.g., the linear threshold model [83]) can be
seen as a special formulation of the more general family of problems that are considered here. The
problem of identifying a driver set in Boolean networks is known to be polynomial for tree-like
structures, but NP-hard for general networks [235]. One way in which | simplify the problem is by
focusing on identifying the smallest driver set for a speci c attractor [19, 250, 239]. This minimiza-
tion problem is analogous to the one generally considered in control theory for networks [237], but
with the non-trivial goal of accounting for the nonlinearity characterizing Boolean dynamics.

Boolean networks can be mapped to discrete-time linear dynamical systems [266]; however,
the exact optimization problem is computationally intractable due to the fact that the size of the

resulting system i2V, with N equal to the number of nodes in the original Boolean network.
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One way to obtain approximate solutions in reasonable time relies on utilizing only the structure
of the underlying Boolean network, by linearizing the nonlinear dynamical rules that regulate the
evolution of the system [236]. Whereas linear structure-based control methods may be effective
in some types of Boolean dynamics, they do not provide any guarantee of nding the best set of
nodes to control a network [239].

An alternative approach to approximate suf cient driver node sets is by using feedback vertex
set theory [246, 247, 245]. This method does not linearize dynamics and nds a driver set that
can control the network to any attractor; however, it only provides the driver set that controls the
ensemble of all dynamical systems that t the same network structure and has non-polynomial
complexity which hinders applicability to large networks (see Section 1.3.2). Other methods exist
to nd optimal driver sets toward speci ¢ attractors for a given Boolean network. For example,
Zahudo and Albertsuccessively nd partial xed points of the network dynamics (called stable
motifs) that guide the dynamics toward an attractor of interest [250f; et al. use genetic algo-
rithms and a network’s attractor landscape to nd the minimal driver set (called the control kernel)
to guide the dynamics to a speci ed attractor [39Bfrriello and Danielssimilarly nd control
kernels by pinning nodes to their speci ed state in the desired attractor that distinguish that par-
ticular attractor from other attractors [355]. Unfortunately, all of these methods have exponential
complexity in the general case.

Toward a feasible method for identifying the nodes that control dynamics to a desired attractor,
| rst deploy an individual-based mean- eld approximation (IBMFA) for Boolean network dynam-
ics. As in the IBMFA used in the study of spreading processes on networks [7], this IBMFA also
consists in neglecting dynamical correlations among variables so that every node integrates the
average (over an in nite number of independent realizations of the dynamical process) behavior
of its neighbors. Mean- eld approaches to Boolean network dynamics exist, including the classic
approach byDerrida and Pomeali109] and other recent attempts [223, 306, 56, 307]. However,
those attempts are developed for annealed networks; thus they are devised to deal with ensembles

of networks, where the network structure and/or the rules of the Boolean dynamics are stochastic.
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The resulting approximations allow to describe the behavior of the dynamical system averaged
over the given ensemble of networks. | differentiate from these previous attempts by developing
an approach that is valid for quenched networks. This approach takes as input a given network
structure and prescribed Boolean rules, and generates as output the average trajectory of the dy-
namical system started from stochastic initial con gurations. | show that this IBMFA accurately
reproduces the average dynamical behavior of the system estimated from numerical simulations of
individual node states in both random Boolean networks (RBNs) and genetic regulatory networks
(GRNSs).

Second, | introduce a statistical notion of control or in uence for Boolean dynamics. Accord-
ingly, the in uence of a set of nodes is quanti ed in terms of the entropy associated to long-term
con gurations reachable by the system when controlled by that speci ¢ set of nodes but otherwise
started from a maximally uncertain initial condition. | construct optimal sets of in uential nodes
by means of greedy optimization [400]. The algorithm scales cubically with the network size, thus
allowing the analysis of systems that cannot be studied with brute-force approaches. The algorithm
is used to approximate the minimum-size driver set required to reach a known attractor by simply
constraining the search over con gurations compatible with the attractor. Also, the algorithm is
used in unconstrained searches for optimal sets of nodes able to drive the system towards an attrac-
tor with a large basin. | validate this method on known attractors obtlesophila melanogaster
single-cell and parasegment segment polarity networks [20]. Also, | recover known effects of anti-
cancer drugs on the estrogen receptor breast cancer network [98], and nd minimal driver sets in
the Saccharomyces cerevisiaell-cycle network [155] and the T cell large granular lymphocyte
leukemia network [21]. | then systematically apply this method to large collections of synthetic
and real networks. | nd that the relative size of the optimal driver set in RBNs toward unspec-

i ed attractors increases as the degree of the network increases, but is invariant with the system
size. GRNs within the Cell Collective repository [22] are also characterized by optimal driver sets
whose relative size is independent of the system size. The predictions for networks within the

Cell Collective repository [22] are in very good agreement with those obtained by the method of
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Borriello and Danield355].

This chapter is organized as follows: in section 4.1 | present a summary of this work, which
is based on the papém uence maximization in Boolean networgsiblished in Nature Commu-
nications, in collaboration with Luis Rocha and Filippo Radicchi [354]. In section 4.2, | provide
details on the methodology used in this chapter: an individual-based mean- eld approximation
(IBMFA) developed to estimate the con guration of a Boolean network at tingmple calcu-
lations to measure entropy of such a con guration, and a greedy optimization algorithm able to
predict driver sets of nodes (and node states) able to drive the dynamics towards null entropy (i.e.,
a certain con guration). In section 4.3, | apply this methodology in order to test the accuracy of
the IBMFA, determine the dynamical in uence of nodes in RBNs and GRNs, and nd driver sets
in these networks able to reach an attractor. In section 4.4, | offer some conclusions and note some

limitations to the methodology.

4.1 Overview

The optimization problem of identifying minimal sets of nodes able to drive the dynamics of
Boolean networks toward desired long-term behaviors is central for some applications, as for
example the detection of key therapeutic targets to control pathways in biological signaling and
regulatory networks. Unfortunately, the complexity of the optimization problem is exponential,
making it exactly solvable for very small systems only. Some scalable approaches exist but they
rely on linear approximations; other approaches estimate nonlinear effects but they are generally
not scalable. Here, | develop an alternative method inspired by those used in the solution of the
well-studied problem of in uence maximization for spreading processes in social networks. The
computational time of the proposed method scales cubically with the network size. This is achieved
thanks to some strong approximations, as for example neglecting dynamical correlations among
Boolean variables. However, the method has the desirable feature of fully accounting for the non-
linear nature of Boolean dynamics. | validate the method on small genetic regulatory networks

whose dynamical landscapes are known by means of brute-force analysis. | then systematically
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study a large collection of genetic regulatory networks. | nd that control of a few nodes is gen-
erally suf cient to dramatically reduce the number of possible long-term con gurations reachable
by those systems. In particular, | nd that for abd8% of the analyzed networks, the minimal

driver sets contain less th@®%of the nodes.

4.2 Methods

Here | consider both random Boolean networks (RBNs) and genetic regulatory networks (GRNS).
The RBNs are de ned as in section 2.4.1, while the GRNs includétlosophila melanogaster
segment polarity network (single-cell and full parasegment), the yeast cell-cycle network, the T-
LGL leukemia network, and the ER+ breast cancer network described in section 2.4.2, as well as
networks from the Cell Collective repository.

As described in section 1.2.3, each nodea Boolean networB has an associated binary state
variable ;(t) = 0;1that is fully determined by the values of the state variables of the neighbors

ofi attimet 1. To reiterate,

i(t)= Fi(~n (1) (4.1)

where~y, (t 1) = J.m(t 1);:::; j(i)(t 1)] is the vector representing the con guration of
1 Kj

the network restricted to the neighborhodd = fj f); o ;jﬁ:)g = fj 2 BjA; = 19 of nodei

dynamics of the system are determined by iterating the rules of Eq. 4.1.

All results reported here are obtained under the synchronous updating scheme where all vari-
ables are updated in a simultaneous manner, as in traditional RBN literature [50, 51, 96]. The above
formalization, however, applies also to other updating schemes, e.g., deterministic asynchronous,
stochastic asynchronous, and block deterministic updating schemes [353, 401, 402]; some results
pertaining to these other updating schemes are mentioned in Appendix B. Note that although xed

points of the network are insensitive to the speci ¢c updating scheme considered, the size of their
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basin of attraction is affected by it.

4.2.1 Individual-Based Mean-Field Approximation

Given a network and a set of Boolean functions describing the dynamics of the individual nodes,
a brute-force analysis of the system would require considering all possible con gurations and the
effect of the functiong=;( )s on those con gurations. This would allow to build a deterministic
transition matrix between th2N possible con gurations, thus providing a way to describe alll
possible trajectories of the system in terms of a state-transition graph.

Clearly, such a brute-force approach does not scale properly with the system size, and thus it is
not very useful for systematic analyses. | propose here a way to approximate system dynamics by
assuming that expectation values of the various dynamical variables are uncoupled. Speci cally, |

consider the probabilitg; (t) = P( i(t) = 1) and use Eq. 4.1 to write

si(t) = : LF () Y [t DML st 1" (4.2)
fnj2Nig i2N;

Essentially, the probabilitg(t) = P( i(t) = 1) that nodei is found in the state;(t) =
1 at timet is given by a sum over all possibR input con gurations for the functiorfF; ().
Con gurations are enumerated usikgbinary variables);. Among those con gurations, non-null
contributions to the sum arise only wher(fy,) = 1. This fact is encoded by the termg, (),
which makes use of the Kronecker function de ned ag = 1 if x = y and ,, = 0 otherwise.
Note that each con guration in the sum has a weight equal to a product of marginal probabilities;
thus, itis based on the approximation that the states of all nodes involved in the input con guration
of the functionF;( ) are independent of each other. For example, if nddies only three neighbors
j, k, andi itself, the hypothetical con guratio(n; = 1;n; = 0;ny, = 1) such that;(1;0;1) =1
would correspond to a contribution equabktét 1)[1 sj(t 1)[]sk(t 1)inthe sum. Under the

individual-based mean- eld approximation (IBMFA), the probability of observing a con guration
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~(t) given the values of the probabilitiestt) is

W
P@Oist)= [s®1'OR s ©: (4.3)

i=1

Note that ifsj(t) = (t) = 0;1 for all nodes in the network, then that is the only con guration

with non-null probability in Eq. 4.3, and Eq. 4.2 reduces to Eq. 4.1.

4.2.2 Error Metric for the Individual-Based Mean-Field Approximation

Error of the IBMFA is determined by comparing the approximatiofteimulations of network
dynamics, each started from a random initial con guration obeying the probability distribution of
Eq. 4.3. Speci cally, | rst estimate the average value
_ 1
=z OF (4.4)
r=1

where i(r)(t) indicates the state of nodet timet in ther-th simulation. | then evaluate the mean

squared error of the prediction as

X

W= sO SOF; (45)
=1

with s;(t) the solution of Eq. 4.2. The baseline value for the mean squared error of the IBMFA

prediction is given by

#
xx RTM "M
= : (4.6)

oY) = o ) :

i=1 r=1

Eg. 4.6 quanti es the variance of the sampled trajectories that are used to estimate the ground-truth

average trajectory with Eq. 4.4.

96



4.2.3 Entropy of Network Con gurations

The uncertainty of a Boolean network is then measured as the normalized entropy of the probability
distribution associated to its possible con gurations, namely

H(s) = ha(si) (4.7)
with hy(s) the binary entropy functiorh,(s) = s log,(s) (1 s)log,(1 s). NotethatEqg. 4.7
approximates the true entropy of the system as it assumes independence among the dynamical vari-
ables of the individual nodes. The entropy is bounded suctHliat 2 [0; 1]. Maximum entropy

is reached fos; = 0:5 for all i, while null entropy is measured for deterministic con gurations,

s, =0;1foralli.

4.2.4 Seed Set Perturbation

their known, invariant states, i.e.;(t) = sj(t) = ~; = 0;1forall (i; ) 2 X and forallt 0.
Note that there is a tacit assumption that nodey contribute at max one element to the>setis
either(i; ~ =0) or(i; Ny =1).

The state of all nodes not belonging to the e uncertain, i.,e.) sj(t) 1foralli 2 X.
Here | consider only the case of maximal uncertainty for the initial state of the non-pinned nodes,
i.e.,si(0) =0:5foralli 2 X. The probability of starting from the con guration(0) given-g0)

still obeys Eq. 4.3, with the additional constraint teg0) = ~; fori 2 X .

4.2.5 Inuence Maximization

| propose a greedy algorithm for the quasi-optimal selection of the smallest set of nodes that should
be pinned in order to control the dynamics of a Boolean network toward zero entropy. As in
standard greedy optimization techniques, this strategy consists in pinning one node at each stage

of the algorithm such that the selected seed is the best choice that can be made at that particular

97



stage of the optimization algorithm.

algorithm. The algorithm is initialized at stage= 0 with Xo = ;. Then, sev = 1 and follow the

procedure:

1. Select the best se€l,; ~y,, ) of stagev of the algorithm according to
(b;%,)=arg min  H(ST)Xy 1[ (i 7)) : (4.8)
(7)2Xy 1

2. Add(b,; ™y, ) to the set of pinned nodes, 1,i.e., X, = X, 1[ (b;",)-
3. Increasey! v+ 1, and go back to point 1.

The above algorithm is iterated until there is a certaisuch thaHH ((T)jX, ) = 0. In this case,
the set of pinned nodes, is able to fully control the dynamics of the network toward a particular
attractor. The seX, is the optimal driver set according to such a recipe. Note that the criterion
of Eq. 4.8 prescribes the selection of the best seed as the one that, if added to the existing seed
set, leads to the minimum resulting conditional entropy of the network. Conditional entropy is
measured after iterations of the dynamics. In particular, | approximate it via the solution of the
IBMFA equations (Eg. 4.2) by imposing(t = 0) = 0 :5 for all non-pinned nodes.

The resulting driver set is post-processed to reduce its size. One node at a time is removed from
the set as long as the resulting entropy is still equal to zero, i.e., the elém@&nt2 X can be
removed from the set of drivedé only if H(-(T)jX n (i; ~;)) = 0. This post-processing technique

serves to improve sub-optimal choices potentially made by the greedy optimization algorithm.

greedy selection procedure as above is used except that the set of candidate elements are only

those compatible with , i.e., Eq. 4.8 is replaced by

(b;",) = arg min H(S(T)iXv o[ (55 7%) : (4.9)

(i;7M)2X v 15(;M)2

98



A post-processing technique to reduce the size of the driver set is used in a similar manner as
described for the unconstrained greedy optimization algorithm.

The computational time of the algorithm scales cubically with the system siz&{% 3) (see
Fig. B.18). This fact is understood as follows: at stagé the algorithm, one needs to evaluate the
entropyH (S(T)jXy 1[ (i; ~y)) appearing on the right-hand side of Eq. 4.8 for each of\the v
nodes in the network that are not yet part of the seed)§etEvaluatingH ((T)jX, 1 [ (i; 7))
requires a time that grows &k as one needs to iterate tNelBMFA equations (Eq. 4.2). To nd
a driver set, the algorithm is iterated times, wheres grows asN given that the size of a driver
set is generally proportional to the system size.

All code developed for this chapter, and the paper it is based on, is publicly available at

https://doi.org/10.5281/zenodo.6581810 [403].

4.3 Results

4.3.1 Accuracy of the Individual-Based Mean-Field Approximation

| consider arbitrary Boolean networks under synchronous update, as discussed in Section 4.2. A
full description of the system's dynamics can be given in terms of its associated state transition
graph (STG), where each node corresponds to one dtheossible con gurations and a single
directed edge indicates the transition from one con guration to another. Understanding dynamical
trajectories of a Boolean network from its STG is straightforward; however, the fact that the size
of the STG grows exponentially with the system size limits its practical relevance to very small
systems only.

To overcome this limitation, | deploy an individual-based mean- eld approximation (IBMFA)
to describe the average behavior of nodes in a Boolean network (see Section 4.2.1 for details).
In the IBMFA, the dynamical state of nodeas represented by the real-valued variabl@) =
P( i(t) =1) (i.e., the node's activation probability). In this model of the dynamics, each node
is in uenced only by the average behavior of its neighbors, i.e., dynamical correlations among

variables are neglected (see Eq. 4.2). The IBMFA requires to sum over all the entries of the look-
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up tables. Thus, unlike STG-based methods but similar to causal inference methods such as those
presented in Chapter 3, the approximation grows linearly Witnd exponentially with the degree
of the nodes. As a result, the IBMFA is feasible to compute in large networks as long as the degree
of the nodes is not too large, making it applicable to many real-world sparse networks.

The average trajectory quanti ed by the IBMFA is taken over realizations of the dynamical
system and is conditioned by the distribution of the initial con gurattgi-(t = 0) jg(t = 0)) (see
Eq. 4.3). As aresult, if the initial condition is certain, i.8(0) = 0; 1 for all i, then the IBMFA
reproduces the ground-truth trajectory on the STG started from the given initial con guration.
Also, no average is taken on either the network structure or the Boolean look-up tables; this is the
main point of differentiation between this IBMFA and existing mean- eld approaches for Boolean
networks [109, 307, 223, 56, 306]. In order to test the accuracy of the approximation, | compare
IBMFA predictions with results from numerical simulations. Some results of these tests are shown
in Fig. 4.1.

First, | test the accuracy of the IBMFA in random Boolean networks (RBNSs), see Fig. 4.1a.
RBNs are generated with = 100 nodes; each node has degree equél tdhe output of each of
the 2 rows of the look-up tabl&; of nodei is set equal to eithed or 1 with identical probability.
The results of Fig. 4.1a correspond to averages takenl®@ndependent RBNs for eadtwvalue.
Initial con gurations of the dynamics are randomly generated according to the probability of Eq.
4.3, wheresj(t = 0) = 0 :5for all nodesi. | sampleR = 100 random initial con gurations per
network instance. | then measure the mean squared error of the IBMFA prediction with respect to
the ground-truth average trajectory estimated from numerical simulations, see Eq. 4.5.

Fork > 1, the error begins to plateau to a non-null valug at 10; furthermore, the error
decreases by increasing the degree fiom 2 tok = 3. Fork = 1, the error quickly goes to
zero due to the peculiar ring structure of the graph. Because the goal is to determine in uence
to long-term con gurations independent of the starting conditions, it is important that the IBMFA
accurately reproduces the behavior of the system averaged over all possible con gurations. Empir-

ically, an observer may only measure one instance of a network's dynamics which may not be very
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Figure 4.1: Accuracy of the individual-based mean- eld approximation. (a) | evaluate the
mean squared err&t), as de ned in Eq. 4.5, of the prediction made under the individual-based
mean- eld approximation (IBMFA) with respect to the ground-truth con guration of the system
at stagd of the dynamics. The systems under observation are random Boolean networks (RBNSs)
with N = 100 nodes and xed degrek. Initial con gurations are sampled from Eq. 4.3, where

RBNs for each value ok. For each of them, ground-truth trajectories used in the computation

of the IBMFA error are estimated by relying ¢ = 100 independent simulations. The average

error over theLlOORBNSs is then displayed using full curves of different colors depending on the
degreek of the underlying RBN. IBMFA errors are compared to their corresponding baseline
valuesh(t), i.e., the variance of the sampled trajectories used to estimate the average trajectory of
the network (see Eg. 4.6), that are shown as dashed curves in the plot. (b) Same as in panel a, but
for selected biological signaling networks: tbeosophila melanogastesxegment polarity network
(drosophila), the T cell large granular lymphocyte leukemia network (leukemia), and the estrogen
receptor breast cancer network (breast cancer). Initial con gurations are sampled from Eq. 4.3,

indicative of the average dynamical behavior. The comparison with the variance of the sample of
con gurations used to estimate the ground-truth average trajectory (Eg. 4.6) shows that the IBMFA
is more informative than observing the outcome of a single instance of the network dynamics if
the goal is to predict the average behavior of the system.

Second, | test the IBMFA on genetic regulatory networks (GRNs) and other biological signal-
ing networks including the single-cdlirosophila melanogastesegment polarity network (SPN),
see Fig. 4.1b. The network is composed\bf= 17 nodes only, and thus still approachable by
means of brute-force STG analysis. Initial con gurations of the dynamics are randomly generated

according to the probability of Eq. 4.3, whesdt = 0) = 0 :5 for all nodesi. Results are ob-
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tained oveR = 100 independent initial con gurations of the dynamics. Again, the error reaches
a non-zero plateau value fot 10. The plateau value of the baseline error is much larger than the
one observed for the IBMFA. Similar ndings are also obtained for networks representing T cell
large granular lymphocyte (T-LGL) leukemill (= 60) and estrogen receptor (ER+) breast cancer
(N =80).

Finally, | repeat the analysis for different updating schemes, including deterministic asyn-
chronous, stochastic asynchronous, and block deterministic updating schemes [353, 401, 402] (see
Appendix B). I nd that the evolution of the mean squared error associated with the IBMFA is in-

uenced by the speci ¢ updating scheme considered (see Fig. B.1). Fartisephilasingle-cell
SPN, the long-term value of the IBMFA error is almost insensitive to the updating scheme used;
however, for the yeast cell-cycle network, there are more apparent differences between IBMFA

errors depending on the updating scheme at hand.

4.3.2 Dynamical In uence of Nodes

Next | study how some externally controlled nodes affect the dynamical behavior of a Boolean
network. Based on the analogy with problems considered in the context of spreading processes
on social networks [159, 84], and to be consistent with Chapter 3, | use thes¢ésulfor a node

that is externally controlled, and the termuenceto indicate the effect of one or more seeds on

the dynamics of the network. When the former have maximum in uence, they are also known as
driver nodes in the context of controllability.

Let X denote a generic set of seed nodes (see Sec. 4.2.4). Strictly spedkia@ set of
tuples of the typ€i; #;), each specifying the label of the nodes belonging to the set as well as
their imposed state value (thus, has a direct correspondence to the concept of seed set seen in
Chapter 3). As shorthand, | say that nod®elongs taxX , i 2 X , if the label of node appears in
one of the tuples of the set. Note that nadeay appear at maximum in one tupleXf as either
(i; ™~ =0) or(i; N =1). Nodes in the seX can in uence the dynamics of other nodes that do not

belong toX; here | assume, however, that seeds do not change their state during the dynamics of
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the system, i.e.,i(t) =~ foralli 2 X andforallt 0. Thisis known in the literature as pinning
control [246, 245], and is identical to the pinning control seen in Chapter 3. This assumption is
also identical to the one underlying the study of in uence in irreversible spreading processes on
social networks [84]; a similar notion has also been applied to observability problems in networks
with stochastic rules [404]. Here, the invariance of the dynamical state of the nodesarves to
model systems whose typical time scale is much shorter than the one used to perturb the state of
the seed nodes. This is a good assumption for some applications, as for example the study of the
effect of drugs in GRN dynamics.

| assess the in uence of the set of seeXlsn a Boolean network in terms of the residual
uncertainty about the states of other nodes that do not beloXig &peci cally, | assume that the
initial con guration is randomly sampled from the distribution of Eqg. 4.3. In doing so, the state of
the nodes irX is set deterministicallys;(t = 0) = ~; for alli 2 X . By contrast, all other nodes
have maximal uncertaintg;(t = 0) = 0 :5fori 2 X . | measure the residual uncertainty of the
system at time as the entropy of the probability distribution of the con gurations reachable by the
system at time (see Eq. 4.7), conditioned to the known state of the nodes.ithe dynamical
in uence of the seK is inversely proportional to the long-term residual uncertainty of the system.

| use the IBMFA to speed up computation of the entropy; the approximation provides a state
probability values;(t) for each node in the network which can readily be plugged into Eq. 4.7.
The use of the IBMFA is justi ed by a good level of agreement, both at the level of individual nodes
and con gurations, with ground-truth entropy estimates from numerical simulations (see Fig. B.2
and B.3 for details). | monitor the entropy of various Boolean networks conditioned by different
seed setX, and nd that different sets of nodes can have very different dynamical in uence on
the network. The effect strongly depends not just on what nodes are in the set but also on the state
imposed on these nodes.

In Fig. 4.2a for example, | show how the entropy of b@sophila melanogaste8PN evolves
in time, considering different choices for the ¥et Clearly, maximal initial uncertainty is present

for X = ;. Such uncertainty typically decreases as the system dynamics evolve. Note that some
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Figure 4.2: Dynamical in uence in Boolean networks. (a) The residual entropy of the
Drosophila melanogastesegment polarity network is seen as a function of time. Entropy is
measured in bits and is normalized by the size of the network. Different curves correspond
to different choices for the set of seed nodés Specically, | show results forX = ;,

X = f(en; Nen = 1) g, X = f(ClR, Ner = 1) g, and X = f(ClR, Ner = 0) g. (b)

Same as in panel a, but for the estrogen receptor breast cancer network. The baseline is
given by a seed set whef nodes of the network are set to biologically relevant states and
the drugAlpelisib is activated, i.e., X = f(SGKLT;*sgkit = 0);(IGF1RT;NgrirT =

1); (PIM; *piy = 0); (ER; “gr = 1) ; (PBXL; "pex1 = 1) ; (HERZ Mygr2 = 0) ; (HER3T; Mpgrat =

0); (PTEN "pren = 0);(BIM_T;gur = 0);(BCL2.T;gcrar = 0);(PDKL "ppk1 =

0); (IMTORC2 "mrorc2 = 0); (Alpelisily " apeiisiv = 1) g [98]. The various curves are obtained

by activating a speci ¢ anti-cancer drug (other thapelisib and adding it to the baseline.

nodes have more in uence than others in reducing the residual entropy of the system. For example
the setX = f(en e, = 1)g has more dynamical in uence on the network than theXéet

f(CIR; *cir = 1)g. Also, it is important to stress that dynamical in uence is due not just to the
identity of the nodes, but also to their imposed state. For exaAple, f (CIR; *¢cr = 1) g has
dynamical in uence much larger thax = f(CIR;*cr = 0)g. Note that in all cases, entropy
values plateau aftar' 10 stages of the dynamics. | nd that entropy values similarly plateau
aftert ' 10in other biological networks and, importantly, that there is little or no change in rank
order of seed sets after this value. | therefore treat this value as representative of the long-term
behavior of the system and use this value in all further analysis of biological networks unless
stated otherwise.

The above considerations are con rmed if network dynamics evolve according to different
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updating schemes (see Fig. B.4 and B.5). System entropy follows a trajectory that depends on the
speci ¢ updating scheme considered; however, its long-term value is almost the same irrespective
of the updating scheme at hand for tth®sophilasingle-cell SPN. Some differences appear for

the yeast cell-cycle network.

| further study systematically the in uence of all possiBi€ P';'j seed sets of sizXj  3for
the drosophilasingle-cell SPN and the T-LGL leukemia network (see Fig. B.6 and B.7). For the
drosophilaSPN, there are three sets of sjXg¢ = 3 that are able to reduce the long-term residual
entropy to zero, while none of the sets of sjXg¢ < 3 results in a null residual entropy. These
results are consistent with the known control portrait of this network [239]. As a comparison, for
the larger T-LGL leukemia network, no single seed set of pige 3 leads to residual entropy
equal to zero.

For the ER+ breast cancer network, | focus the analysis on the dynamical in uence of the
input nodes representing anti-cancer drugs (Fig. 4.2b); this is consistent with the original goals
of the model to study multi-drug therapy on PIK3CA-mutant breast cancer cells [98]. Previous
literature has shown that some drugs affect cell apoptosis or proliferation more than others in this
model [98, 300]. With this approach, | am able to reproduce those results. Speci cally, | consider
only biologically relevant con gurations of the ER+ breast cancer cell baseline wifenedes
representing biochemical components involved in signaling pathways are set to a particular state
and the druplpelisib (a PI3K inhibitor) is active [98]. | then study the effect that the activation
of an additional drug has on the long-term behavior of the dynamical system in order to determine
which drugs best synergize wiipelisib. Consistent with previous ndings [300], | nd that only
two drugs have a signi cant impact on system dynamics in this context: nafedlyocicliband
Fulvestrant With this method, the impact of the two drugs appears as a reduction in the value of
the long-term entropy of the network; all other drugs do not reduce entropy beyond the baseline,
as shown in Fig 4.2b. Thus, only these two drugs have a synergistic effecAlpittisib on cell

apoptosis and proliferation, given the baseline cell con guration.
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Figure 4.3: Diving Boolean networks to the desired attractor. (a) Graph of theDrosophila
melanogastesegment polarity network. In the visualization, a directed connection fromintode

nodej indicates that the state of nodés one argument of the Boolean functibpthat regulates

the dynamical evolution of node One of the attractors of the network is shown: active nodes

are depicted in black; inactive nodes are depicted in white. The attractor may be reached by
controlling the state of the three nodes highlighted in orange. The seed seftf (SLP, *g.p =

0); (NWG; *we = 1);(nHH; "y = 1) g, is identi ed using the greedy optimization algorithm.

(b) Thel0 attractors of the network, and their corresponding minimal driver sets as identi ed by
the greedy optimization algorithm (highlighted in orange). Attractos the same as in panel

a. These predictions recover exactly the minimal driver setd fofr the 10 xed points, while
overestimating the size of the driver sets required to reach attractors 5, 9 and 10 by one node only
(the PTC node). (c) Residual entropy as a function of the size of the seed set for three selected
seed sets found by the greedy optimization algorithm leading to speci c attractors. The labels of
the attractors are the same as in panel b. The unconstrained greedy selection process nds attractor
4. All entropy values are estimated oyer= 100 simulations of the dynamical process. As a

term of comparison, the curve corresponding to seed sets composed of randomly selected nodes'
indices/states is also shown. The curve displays the value of the entropy averagd-ou€0
simulations ofLO0random seed sets.
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4.3.3 In uence Maximization

The results of the above sections demonstrate that the IBMFA is effective in approximating the
entropy of Boolean networks. Also, the entropy of the system conditioned by a seddiset
meaningful quantity to assess the in uence of theXsatn the long-term dynamical behavior of

the network. These results are thus leveraged to develop an ef cient algorithm (see Section 4.2.5)
for the identi cation of optimal sets of in uential nodes in Boolean networks.

The algorithm constructs quasi-optimal sets of seeds with a greedy strategy (see Eq. 4.8). At
each stage of the algorithm, the node whose control leads to the largest drop in the entropy function
is added to the set. The algorithm has a known performance bound [400], and typically provides
the best solution to several discrete optimization problems, as for example in uence maximization
in social networks [84, 229].

A driver set is identi ed when the entropy reaches a null value, re ecting the fact that the long-
term con guration of the system is fully determined by imposing the speci ed state of the nodes
in the driver set (i.e., pinning the seed nodes). It's important to note that the set obtained at the end
of the algorithm is not necessarily the optimal one. | therefore re ne the identi ed driver set with
a post-processing technigue consisting in removing from the set all nodes whose absence does not
lead to an increase of the entropy of the system. Similar post-processing techniques are used to
re ne solutions to other discrete optimization problems [405, 406].

Greedy selection can be used to nd the minimal driver set to reach a given attractor or, if
no constraints are speci ed, the minimal set to reach an unspeci ed attractor in the network (see
Sec. 4.2.5). This attractor is in a sense the easiest one to nd via greedy selection and likely
corresponds to an attractor with a large basin.

| apply the algorithm to therosophilasingle-cell SPN (see Fig. 4.3). The network is known
to havelOdifferent attractors. By constraining greedy selection to target each of these attractors,
| am able to nd their corresponding optimal driver sets (Fig. 4.3b). Note that post-processing
the driver sets is required to signi cantly reduce their size without compromising the quality of

the solution obtained (Fig. 4.3c). The minimal driver sets identi ed by the algorithm approximate
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well the ground-truth driver sets of the network obtainable by a brute-force exploration of the
STG. Speci cally, the predictions recover exactly the minimal driver sets/fof the 10 xed
points, while overestimating the size of the driver sets required to reach attractors 5, 9 and 10
by one node only (the PTC node). However, overestimating the size of the ground-truth driver
set by a small margin is reasonable given the level of approximation used by the approach (i.e.,
the IBMFA neglects dynamical correlations and the greedy optimization strategy is sub-optimal).
Note that by de nition the constrained versions of the algorithm display higher levels of uncertainty
compared to the unconstrained version at tinve 1; however, due to the sub-optimality of the
greedy algorithm, a smaller constrained driver set is found (attractor 1) than the one chosen by
the unconstrained algorithm (attractor 4) prior to post-processing. Appropriately selecting seeds
dramatically reduces the uncertainty of the system. The control by the best seed le&i®¥40 a
reduction of the system entropy. By contrast, selecting random seeds has a mild effect on the
long-term behavior of the dynamics, and entropy does not vanish et®@mddes are controlled.

Similar ndings are valid for other Boolean network models of biochemical regulation and
signaling (see Fig. B.8). For the yeast cell-cycle network, | identify all optimal sets of seeds that
control the system toward itkl attractors [155], and nd that the size of the optimal seed sets
is at least4, consistent with what is known about the system [239]. When compared with the
ground truth (see Fig. B.9 and Table B.1), the method correctly retrieves the minimal driver sets
for 4 out the 11l attractors of the yeast cell-cycle network, overestimates the driver sets by one
or two nodes folb xed points, and it underestimates the driver set by one node fattractors.
Of course, underestimating the size of the driver sets is not a desirable outcome. However, these
underestimations are still good approximations of the ground truth, in the sense that the solutions
found by the approach lead to the right attractors in 93% and 97% of the initial con gurations,
respectively. In other words, the additional node that is indeed required to always reach the desired
xed points is used only in respectively 7% and 3% of the total possible initial con gurations.

| also nd that 6 biologically meaningful attractors of th#rosophilaparasegment SPN [20]

can be reached by controlling no more tHadmodes of the network, correspondingli®oof the
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system size. For example, the wildtype attractor can be reached by pinning only 10 nodes, which
is a lower estimate than found by previous methods [19, 245], and is only one node more than the
minimal set found through causal analysis in Chapter 3. In particular, the entropy of the system
displays an eight-fold reduction after the tbpeeds are selected by the greedy algorithm for each

of the 6 attractors. Additionally, the T-LGL leukemia network [21] also quickly reduces in entropy
after the selection of the topnodes via the greedy algorithm, and the network can be controlled
with only 9 nodes 15%o0f the network size).

Next, | systematically apply the greedy optimization algorithm to RBNs. Results are shown in
Fig. 4.4a. Here, no constraints are imposed in the search for the top in uential nodes. | nd that
the size of the optimal driver set relative to the system size is a constant that depends on the degree
of the graph only. Note that unbiased RBNs with homogenous dégree2 are in the chaotic
regime and thus among the most dif cult types of Boolean networks to control. In this respect, the
results of Fig. 4.4a provide an upper bound of the size of the minimal driver set required to control
networks with the given size and average degree. Introducing a bias in the output of the Boolean
functions makes the network more controllable than an unbiased RBN, thus leading to a reduction
in the size of the minimal driver set (see Fig. B.10). This is due to the fact that biased networks are
easy to control toward their biased attractors. However, controlling them towards other attractors
may be more dif cult.

| also systematically apply the unconstrained optimization algorithm t@4metworks of the
Cell Collective repository [22] (see Section 2.4.2). | measure node in uencetaftéo iterations
of the IBMFA on some networks and veri ed that the value well represents the entropy values of
the long-term dynamics of the system (see Fig. B.11). The results of Fig. 4.4b indicate that there
is no apparent correlation (Pearson's R=-0.22, p=0.06) between the relative size of the optimal
driver set and the size of the network. | also veri ed that the relative size of the driver set does
not correlate well with other topological and dynamical features of the networks, such as average
degree, average bias, and mean effective connectivity (see Fig. B.12 and B.13). Based on analysis

of the entire Cell Collective corpus, | compute the probability of a node to belong to the minimal
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driver set conditioned on its in-/out-degree (see Fig. B.14). As expected, nodes with no inputs (i.e.,
in-degree equal to zero) are always part of the set of drivers as these nodes cannot be controlled if
not via external input. For non-null in-degree values, nodes with suf ciently large in-/out-degree
are signi cantly more likely to be in the minimal driver set than nodes with small in-/ out-degree
centrality. This fact indicates that topologically central nodes are likely to be part of the minimal
driver set.

Overall, I nd that optimal sets of driver nodes contain less tB@#b of the nodes for more
than80%of the networks in the repository (Fig. 4.4c). | then compare these predictions with those
by Borriello and Danielsof the average size of the minimal driver sets to xed point attractors
of a network [355]. Due to the high computational complexity of having prior knowledge of the
xed points of a network, comparisons are possible only on networks of relatively small size. As
the results of Fig. 4.4d show, there is excellent agreement between the average size of driver sets
predicted by this method and the predictionsBayriello and Daniels As additional validation, |
verify that the minimum-size driver set obtained with this method via unconstrained optimization
is consistently smaller than the average value of the minimal driver sets.

Finally, 1 apply the unconstrained optimization algorithm in search of the minimal driver set
under the assumption that the system's dynamics is regulated by updating schemes other than syn-
chronous deterministic update (see Fig. B.15). Fodtlsophilasingle-cell SPN, outcomes of the
analysis are almost identical to those valid for synchronous update. However, results obtained for
the yeast cell-cycle network indicate that the long-term behavior of the network is quite sensitive to
the speci ¢ updating scheme at hand. This latter observation is in line with previous ndings that
the size of the basin of attraction of the xed points varies signi cantly depending on the updating
scheme [353]. | also apply constrained optimization toward given xed points under the various
updating schemes (see Figs. B.16 and B.17), and nd that the same nodes that drive the network to

speci c attractors under synchronous update are able to do so under asynchronous update as well.
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Figure 4.4:In uence maximization in synthetic and real Boolean networks. (a) | identify the
optimal sets of driver nodes by implementing the unconstrained optimization algorithm on random
Boolean networks (RBNs) with variable network sideand xed degreek. The relative size of

the optimal driver set is plotted as a function of the network size. Different curves correspond to
differentk values. Results refer to average values &@RBNSs. (b) Relative size of the optimal
driver sets identi ed by the unconstrained optimization algorithm intha@etworks that are part

of the Cell Collective repository. The relative size of the identi ed driver set is plotted against the
network size of the corresponding network. (c) Cumulative distribution function of the relative size
of the optimal driver sets of the Cell Collective networks shown in panel b. (d) | compare these
predictions with those obtained Borriello and Daniels[355]. | consider networks from the

Cell Collective repository that were analyzed in [355] and have xed point attractors, and plot the
average size of the optimal driver sets predicted by the greedy (constrained) optimization algorithm
vs. the average size of the control kernels (blue circles). A control kernel is an approximation of the
minimal driver set towards a desired attractor [355]. Each point in the plot is a network. Average
values are computed over all the possible xed points of a network. The dashed grey line indicates
an exact match between the two predictions. For the same set of networks, | also show the size of
the minimal optimal driver set (computed using the unconstrained optimization algorithm) vs. the
average size of the control kernels (orange squares).
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4.4 Discussion

In this chapter, | generalize approaches typically considered in the study of spreading processes
to Boolean dynamics. First, | develop an individual-based mean- eld approximation (IBMFA) for
Boolean network dynamics. The approximation neglects dynamical correlation between Boolean
variables, but fully accounts for the topology and the dynamical rules of the network at hand. On
sparse networks, the approximation allows to compute average trajectories in a time that grows
linearly with the system size.

Second, | leverage the IBMFA to measure dynamical in uence of nodes in Boolean networks.
| measure in uence of a set of seed nodes in terms of the entropy associated with long-term con-
gurations that result from perturbing that set of seed nodes. Perturbations consist in pinning the
Boolean state of the seed nodes to a given value during the dynamics of the system. By contrast,
all other nodes have an initial state that is maximally uncertain. High entropy values indicate that
many con gurations are possible; low entropy values indicate that only a few con gurations are
reachable; null entropy indicates that the seed set drives the dynamics toward one con guration
only. | validate the use of this metric of in uence on tdeosophilasingle-cell segment polarity
network (SPN), and use it to reproduce known anti-cancer effects of various drugs in combination
with Alpelisibon the estrogen receptor breast cancer network.

Third, | deploy a greedy selection process to nd minimal driver sets to reach specic at-
tractors in Boolean networks. This method is validated by retrieving true driver sets of known
attractors of tharosophilasingle-cell SPN and the yeast cell-cycle network, as veri ed by brute-
force computation. | then use the method to nd minimal driver sets to control a network toward
an unconstrained attractor in random Boolean networks (RBNs) and biochemical regulation and
signaling networks from the Cell Collective repository. Although there are no guarantees of nd-
ing the largest attractor basin, the attractor found by the unconstrained greedy selection process is
likely to have a large basin of attraction as it requires a minimal number of nodes to be perturbed

and thus can be considered the easiest attractor to reach by random initial conditions and pertur-
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bations. Interestingly, there is no relation between the relative driver set size and the system size,
indicating that control to an unspeci ed attractor (i.e., maximum in uence) depends on the speci c
nature of the network dynamics.

In the Cell Collective repository, | nd that 65% of the networks can be controlled by less than
20% of their nodes, and that 80% can be controlled by less than 30% of their nodes. This is similar
to previous estimates of driver set sizes in the more general problem of full attractor controllability
[245]. However, the full implication of these results requires further analysis. Via unconstrained
optimization, it is likely to nd driver sets toward attractors with a large basin of attraction. There
are networks where attractors with a large basin are regarded as biologically meaningful [155, 399].
However, there might be networks where these special attractors do not necessarily correspond to
the most relevant forms of biological control.

The greedy selection algorithm scales cubically with the system size and exponentially with
the maximum degree of the network, making it applicable to medium-sized networks as long as
they are suf ciently sparse (see Fig. B.18). Other scalable methods exist to identify the nodes that
most in uence nonlinear dynamics [19, 242, 300], but these methods do not tell, in general, how
to control the dynamics toward a speci ¢ attractor. Unlike these logical inference methods, the
IBMFA does not guarantee to nd speci c causal pathways that determine dynamical behavior,
but it does allow to estimate the state of every node in the network by averaging over all possible
con gurations allowed by pinning the seeds. This allows for a detailed description of the network's
state from maximally uncertain initial conditions. This is also an advantage over structure-only
methods which are scalable but may not predict well the dynamics of the network [239].

All methods developed in this chapter can be immediately extended to deal with arbitrary
updating schemes, such as deterministic asynchronous, stochastic asynchronous, and block deter-
ministic updating schemes [353, 401, 402]. While xed points are invariant to the choice of the
updating scheme, the size of the basin of attraction of a xed point is generally affected by the spe-
ci c update order [402, 353]. This fact is apparent from the application of these methods as well.

For example, | nd that unconstrained optimization leads to the identi cation of different xed

113



points for different updating schemes in the yeast cell-cycle network. On the other hand, results
of the methods applied to tldrosophilasingle-cell SPN are almost identical for all the updating
schemes considered. A better understanding of the robustness of minimal driver sets against the
change of updating scheme requires further investigation.

The methods developed in this chapter do suffer from some limitations. The computational
time of the unconstrained optimization algorithm grows cubically with the system size. This is
certainly an improvement over several existing methods, yet it allows for the analysis of relatively
small systems only. Further, constrained optimization requires prior knowledge of the targeted
xed points. Acquiring information on all attractors generally requires a time that grows expo-
nentially with the system size, generating a clear limitation to the applicability of the constrained
optimization method. However, it's useful to note that many biological networks have known at-
tractors related to speci ¢ phenotypes and this method can be applied to these attractors without
having to formulate the entire attractor landscape, which is an advantage over methods that require
this calculation (for examples, see [399, 355]); as with these methods, also, attractors can be found
via sampling for networks that are too large for exhaustive computation. Finally, as it is currently
formulated, the greedy optimization method is useful for the study of xed points only but not for
limit cycles. The method can be generalized to the study of these more complicated attractors,
but only via a non-trivial generalization of the proposed metric of dynamical in uence (which is
maximized by unchanging node states).

In spite of the above limitations, there are some immediate extensions to this work that deserve
future attention. For example, these methods can be easily adapted to networks with more than
two states per node. Also, the de nition of dynamical in uence used here and the algorithm for
the selection of optimal driver sets can be extended to study the effect of short-term perturbations,
e.g., the state of the seeds is only initially set to a given value but can be altered by the dynamics of
the network (equivalent to the pulse perturbation mentioned in Chapter 3). Finally, these methods
may be used in a variety of applications beyond what is seen here to approximate node in uence

in general Boolean networks that are too large to calculate exact solutions.
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CHAPTER 5
COMPARISON OF DYNAMICAL METHODS IN DETERMINING NODE INFLUENCE

The methods presented in Chapters 3 and 4 both estimate the in uence of a node or a set of nodes,
although the approach differs in each case. In Chapter 3, pathway module sets are discovered and
condensed to complex module sets so that the dynamical modularity of the network can be uncov-
ered. In Chapter 4, the individual-based mean- eld approximation (IBMFA) is used to predict node
activation probabilities so that the resulting entropy of the probable network con guration can be
measured; based on this entropy metric, driver node sets are uncovered that can drive the system
to an attractor and thus have maximal in uence on the network. Both approaches are similar in
that they determine the downstream effects of pinning a set of nodes; the former predicts a causal
propagation of the logical effects of the seed set on the network dynamics, while the latter offers
an estimate of in uence assuming that dynamical correlations between variables are neglected.
Due to this similarity, both methods are applicable to the problem of target control. Target control

is the process whereby partial knowledge of a system's state can be used to infer the state of an
uncontrolled, target set of variables, e.g., driving a cancer cell towards an apoptotic state [241,
242].

Several methods analyze the effects that pinning speci c variables to invariant values has on the
rest of the system without having knowledge of the exact con guration that the system is in [216,
245, 242], as was seen in Chapters 3 and 4. The result of this pinning perturbation restricts the area
of the dynamical state space that the network con guration may be in and thus allows inference on
the probable state of the system. The result of pinning a seet! sell affect the state values of
other variables in the system. Depending on the perturbati®n tfe probability of a downstream
nodei being in state °may become xed:P( ; = 9X) = 1; that is, perturbation of the seed
set implies a set of affected nodes which are guaranteed to be in a particular state after a long

enough period of time has passed since the perturbation is applied. This set of controlled nodes
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is called thedomain of in uenceof the seed set [242]. Understanding such a domain of in uence

is thus useful in target control, as the perturbed seed nodes are guaranteed to control their domain
of in uence. Unfortunately, the exact determination of the domain of in uence of a seed set is a
computationally infeasible task because of the exponentially large number of con gurations that a
Boolean network can assume.

Some graph-theoretic approaches are able to estimate a seed set's domain of in uence via log-
ical (i.e., causal) inference, including the logical interaction hypergraph (LIH) [17], the expanded
network [18], and the dynamics canalization map (DCM) [19] (see Section 2.3). These methods
provide static graphs that represent the dynamics of a Boolean network (Fig. 2.2a). To reiterate,
the logical interaction hypergraph represents a Boolean network as a signed directed hypergraph by
adding signs to each interaction and hyperedges to represent AND relationships (Fig. 2.2b). The
expanded network uses composite nodes to represent AND relationships and complementary nodes
to represent variable negation (Fig. 2.2c). Finally, the DCM uses s-units to represent all possible
node states in a Boolean network and thresholds (t-units) to represent AND and OR relationships
present in a node's redescribed look-up-table (Fig. 2.2d).

Logical inferences are made by evaluating the transfer functions that determine a node's state
update, which may be written as a logical mapping between possible input vectors to the node's
output (a look-up table or LUT) or as Boolean expressions (see Fig. 2.1 and 5.1). Any LUT can
be converted to a Boolean expression, and any Boolean expression can be converted to disjunctive
normal form (DNF). In this way, the Boolean expression can be described only by AND, OR, and
NOT operators, and the logical satisfaction of any clause guarantees the entire expression to be true.
Klamt et al.used DNF of Boolean functions to infer propagation of downstream signals based on
the perturbation of certain input nodes [17]. Similayang et al.used DNF of Boolean functions
to infer cascading failures by removing certain nodes in the network [18]. Alternatively, the Quine-
McCluskey Boolean minimization algorithm [215] can be used to reduce a Boolean expression to
its prime implicants [152], which was applied to the process of schemata redescription to remove

redundancy from node transfer functions and infer downstream in uence of controlled nodes [19]
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(see also Chapter 3). This algorithm was also used to reduce transfer functions to DNF in the
expanded network [250, 242].

It is also possible to estimate the domain of in uence without using causal inference methods;
in Chapter 4, | used an individual-based mean- eld approximation (henceforth referred to as the
IBMFA) to estimate node activation probabilities (probability that a node's state is equal to 1) given
pinning perturbation of a seed set. A node's in uence was then calculated as the reduction in en-
tropy of the estimated network con guration based on the node activation probabilities. Although
this is a different de nition of in uence than what is considered here, this method immediately
adapts to the estimation of domains of in uence as well.

Despite the availability of these different methods, it is unclear which is best to calculate in u-
ence in general, or determine domains of in uence in particular. At the same time, there is a large
amount of overlap between methods. All of the graph-theoretic approaches mentioned above, for
example, are exact in their description of the network dynamics; the difference lies only in how
transfer functions are represented. However, the speci ¢ representations of the transfer functions
are important as they determine how much inference can be made in estimating a node’'s domain
of in uence.

The goal of this chapter is to Il these gaps of knowledge. | rst introduce a new type of
graph, called the generalized threshold network (GTN), that can represent the exact dynamics of
a network but is ambivalent towards the representation of the transfer function used; thus, it can
represent a LIH, an expanded network, or a DCM. | show that a simple search algorithm on the
GTN can be used to estimate the domain of in uence of a node; this is similar to the calculation
of the logical domain of in uence on the expanded network [242] and the calculation of pathway
modules on the DCM (see Chapter 3). | then estimate the domain in uence of nodes using the
IBMFA and three different types of GTNs which represent the node transfer functions differently
by using either DNF of node logical expressions, schematic redescription of node LUTs, or node
LUTs without further logical reduction. Finally, | test the performance of the various methods

on the corpus of biological signaling and regulatory networks obtained from the Cell Collective
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repository [22].

| nd that graph representations based on DNF or schematic redescription of transfer functions
perform very similarly to one another and very similarly to the IBMFA method. All three methods
underestimate the true domain of in uence, but still accurately rank seeds in terms of in uence,
outperforming naive methods based on the LUT representation or degree centrality. The IBMFA
performs somewhat better at recall of node states found within the domain of in uence as compared
to the other methods, but performs worse in terms of precision. The computational cost of each
method also varies; the IBMFA takes longer than the other methods to run in low-degree networks
but it runs quicker than the other methods in denser networks. Overall, the preference of which
method to use depends on the connectivity of the network as well as the recall and precision of
results desired.

This chapter is organized as follows: in section 5.1 | present a summary of this work, which is
based on the pap&omparison of Dynamical Methods in Determining Node In ueneollab-
oration with Filippo Radicchi. In section 5.2, | formally de ne the generalized threshold network
(GTN) as a dynamical graph representation with ambivalent representation of the node transfer
functions, and | provide details on the metrics that | use to compare different methods in estimat-
ing node in uence. In section 5.3, | apply this methodology to compare the IBMFA with three
different GTN representations: one based on node look-up tables without reduction, one based on
disjunctive normal form of node logical expressions, and one based on schematic redescription
of node look-up tables. In section 5.4, | offer some conclusions and note some limitations to the

methodology.

5.1 Overview

Understanding the in uence that individual elements have on one another in a complex dynamical
system is essential for the prediction and control of the system's behavior. In particular, some
applications (e.g., target control of variable states) require nding a node's domain of in uence

within a network; that is, the set of variables whose state becomes certain if the node is pinned. As
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determining the exact domain of in uence is generally infeasible, some methods offer approxima-
tions by relying on graphical representations that incorporate the network dynamics. However, it is
unclear which dynamical graph representation is best to make ef cient inferences on the network
dynamics, or how these methods compare to approaches that don't rely on such representations.
Here, | introduce the generalized threshold network (GTN) to generalize dynamical graph repre-
sentations seen in the literature. The GTN is de ned such that dynamics on it are exact; however,
it is ambivalent towards the representation of the transfer functions that update each node's state.
| consider three different representations of transfer functions: those based on disjunctive normal
form of node logical expressions (DNF), those based on schematic redescription of node look-up
tables (SR), and those based naively on node look-up tables without further logical inference being
made (LUT). Furthermore, | consider an individual-based mean- eld approximation on the origi-
nal graph (IBMFA). | compare each method based on its ability to predict the domain of in uence

of node sets on a large collection of real-world biological networks. | nd that the performance

of the DNF, SR, and IBMFA methods is very similar; the IBMFA performs somewhat better at
recall of nodes in the domain of in uence but worse at precision. All three methods underestimate
the true domain of in uence, but all perform better than the naive LUT method. Computation-
ally speaking, the DNF and SR methods are faster than the IBMFA in low-degree networks, but
are slower in denser networks. The preference of which method to use, therefore, depends on a

network’s connectivity and the relative importance of the recall or precision of node states.

5.2 Methods

Here | consider biological signaling and regulatory networks from the Cell Collective repository
[22]. Biological networks are a useful case study to understand node in uence and target control
in general, nonlinear systems as nodes generally have reversible states and transfer functions are
heterogeneous, making analytical approaches dif cult. Each network considered is a Boolean net-
work, as described in section 1.2.3. As a reminder, each node transfer function can be described

either as a deterministic map betweZnpossible combinations df inputs and a single output
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state, or as a logical expression; for examples ; _  to specify a logical OR dependency of
nodei on inputsj andk. Here | again consider synchronous update, where all nodes simultane-
ously update their state at each time dtep

As seen in Chapter 4, a Boolean network may be perturbed by pinning the nodes in a seed

(15 7) 2 X andforallt 0. Again, to avoid contradictior{j; /) 2 X impliesthat(i; 1 ) 2X.

By contrast, the unperturbed nodes are allowed to change state over time.

5.2.1 Domain of In uence

If a con guration is sampled at random from the dynamical state space of a Boolean n&work

at timet given an initial condition-(t = 0), each node has probabilityP ( i(t) = 1) of being

in state ; = 1 at timet; this is called its activation probability (see Chapter 4). As an unbiased
estimate, and assuming no knowledge of the network con guration, here | assume each node is
initialized with maximally uncertain probabiliti?( i(t = 0) = 1) = 0 :5if i 2 X. For seeds

i 2 X,insteadP( i(t) =1) =" ;fort 0. This assumption leaves a total #f */ possible

initial con gurations, each having the same probability to occur due to the imposed condition on
the initial state of thé&l jX] nodes that are outside the seed set. After a transient time period, the
dynamics started from each of these con gurations settles down into an attractor (a xed point or
limit cycle). As a result, the long-term activation probability of nadee.,limy; P( i(t) =1),
converges to a xed value or oscillates, depending on the nature of the attractors being averaged
over.

For small enough networks (sidé  10), | calculate the true activation probabilities by brute-
force evaluation of alR = 2N Xi possible initial con gurations; otherwise, | samgRe= 100
randomly chosen initial con gurations to obtain an estimate of the ground-truth activation proba-
bilities. The average state value of a nodd timet based on th& sampled initial con gurations
is
* 0w (5.1)

i ; :

r=1

Si(t) = %
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where i(r)(t) is the state of nodein ther-th sampled con guration at time

Given perturbation of the seed 3€t the states of other variables in the network may eventually
become certain, i.eR( i(t) =1)=0;1forallt T, meaning that the target variable is in the
same state in every possible network con guration. These nodes with deterministic long-term

behavior compose the domain of in uenceXf i.e.,

D(X)=f(i; 7(T)ji2B " 5(T)=0;1g; (5.2)

whereT is a prede ned number of iterations after which the network dynamics is not expected to
change, and that can therefore be considered as representative of the long-term dynamics of the
network. As in Chapter 4, | use = 10 to estimate the long-term states of the nodes. Note that the
setD automatically includes all elements of the seed¥sét

Determining the true domain of in uence of a seedXeis generally infeasible, as the task re-
quires to test if nodes reach long-term invariant states for all pos®idfé initial con gurations.
There are, however, several approaches that can be used to approximate the ground-truth solution
in a computationally feasible manner. For example, the domain of in uence can be estimated by
calculating the logical steady states of a network [17, 216], calculating the logical domain of in u-
ence ofX [242], or by calculating the pathway module St (see Chapter 3). All three of these
approaches can be generalized as speci ¢ cases of nding in uence sets on generalized threshold
networks (discussed in Section 5.2.3). Additionally, the mean- eld approximation from Chapter 4

can be used to estimate the domain of in uence as well (discussed below).

5.2.2 The Individual-Based Mean-Field Approximation

Although calculating the true node activation probabilities requires enumerating over all network

con gurations, they can be estimated using the individual-based mean- eld approximation (IBMFA)

1This de nition of the domain of in uence differs slightly from [242] in two respects; rst, | includeas a subset
of D, whereas they do not (unless the seed nodes can be sustained without pinned intervention); second, they de ne
D as those nodes whose long-term state value is stabilized under any updating scheme, whereas here | consider only
synchronous update.
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from Chapter 4, whersg;(t) is the activation probability of nodeat timet under the IBMFA.
Again, | assume each node is initialized with probab#itft = 0) = 0 :5if i 2 X andsj(t 0)=
Aiif i 2 X . Then, the activation probability of node2 X is computed at subsequent time steps
t > 0based on the activation probabilitiesitsf neighbors according to Eq. 4.2.

| use the IBMFA to estimate the domain of in uence of the seed)Xsdiy extracting those

nodes with certain probabilities at tinfe similarly to Eq. 5.2:

Diemra (X) = f(i;si(T))ji 2 B " si(T) =0;19g: (5.3)

To be consistent with the calculation of the ground-truth domain of in uence, Tus€.0.

5.2.3 Generalized Threshold Networks

| introduce the generalized threshold network (GTN) as a generalization of the LIH, the expanded
network, and the DCM. The GTN is a thresholded network that represents the entire dynamics of
a discrete dynamical systebn that takes place on a grajgh (e.g., a Boolean network or other
discrete dynamic network model). As with the aforementioned graphs, the GTN is also dynami-
cally and logically complete in that every possible dynamical interaction is represented and state
transitions are unambiguous.

The GTN of a networkB with N nodes is de ned as the tup(&; E; T), whereS is a set of
state nodedk: a set of directed edges, aiida set of threshold nodes. A state node represents a
speci c state of a variable; the state node with labe] indicates the state, of nodei 2 B (e.g.,
i-1 andi-0). All possible states of all nodes B are included in its GTN; in the Boolean case,
jSj = 2N. The set of state nodes is thus functionally equivalent to the set of original and comple-
mentary nodes in the expanded network or to the set of s-units in the DCM. State nodes interact
via threshold nodes; these threshold nodes determine the logic that allows for state transitions. For
example, a composite node in the expanded network representing an AND relationship between

k inputs is equivalent to a threshold node with threshold k. Threshold nodes are similar to
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t-units in the DCM. Unlike the DCM, however, the GTN does not have hyperedges; instead per-
mutation redundancy is represented by an additional threshold node (similar to the intermediate
representation of canalyzing maps in [19] before the inclusion of hyperedges). Furthermore, mul-
tiple threshold nodes can be connected to one another, offering full exibility in the representation
of the transfer function (see Fig. 5.1f for an example).

One major limitation with using the LIH or the expanded network is that these network con-
structions rely on a simpli ed representation of the transfer functions, such as DNF of the logical
expression dictating a node's update. However, for large Boolean expressions, determining DNF of
the expression is infeasible and does not lead to a concise description; additionally, not all networks
have their update functions in logical rule format, requiring the logical rules to rst be determined
from the node LUTs. The DCM, by contrast, is constructed from the node LUTSs via redescribed
transfer functions that are in general more concise; however, the process of redescription is also
NP-hard and impossible to do for expressions with a large number of inputs. Thus it's unclear how
to best represent transfer functions in the optimal way that is both concise and computationally
ef cient.

The GTN has several advantages compared to these individual methods. First, it offers a gener-
alization of the expanded network and the DCM where transfer functions are not restricted in their
construction. Second, it allows a shared description for different types of dynamical networks, so
that expanded networks and DCMs can be compared directly. Third, it can naturally accommodate
variables with any discrete number of values, not just two as in the case of Boolean networks; fur-
ther, not all variables need to have the same number of states. Finally, it allows for the exploration

of studies on which transfer function representations are most useful in different types of networks.

Transfer Function Representations

The exact structure of the GTN depends on how transfer functions are represented. More precisely,
the set of state nodes is always the same; however, the set of edges and the set of threshold nodes

may change depending on the speci c choice for the representation of the transfer functions. There
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Figure 5.1:Different representations of a transfer function on the generalized threshold net-

work. The same transfer function is shown in panels a, ¢c and e, along with a different generalized
threshold network (GTN) representation in panels b, d, and f. Here | display onN thedes

andE edges of the GTN that concern the activation of ndg®r compactness, nodes and edges
concerning statd-0 are ignored. (a) A Boolean network composed of four nodes. Thedhbds

three inputsa, bandc; the transfer function governing its update is shown as a logical expression
and converted to disjunctive normal form. (b) The corresponding GTN representation of panel a
denotes this relationship usiig = 6 total nodes an& = 6 total edges. (c) The transfer function

of d is shown as a look-up table. (d) The corresponding GTN representation denotes this relation-
ship usingN = 9 total nodes andt = 12 total edges. (e) The transfer functiondfs shown as

the two-symbol schemata redescription of the look-up table in panel c. The wildcard symbol (#)
indicates a node that can have either state value, while the position-free synteh¢tes that

the two indicated state values can switch; that is either b may be active to ensure that node

d is in the active state, while the state of the other input does not matter. (f) The corresponding
GTN representation denotes this relationship udihg= 6 total nodes and& = 5 total edges.

The GTN based on schematic redescription is the most concise representation shown. In the GTN
representations, state nodes representing the active statel | of variablei are shown in black,

state nodes representing the inactive state=(0) of variablei are shown in white, and threshold
nodes are shown in grey.
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are many such possible representations, and | do not attempt to enumerate them all here. However,
| consider a representation based on disjunctive normal form (DNF) of node update expressions as
this is used in studies of the LIH and the expanded network [17, 216, 250, 242]. | also consider a
representation based on schematic redescription (SR) of the node LUTs as this is used in studies
of the DCM [19] (see Chapter 3). Finally, | consider a naive representation that relies only on the
LUT of each node without any additional logical reduction.

To construct a GTN from DNF, | rst nd the DNF of the logical update expression of each
nodei in the networkB, and also the DNF of the negation of the logical update expression of
Each network in the Cell Collective already has these update expressions available. For a given
DNF expression of variablie each disjunctive clause is separated; the state node for every literal
(input) k in that clauseK-0 if :  andk-1 otherwise) is connected to a threshold npdehose
threshold is equal to the number of literals in the clause. The threshold nedeen connected to
state node-1 if the logical expression implies = 1 and to state nodeO if the logical expression
implies ; = 0. For example, in Fig. 5.1a, the logical expression dictating the state ofdhisle
in disjunctive normal form, 4 = ( 2™ ¢) _ ( b™ ¢). There are two separate clauses in this
expression, and each one is represented in the GTN using a threshold node. Each clause has two
literals and thus each associated threshold node has threshold eggigo5.1b).

To construct a GTN from SR form, | rst nd the two-symbol schematic redescription of each
node's LUT and construct the DCM [19, 299]. All s-units are kept as state nodes, and all t-units
are kept as threshold nodes. Then | add additional threshold nodes wherever multiple edges are
fused together to remove all hyperedges in the network. Thus, the GTN transfer functions become
equivalent to the intermediate threshold network representation of the canalyzing maps mentioned
in [19] 2. Note that some transfer functions will be represented by multiple threshold nodes; how-
ever, as all threshold nodes are immediately evaluated by the BFS algorithm (see below), the
number of threshold nodes between any two state niodedj does not impede inference of the

latter's state. In Fig. 5.1e, the redescribed LUT shows that eélogrb can be active ( = 1 or

2This means that the set of threshold nodes in a GTN constructed from a SR representation of the transfer functions
is at least as large as the set of t-units in the corresponding D@ 0é.,jTj j |.
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b = 1) while the state of the other does not matter; in additmmust also be active { = 1)
in order ford to be active (4 = 1). The corresponding GTN representation in Fig. 5.1f has two
threshold nodes: the rst indicates that eitlaet or b-1 must be present, and the second indicates
that the rst threshold must be met aod must be present to readhl.
Finally, to construct a GTN from LUT form, | rst nd the LUT mapping of each node's

transfer function. Then | split the LUT of nodento all rows with output ; = 1 and all rows

with output ; = 0. Next, | create a single Boolean expression for the rows with outpat 1,
using OR operators between each row:= f, _f, _:::_ f, fory rows with output ; = 1,
and AND operators between each inpuin each rowf = x; ™ X, ::: ™ X¢. | do the same

for the2¢ y rows with output ; = O to create an expression for ;. Thus, both expressions
are automatically in DNF and can be converted into the GTN representation in the same way as
the DNF method mentioned above. In Fig. 5.1c, the LUT of ndd®s three rows that result
in state 4 = 1, and each row has three inputs. This can be converted to the logical expression

da=0: a™ ™ J_(a” ™ o_(a™ p™ o), whichisautomatically in DNF. As there
are three separate clauses, the corresponding GTN representation has three threshold nodes; each
clause has three literals and so each threshold node has threshold e{fagtdb.1d).

This naive LUT representation provides upper bounds on the number of nodes and edges

needed in a GTN to represent the dynamical system of a Boolean neBmaith N nodes. The
number of state nodes for a Boolean network is alwalys while the number of threshold nodes

M and edge& depends on the number of LUT entries as

M = 2ki (5.4)

E=  (k+1)24; (5.5)

i=1
wherek; is the degree of node2 B. Eq. 5.5 can be understood by noting that there2bre

rows in the LUT for each node each row requirek; edges from the inputs of nod¢o a threshold
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nodej, plus an additional edge fropnto i. Note that there is an exponential dependence on the
node degree for the size of the GTN; however, the GTN representation can be much more concise
by using the DNF or SR forms (see Fig. C.1).

A primary advantage of the GTN is its exibility in representing node transfer functions. Other
possibilities than the forms mentioned above are possible. For example, consider a linear threshold
model with threshold 1, for nodes with large degrde it will quickly become impossible
to calculate the DNF of the node update expressions or the schematic redescription based on the
node LUTs. However, the transfer function for each nodan be represented simply by creating
ki edges from's inputs to a threshold nodewith = k and then one additional edge frgm
to i (the complementary state will have a threshold node with k(1  )). Thus, the easiest
solution is to create the GTN directly from the mathematical expression (note that the furj‘ction
cannot even be ef ciently described by DNF). As any deterministic discrete dynamical system can
be represented by LUT maps describing each variable's update, the GTN provides a consistent
way to represent dynamics across any graph dynamical system, regardless of the form of the node
transfer functions. Such systems include Boolean biological networks, epidemic spreading and
information diffusion processes in social contact graphs, and game-theoretic strategy adoption in

networks of interconnected agents, among others.

In uence Sets

A path on a GTN represents the (partial) dynamics of the system; for example, the dynamical
trajectory of a logical signal, perturbation effects, or a spreading process. The path is initiated from
the state nodes representing the seeXsgte.,i-\ for all (i; ) 2 X ). The path then follows the
directed edges out from the seed nodes. If enough variable states are known to trigger a threshold
(and thus determine a transfer function's output), then the path will include that threshold node
and any neighboring state nodes. The state nodes along the path represent variables whose state
has been determined by the seed set; the path continues until no more such determinations can

be made. This path is called tireuence pathof X and it depends on how the GTN's structure
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encodes the system's dynamics, as well as the type of perturbation applied and the update schedule.
Here | assume pinning perturbation and synchronous update. The assatiaede setis the

set of all state nodes along the in uence pattXagffurthermore, it is an estimate of the domain of

in uence of X.

Note that pathway modules on the DCM (see Chapter 3) are a special case of in uence paths
on a GTN, while pathway module sets on the DCM and the logical domain of in uence on the
expanded network are both special cases of in uence sets on a GTN. An in uence path on a GTN
can be discovered via a breadth- rst search (BFS), similarly to how the logical domain of in uence
is determined [242] or how pathway modules are calculated in Chapter 3. As in these cases,
contradictions are simply ignored by the search algorithm. Also, as in Chapter 3 (but different
from the previous approach ¥hng et al[242]) | include the state nodes representing the seed set
X in the in uence path and the resulting in uence set.

Speci cally, | use the same search algorithm from Chapter 3; in summary, | indicaté thieh
stage of the algorithm (representing one time step of the network dynamics)Qwitie queue
of staget, and withS the set of already visited nodes in the GTN. Then | follow these steps, for

pinning perturbation:
1. Sett =0, Q= = fi-%Nj(i; ) 2 Xg, andS = ;
2. Create an empty queue for the next stage of the algorithm, = ;

3. While Q; is not empty, pop one noddrom the queu&); and add it tdS. For each neighbor
j ofi,ifj 2 S:

Addj to Qq if j is a threshold node and its threshold is met by state nodes currently in

S

Add | to Qi+ If | is a state node that does not contradict any state nodes alre&dy in

4. If Q41 IS notempty increase! t+1, and go back to point 2. Otherwise, halt and ret@rn
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The necessity of having two queu®s andQq.; is so that state nodes are updated in discrete
iterations (i.e., BFS levels), just as they are with synchronous update. Threshold nodes, by contrast,
are dealt with immediately so that transfer functions can be evaluated properly before the next
iteration. The in uence set X is easily derived by simply removing all threshold nodes fidm

Note that although different GTN representations all give a complete mapping of the network’s
dynamics, they give different estimates in general for the in uence set of a se¥d Bet example,
in Fig. 5.1, the in uence set of the seed 3et= f(a; o =1);(c; . =1)gisfa-1,c-1,d-1gfor
the DNF or SR representations but ohbt1, c-1g for the LUT representation. This is because no
logical reduction is done on the node LUTSs in this representation, and so inference on the state of
d requires knowledge of all three inputs, rather than only two. As such, performance of the LUT
method should be a lower-bound for the performance of other representations, such as DNF or
SR. Furthermore, although the DNF and SR representations predict the same in uence sets in this
example, note that the SR representation is slightly more concise.

Given a GTN representation Z of a Boolean network, with Z = SR, DNF or LUT, | estimate
the domain of in uencéz(X) of an arbitrary seed set from the in uence set obtained by the
BFS algorithm starting from the state nodes represetinghe domain of in uence is simply the

nodes, and their corresponding states, represented by the state nSdes.in

D,(X)= f(i; 1)ji2B"i-;2Sg: (5.6)

5.2.4 Metrics of Performance

Given a Boolean network and a seed Xetl obtain various approximations of the domain of
in uence, namelyD gyra (X ), Dpne(X), Dut(X), andDgsr(X) using Egs. 5.3 and 5.6. Also,

| estimate the ground-truth domain of in uen&gX) via Eqs. 5.1 and 5.2. For compactness of
notation, | remove the explicit dependenceXono write Dz to denote the generic approximate set
Dz(X) andD to denote the ground-truth se{X).

For each method, | compare the approximate solufigragainst the ground-truth in terms

129



of four metrics: size, similarity, recall, and precision. Size refers simply to the size of the set,
jDzj or jDj. Similarity is measured as the Jaccard index of the approximation Z with the ground
truth,Jp.p, = (D\D 2)=D [D z). This same metric of similarity is also used in comparisons
between pairs of approximations, i.8p,.p, = (Dy\D z)=(Dy[D z) to compare approximations
Y andZ. Recall and precision are calculated by compaiiigto the ground-truth labdD as in
a supervised learning problem. As such, | de ne the number of true positives asjiTf, ;) 2
Dz” (i; i) 2 Dgj, the number of false positives as ERf (i; i) 2 Dz” (i; ) ZDgj, the number
of true negatives as TN jf (i; ;) 2Dz " (i; ;) 2 Dgj, and the number of false negatives as
FN=jf(i; i) Z2Dz”" (i; i) 2 Dgj. Then recall is simply the ratio HPTP+ FN), and precision
is the ratio TR(TP+ FP).

| also evaluate a method Z by calculating the rank-order of seed sets of a givgX jstzsed
on the size of their domain of in uence as estimated byXz(X)j, and comparing this to the
rank-order of seed sets based on the ground-truth size of their domain of in yBr{¢€);j, using
Spearman's rank correlation coef cient. Finally, as a naive comparison, | also evaluate the rank-
order of seed sets based on the degree centrality of the original structural graph of the Boolean
network. Degree centrality is calculated based on the out-degree of nodes, such that seed sets are
ranked in descending order of out-degree. The out-degree of a seed set wji sizé is simply
the out-degree of the node in the seed set; for seed sets gKs$ize 1, out-degree is calculated as
the sum of the out-degrees of each individual seed.

All code developed for this chapter, and the paper it is based on, is publicly available at

https://github.com/tjparmer/node_influence

5.3 Results

In order to test which methods best elucidate in uence in biological signaling and regulatory net-
works, | create generalized threshold network (GTN) representations of networks from the Cell
Collective repository [22]. These GTNs are thresholded graphs that capture the entire dynamical

landscape of a Boolean network by utilizing separate nodes for each state (1 or 0) of a variable
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(called state nodes) and encoding each node's transfer function into a structural representation, so
that a state node is connected to its inputs via edges that run through threshold nodes; these thresh-
old nodes dictate the logic of node update such that a path on the network can only pass through
one of these nodes if its threshold is met (see Section 5.2.3). These graphs are used to compare
different structural representations of the node transfer functions for the purpose of estimating a
seed set's domain of in uence.

Three different types of GTNs are created for each Boolean network, where transfer functions
are represented structurally by using either existing logical expressions converted to disjunctive
normal form (DNF), schematic redescription (SR), or logical expressions created directly from the
node look-up tables (LUT). Although the set of state nodes is the same in each GTN representation,
the number of edges and threshold nodes differs. The LUT representations are the most complex,
while the SR representations are the simplest in terms of total number of edges and nodes; for
networks in the Cell Collective, these differences in complexity may vary by orders of magnitude
(see Fig. C.1).

| then determine approximate and ground-truth domains of in uence for seed sets in the Cell
Collective. For each network | consider seed sets of g{ge  3; | include all possible seed
sets of sizgXj = 1 (in a Boolean network witiN nodes, there ar@N such sets), whereas |
randomly samplél; 000 seeds sets of sizXj = 2 andjX| = 3 (if there are fewer than; 000
possibilities, then | choose every possible seed set). Here, as in Chapters 3 and 4, | only consider
pinning perturbation of the seed sets.

| generate in uence sets for every seed set for each GTN representation (DNF, SR, and LUT);
these in uence sets include all state nodes that are reached by the BFS algorithm starting from
the state nodes representing the given seed set. | estimate the domain of in uence on GTNs from
these in uence sets via Eq. 5.6 to obtdyt(X), Dpne(X), andDsg(X) for each seed sef.
Similarly, 1 estimate the domain of in uence for each seed set on each network via the individual-
based mean- eld approximation (IBMFA) by using Eg. 5.3 to obfajgura (X); in this case, the

estimated domain of in uence includes all nodes which have activation proba®{|ity = O or
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si(T) = 1 (representing a known node state) affex 10 iterations of the dynamics.

| also calculate the ground-truth domain of in uence by using Eq. 5.2 to oli24) for
each seed set. This ground-truth is exact (via brute-force computation) for networks with0
variables or fewer; otherwise, | estimate the domain of in uence by randomly sanfRlmg.00
initial con gurations in which each variableis set to its pinned stat& for each tupldi; 1) 2 X
and each variable that is not a seed is set to state 0 or ; = 1 with equal probability. The
ground-truth domain of in uence then includes all nodes which have average state M@je 0
or —i(T) =1 (representing a known node state) affer 10 iterations of the dynamics.

Finally, | compare the approximate and ground-truth domains of in uence of each seed set
X (see Fig. 5.2). All methods underestimate the true size of the domain of in uence (Fig. 5.2a).
The LUT method performs the worst, while the DNF and SR methods are nearly identical. The
IBMFA performs slightly better than the other approximate methods. These results hold for Jaccard
similarity and recall as well (Fig. 5.2b-c): the IBMFA performs the best, while DNF and SR are
nearly identical, and LUT is much worse than the others. For precision, by contrast, all GTN-based
methods perform very well and only the IBMFA method makes some small mistakes (Fig. 5.2d).

The poor performance of the LUT method is expected, as this method naively creates a GTN
representation from the node look-up tables without any logical reduction taking place (as hap-
pens instead with the DNF or SR methods). The similarity between the DNF and SR methods is
interesting; the two-symbol redescription of the SR method generally reduces transfer functions
further than the DNF method is able to. However, it appears that this does not have a large impact
on the results. Thus, for many networks, it appears that the DNF description is suf cient for good
inference of in uence sets. Furthermore, it is noteworthy that the IBMFA performs better than the
GTN methods on all measures other than precision, even though it approximates node activation
probabilities and does not make exact, causal inferences, as the GTN methods do. However, the
IBMFA does not have perfect precision, unlike the GTN methods, meaning that sometimes bad
inferences are made (i.e., a node is assumed to always be in;g¢@}Yecross con gurations when

sometimes itis in a different state). There is therefore a tradeoff between recall and precision when
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Figure 5.2:Ground-truth vs. approximate domains of in uence in real-world networks. (a)
Average size of the domain of in uence for networks in the Cell Collective. Results are shown
for the ground-truth domain of in uence (GT) as well as approximate domains of in uence as
estimated by the individual-based mean- eld approximation (IBMFA) and three different GTN
representations whose transfer functions are de ned by the node look-up tables (LUT), by disjunc-
tive normal form (DNF) of logical expressions, and by schematic redescription (SR). Results are
averaged over all seed sets of a given size and across all networks. (b) Same as panel a, but for the
average value of the similarity (i.e., Jaccard index) between approximations of the domain of in-
uence and the ground-truth domain of in uence. (c) Same as in panel a, but for the average recall
of approximate domains of in uence as compared to the ground-truth. (d) Same as in panel a, but
for the average precision of approximate domains of in uence as compared to the ground-truth.
Across measures, DNF, SR, and IBMFA perform similarly. IBMFA does somewhat better at size,
similarity, and recall but somewhat worse at precision.

choosing methods: DNF and SR methods have better precision but worse recall, on average, than
the IBMFA.
To further elucidate the differences between methods, | measure the similarity between the

domains of in uence predicted by the various approximations and the ground-truth. As Fig. 5.3

shows, the predictions of the DNF and SR methods are indeed nearly identical. By contrast,

133



Figure 5.3:Comparison between approximate domains of in uence in real-world networks.

(a) Average similarity between domains of in uence for networks in the Cell Collective. Results
are shown for the ground-truth domain of in uence (GT) as well as approximate domains of in-
uence as estimated by the individual-based mean- eld approximation (IBMFA) and three differ-
ent GTN representations whose transfer functions are de ned by the node look-up tables (LUT),
by disjunctive normal form (DNF) of logical expressions, and by schematic redescription (SR).
Similarity is calculated as the average Jaccard index between approximate domains of in uence
obtained by the various methods. Results are averaged over all seed sets and across all networks.
(b) Same as panel a, but results are calculated only for seed sets bf @y&ame as panel a, but
results are calculated only for seed sets of &z¢d) Same as panel a, but results are calculated
only for seed sets of siZ&

there are some small differences with the IBMFA; the DNF and SR methods are 91% similar
to the IBMFA overall, with this similarity increasing with the seed set size (see also Fig. C.2).
By contrast, the LUT method makes predictions that are quite different from those of the other
methods. The DNF and SR methods are 68% similar and the IBMFA is 71% similar to the ground-
truth estimate overall, with this similarity also increasing with the seed set size. As a comparison,
the LUT method is only 41% similar to the ground-truth estimate overall.

| also compare methods to the ground-truth by ranking seed sets by the size of their domain of
in uence. A good approximation of the domain of in uence should give a reliable ranking of which

seed sets are the most in uential within the network dynamics; furthermore, this has immediate
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applications to maximizing in uence and control in a network, a problem that was discussed in
Chapter 4. As such, | compare rank-order of all seed sets of a given size, based on the size of their
predicted domain of in uencg z(X)j, to the ground-truth ranking. | nd the average Spearman's

rank correlation coef cient across networks for each method, where 1 equates to a perfect
ranking of the seed sets as compared to the ground-truth. As a baseline measure, | further compare
rank-order of seed sets based on their degree centrality to the ground-truth; this is calculated by
simply summing over the out-degree of each seed node in the original Boolean network. Note that,
by this de nition, different seeds representing the same variable (I;&y, = 0) and(i; ~ = 1))

will have the same out-degree, and thus this ranking of seed sets cannot differentiate between these
different states.

Results con rm what was previously seen (Fig. 5.4). The DNF, SR, and IBMFA methods are
nearly identical, and they all perform well in ranking the seed sets. The LUT method performs
worse, but is still better than the seed ranking based only on degree centrality. It is interesting to
note that, although the DNF, SR, and IBMFA methods made mistakes in terms of size, similarity,
and recall, they have nearly 70% correlation with the correct ranking of seed sets for seed set
sizel and nearly 80% for seed set si2e This suggests than any of these methods can perform
quite well if the goal is to determine the seed sets that have the greatest in uence on the network.
Even the naive LUT method still has over 30% correlation with the correct ranking of seed sets
and performs better than the seed ranking based only on degree centrality, suggesting that it is a
preferable alternative to consider for networks where calculating the DNF or SR representations is
too expensive.

| further analyze the dependence of these results on the network size in Fig. C.3. Interestingly,
the size of the ground-truth domain of in uence of a seed set increases with the network size
N, regardless of the size of the seed set (Pearson's correlation coefrcrer@:46 for seed set
sizes equal t@). This is predicted by the DNF, SR, and IBMFA methods, but not by the LUT
method which shows no positive correlation with network size. This suggests that the LUT method

performs worse aBl increases, which is shown also by decreased similarity and recall scores in
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Figure 5.4:Seed set rankings based on the domain of in uence in real-world networkd.mea-

sure the Spearman's correlation coef cient between the size of the domains of in uence predicted
by the various approximate methods and the size of the ground-truth domains of in uence for net-
works in the Cell Collective. Results are shown for the ground-truth domain of in uence (GT) as
well as approximate domains of in uence as estimated by the individual-based mean- eld approx-
imation (IBMFA) and three different GTN representations whose transfer functions are de ned by
the node look-up tables (LUT), by disjunctive normal form (DNF) of logical expressions, and by
schematic redescription (SR). Results are calculated per network for a given seed set size and then
averaged across all networks. As a term of comparison, rankings based on degree centrality (by
summing the out-degree of seed nodes in the original structural graph) are also considered (SG);
note that in this case, seed nodes of different states will have the same rank-order. Dynamical
methods except for LUT perform similarly; however, LUT still performs better than predicting
seed set rankings based on degree centrality.

larger networks. However, the performance of the DNF, SR, and IBMFA methods, as measured by
similarity and recall, also decreases as network size increases.

Note that there is an important limitation to the ground-truth estimate of the domain of in uence
in that the percentage of the dynamical state space sampl&d=by 00 random con gurations
becomes vanishingly small as the siteof the network increases (see Fig. C.4). Under-sampling
of the state space can cause the ground-truth predictions to overestimate the size of the domain
of in uence by predicting false positives, and this could be an alternate explanation as to why the

performance of the DNF, SR, and IBMFA methods appears to decrease as network size increases.
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It is important, therefore, to verify that the estimated domain of in uence accurately re ects the
true dynamics of the various networks under study. Toward this end, | select six networks from the
Cell Collective that have sizeO N 14 | calculate the true domain of in uence for seed sets

on these networks via brute-force enumeration of all possible con gurations. | then compare the
estimated ground-truth domain of in uen@k, based on sampling a fractigof the state space to

the true domain of in uenc®. This is done by randomly samplify= p2V initial con gurations.

| test ve values:p = 0:01; 0:1G; 0:25; 0:50; and0:75.

As the results of Fig. C.5 show, the accuracy of the estirbgtdepends on the metric being
used and the value. In this problem, there are no false negatives; therefore, similarity is equal to
precision and recall is always 100%. As such, | show only size and similarity in the gure. For size
and similarity/precision, alp values perform very similarly except fgr= 0:01 which performs
worse than the other values. The value 0:1 also deviates from the true value, although this
deviation is small and decreases as seed set size is increased. By contrast, the depiatidrOaf
increases as the seed set size increases. However, even in this case, the similarity/precision is high
at about 90% for seed sets of s&keNevertheless, | nd that small samples do indeed overestimate
the size of the domain of in uence and have lower precision (i.e., they have more false positives).
This suggests that the results for the ground-truth estimates in Fig. 5.2 may similarly overestimate
the size ofD and the number of true positives, and this may contribute to the decreased scores of
the DNF, SR, and IBMFA methods in terms of size, similarity, and recall.

Lastly, | compare the computational time required by the various methods to generate approx-
imations of the domain of in uence (see Fig. 5.5). Times are calculated per network over all seed
sets of a given siz& For the GTN-based methods, the time necessary to create the GTN is added
into the calculation and similarly averaged over the number of seed sets. Depending on the density
of the original network, and the representation of the transfer functions, it may take a long time
to create a GTN; however, the advantage to using such a graph dynamical approach is that this

operation only has to be performed once. Afterwards, any domain of in uence can be approxi-

3Computations were performed using an Intel Core i5 3.2 GHz processor.
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mated via the BFS algorithm in a time that grows linearly with the number of edges of the GTN.
| further note that the number of edges of the GTN may be exponential in the node degree; thus,
GTN creation has a much better runtime in sparse graphs than in dense ones. This variable runtime
was especially noticeable for SR graph representations (see Fig. 5.5a-b). In networks with low de-
gree, like thedrosophilasingle-cell segment polarity network [20], the average time per seed set to
approximate the domain of in uence is lower than other methods considered; however in networks
with high degree, like the EGFR & ErbB signaling network [407], the average runtime is much
higher for the SR method than for the other methods.

When considering all networks in the Cell Collective, the time to calculate domains of in uence
is comparable for the IBMFA and for the ground-truth; moreover, there is a clear dependence
on the size of the networkl (see Fig. 5.5c). This time is on average greater than the time
to nd domains of in uence using the DNF or LUT methods on a GTN, while the time to nd
domains of in uence using the SR method is more variable and is sometimes much greater than
the IBMFA or the ground-truth. None of the GTN-based methods are characterized by a clear
relationship between computational time and network size. If considering the total LUT size for
each node in the network, however, a clearer relationship is seen, as running times of GTN-based

approximations tend to increase exponentially based on total LUT size (Fig. 5.5d).

5.4 Discussion

In this chapter, | present results of a systematic analysis that compares the performance of different
types of approximate methods in estimating the in uence of seed nodes in Boolean networks.
| focus speci cally on a corpus of 74 real-world biological networks from the Cell Collective
repository [22]. As in Chapters 3 and 4, seeds are nodes in the network whose dynamical state is
pinned. Here, however, | focus on the problem of determining the domain of in uence of a seed
set; that is, the set of nodes whose long-term dynamical state becomes deterministic following a
perturbation that pins the state of the seed nodes.

Calculating the domain of in uencB (X) is useful for target control problems where the goal
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Figure 5.5: Computational time for the estimation of the domain of in uence in real net-

works. (a) Average time required to estimate domains of in uence inRnasophilasingle-cell
segment polarity network (siZ¢ = 17) [20]. Results are shown for the ground-truth domain of

in uence (GT) as well as approximate domains of in uence as estimated by the individual-based
mean- eld approximation (IBMFA) and three different GTN representations whose transfer func-
tions are de ned by the node look-up tables (LUT), by disjunctive normal form (DNF) of logical
expressions, and by schematic redescription (SR). Results are averaged over all seed sets of a given
size. The maximum degree of this networkijsx = 4. In this network, GTN methods perform
much quicker than the IBMFA or the ground-truth. (b) Same as panel a, but for the EGFR & ErbB
Signaling network I = 104) [407]. The maximum degree of this networkkig.x = 14. In this
network runtimes are similar except for the SR method, which takes much longer than the others.
(c) Average time required to estimate domains of in uence for networks in the Cell Collective.
Results are averaged over all seed sets ofkiEach point in the plot is a network; time is plotted

as a function of the network si2¢. (d) Same as in palgel c, but time is plotted as a function of the
total size of all node look-up tables in the network, i.e.)., 2¢.
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is to nd driver nodes to force the expression of a speci ¢ subset of variables in the network to
desired states (for example, ensuring that the node Apoptosis is agliygesis = 1, in a cancer

cell model). The domain of in uence is also useful for other control problems; for example, if
ID(X)j = N, then it is clear that the seed sétis capable of driving the network to a xed
point attractor (see Chapter 3). Similarly, knowledg®d¢X ) is useful in observability problems
where, for example, the network attractor can be inferred from knowing only a small set of sensor
nodes X . | utilize two types of methods to estimate the domain of in uence: the individual-based
mean- eld approximation (IBMFA) from Chapter 4, and a novel graph-theoretic approach that
generalizes previous attempts at ndibg X ) using causal inference [216, 242] (for an example

of a causal inference approach, see Chapter 3).

Speci cally, | introduce the generalized threshold network (GTN) as a graphical representa-
tion of the state space of a discrete dynamical system taking place on a network structure (i.e., a
graph dynamical system). The GTN is useful in that its construction is ambivalent towards the
structural representation of the transfer function. As such it can recreate the expanded network or
the dynamics canalization map, both of which rely on speci ¢ representations of the node transfer
functions. By contrast, the GTN transfer functions can be created from disjunctive normal form
(DNF) of the node update expressions, schematic redescription (SR) of the node look-up tables,
directly from the node look-up tables (LUT) without further simpli cation, or from any other pos-
sible form available (e.qg., directly from a mathematical expression). This exibility allows to study
which representations are ef cacious in uncovering dynamical information about a network as, for
example, the domain of in uence of seed sets. As such, the GTN offers a uni ed framework for
nding node in uence in various dynamical graph representations of discrete systems.

In order to elucidate which methods are best able to estimate the domain of in uence, | compare
both running times and performance metrics such as size, similarity, recall, precision, and rank-
order of seed set in uence across networks. In terms of computational complexity, the time to
create a GTN from DNF, SR, or LUT form is much slower than the time to nd an in uenc&get

on the same network, which is a direct estimate of the domain of in ué{e€). The complexity
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of all three representations - DNF, SR, and LUT - depends on the sparsity of the network. SR
in particular is fast in low-degree networks but quickly becomes computationally intractable as
the node degree is increased. By contrast, the running time of the IBMFA depends on the size of
the network and, although it runs slower in low-degree networks compared to the other methods, it
takes much less time in networks with many high degree nodes. In terms of performance, the DNF,
SR, and IBMFA methods perform similarly across all metrics; all three underestimate the true size
of the domain of in uence, but perform much better than the naive LUT method.

In particular, the DNF and SR methods provide nearly identical approximations. | note that
| relied on pre-existing logical expressions in the Cell Collective for the DNF method, and that
such expressions are not in general available for all networks. However, it is also possible to create
DNF expressions from the prime implicants of a node's look-up table. This was used to nd DNF
expressions on the expanded network [250, 242]; nding prime implicants is also the rst step of
the two-symbol schematic redescription used to create the DCM [19]. As an alternative to the DNF
method, therefore, | nd the disjunctive normal form expression of the prime implicants (PI) of a
node's LUT rather than using the node logical expressions, and use this method to approximate
domains of in uence for networks in the Cell Collective. The results of the DNF and PI methods
are nearly identical in terms of size of the domain of in uence and similarity to one another,
although the PI method generally has a longer running time (see Fig. C.6). If logical expressions
are lacking for a given network, therefore, a researcher may use the Quine-McCluskey algorithm
[215] to nd prime implicants and put these into disjunctive normal form. If the network is sparse
enough to allow for ef cient computation, the researcher may further use two-symbol schematic
redescription to slightly improve performance.

As an alternative, the IBMFA may be used. This method performs better than DNF or SR
in terms of size, similarity, and recall, and similar in terms of rank-order of seed set in uence,
as compared to the ground-truth. The disadvantage to the IBMFA is that it occasionally predicts
false positives, leading to lower precision than the GTN methods which do not predict any false

positives (as they rely on causal inference of variable states). Thus, there is a tradeoff between
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recall and precision when choosing methods. The IBMFA is best when recall is favored, whereas
the GTN methods are useful in situations where precision is most important.

In certain situations, the LUT method may be useful as well. Even though it performs the worst
in terms of size, similarity, and recall, it has perfect precision and the Spearman rank correlation
coef cient of the seed set in uence compared to the ground-truth is better than using degree cen-
trality ( > 30%across the Cell Collective). The runtime of the LUT method may also be better
than DNF or SR for denser networks.

| stress that the results of this chapter are affected by some limitations. For example, the
estimates of the ground-truth domain of in uence depend on sampled con gurations that constitute
only a small fraction of the actual state space for most of the networks | tested and, as such,
are prone to predict false positives. Some of the gaps in size, similarity, and recall seen by the
methods tested here may be due to these errors; however, these gaps were also con rmed in small
networks with exact calculations of the ground-truth (see Fig. C.5). Another major limitation
is that these methods were tested only on biological networks of moderate size from the Cell
Collective repository. It is unclear how different methods would perform in larger networks or in
non-biological networks. Further research is needed, therefore, to draw strong conclusions about
the ef cacy of each approach.

Despite such limitations, this work is a step towards understanding how the behavior of discrete
networks can be effectively and ef ciently predicted, and furthermore, how a dynamical system can
best be represented structurally so that useful inferences can be made on the system's state, despite
only having partial knowledge of the starting conditions. This work further describes when it may
be useful to use such a graph dynamical representation (i.e., on sparse networks, to avoid false
positives) and when it may be better to use an approximation such as the IBMFA (i.e., on denser

networks, when recall is favored over precision).
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CHAPTER 6
CONCLUSION

Understanding the in uence of individual variables on multivariate nonlinear dynamics is a crucial
part of trying to characterize, predict, and control complex systems. Such in uence has been stud-
ied broadly in order to understand many different phenomena in network science, from the spread
of perturbations [51, 210, 211, 213] to causal inference [17, 298, 216, 18, 19, 250] to control [294,
246, 247, 245]. However, exact calculation of in uence in general complex networks is a NP-hard
problem and, therefore, such methods offer approximate solutions. As such, the understanding
of how to de ne in uence and how to measure it is still an active area of research. Furthermore,
some methods require iterating network con gurations which assumes a complete knowledge of
the state of the network. Given that the state of the network may, in practice, be unknown or dif-
cult to calculate, it is helpful to understand in uence without relying on this information. The
contribution of this dissertation is to offer computationally feasible methods that allow to measure
in uence with incomplete, partial knowledge of the network state.

Toward this end, several different problems are addressed and novel methods are introduced to
help solve them; Chapter 3 addresses the problem of dynamical modularity, Chapter 4 addresses
the dual problems of in uence maximization and attractor control, and Chapter 5 addresses the
problem of target control. For simplicity, | focus only on the simple case of deterministic, network-
based discrete dynamical systems. This includes cases where there is a dynamical process con-
strained by an existing network structure (e.g., an infection spreading through a contact network)
or cases where the network structure itself is de ned by the dynamical interactions (e.g., a network
composed from protein and gene interactions).

The problem of dynamical modularity seeks to partition a complex system into separable func-
tional components. The goal here is to nd such components that have high dynamical intra-

dependency (the state of individual nodes within the component affect the state of other nodes
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in that component) and low dynamical inter-dependency (the state of individual nodes within a
component do not affect much the state of nodes in other components). An ideal case study for
understanding dynamical modularity is biological networks, as these networks are known to be
modular; this modularity is proposed to affect not only the network organization and its adaptabil-
ity, but evolvability of the organism as well.

To address this problem, | utilize the concept of pathway modules (sequences of node state
updates which are guaranteed to occur following a perturbation) which were previously introduced
but not formalized [19]. | formally de ne what a pathway module is and give an algorithm for
how to discover it on a dynamics canalization map. | then introduce a novel conception of how
different pathway modules may interact, recognizing that multiple pathways may be active simul-
taneously as transient dynamics unfold towards a network attractor. Speci cally, | de ne synergy
between pathway modules, and use this de nition of synergy to de ne complex modules. Complex
modules are pathway modules that are maximal in length and whose seeds have synergy between
them. Importantly, all other pathway modules are either subsumed by a complex module or can be
described as the composition of multiple complex modules; this means that complex modules are
the “building blocks' of the network dynamics. This helps to greatly reduce the space of possible
pathway modules representing the entire dynamical state space of the network to those that best
characterize the dynamics of the system. | then de ne a measure of dynamical modularity that
utilizes these dynamical components and nds the complex modules that are most separable from
one another. | apply this methodology to characterize dynamics iDthgophila melanogaster
single-cell and parasegment segment polarity networks (SPN), and | measure the dynamical mod-
ularity of these networks. Furthermore, by utilizing the measure of mean dynamical modularity,
| am able to compare thdrosophilaSPN to other genetic regulatory networks (GRNSs) of similar
size.

The problem of in uence maximization seeks to nd the seed set that has maximal effect on
a network. This is traditionally de ned for problems of social contagion, where an “infection’

(representing an idea or innovation) is introduced into a population of susceptible individuals; the
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seed set with maximal effect, therefore, is that which can spread the infection the furthest in the
network. However, this problem can be generalized to other types of networks, such as biological
networks where node states are reversible. In this case, maximal effect can be measured instead by
the resulting entropy of the network con guration, assuming a seed set is perturbed while the rest of
the network state is maximally uncertain (that is, for a Boolean network, each node has probability
s = 0:5 of being active and in state 1 and therefore has an equal probability of being inactive and
in state 0). This problem is then a dual problem to that of attractor controllability, where the goal
is to nd a set of driver nodes that are guaranteed to drive the network dynamics to an attractor of
interest. Obviously, the maximal in uence that a seed set can have is when the resulting entropy of
the network con guration is zero; this is equivalent to knowing the con guration of the network,
which means that the network is in a xed point attractor or in a transient con guration that is in
an attractor basin. Maximal in uence, therefore, is equivalent to attractor control.

To address this problem, | utilize the literature on mean- eld approximations to develop an
individual-based mean- eld approximation (IBMFA); unlike traditional mean- eld approaches
which average over the dynamical rules or the connectivity of the network, thus representing an
ensemble of networks with the same rule set or degree distribution, the IBMFA takes no such av-
erages and is speci c to the network under study. It is able to calculate individual node activation
probabilities ef ciently, by neglecting dynamical correlations between variables and assuming that
each possible entry in the node's look-up table (LUT) is equally likely. Although this is a strong
assumption, I nd that the IBMFA predicts well the actual dynamics of the network as measured
by simulations, for both random Boolean networks (RBNs) and biological networks from the Cell
Collective repository. | then use the IBMFA to measure node in uence in speci ¢ networks, such as
thedrosophilaSPN and the ER+ breast cancer network, and nd that the IBMFA is able to predict
results that were seen previously in the literature. Furthermore, | develop a greedy optimization al-
gorithm that is able to nd a minimal driver set that results in zero entropy of the predicted network
con guration; that is, a driver set towards an attractor of the network. This greedy optimization

algorithm can further be constrained to nd a driver set towards a known attractor by restricting
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its selections to be in line with node states that are found in the desired attractor; as such, it can
estimate the minimal driver set to nd that attractor. | use the unconstrained greedy optimization
algorithm to nd minimal driver sets towards attractors in RBNs and biological networks and nd
that the relative size of the minimal driver set does not depend on the network size, but rather only
on the degree for RBNs. Further, biological networks are characterized by small minimal driver
sets, such that for about 65% of the networks analyzed, the minimal driver sets contain less than
20% of the nodes, and for more than 80% of the networks analyzed, the minimal driver sets con-
tain less than 30% of the nodes. | also apply the constrained greedy optimization algorithm to nd
minimal driver sets to known attractors of biological networks and nd that the results are in good
alignment with previous literature.

Finally, the problem of target control seeks to nd a seed set whose perturbation is guaranteed
to result in speci ¢ states for a set of target variables. This is particularly helpful in determining
minimal interventions to reach desired states or avoid unwanted states (e.g., an apoptotic state
or proliferative state, respectively, in a cancer-cell growth model). The problem of target controls
requires knowledge of the in uence of a seed set in terms of which other node states are guaranteed
to be reached if that seed set is perturbed; this set of guaranteed node states is called the domain of
in uence of the seed set. The problem then becomes how to best estimate this domain of in uence
for a given seed set.

To address this problem, | utilize the methods already seen here (pathway modules and the
IBMFA) along with other graph dynamical methods in the literature (speci cally, the logical inter-
action hypergraph, the expanded network, and the dynamics canalization map). Given the amount
of overlap between different graph dynamical methods, | introduce the generalized threshold net-
work (GTN) to generalize these approaches. Like these methods, the GTN logically captures all
dynamics in the network; however, unlike any speci ¢ method, the GTN is ambivalent to the struc-
tural representation of the transfer function. It can be constructed from disjunctive normal form of
node logical expressions (DNF) as is used for the logical interaction hypergraph or the expanded

network, from schematic redescription of node look-up tables (SR) as is used for the dynamics
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canalization map, naively from look-up tables without any further logical reduction (LUT), or in
other ways (such as directly from mathematical expressions). The GTN is thus useful to study how
the structural representation of the transfer function affects the accuracy of dynamical inferences
made, such as when estimating the domain of in uence of a seed set via a breadth- rst search on
the GTN. The IBMFA can also estimate the domain of in uence of a seed set by predicting which
node states become certain (i.e., activation probalslityO0 ors = 1). | compare three different
GTN representations (LUT, DNF, and SR) and the IBMFA to a ground-truth estimate of the do-
main of in uence based on sampled network con gurations. | nd that the DNF, SR, and IBMFA
methods actually predict very similar domains of in uence of seed sets for biological networks
from the Cell Collective. The IBMFA does somewhat better at recall of node states in the domain
of in uence, but worse at precision. All three methods underestimate the true domain of in uence,
but all perform better than the naive LUT method. In terms of runtime, the IBMFA is slower in
low-degree networks, but is quicker as the average degree of the network increases.

Each of these problems - dynamical modularity, in uence maximization, and target control -
is related to node in uence, but treats it somewhat differently. Dynamical modularity, as de ned
in Chapter 3, requires to calculate the pathway module set for each possible seed set, which is
an estimate of that seed set's domain of in uence. The goal, however, is to nd seed sets that
have synergy between the seeds; this synergy is used to reduce the exponential complexity of the
dynamical state space to a much more concise description (a network cover) that best characterizes
the network's dynamical and functional organization. In Chapter 5, by contrast, calculating the
domain of in uence of each seed set is the end goal, as this elucidates which targets are controlled
by perturbing which seeds. Both cases, however, consider the direct in uence of seed sets, which
describes the causal, mechanistic operations of the network dynamics (e.qg., the ability to say that
nodei in state ;(t) directly cause$ to be in state ; (t9 for some future time®> t). This does
not therefore deal with indirect effects of in uence (e.g., the ability to say that hodstate ;(t)
increases the probability thpis in state ; (t9 for some future time®> t).

The GTN is well-poised to address these problems by allowing for the calculation of in uence
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sets resulting from the perturbation of a seed set. This calculation is not unique to the GTN.
The determination of an in uence set on a GTN based on a DNF representation is equivalent to
calculating the logical steady states of a network [17, 216] or calculating the logical domain of
in uence on the expanded network [242], while determining an in uence seton a GTN based on a
SR representation is equivalent to calculating the pathway module set on the dynamics canalization
map (see Chapter 3). However, as the GTN generalizes these approaches, | will simplify the
discussion by referring only to GTNs with DNF or SR representations. Furthermore, because the
GTN generalizes these other approaches, it inherits the methods that work on these individual
graphs. For example, stable motifs (partial xed points of the network dynamics) are de ned on

a GTN the same as they are de ned on an expanded network [97, 250], the only difference being
that the set of original and complementary nodes in the expanded network is replaced with the set
of state nodes in the GTN and the set of composite nodes in the expanded network is replaced
with the set of threshold nodes in the GTN. Similarly, pathway modules, complex modules, and all
types of module interaction are de ned on a GTN equivalently to how they are de ned on a DCM,
the only difference being that the set of s-units in the DCM is replaced with the set of state nodes
in the GTN and the set of t-units in the DCM is replaced with the set of threshold nodes in the
GTN. As such, the GTN can be used to nd dynamical modularity of a network (i.e., decouplable,
maximal in uence paths with synergy between seeds).

A search on a GTN is the same as the calculation of direct, causal in uence; by contrast, the
GTN does not estimate indirect effects. As such, in any network without logical contradictions,
any GTN representation will have perfect precision when estimating the domain of in uence of a
seed set; because all dynamical interactions are captured, it is impossible to predict false positives
as a path on a GTN cannot be followed to a state node unless the logic of the node's inputs are
satis ed such that the inputs cause the transition of the node to that sfsdeseen in the results of

Chapter 5, however, a search on a GTN does not have perfect recall. Recall depends on the logical

1This assumes pinning perturbation and synchronous update. Pinning the seed set provides a constant signal that
overrides any other dynamics present in the network. Synchronous update assumes that every node is updated once
before any other node is updated again. Other update orders could result in a node transitioning to multiple states
before its neighbors are updated; more is said on this topic below.
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inference that can be made concerning whether or not a state node is reachable by a path on the
GTN; this in turn depends on the structural representation of the transfer functions as this encodes
how much information is needed to make such inferences. As the transfer function is reduced -
and the resulting GTN representation is simpli ed - recall improves; thus, the DNF representation
performs better than the LUT, and the SR representation performs the best overall. However, none
of these representations have perfect recall. Pinning a seed set constrains the dynamical state space
of a network, and in this constrained space a nodey have constant stateeven though the

seed set does not appear to directly cause this transition and even though there may not be a path
between the seed set and state nodein any GTN. The true domain of in uence, therefore,
captures correlations between variable states that are not captured in the causal structure of the
GTN. However, these correlations may be captured by using approximate approaches such as the
IBMFA.

The third problem, in uence maximization, cannot be solved well by a GTN representation
because maximizing in uence depends on the indirect effects of a seed set as well as the direct
effects; thatis, a node’s full in uence depends not only on its domain of in uence but also on how it
constrains the total dynamical state space of the sy4tdinis can be measured instead by nding
the entropy of the probable network con guration. Assuming that every con guration is equally
likely at arbitrary timet = O, the probability of binary states for anodeR¢ =0) = P( =
1) = 0:5. As the dynamics of the network unfold from timhethese probabilities will change until
they converge or oscillate (as individual con gurations must end up in either xed points or limit
cycles); the in uence of a seed set in this case is inversely proportional to the average entropy of
the node activation probabilities following a perturbation. This con guration in uence tells how
the seed set constrains the dynamical state space of the network and what probable con guration
results from its in uence. As such, the IBMFA is ideally suited to estimate con guration in uence
as it predicts node activation probabilities.

It should be noted that GTN methods, in addition to the IBMFA, can be used to address the

2This is the de nition of in uence maximization used in Chapter 4; an alternate de nition could be constructed
that only considers direct in uence, but this is a more constrained de nition than the one used here.
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dual problem of attractor control. If an in uence set denotes the state of every variable in the
network (that is, it has size equal ), then the network con guration is known and the seed

set is equivalent to a driver node set. Causal methods have therefore been applied to attractor
control [19, 250], as was seen also in Chapter 3 by nding minimal control sets to attractors of
thedrosophilaSPN. However, control to a speci ¢ attractor in such cases requires an exponential
search over possible driver node sets in order to nd one that reaches the attractor. Causal inference
methods are therefore limited in nding attractor control ef ciently; furthermore, the eventual set
found is not guaranteed to be minimal. The IBMFA, by contrast, can be used to predict network
con guration entropy which can be utilized by greedy optimization algorithms to estimate this
minimal driver node set directly in polynomial time. Similar heuristics could be applied to GTNs

as well, but this is an area that so far has not been explored; it's possible GTNs will be limited in
accuracy in this case since they do not factor in indirect in uence.

Despite the diversity of the problems addressed and the de nitions of in uence used, there
is much overlap between the methods presented. Each requires only a partial knowledge of the
network state: GTN methods explicitly assume the seed set is known and all other node states
are unknown until they are reached by a path on the GTN. The IBMFA similarly assumes that
the seed set is known (seed activation probabilities equal#al or s = 0), while every other
node state is unknown initiallys(t = 0) = 0 :5). The ensuing predictions thus average over the
ensemble of con gurations compatible with this starting condition. Furthermore, each method
relies on an iterative update, where single node interactions are considered at each time step; these
node interactions are exact for GTN methods, while the IBMFA gives a statistical estimate based
on the node look-up tables. As each method starts with knowledge of (usually only a very small)
part of the state space, they are able to show how such micro-scale interactions give rise to global
properties of the network, such as its modular organization or its attractor landscape. As the results
presented herein show, very small seed sets can drive such global properties, which hints at how
complex dynamics can emerge from simple interactions, a tenant of the complex systems eld.

While similar, each method used in this dissertation has advantages and disadvantages, de-
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pending on what problem it is being used to address and depending on the speci cs of the network
under study (see Table 6.1). The GTN formulation offers a exible dynamical graph representation
that provides a logically complete mapping between any network con guration and the next deter-
ministic con guration (the same as a state transition grapl} the same time, it describes local
variable interactions through a structural representation of the node transfer functions. Thus, the
GTN simultaneously encompasses both the micro-scale (variable state transitions) and the macro-
scale (network state transitions) dynamics of a network. However, the process of building the GTN
may be highly non-trivial, depending on the form of the transfer functions. The most straightfor-
ward way is to construct a LUT representation directly from node look-up tables without having
to do any further reduction of the node transfer functions. This LUT representation allows for
inference to be made on a partial network state, which is something that the state transition graph
cannot do. Furthermore, it was shown to have over 40% similarity with the ground-truth domain of
in uence across seed set sizes and across networks in the Cell Collective. Unfortunately, all GTN
methods increase the size and complexity of the network under study as compared to the original
graph. The LUT representation has the most complexity of the GTN methods considered, with
upper bounds on the number of nodes and edges given in Chapter 5.

The DNF and the SR representations improve upon the LUT representation. Both allow for
greater inference, which increases recall of the domain of in uence and accuracy of in uence sets
resulting from seed set perturbation. Both also provide more compact GTN representations, at the
cost of a longer time needed to create the network as the average degree increases. Both provide an
exact, causal description of the network dynamics and as such are good methods to use to calculate
dynamical modularity; as dynamical modularity seeks to understand the dynamical organization
of a network, it is arguably preferable to consider only causal effects and not correlations between
variables as the true domain of in uence captures. Both representations may also be used as

good estimates of the domain of in uence, although they tend to underestimate the actual value.

3Consider that a seed set may include all nogég,= N, representing a network con guration; a breadth- rst
search on the GTN with pulse perturbation (i.e., without pinning) then gives each resulting deterministic con guration
of the network until a repeat con guration is reached (representing a xed point or limit cycle). The GTN therefore
recreates the state transition graph.
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Neither considers indirect effects, however, and thus they are not good predictors of con guration
in uence.

The DNF method, as presented in Chapter 5, is generally quicker than SR as it can be cre-
ated from pre-existing logical expressions for the node transfer functions. The runtime depends
on how easily each logical expression, as given, and its negation can be converted to disjunctive
normal form, and as such can be variable, even for networks with the same degree distribution.
This method obviously cannot be used if such logical expressions don't exist for a network; in
this case, the researcher must rely on the node look-up tables when creating the GTN (or a mathe-
matical expression, if one exists). The Quine-McCluskey Boolean minimization algorithm can be
used to reduce a look-up table to its prime implicants; these prime implicants can then be put in
disjunctive normal form. This generally takes longer than using pre-existing logical expressions,
but it improves recall slightly for networks in the Cell Collective. Finally, a researcher may addi-
tionally use two-symbol schematic redescription to further reduce the node look-up tables. This
SR method similarly slightly improves recall of the domain of in uence; the biggest drawback to
using the SR method, however, is that it runs very slowly compared to the other methods as the
maximum degree of the network increases.

Each GTN method has running time exponential in the maximal degree of the network and thus
their use is limited to sparse networks. However, the advantage of using a GTN is that this work
is done upfront, when the graph is rst created. Afterwards, an in uence set can be calculated
in running time that is linear with the number of edges; although the number of edges is greater
than the original network, the runtime of the BFS algorithm on each GTN representation was very
quick when tested on the biological networks of the Cell Collective. The GTN thus provides a
way to deal with the exponential complexity of the problem once and then greatly reduces this
complexity afterward$. As such, inferences on an existing GTN can be made quicker than by

using the IBMFA or by calculating simulations.

4Some of this complexity is translated from time complexity to space complexity, as the size of the GTN is larger
than the size of the original graph; however, as Fig. C.1 shows, the increase of the number of nodes and edges tends
to be polynomial, and even linear for the SR representation, for biological networks.
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Method Advantages Disadvantages Use Cases
GTN Flexible representation of Increased size/complexity  Dynamical
(general) node transfer functions compared to original graph  modularity
Logically complete mapping  Slow creation time in Target
of network dynamics high-degree networks control
Perfect precision in Can't estimate Attractor
estimating DOI indirect in uence control (limited)
Exact/causal representation
Fast inference once created
wit(rBITDNNF Same as GTN (general) Same as GTN (general) GTNS ?g;:rsal)
Better inference than
naive methods
Created directly from
logical expressions
wict;r;rgR Same as GTN (general) Same as GTN (general) GTNS?gTeen:rsal)
Best inference of Slowest runtime out of
GTN methods methods on dense networks
IBMEA Estimates direct and Inexact approximation In uence

indirect in uence
Can estimate the
network con guration
(all node states)
Good recall in
estimating DOI
Greedy optimization
nds driver nodes
Fastest runtime out of
methods on dense networks

of node dynamics maximization
Slower runtime than GTN
methods in low-degree
networks
Imperfect precision in

estimating DOI

Attractor
control
Target control

Dynamical
modularity

Table 6.1:Comparison of methods used in this dissertation Advantages, disadvantages, and

use cases of each method are listed here; methods include generalized threshold networks (GTN
general), GTNs speci cally with disjunctive normal form representation (GTN with DNF), GTNs
speci cally with schematic redescription representation (GTN with SR), and the individual-based
mean- eld approximation (IBMFA). DOI here refers to the domain of in uence of a seed set.

The IBMFA, by comparison, is more versatile than the GTN methods and perhaps the best

general-use method of those presented here. It runs on the original network and relies only on the

node look-up tables without any additional reduction of the node transfer functions being neces-

153



sary. It considers both direct and indirect in uence of a perturbed seed set, meaning that it can
estimate dynamical modularity, domains of in uence, and con guration in uence. In Chapter 4, it
was shown to predict well the ground-truth node activation probabilities and entropy of the network
con guration; in Chapter 5, it was shown to predict well the ground-truth domain of in uence of
a seed set. The IBMFA has better recall than the other methods in terms of predicting the domain
of in uence, and it predicts better the true size and membership of the set. Additionally heuris-
tics based on the IBMFA probabilities, such as the greedy optimization algorithm introduced in
Chapter 4, provide good estimates of the minimal driver node sets for attractor control. Finally,
the IBMFA is faster than the GTN methods as the maximal degree of the network increases. The
primary disadvantages to the IBMFA is that it does not have perfect precision in predicting the
domain of in uence (as it tends to predict some false positives) and that it runs slower than the
GTN methods in low-degree networks.

In order to untangle the overlapping use cases between these methods, | further provide the
following prescription of when each one may be used. This is broken down by the type of problem
(attractor control, target control, or dynamical modularity); the nal section considers which GTN

representation to use when a GTN method is chosen.

Attractor Control)

If there are few, known attractarsConsider using the method &orriello and Daniels

[355] which nds driver node sets that distinguish between known attractors. This method

is ef cient when there are few attractors to differentiate or when there are many input nodes
to differentiate them. The disadvantages to this method are that the attractor landscape must
already be known and that it has exponential complexity in general. The resulting node
set may also not be minimal; consider comparing to the constrained greedy optimization
algorithm from Chapter 4 that utilizes the IBMFA to predict node activation probabilities. If
exactness is needed, verify that this solution can reach an attractor by nding the solution's

in uence set on a GTN. If the in uence set is equivalent to the attractor, then the solution
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does indeed control to that attractor (note that it still may not be minimal); if it does not, then

simulations or brute-force enumeration is needed to verify the solution.

If a speci c attractor is wanted; the attractor landscape may be large or unkndvae the
constrained greedy optimization algorithm from Chapter 4 that utilizes the IBMFA to predict

node activation probabilities. To verify the solution, follow the steps outlined above.

If an unknown attractor is wanted; the attractor landscape may be large or unknba®
the unconstrained greedy optimization algorithm from Chapter 4 that utilizes the IBMFA to

predict node activation probabilities. To verify the solution, follow the steps outlined above.

If the attractor landscape is unknown and discovery of this landscape is deSimtsider
using stable motifs on the expanded network or on a GTN to discover xed points and the
xed portions of limit cycles [97]. The disadvantage to this method is that is has exponential
complexity in general. If this is an issue, sample from the network con gurations to discover
attractors. The driver node set predicted by successively nding stable motifs towards a
given attractor [250] may not be minimal; consider comparing to the constrained greedy
optimization algorithm from Chapter 4 that utilizes the IBMFA to predict node activation

probabilities. To verify the solution, follow the steps outlined above.

Target Control)

If the network is sparsdf most nodes have low degree, consider creating a GTN from either
DNF or SR representation (see bullet points on GTN Inference below) to nd in uence sets.
To improve recall, consider using the IBMFA. Simulations or brute-force enumeration can

be used to verify the solution.

If the network is denself GTN creation takes too long or if recall is prioritized, use the
IBMFA to predict domains of in uence. To improve precision, consider using a GTN repre-
sentation (if computationally possible). If a node state predicted by the IBMFA appears in a

GTN in uence set, then this node state is a true positive; if it does not appear the node state
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may still be a true positive, but it could also be a false positive. Simulations or brute-force

enumeration can be used to verify the solution.

Dynamical Modularity)

If the network is sparsdf most nodes have low degree, create a GTN from either DNF or
SR representation (see bullet points on GTN Inference below) to nd in uence paths and use
these to nd complex modules and determine dynamical modularity. If the network is too

large to nd an exact solution, use the greedy selection algorithm from Section 3.2.3.

If the network is densdf GTN creation takes too long, use the IBMFA to predict in uence
paths/sets (by identifying nodes with certain probabilities for each timetstemilar to
predicting the domain of in uence) and use these to nd complex modules and estimate
dynamical modularity. If the network is too large to nd an exact solution, use the greedy

selection algorithm from Section 3.2.3.

GTN Inference)

If the network is sparse enoug@reate a GTN using a SR representation. Knowing what is
“sparse enough' is dif cult as this depends on both the degree distribution and the nature of
the transfer functions. As a rough rule of thumb, consider using the SR representation if the
maximum degree in the network ks,.x < 10and pre-existing logical expressions are not

given.

If the network is less spars€reate a GTN using a DNF representation if the extra compu-
tational time required to create a SR representation is not worth the slight improvement in
inference that it may provide. If pre-existing logical expressions are given, nd the DNF rep-
resentation from these. If not, nd prime implicants from the node look-up tables rst, and
then nd the DNF representation of these prime implicants. If nding DNF is impossible,

the LUT representation may be used for basic inference.
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The methods presented in this dissertation build upon previous work done in causal inference;
these methods have traditionally been applied to intracellular biological networks to study direct
in uence [216, 18, 19]. However, the applicability of discrete dynamical systems on graphs goes
beyond biology and such models are used in many other elds, such as epidemiology, computa-
tional social science, game theory and economics, and ecology. There is a gap in the literature
as these causal inference methods have not, in large part, been applied to these other elds. This
problem is compounded by the fact that labs working in the area appear to be siloed, resulting in a
duplication of effort and a duplication of terminology, with code for each method being written in
a different programming language. As such, even the general network model considered here has
many names (e.g., automata networks, logical models, discrete dynamic network models, graph
dynamical systems, etc.).

The introduction of the GTN allows for a cohesive framework that generalizes these other
approaches and which can go beyond the theory and applications already researched for these
methods. For example, the GTN can easily accommodate models that have more than two states
per node, as well as models where nodes have a heterogenous number of states (see Fig. C.7 for
an example); in such a model, a state node must be created for each node's possible states, and
threshold nodes are introduced to dictate the logic necessary to reach each specic state. The
IBMFA can easily be extended beyond the biological domain as well, and it can be applied to
other de nitions of in uence than those considered thus far. In the following sections, examples
are given of additional network models that the methods here can be applied to, as well as an

additional de nition of in uence.

6.1 Other Network Models

The following networks are described in terms of their GTN representation. However, the IBMFA
can easily be applied to each one as well. Each network has an associated set of transfer functions,
which can be represented as logical rules or as a look-up table, and the IBMFA can be applied to

this look-up table.
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6.1.1 Hypergraphs

Perhaps the simplest GTN model is a directed hypergraph (see Section 1.2.1); in this case, each
node has only one state and the threshold nodes are used to specify the nature of the hyperedges.
The example edge = (fi;j g;fkg) would be represented by three edges in the corresponding
GTN: one edge from nodeand one from nodg to a threshold node with threshold= 2, and a
third edge from that threshold node to nddeThe associated logical rules here, e.g.7 i* ,
de ne how paths are traversed, rather than how the state of the system is updated in time. The
in uence set of a seed is equivalent to the set of nodes reachable from that seed by a path on
the original hypergraph. This GTN representation is thus useful to clarify the connectivity of the
hypergraph and to specify node paths; note that the number of state nodes in the GTN is equal to
the size of the original graph in this case, but that threshold nodes and additional edges are added.
As this example demonstrates, an advantage of the GTN model is that it allows a description
of higher-order interactions (as captured by hypergraphs but not by regular graphs). Even though
every edge in a GTN connects only two nodes, an unbounded number of state nodes may be con-
nected within the same transfer function representation via the inclusion of intermediate threshold

nodes; this allows the GTN to represent any discrete, deterministic transfer function.

6.1.2 Epidemic Spreading and Social Contagion Models

Epidemic spreading or social contagion can be treated in a deterministic fashion using the lin-
ear threshold model (LTM) [84] (see Section 1.3.1); the LTM may be applied to many different
structural graphs (for example, a social contact graph). The Boolean transfer function efimode

described by:

P

jNij j2N; (6'1)

Fi(=n(t 1) =

8
§ 1 =1
E , otherwise
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Essentially, node becomes active if a fraction of its neighbors are active; once activated, it
cannot be inactivated. Note that here it's assumed that every jiputodei is weighted equally

such thath; = 1=k, although this need not be the case. Here state 1 corresponds to the Infected
state and state 0 corresponds to the Susceptible state.

This model is converted to a GTN by creating state nodes for the Susceptible and Infected states
for each nodei-S andi-I (see Fig. C.8). Notice that Eq. 6.1 is of the forﬁn, wheren out ofk
neighbors must be in state 1 (i.e., Infected) for the ridddransition to state 1 (Infected). As such,
the transfer function for each nodean be represented simply by creatiagdges from's inputs
(in the Infected state) to a threshold ngdeith threshold = k; and then one additional edge
fromj toi-l (the Susceptible stateS will have a corresponding threshold node witk kij(1 )
connected td; inputs in the Susceptible state). This model can easily be extended to include the
Recovered stateR as well by including a simple recovery rule, eigR(t) i-I(t 1).

The LTM with the Recovered state can be converted to different GTN representations. Fig.
C.9 shows two such representations. The rst one is constructed causally, where each state node
i-1 is connected, via a threshold node with= 1, to state nodé-R. The second representation,
however, uses fuller inference to determine when a node is Recovered. For egafpledb-R
are connected, via a threshold node with 2, to state node-R. This is making the inference that
if aandbare both Recovered, then previously they were both Infected. If they were both Infected,
thenc was also Infected. I& andb are currently Recovered, themmust also recover from its
infection in the next time step. However, the recovena@ndb do not cause the recovery of
per se, as each node's recovery is an independent process. This is an example, therefore, of how
a GTN can move beyond causal connections and incorporate correlations between variable states
as well. In this case, the in uence set¥f= f(a; 5 = R);(b; , = R)gincludes(c; . = R),
whereas it would not if only considering the original representation.

Other epidemic models, such as the independent cascade model, are not deterministic and
therefore cannot be represented by a traditional GTN; rather, the model requires stochastic interac-

tions. This can be done by giving threshold nodes probabilistic, rather than exact, thresholds. For
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example, the threshold node between nagiésandb-l in Fig. C.8 would have threshold proba-
bility equal to the probability of infection (= P(1)). In uence paths on the GTN would become
probabilistic as well, similar to the IBMFA, and the resulting in uence sets would then become
statistical estimates of the domain of in uence (de ned now as the expectation of node state values
resulting from an in nite sample of con gurations where the seed set is xed). This Probabilistic

GTN is beyond the scope of this dissertation, and | leave it for future study.

6.1.3 Evolutionary Game Theory Models

Deterministic game theory models on networks can also be treated with the GTN in order to test
the adoption of strategies over time (see Section 1.2.4). In this case, the evolutionary process is
applied to a structural graph that describes the interactions between players. Each edge represents
one game played between neighbgrahile the Boolean transfer functions depend on the type of
game being played.

Here | consider two-player symmetric games (the available actions and payoffs are identical to
both players), including the Prisoner's Dilemma, Snowdrift (or Hawk-Dove), and Stag Hunt games.
The Stag Hunt game is a coordination game (the best strategy is to do the same as your neighbor),
while the Snowdrift game is an anti-coordination game (the best strategy is to do the opposite
of your neighbor); in Prisoner's Dilemma, meanwhile, the best strategy is always to defect. The
generic payoff matrixV of the game is

0 1

w =B Vee Weo g 6.2)
Wpc  Wpp

Wcc is the payoff from cooperating against a cooperatdyp the payoff from cooperating against
a defectorWpc the payoff from defecting against a cooperator, #Wih the payoff from defect-

ing against a defector. For exampWec =1, Wep = 0.5 Wpe = 1:5andWpp = 0 for the

®Note that the adjacency matrix is symmetrical in this case; if the eglgexists, then the edgg must exist as
well. Games with more than two players can be represented by hyperedges.
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Prisoner's DilemmaWcc = 1, Wep = 0:5, Wpe = 1:5andWpp = 0 for the Snowdrift game;
Wee =1, Wep = 05 Wpe =0:5andWpp = 0 for the Stag Hunt game.

The state j(t) = 1 indicates that nodeis a cooperator at time while ;(t) = 0 indicates that
nodei is a defector at timé. Nodes update their state based on their strategy; | offer two strategies,
namely tit-for-tat (TFT) and deterministic best response (DBR). In TFT a node simply copies the
action of the majority of its neighbors, with a preference for cooperation. In other words, it is
similar to a LTM with linear activation threshold= 0:5. The Boolean transfer function of node
playing TFT is 8
21 if 2 P,-zNi ;05

Fi(n(t D)= "
0 , otherwise

(6.3)

According to DBR, a node chooses the action at tirtteat would have yielded the best payoff

attimet 1. The Boolean transfer function of nodelaying DBR is

+(Wep Wpp) PjZNi(l i) 0 : (6.4)

8 P

gl Jf (Wee Woe)  jon,
Fi(~n(t 1) =

2

0 , otherwise

In other words, each node calculates its strategy ahead of time based on all of the possible
actions of its neighbor&

The resulting node look-up tables can be used to create a GTN using the DNF or SR represen-
tation. A seed set represents the adoption of a xed strategy by one or more players (e.g., always
cooperate or always defect); an in uence set represents the other player strategies that become
xed based on this seed set. As such, a GTN can help to elucidate the in uence of a strategy
within a game-theoretic population, as well as what network properties (such as connectivity, het-
erogeneity, or strategy distribution) are useful for cooperation, regardless of the initial conditions
apart from the xed seed set. An example of how different games can be represented by a GTN is

shown in Fig. 6.1.

6If a nodei is isolated, the strategy is set constant (i.e(t) = i(t 1)forallt> 0if k; =0).
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Figure 6.1: GTN representations of game-theoretic models(a) The look-up table (LUT) for

an agent with three neighbors who is using the deterministic best response (DBR) strategy in a
stag-hunt (i.e., coordination) game. This LUT is identical to that of an agent using the generalized
tit-for-tat strategy that copies the state of the majority of its neighbors. Here the state 0 corresponds
to defection, while the state 1 corresponds to cooperation. (b) The GTN representation of the LUT
in panel a. For compactness, | display only the nodes and edges of the GTN that concern the acti-
vation of noded. (c) The LUT for an agend with three neighbors who is using the deterministic
best response (DBR) strategy in a snowdrift (i.e., anti-coordination) game. (d) The GTN represen-
tation of the LUT in panel c. For compactness, | display only the nodes and edges of the GTN that
concern the activation of node (e) The LUT for an agend with three neighbors who is using

the deterministic best response (DBR) strategy in a prisoner's dilemma game. (f) The GTN repre-
sentation of the LUT in panel e. Notice that in this case the chosen strategg ahconditional
defection. As suchd's state is constant and does not depend on its neighbors; furthermore, the
stated-1 is disconnected from the rest of the graph.
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6.1.4 Quantum and Theoretical Physics Models

The GTN allows to probe the relationship between the structure and dynamics of a system. Any
GTN has an exact representation of the dynamics, in the sense that all variable transitions are
captured without ambiguity, as well as all transitions between system con gurations. As such,
the original node look-up tables can be inferred from the GTN, and the original gsagphd

the dynamical proces® acting on that graph can be reconstructed from the GTN's struéture
However, as seen in Chapter 5, the same dynamical process can be represented structurally in many
different ways. This poses questions, such as what is the structure that best captures dynamics and
what types of structures are suf cient or insuf cient to represent dynamics?

Although these questions are theoretical in nature, they could have practical signi cance in
physical systems, especially if such network structures are assumed to exist, in some sense, in the
physical world. Quantum entanglement, for example, describes the binding of two particles, such
that observing the state of one particle determines the state of the other, even if the other particle is
in a superposition of possible states. This dependency suggests that there could be structural rules
that describe the dynamics of entanglement. If so, such rules could help to elucidate the physical
mechanism by which the dynamics operates.

Fig. 6.2 shows an example of a GTN structure representing a CNOT gate between a target
qubit (a quantum variation of the classical bit) and a control qubit, labelé@adc respectively.

The CNOT gate does a controlled NOT operation on the target if the control is in state 1; thus,
CNOT( { =0; c=0))resultsin( { =0; = 0) (the same state), while CNOQT¢ =0; =

1)) results in( = 1; . = 1). The CNOT gate is used in many quantum algorithms because

it is possible to create entangled states from this operation [408]. Superposition is represented
in the gure by the ambiguity of a node's state; the probability of a node being in each state

(0 or 1) is equal to the fraction of possible network con gurations in which that state is O or

"This is referring to a GTN built from causal connections. If the GTN includes dynamical correlations, as in the
example in Fig. C.9, then reconstruction@fwould include spurious dynamical rules, suchceR  a-R * b-R.
Furthermore, the same dynamical system can be represented by different interaction structures. For example, there
could be a self-loop fromto itself becaus&R  b-l. However, an equivalent rule in this systenbiR  a-R; in
this case, no self-loop is necessary.
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Figure 6.2:GTN representation of the CNOT gate.(a) A GTN representation of a CNOT gate,
composed of two distinct subgraphs. One shows dependencies between the targedpltite
control qubitc; the other shows dependencies between the phase of the target qubit (labéled as
and the phase of the control qubit (labeledyaslf the initial state of the target is known to be 0O
(indicated in orange and by double edges) and the state of the control is in a superposition (with
phasey-0 or y-1, indicated by yellow), then there are two possible paths that may be followed
in the graph (indicated by dashed lines), depending on what the (unknown) state of the control
is. (b) The same GTN is shown as in panel a. In this case, both the target and the control are in
superposition so the state béndc are uncertain. However, if the initial phases are known to be
x-1 andy-0 (indicated in orange and by double edges), the resulting phases dt-timarex-1
andy-1, indicating phase kickback from the target to the control variable.
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1, given perturbation of the seed set. For example, if the target state and the control state are
unknown (Fig. 6.2b), there are four possible con gurations (ignoring the phase variabled
V):(t=0; ¢c=0),(¢=0; ¢c=21),(¢=1; :=0),and( { =1; = 1); therefore the
probability of each con guration i4=4 and the probability of each state is equal as w&l((;) =

0) = (P( ) = 1) = 0:5and likewise forc). The phase variables andy describe the type

of superposition that andc may be in, respectively. In this simple example, there are only two
possible options; y = 0; 1, which represent the quantum stateand , respectively?.

Fig. 6.2a shows entanglement between the target and the control qubits where the target is
initially in state { = 0 and the control is in a superposition of states (with either phase0 or

y = 1); this entanglement is shown by a resulting dependency betweé¢mtite variables after
one iteration of the GTN. In this case there are only two possible con gurations, ignoring the state
of the phase variables, namély =0; .=0) and( { =1; .= 1), the probability of each being
equal tol=2. This means that there is now a logical dependency between the two variables; either
t andc are both in state O drandc are both in state 1. Finding out the state of one variable will
therefore elucidate the state of the second. Fig. 6.2b shows an example of phase kickback [409,
408, 410], where the phase associated with the target is moved to the control. Herteabdth
are in superposition (i.e., their state is unknown) with phasesl andy = 0, resulting in the
inuence setfx 1;y 1g. Here we see that the phase variapleas changed, even though it is
associated with the controlwhich by de nition does not change state during the CNOT operation.

It should be noted that the CNOT operation is represented in this GTN by one time iteration
and therefore all in uence paths should be truncated and in uence sets inferred only fartirhe
(assuming only one CNOT gate is applied to the qubits). This is therefore a special one time-step
variation of a GTN. In some use cases, as for example creating a balanced oracle in the Deutsch-
Jozsa algorithm [411, 408], many CNOT operations are chained together which can be represented
by multiple GTNs, where the in uence set of one GTN is used as the seed set to another, or by one

larger GTN where all CNOT gates are accounted for at once.

8For a very readable explanation of these states, see the digital textbook for Qiskit, a python package to simulate
guantum computation [408].
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The GTN representation used in Fig. 6.2 may seem cumbersome to calculate a one time-step
map; furthermore, it describes the interaction of only two qubits and it greatly simpli es the possi-
ble phases (which do not need to be 0 or 1 but could be any intermediate value). However, | include
it here as a proof-of-concept that GTNs can be applied to quantum systems and can represent ab-
stract concepts such as superposition (where state probabilities are measured as the proportion of
con gurations in which that state exists) and entanglement (seen as logical dependencies between
variables). Future work is required to understand the extent to which GTNs can be applied to
theoretical quantum computing [410].

If there are speci c rules dictating the relationship between physical structure and physical
dynamics, it hints that there could be an equivalence between the two; that is, a system could be
described exactly by either dynamical rules or by a GTN structure. This implies that the dynamics
and structure of the system are uni ed: while perceived as two different aspects, they are actually
the same thing. Some theories, such as loop quantum gravity, posit that the universe is fundamen-
tally discrete in nature and that, furthermore, the physics of interactions forms the physical space
we perceive [412, 413] (for constraints see [414]). Networks in general are particularly adaptable
to this viewpoint as they inherently study relations between variables, rather than properties of the
variables themselves (see, for example, spin networks [412] and causal sets [415, 416]). GTN
models may therefore be useful to study how physical space/structure and physics/dynamics are
related.

The GTN can be applied to any discrete, deterministic physical systénby-product of the
model is that it provides natural, relative de nitions of time and space (and inherent causality);
time is measured by node transitions (in the case of synchronous update, a time step is equivalent
to N node updates), while space is measured by the distance between state nodes on the graph,
de ned as the number of state nodes between them. Furthermore, the model incorporates the

entire dynamical state space. A given con guration (system state) at tometainaN state nodes

%t may seem odd, therefore, to apply the GTN to quantum mechanics since this seems to be inherently prob-
abilistic. However, the interpretation in this case is that the quantum system is deterministic and the probabilistic
nature arises from uncertainty of the system state. This view is compatible with some interpretations such as quantum
information theories [417]; an alternative approach would be to consider probabilistic GTNs, mentioned above.
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and a number of threshold nodes, while the rest of the nodes exist as future (or past) dynamical
possibilities (a complementary con guration). The GTN model can therefore be useful to study the

relationship between an existing system state and its complementary con guration in a physical
system.

Certain assumptions can be relaxed as well to further study the GTN model. For example,
if contradiction between state nodes is ignored, then GTNs can be used to model fuzzy systems
where variables may be in multiple states simultaneotfsiyhe assumption that all variables have
to at least be in one state (i.e., that a full network con guration must exist at an arbitrary)time
or that there even is an observer-independent global state, can also be relaxed. Any information
on a variable's state in the graph is not accessible to a seed node if the in uence path resulting
from that seed node does not reach that variable; at best, the seed node can infer a probability
about that variable's state based on possible network con gurations. Therefore, relative to the seed
node, all states of that unknown variable are in the complementary con guration space rather than
being part of the current system state (i.e., the partial con guration) that it can measure; in other
words, an observer can only measure its local reality, rather than a global systefd, stateall
other variables do not exist in a de nitive state, relative to the observer. The study of multiple,
simultaneous in uence paths on a GTN shows how these local realities can interact and in uence
one another; the beginning steps of this research were seen in Chapter 3 when discussing synergy,
logical obstruction, and independence between such pathways.

Finally, it can be noted again that the GTN model reduces the complexity of the representation
of the dynamical state space. In biological networks from the Cell Collective, as Fig. C.1 shows,
the size of the GTN scales polynomially with the system size while the full dynamical state space
is exponential. This suggests that the actual computation being done by the system is much simpler

than would be guessed via brute-force enumeratforit's possible that this applies to physical

ONote that this is different from the de nition of superposition above, as in that case the variable was only in one
state but the state was unknown.

This implies one observer may measure a variable in a concrete state while another observes a superposition; this
is in line with the relational interpretation of quantum mechanics [418].

121n other words, the computation does not require exponential time or exponential space complexity. For example,
verifying that a driver set of siziXj reaches an attractor con guratiégnwould require enumerating Xi  possibil-
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systems as well. In this case nature may be performing a process that is relatively simple, while to
an observer the process seems exponentially complex. GTNs may therefore be useful to explain
where such processes exist and how they function and, furthermore, if certain complementary
con guration spaces scale polynomially with the system size in nature. This would help to explain

how real-world systems reduce complexity and how they compute information.

6.2 Perturbation In uence

The term “in uence' is ambiguous, as demonstrated above, and therefore measuring the in uence
of a node depends on what de nition of in uence is being used. So far, two different de nitions
of in uence have been discussed: direct in uence, as seen in Chapters 3 and 5, which can be
measured by GTN methods or by the IBMFA, and con guration in uence, as seen in Chapter 4,
which can be measured by the IBMFA. Direct in uence is particularly helpful for revealing the
causal organization and dynamical modularity of a system; con guration in uence, meanwhile, is
particularly useful for controlling the system towards desired long-term behavior.

However, perturbation studies typically measure in uence in a third way; namely, by perturbing
a seed (i.e., ipping its state) and then nding the Hamming distance between the perturbed and
unperturbed network con gurations over time. This has been used, for example, to study phase
transitions in random Boolean networks [109, 51, 209, 210, 213]. This Hamming distance can
easily be measured by GTN methods or by the IBMFA; however, these methods also allow for
partial con gurations where the full network con guration is not known. Since it is useful to
measure in uence without knowing the exact network con guration, | de ne a general measure
of perturbation in uence here as the average difference between all possible con gurations with
the perturbation and all possible con gurations without it. Perturbation in uence is thus useful to
understand how perturbation of a node (or set of nodes) affects all other variables in the system
across time and across con gurations. Moreover, it tells how to push a system away from its

natural behavior. As such, this measure can be useful for steering a system away from “bad'

ities in the state transition graph but only one possibility in the GTN, if the in uence set of that driver set is equivalent
toA.
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con gurations, such as proliferating states in a cancer network or non-adoptive states in a product

diffusion network?3.

expectation of each state value in the initial con guration of the perturbed network, where (for
Boolean dynamics$;i(t = 0) = 0 :5 for all nodesi andsXt = 0) = 0:5 for nodesi 2 X, X

being the perturbed seed set (this is the same assumption of maximum initial uncertainty used in
Chapters 4 and 5). In general, both the perturbed and the unperturbed nodes are allowed to change
state depending on the type of perturbation, but as before | will focus here only on the case of
pinning perturbation. That is,i(t) = si(t) = ~; = 0;1;:::; 2for all (i; %) 2 X and for all

t 0, where the integer?> 0; °2 Z is the maximum allowed state for node( ° = 1 for

Boolean networks).

After some timet, the expectation of the unperturbed and perturbed network con gurations

difference between these two is the in uence vector of the seed shiis vector describes how the
system was pushed away from its natural behavior due to the perturbation. Similarly, perturbation

in uence is de ned as

1 N
inf ()= o [0 s (6.5)
=1

i
Measuring the true perturbation in uence requires brute-force enumeration of all possible net-
work con gurations; however, as in Chapters 4 or 5, it can be estimated®sgenulations as the

difference between the average node state values of the perturbed nefi{triand the unper-

BNote that this is distinct from target control. Target control tells how to reach or avoid speci ¢ node states, while
this measure tells how to avoid default system states.
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turbed network™ (t),

X
[ =), (6.6)

i=1

infy (t) =
where™;(t) and 9(t) are de ned as in Chapter 4,

xR xR
“m=2" Pmr Bo=c0 O 6.7)

r=1 r=1

and are both averaged ovBr simulations of the network dynamics. Each simulatrors
started from a random initial con guration sampled from a uniform probability distribution over
the possible node states; the corresponding simulafienidentical except for those nodesXn
which are set to their prede ned state for timne O.

This measure of in uence can naturally be estimated by any method that provides the state
estimates;(t). Thus, there is a straightforward application of the IBMFA to measure perturbation
in uence in Boolean networks (see Fig. C.10); for multi-state networks, the IBMFA can estimate
each state probability separately by evaluating only the rows of the look-up table that result in that
state. However, GTN methods can also estimate perturbation in uence; in this case, any node not
in the seed seX s initially unknown and can be assumed to have uniform probability of each
node state (e.gs;(t = 0) = 0 :5for Boolean networks). During the dynamical unfolding process,
a node that is resolved to stateat timet hassj(t) = ;, whereas all nodes whose state is not
resolved stay in the maximally uncertain state with expectadjgr) = si(t = 0). However,
these methods are limited in that they only calculate direct effects and perturbation in uence, like
con guration in uence, considers both direct and indirect effects of the seed set's perturbation.
The error of an approximation can be calculated analogous to the IBMFA error in Chapter 4 (see
Eq. 4.5); approximate methods can also be compared to the ground-truth by comparing seed set
rank of estimated in uence, as was done in Chapter 5.

It should be noted that this measure of in uence is similar to con guration in uence; indeed,

there is a strong correlation between the two in some networks, although not for all networks in
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the Cell Collective (see Fig. C.10 and C.11). In some cases the con guration in uence provides
a different ranking of node in uence than the perturbation in uence. For example, the con gura-
tion in uence measure cannot differentiate between multiple driver sets that lead to steady-states
of the network. However, the perturbation in uence measure will rank driver sets that drive the
system towards an uncommon attractor as more in uential than those that drive the system towards
a common attractor. The difference between the two measures lies in the fact that the con gura-
tion in uence determines how uncertain the network state is after perturbation (alternatively, how
constrained is the possible dynamical state space in which the resulting trajectory lies), while the
perturbation in uence determines how different the network state is after perturbation (how is the
resulting trajectory different from an unperturbed trajectory).

There are potentially many other possible ways to de ne in uence than those mentioned here;

however, | leave the exploration of other types of in uence for future work.

6.3 Future Outlook

As the above examples suggest, the work done thus far on node in uence is just the beginning of
understanding such in uence in general networks. There are many ways in which the methods
presented in this dissertation can be extended beyond the assumptions | employed here and applied
to more general problems. In this dissertation | focused primarily on biological networks, as they
have been the focus of other causal inference studies and there are existing repositories of these
networks; additionally, they have nonlinear dynamics with reversible states and heterogeneous
transfer functions which makes them an ideal test case for GTN methods and the IBMFA. As
mentioned above, it is possible to apply these methods to many other types of networks; however,
it is unknown how well these methods will perform since they have been tested primarily within
one domain. In the case of the IBMFA, | tested its performance on RBNs in the chaotic regime
(with degreek > 2); given that the approximation had low error, it suggests that the method should
also work well on other types of networks that are less chaotic. However, the RBNs were limited

intheir sizetoN  100due to computational constraints; moreover, the largest biological network
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analyzed had sizd = 321. As network size increases, it is increasingly important for the network
to be sparse, or to have pre-existing logical expressions that are easy to manipulate, in order to use
the methods presented here.

In theory, both the GTN methods and the IBMFA can be applied to any discrete deterministic
dynamical system, as in this case it is possible to create a look-up table that uniquely maps the
state of each node at tinteo a single output at time+ 1, based on its set of inputs. In order
to have such a system more closely mimic a continuous one, more states can be added for each
node; this essentially increases the number of bins that the continuous values can be pldted into
As the number of states tends towards in nity, the discrete system will reproduce the continuous
one. Time can also be manipulated such that different transitions occur at different times; indeed,
this was the idea behind asynchronous updating. In addition to changing order of update, certain
transfer functions can be de ned to takdime steps rather than being evaluated in one iteration.
This can be represented structurally on the GTN by adding additional, intermediate state nodes to
essentially act as time counters. Furthermore, some additional extensions to the GTN model were
discussed above, such as including probabilistic transfer functions or fuzzy states.

There are some immediate extensions to the methods presented here that deserve attention.
The rst is order of update. Throughout this dissertation | have assumed synchronous update,
although | experimented with different update orders in Chapter 4 and Appendix B. However, it
is often argued that synchronous update is not a good representation for biological networks, as
different proteins and gene products do not react according to a set clock within the cell; as such,
asynchronous updating schedules were proposed [58, 96]. The IBMFA can be naturally adapted to
different updating schedules, by changing the order that nodes are evaluated to match the order that
they are evaluated according to the update schedule (see Section 4.3 and Appendix B); as Fig. B.1
shows, error of the IBMFA is actually lower for other updating schemes considered as compared
to synchronous update.

Adaptation of the GRN methods to other updating schemes is not as straightfovaagiet al.

In a GTN representation, this is done by adding additional nodes to represent the extra states; in the IBMFA, by
estimating all individual state probabilitieB( ;) =0;P( j)=1;::5P( ;)= 2
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show that the calculation of the logical domain of in uence on the expanded network (equivalent
to an in uence set on a GTN) is valid for any order of update that preserves the breadth- rst search
level order on the graph; this means that any node imthdevel is updated before any node in
the(n + 1) th level [242]. If this assumption is not met, then presumably this could lead to errors
in estimating the in uence set. One approach, similar to the IBMFA, is to evaluate an in uence
path with asynchronous update by evaluating state nodes in the BFS queue in the same order as
the order of update; if a node is selected for update, and its transfer function cannot be determined,
then it reverts to an unknown state. Pinning perturbation additionally offers some robustness, as
the pinned node state never reverts to an unknown $tatéven so, different update orders can
lead to the wrong inferences about the current state of other nodes (this could occur due to logical
obstruction); as such, robustness to update order in GTNs is a problem that requires more research.
Another immediate extension to consider is the type of perturbation. As with many other stud-
ies [216, 246, 247, 98, 242], | focus here on pinning perturbation where the state of the nodes in
the seed set is xed and therefore not allowed to change over time. This is a good approximation
to use for perturbations where the time scale of the perturbation is much larger than the time scale
of the dynamics that the perturbation affects; for example, this could simulate the introduction of
a drug (state pinned to 1) or gene knock-out experiments (state pinned to 0). However, there are a
wide variety of other perturbations that could be applied. This was explored brie y in Chapter 3
with pulse perturbations; such interventions are equivalent to bit- ip perturbations used in pertur-
bation studies. The brevity of pulse perturbations can lead to smaller in uence sets (due to node
states being reset) or to larger in uence sets (due to states being included that would cause logical
obstruction in the pinning case). Pulse perturbations may also capture oscillations and limit cycles,
which pinning perturbations cannot. Intermediate cases can also exist, where perturbations last
longer than one time step but are not inde nite; additionally, more complicated perturbations may
include different nodes being perturbed at different relative time steps.

The IBMFA can be naturally adapted to different perturbation types by specifying the con-

15Stable motifs within the dynamics offer a similar robustness, as they are partial xed points of the system whose
components by de nition cannot change state (i.e., subgraphs that trap the dynamics) [97].
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straints of the perturbation at each time step; for example, if a perturbation is applied #ttiime

set node to state ; = 1, then the corresponding activation probability in the IBMFA is simply set

to 1 in that time step (i.es; (t = t9 = 1). This can be done for GTN methods as well, although it is
more complicated as it affects the BFS algorithm by changing node states that may or may not have
been visited yet. The BFS algorithm, as given in Appendix A, works for both pinning and pulse
perturbations, but not for general perturbation types. Additionally, the formal results concerning
pathway module interactions (e.g., independence, synergy, and logical obstruction) in Chapter 3
are de ned for pathway modules whose seed sets are simultaneously perturbed at Ome full

study of such interactions will have to consider that different pathway modules could be initiated
at varying time steps. As such, additional research is needed to see how pulse perturbations, and
other perturbation types, affect the results seen thus far.

Overall, there has been much progress in understanding in uence in complex networks with
limited knowledge of the network state and there is much that remains to be done. The introduction
of causal inference methods [17, 216, 18, 19, 250, 242] have allowed researchers to tackle general,
nonlinear dynamics even though exact calculations have exponential complexity. This reduces the
need to rely on structural approximations, even though such approximations are still very useful in
large graphs and for certain problems, such as spreading processes [229]. The methods presented
in this dissertation have built upon this literature, and are in step with other research being done in
the eld [242, 300].

Speci cally, the methods presented here further the goal of the study of discrete biological
networks, which is to understand what is happening within the cell in a qualitative sense. As
exact descriptions of all biological variables are impossible, networks allow an intuitive and usable
description that can be generalized across the biological domain. They aid in the understanding of
the origins and mechanisms of disease for the purpose of treatment and prevention, they allow for
the extrapolation of general functional and evolutionary principles that may be applicable across
many species, and they may also infoimvitro or in vivo experiments relating to the function

of certain genes or gene products. All of these goals are aided by methodologies that help to
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elucidate the mechanistic and qualitative description of network dynamics, methods such as the
the GTN and the IBMFA discussed in this dissertation. More generally, these methods can be
used to further the understanding of any deterministic discrete-state system that is well described
by a network of variables that each have a few, distinct states, such as disease-spreading models
(where nodes may be Infected, Susceptible, Recovered, etc.), game-theoretic models (where nodes
may be Cooperators or Defectors), physical models (where states could represent particle spins,
guantum states, or other properties), opinion models (where states describe an agent's beliefs), and
many other types of networks. Additionally, they may shed light on theoretical questions, such as
the relationship between the structure of connections and the logic of dynamics, how exponential
complexity may be reduced, and how global properties may emerge from micro-scale interactions.
In summary, this dissertation addresses how to measure node in uence within complex net-
works given partial knowledge of the network state (i.e., minimal knowledge of the network’s
con guration). Several methods are developed for this purpose, including the formalization of
pathway modules and the introduction of the novel concept of complex modules in the DCM, use
of an individual-based mean- eld approximation to estimate node activation probabilities, and the
formulation of generalized threshold networks - constructed directly from node look-up tables,
disjunctive normal form of node logical expressions, or redescribed schemata of the node look-up
tables - and the determination of in uence sets on these networks. Taken together these methods,
along with other research being done in the area, help to answer one of the most fundamental and
important questions in the eld of complex systems; that is, what is the in uence of individual
components within a system and, furthermore, how does complex behavior emerge from these

simple, interacting parts?
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APPENDIX A
COMPLEX MODULES AND DYNAMICAL MODULARITY IN THE DROSOPHILASPN

A.1 DrosophilaModel

The update rules of the single-cell segment polarity network (SPN) are listed here; for compact-
ness, | have removedfrom the update expressions, so thgt) is represented by the node label
it

Inputs:

SLR.1=SLR

NWG..1 =nWG

NHH: .1 =nHH;

Internal nodes:

W1 =(CIA, ~» SLP A1 CIR,) _ (wg " (CIA; _ SLR)*: CIR,)
WG+ =Wg

en.;=nWG *: SLPR,

EN+1 =en

hh.; =EN; *: CIR;

HHq.1 =hh

ptG+1 =CIA; *: EN{ . CIR;
PTG.1=ptc _ (PTG ~: nHH,)
PH.+1=PTG " nHH;

SMGQ41 = PTG _ nHH;

Cit+1 = EN;

Cli+1 =Ci

ClAw1=Clk ~ (: PTG _ nHH,)
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CIR+1 =Cli » PTG " : nHH;
The parasegment SPM (= 60) extends the single-cell model by including all 14 internal
nodes in each of four cells, where WG and HH in uence both of the cell's neighbors (periodic
boundary conditions assumed), and an additional node, SLP, acts as an input to each cell (see [20]

and [19] for a full description).

A.2 Algorithms

Pathway modules can be discovered by a breadth- rst search (BFS) on the BIGMithm 1,
see Fig. A.1), given the caveat of accounting for the temporal dynamics of state updates. Input to
the algorithm is a DCM, a seed s8%, and a perturbation type (pinning or pulse). The algorithm
tracks which s-units and t-units re in each time step. As with regular BFS units are visited via a
rst-in rst-out (FIFO) queue, but a separate queue is created for each time step. The time counter
is initialized at 0 and increases once all of the units in the associated queue have been visited.

T-units are added to the queue associated with the current time istidyeir threshold is met,
while s-units are added to the queue associated with timetstelp. If the perturbation type is
pinning, any given unit is only visited once (as it is afterwards assumed to re every time step).
If the perturbation type is pulse, by contrast, units that previously red are allowed to be visited
again in future time steps.

The algorithm halts when no new s-units or t-units can be added to a queue (logically, no more
units can re) or the set of s-units and t-units that re at titne i is equivalent to the set of s-units
and t-units that red at a previous iteratiors j <i (a cycle is reached)

The algorithm returns a hash table keyed by time step, where each value is the set of s-units
and t-units that re in the associated time step. The total set of s-units thaB,rean then be
easily derived by nding the superset of s-units from each time step (and ignoring all t-units).

This algorithm can be extended to the general case where each seed ssw@ssociated with

1This only applies to pulse perturbation where the set of units that re is reset after each time step; for pinning
perturbation, this condition is equivalent to the previous one (i.e., no new units are added to the queue) since all units
that re attimet also re attimet + 1.
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a ring schedule,

f(x;t) = f1if x is forced to re at timet,

0 if x is not forced to re at timeg,

rather than only allowing pinning or pulse perturbation. In this case, the external perturbations
dictated by the ring schedule take precedence over any units already in the queue. Additionally,
the delay associated with units can be generalized; here all s-units take one time step to re (i.e.,
they have delaglt = 1); however, s-units can be allowed a higher daday 1 such that it takes
several (relative) time steps for a signal to reach an s-unit (for example, this may represent cellular
processes that operate on a longer time scale than transcription or translation and could be useful
for non-synchronous updating schemes [419, 96]).

The set of pathway modules discovereddiyorithm 1can then be reduced to a set of complex
modules (algorithm 2 see Fig. A.2). Input to the algorithm is a DCM, a maximum seed set size
maxs, a set of s-unitseedsand a perturbation type (pinning or pulse). Algorithm 2 initially nds
all pathway modules with seed set sge= 1 whose seed is in the sseedsusingalgorithm 1
and then removes any subsumed modules to create an initial set of complex mqdutaben
iteratively nds the set of complex modulés. ; with increasing seed set sise= 2; 3; 4:::maxs.

For each size, pathway modules are found for all possible seeds sets, where seeds are obtained
from the setseeds This set of potential modules is then reduced to a set of complex modules
by removing all modules that are not maximal or that contain non-synergistic submodules. The
algorithm halts when the maximum seed set simex s has been reached and returns the set of
complex modules found thus far.

The setseedscan be any set of s-units of interest (for example, the s-units representing the
network inputs). Ifseeds S, the set of all s-units in the network, then all pathway modules
(and therefore all complex modules) will be found; if, howewsseds ,, then only complex
modules with maximal seeds will be foud This is the maximal seed heuristic which nds alll

core complex modules in the network.

2, can be found by runninglgorithm 2with maxs= 1, seeds S.
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All analysis and code for Chapter 3 and Appendix A, includailgorithm 1 and algorithm
2, was written in Python 2.7 with the assistance of the CANA package for nding Boolean net-
work DCMs [299]. The code is publicly available https://github.com/tjparmer/

dynamical_modularity

179



Algorithm 1: Pathway module breadth- rst search

function thresholdedBFS DCM, S°, perturbationtype):

time t=0

time stepsf t: queueg®)qg
unfolding=f t: fgg

active step=f S°g
visited=fg

while t maxgime steps:

visited activestep

if active step= unfoldindi<t ]:
return unfolding

if perturbationtype="pulse":
active step=fg
resett-unit thresholds

while time step#t]:
pop rst unit x from queue atime stepst]
unfoldindt] x
for each DCM neighbor (s-unit/t-unith 62active step
if nis not a contradictiomnd the threshold of nis met:
dt = the delay oh
timestep$t+dtf] n
activestep n
t=t+1

return unfolding

Figure A.1:Pseudo-code for algorithm 1.Input to the function is a DCM, a seed set of s-uts

and a perturbation type ("pinning' or “pulse’). The algorithm is similar to breadth- rst search (BFS)
and explores what part of the DCM is reachable from the seed set, factoring in the perturbation type,
relative time steps, logical contradiction, and t-unit thresholds. FIFO queues hashed by relative time
step are stored itime stepswhile sets of visited units hashed by relative time step are stored in
unfolding Units (s or t) are only added to the queue associated with the respective time step if
they meet the requisite conditions. S-units are given a default thresholdl and delaydt = 1,

while t-units have delagt = 0. Units that are visited are added to the ses#edandactive step

Each t-unit must track the s-units that contribute towards its threshold; with pulse perturbation, unit
thresholds are reset after each time step. The algorithm halts when a repeat set of s-units and t-units
is found for a given time step or when no new units can be reached based on their logical conditions.
The function returns the pathway modikse initiated by the seed set, i.e., the sets of units visited

at each relative time step. In the above pseudo-cikisy:valug represents a hash table aigda

set.
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Algorithm 2: Complex module discovery

function complexmodulesearch PCM, maxs, seedsperturbationtypd:

iterations=1
complex modules$=fg

whiles maxs:
if s=1:
new seedsseeds
else:
newseedsf S? [f seed)for i 2 P, seed2 seedg

pathway module®=fg
for seedin newseeds
P  thresholded BFS(DCM, seed perturbationtype

for modulep 2 P:
if pis subsumed byn for any modulem 2 P:

continue
elseif (S))  (Sp (S SY) = ; forany submodul@sof p:
continue
else:
I p
s=s+1
return |

Figure A.2:Pseudo-code for algorithm 2.Input to the function is a DCM, the maximum seed set
sizemaxs, a set of s-unitseedsand a perturbation type ('pinning’ or "pulse’). At each iteration,

new seed sets of size= k are generated by combining seed sets of current pathway modules of
sizes = k 1with the members odeedgsizes = 1). The pathway modules for these new seed
sets are found using algorithm 1; this set of modules is then condensed to a set of complex modules
by removing those that are subsumed by other modules or that fail a synergy check. For pinning
perturbation, the former condition Iters any modutewhereS, Sy for any other module

m 2 P, whereas for pulse perturbation the temporal order of when units re must be checked as
well. The function returns the set of complex modules$n the above pseudo-codg, represents

a set.

A.3 Complex Modules and Dynamical Unfolding
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Figure A.3:Example interactions between pathway modulega) ModuleM , subsume$/g as

the unfolding ofMg is completely contained iM . (b) Mag o logically obstructdM o because

of the contradiction between B-0 and B-1, which prevents the ragt,0from unfolding. ()M
andMp are decoupled (dynamically independent); even though they share a thrédhgldjoes

not re the t-unit and thus cannot cause any downstream effectdV gdandM¢ are synergistic
becauseM ¢ res a t-unit that neither module can re by itself, thereby reaching the node H.
(e) There is both synergy and logical obstruction present betweerandM¢ 1, as a logical
contradiction with C-1 blocks the complete unfoldingMf; however, the synergy present also
allowsMa.c ; toinclude I and J. (f) An example of synergy between non-maximal séégss
subsumed by, andM is subsumed bg . Because of the contradiction of B-0 and B-1,
jSas o) = 3 (shown in green). However, if C and K are used as seeds, then a larger module is
seen which includes the extra nodes L and 84« j = 4 (shown in brown). This synergy is found
in two complex modulegScs o =5 andjSax j = 6; however, neither of these are core complex
modules becaudd . andMg are not maximal.
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M; dynamical unfolding 1Sij
Men1( 2) EN-1,ci-0, ptc-0, CI-0, CIR-0, CIA-0,hh-1, HH-1 9
en-Q EN-0,ci-1, hh-0, CI-1, HH-0 7
en-Q EN-0,ci-1, hh-0, CI-1, HH-0 7
M cir-1 hh-0, wg-0, ptc-0 HH-0, WG-0 6
M pTc.0 SMO-1, PH-0, CIR-0 4
M HH-1 SMO-1, CIR-0 3
PH-0 2
Mug-1 WG-1 2
M pic-1 PTC-1 2
M nwe-1 - 1
Msip.o - 1
Mph-1 - 1
M smo-0 - 1
MCIA—l - 1
M () SMO-1, CIR-0,en-Q EN-0,ci-1, hh-Q CI-1, HH-0, CIA-1, 16
SEP-LnHA-L A3 wg-1, ptc-1, WG-1, PTC-1, PH-1
M SMO-1, PH-0, CIR-0en-Q EN-0,ci-1, hh-0, CI-1, HH-0, 15
SLP—l,PTC—O( 5) ClA-l, Wg-l, ptC-l WG-1
M () SMO-1, CIR-0,en-Q EN-0,ci-1, hh-0, CI-1, HH-0, CIA-1, 14
nWG-0,nHH-1 { 3 ptc-1, PTC-1, PH-1
M (o) SMO-1, PH-0, CIR-0en-Q EN-0,ci-1, hh-0, CI-1, HH-0, 13
nWG-0,PTC-0 5 CIA-1, ptC-l
M () SMO-1, CIR-0, EN-1hh-1, ci-0, ptc-0, HH-1, CI-0, PTC-O0, 13
nHH-1,en-1 4 PH-O, CIA-0
M () en-1, EN-1,ci-0, ptc-Q, CI-0, CIR-0, CIA-0,hh-1, wg-0, 13
SLP-0,nWG-1 2 HH-l, WG_O
MnHH—l,CIR—l SMO-1,hh-0, Wg-O, ptC-O, HH-0, WG-0, PTC-0, PH-0 10
M nHH-0,ptc-1 PH-0, PTC-1, SMO-0, CIA-0 6
M () SMO-1, CIR-0,en-1 EN-1,hh-1, ci-0, ptc-0, HH-1, CI-0, 17
SEPONWE-LnHR-LL 4/ pTC-0, PH-0, CIA-Owg-0, WG-0

SMO-1,hh-0 wg-0 ptc-0, en-Q HH-0, WG-0, PTC-0, EN-0,

Msp-1nr1.CR1 ci-1, PH-0, CI-1, CIA-1 16
SMO-1,hh-0 wg-0, ptc-0, en-Q HH-0, WG-0, PTC-0, EN-O,

Mawe-0nHH-1.cR-1 ci-1, PH-0, CI-1, CIA-1 16
PH-0, PTC-1gn-Q SMO-0, CIA-0, EN-0gi-1, hh-0, CI-1,

M sLp-1.0b-0 pre1 HH-0, CIR-1,wg-0, WG-0 16
PH-0, PTC-1gn-Q SMO-0, CIA-0, EN-0gi-1, hh-0, CI-1,

M we-0,nk-0 pre-1 HH-0, CIR-1,wg-0, WG-0 16

M sLP-0.nHH-0,pte-1 PH-0, PTC-1, SMO-0, CIA-Oyvg-0, WG-0 9

Table A.1:Core complex modules in thedrosophilasingle-cell SPN with pinning perturbation.
Modules are grouped by seed set size and ordered by resultingSgiz&’ he module labels are
colored to correspond to Figures 3.5, A.4, A.5, and A.6; membership in a set of related modules

is also indicated in parentheses. The s-units are listed in the temporal order that they are visited
within the dynamical unfolding process. 183



Figure A.4: Complex modules in thedrosophila single-cell SPN, seed set sizze= 1. Se-

lect complex modules (indicated by color) are shown: modlilg;c o (a), moduleMcir 1 (b),
moduleMptc o (€), and all 14 complex modules with seed set size 1 (d). These modules
dynamically unfold from their seed set of sige= 1 (highlighted with a double edge) to include

the s and t-units that are guaranteed to re given pinning perturbation. In panel d, the 14 modules
indicated compose ; and cover the DCM. S-units and t-units are colored by the largest module
that they are a part of; modules that only contain the sgp<£ 1) are in purple. Note that several
t-units have been removed or modi ed in the gure for clarity of the transition function.
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Figure A.5:Complex modules in thedrosophilasingle-cell SPN, seed set size= 2. Select com-
plex modules (indicated by color) are shown: modMlg p 1p7c o (a), moduleM uy  1en 1

(b), moduleMuy  1.cir 1 (€), and moduléM pyy  gpre 1 (d). These modules dynamically un-
fold from their seed set of size= 2 (highlighted with a double edge) to include the s and t-units
that are guaranteed to re given pinning perturbation. In panel d, note that gtoAdoes not

re with pinning perturbation due to contradiction wigiic-1 Note that several t-units have been
removed or modi ed in the gure for clarity of the transition function.
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Figure A.6: Complex modules in thedrosophila single-cell SPN, seed set size = 3. Se-

lect complex modules (indicated by color) are shown: modllidgr onwe 1nnn 1 (@), module

Mawe onnn 1cir 1 (D), moduleM e onHH  opte 1 (C), and moduldMsip o oppic 1 (d).

These modules dynamically unfold from their seed set of size3 (highlighted with a double

edge) to include the s and t-units that are guaranteed to re given pinning perturbation. In panel a,
the indicated module resolves all 17 variable states and results in one of the network's 10 attractors.
In panel b, the indicated module is identicalNig; p 1011 1:.c1r 1 bUt differs only in the seed.

In panel c, the indicated module is identicalNts p  1.n4H oprc 1 DUt differs only in the seed.

Note that several t-units have been removed or modi ed in the gure for clarity of the transition
function.
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Figure A.7:Dynamic cycle by perturbation of nHH. The input nHH can unfold different mod-
ules if its state is changed periodically. If held ON long enough, and SLP-1 or nWG-0 is also
presentMsip 1nHH 1 OF Mawe onnn 1 €an unfold (a), which turns optc. If nHH is turned
OFF,Mpun  optc 1 Unfolds and turns ofptc (b). If nHH is turned ON again, it turns off PTC
and allowsMg;p 1.nqe 1 OF Mawe onun 1 to unfold (c), which again turns optc. If nHH is
turned OFFM w1 optc 1 UNfolds and the cycle continues (d); thus, periodically ipping the state
of nHH causes several other nodes states (suptcaBTC, CIA, and SMO) to also ip.
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Figure A.8: Dynamical unfolding in the drosophila parasegment SPN.Cell boundaries are
separated by a blue line; white indicates that a node is OFF in that time step, black indicates
that a node is ON, and grey indicates that the node's state is unknown. The color of the node label
indicates the associated complex module. (a) The dynamical unfolding of SLBLP; = 0O,

wg = 1. The presence of WG-1 in cell 2 alloids p onwe 1 (labeled as blue) to unfold in

cells 1 and 3 by acting as an additional input to SLP-0. These modules turn off WG and turn
on HH in cells 1 and 3, which initiatd®l ,wc onnn 1IN Cells 2 and 4 (labeled as red). Finally
Mnawe onun 1IN cells 2 and 4 turns off HH which initiates the (sm@yyy o module in cells

1 and 3 (labeled as yellow). This resolves almost the entire network (52 variables) with only three
inputs. (b) The dynamical unfolding of SLB SLP; = PTG, =0, SLP, = 1 is almost identical,
except instead ofvg-1, SLP-1 and PTC-0 are pinned in cellMs p 1.p1c o (labeled as orange)
similarly turns on WG, initiating thds.p onwe 1 module in cells 1 and 3. However, the time
differences are more pronounced. The unfolding can be seen in three distinct epochs where rst
Msip 1.pTc o mustunfoldin cell 2, then thBls.p onwe 1 Modules are initiated in cells 1 and

3, and thetMwc onnn 1S initiated in cell 4. This demonstrates how important timing is in the
dynamic interplay between cells.
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associated

 0; 0 .
IS S ISI modules
s=1 enl] 13 My/Mj
_ ., (en], enly.y), Mg/M3 ,
S=2  (CIR-1, CIR-1.,) 28 MMy
s=3 f (SLP-Q, SLP-Q.,,wg1i+1)g=X 52  M/Mgl
s=4 f (X+enl), 56 Mg/M 1o/Ms,
- X+enliz)g=Y Mg/M10/Mg
f (SLP-:IH SLP-1+1 ) SLP-Q+2 ) Wg—li+3 ) en'1i+3 )a
(SLP-JH SLP_1+1 ) SLP-Q+3 ) Wg-ll +2 en—1i+2 )1
_ (Y + SLP_1.3), Mg/M 1o/M¢
S=5 (Y +SLP.O.). 59
(SLP-Q, SLP-Q41, SLP-1.5, Wwg-1i43, enlig),
(SLP'Q, SLP'Q+1 y SLP'1+3 y Wg'1|+2 y en'1|+2) g = Z
(Zz+ SLP-Q),
(Z + SLP-1) Mg/M1o/Mg
s=6 (enl, PTC-Q.,, SLP-Q, SLP-Q,;, SLP-1,,, SLP-1,3) 60 ...
(en1;, PTC-Qs2, SLP-Q, SLP-%.1, SLP-%,,, SLP-Q.3) M 1o/Me/Mg

(enl;, PTC-Q.z, SLP-Q, SLP-Q.1, SLP-3}.2, SLP-0,3)

Table A.2:Maximal modules in the drosophilaparasegment SPNThe seed se? and sizgS;j

of the maximal pathway module per seed set size jS%j are shown, along with the associated
intracellular complex modules found within the maximal module. Hbte indicatesM e o;

M, indicatesMe, 1; M3 indicatesM uy  1; M4 indicatesM \un o; M5 indicatesMcig 1; Mg
indicateg\/lSLp LnHH 1, M- indicategvlsua 0nWG 1i Mg indicatesM nHH len 1, Mg indicates

Mptc o; hally, Mg indicatesMsip onwe 1nnn 1- FOrs =5, all maximal pathway modules

have the same associated intracellular modules fo6, the rst two groupings of seed sets have
associated moduléd g, M9, andMg, while the latter three groupings have associated modules

M 10, Mg, andMg. The subscript on the s-unit labels denotes the cell of the parasegmentiwhere
andj are arbitrary cells chosen such that there is no logical contradiction between variable states
and cellular addition uses modular arithmetic. As maximal modules with larger seed sets tend
to build on the same set of modules with smaller seed sets, particular seed sets are condensed to
variables for readability. Given the periodic boundaries of the parasegment and the similarity of
complex modules, a signi cant degree of redundancy in regards to cellular indices can be seen
in the maximal module sets. A seed set of Sze 6 is needed to resolve every variable in the
network.
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Figure A.9: Minimal schemata for attractor control in the drosophilaparasegment SPN(a)

One of the minimal schemata found to reach an attractor, representing the minimal seeds suf cient
to drive the dynamics to that attractor with pinning control. Each row represents a cell in the
drosophilaparasegment and each column the state of the respective node: black represents ON,
white represents OFF, and grey represents a wildcard value (i.e., the node state is redundant for
convergence to the attractor under pinning perturbation of the seeds). The color of the row label
represents the main module group active in that cell during unfolding (pink represgnted
represents 3, and violet represents,, see Table A.1). (b) Same as panel a, but for the minimal
schema suf cient to reach the wildtype attractor. The minimal con gurations found are much
smaller than the previous estimates without pinning perturbation found in [19].

Figure A.10:Dynamical unfolding of a minimal seed set to reach an attractor in thedrosophila
parasegment SPNCell boundaries are separated by a blue line; white indicates that a node is
OFF in that time step, black indicates that a node is ON, and grey indicates that the node's state
is unknown. The color of the node label indicates the associated complex module. All four SLP
inputs are pinned; additionallyyg andenare ON in the rst cell. Mg, 1 unfolds in cell 1, and

wg-l initiatesMs p onwe 11N cell 2 by acting as an input along with SLP-0. This turns on HH in
both cells which extends the unfolding in each cell via additional synergy (moMWesS;.nun 1
andMsip onwc 1nHH 1, l@beled as violet). It also extends the unfoldingwd » ; in cells 3

and 4 (modulM s p 1.n4n 1, labeled as red). This nal con guration is in the basin of attraction

of the broad stripes attractor [20], and the network will reach this attractor once thevegadd

enin cell 1 are no longer pinned.
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Figure A.11: Dynamical unfolding of the wildtype attractor in the drosophilaparasegment.
This gure is the same as Fig. 3.6 except that the full unfolding of the minimal seed set to the wild-
type attractor is shown in terms of intracellular modulds; p ¢ is presentin cell 1 based on ini-
tial conditions (blue arrow). The in uence of WG-1 in cell 4 (blue arrow) initiatés p onwc 1

in cell 1 (shown by blue borders). This module turnshdwvand HH which initiateM .,y 1 in cell

2 (shown in green) and then turns off WG in cell 1 which, together with WG-0 in cell 3 (indicated
by red arrows), initiate$1,we o in cell 2; the synergy betweeM .y 1 andMwe o results

iNn Mpun znwe o In cell 2 (shown by red borders). Based on initial conditidis,rc o is also
present in cell IMsp o andM,4 o are present in cell Mg p 1 andMcgr 1 are present in

cell 3, andMg p 1 andM,,4 1 are presentin cell 4Mgp 1 in cell 4 (shown by pink borders)
turns off hh and HH which, together withh-0 and HH-0 in cell 2 (indicated by brown arrows),
initiatesMuy o in cell 3, which is subsumed bW\ optc 1 (Shown by brown borders). Fi-
nally, the presence dfh+1 and HH-1 in cell 1 initiate$/1 .y 1 in cell 4 , which is subsumed by
MSLP LnHH 1 (ShOWﬂ in red). 191



A.4 Observability and Control

The single-cell SPN is small enough that the attractors of the network can be fully enumerated.
Analysis of the dynamical activity within each of the 10 attractors corresponds well with the anal-
ysis of complex modules, as each attractor can be associated with one or more modules (Table A.3).
The ,moduleMs p onwe 1nHH 1 1S S€€ninonly one attractor as it requires an AND condition
between all three inputs, resulting in the driver set (SLP=0, nWG=1, nHH=1). Thmodules,
Msip 1nnn 18ndMawe onun 1, @re seen in four attractors: the former module resolves every
variable except for the input nWG and therefore leads to two attractors depending on the state
of this input with driver sets (SLP=1, nWG=1, nHH=1) and (SLP=1, nWG=0, nHH=1); the lat-
ter module resolves every variable except for Sk, and WG and can lead to three attractors,
with driver sets (SLP=1, nWG=0, nHH=1) (seen above), (SLP=0, nWG=0, nHing0), and
(SLP=0, nWG=0, nHH=1wg=1). The moduleMs;p 114 optc 18NAMpwG onHH oPTC 1
are identical except for their seeds and lead to three attractors, as both modules resolve every
variable state except for the missing input (which my be in either stat@he driver sets for
the three attractors are therefore (SLP=1, nWG=0, nHH=0, PTC=1), (SLP=1, nWG=1, nHH=0,
PTC=1), and (SLP=0, nWG=0, nHH=0, PTC=1). The nal two attractors redJiggr onwc 1
in combination with other modules; one requiMsyy o andMp1c o, While the other requires
Mnun opTc 1 (Note that there is synergy between nHH-0 and PTC-1 and that this module is also
a submodule oMs p 1.n0H opTc 1@NdMpwe onHH oPTC 1, Meaning that it appears in four
attractors). The driver sets for these two attractors are therefore (SLP=0, nWG=1, nHH=0, PTC=0)
and (SLP=0, nWG=1, nHH=0, PTC=1). Interestingly, the superset of the nodes associated with the
minimal driver sets found via this methodology are the same driver nodes predicted by feedback
vertex set theory (inputs SLP, nWG, nHH and internal nodes PTCGvahd

The characterization of dynamical modules here highlights the difference between the driver

node set with pinning and pulse perturbation control. If a driver node's state must be constant, as

3These are complex modules but not core complex modules as PTC is not a maximal seed (Wggause
subsumedlprc 1).
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with pinning perturbations, PTC amwdg are needed to fully control the network. However, if one

is allowed to ip the states of the input variables, then no internal nodes need to be pinned. For
example, to reach the attractor that requiveSir onwc 1, Mnun 0, andMptc o, the module

Msip onwc 1nnH 1 Can be used which turns off PTC (and maintains PTC in the OFF state), and
nHH can then be switched OFF to reach the attractor. Furthermore, madyles 1..yy 1 and

Mawe onnn 1 turn off ptc; if the state of nHH is then ipped, the moduM ,yy op7c 1 Will

unfold, as is seen in four attractors. In general, perturbing nHH along with the other input nodes
replaces the need to control PTC as nHH is an input to PTC. Perturbing the internatgyodean-

while, allows to turn on or oftvgand WG, when SLP=0, nWG=0, and nHH=1. However, SLP can
also be turned ON aftM ,wc onnn 1 UNfolds to turn orwg and WG and then turned OFF. Al-
ternatively, SLP can be turned OFF while nWG and nHH are ON to iniWBg> onwe 1.nHH 1)

which turns offwg and WG; then nWG can be ipped to initiaMwe onnn 1. Therefore, per-
turbing SLP and nWG replaces the need to conir@l In a sense, pinning the internal nodes then

is just a shortcut to replace the need for input node perturbations. This highlights the usefulness of
complex modules in developing a qualitative understanding of control in a system.

Perhaps unsurprisingly, the same intracellular modules that lead to attractors in the single-
cell SPN lead to attractors in the parasegment SPN, when considering six biologically-relevant
attractors from [20]. In particulaMsip 1nHH oPTc 1, Msip onwe 1, Mnwe onnn 1, @and
Msip 1nnn 1 €ach play a signi cant role, appearing in at least four of the attractors (see Table
A.4).

The logical inferences made during the dynamical unfolding process are also useful in the prob-
lem of observability. If a network has reached a xed point, then each variable state is unchanging
(i.e., pinned); thus, observing a set of sensor nodes with corresponding SUgitarantees that
the moduleM o has fully unfolded and all the variable states containe8;iare present in the
current state of the network. Observing only a small subset of such states (2-3 in the case of the
drosophilasingle-cell SPN, equivalent to less tha8%of the network size) is suf cient to gure

out which attractor the network is in. The size of this minimal observability set is naturally upper-
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bounded by the size of the minimal driver set. For dnesophilaparasegment SPN, the minimal
observability sets require only two s-uni& of the network size) when considering only the six

biologically-relevant attractors in Table A.4.
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Attractor Minimal observability sets Minimal control set Associated modules

f (nHH-1, SLP-1, nWG-0),
(SLP-1,ptc-1, nWG-0),
(wg-1, SLP-1, nWG-0),
O(SLP-l, nWG-0, WG-1),
(CIR-0, SLP-1, nWG-0),
(SLP-1, nWG-0, CIA-1),
(SLP-1, nWG-0, PH-1),
(SLP-1, SMO-1, nWG-0y

01100001111111010f (wgr1, SLP-0), (SLP-0, WG-1) (NHH-1, NWG-0wg-1, SLP-0)  M11,Myg1,M < p0

f (nWG-1,wg-1), (ptc-1, nWG-1),
11100001111111011(nWG-1, PH-1), (nWG-1, CIA-1), (nHH-1, NnWG-1, SLP-1) Mg,M nwe-1
(nWG-1, WG-1)g

f (nHH-1, PTC-0), (nHH-1en-1),
(EN-1, nHH-1), (nHH-1¢i-0),
00011110001000011(CI-0, nHH-1), (nHH-1, CIA-0), (nHH-1, NnWG-1, SLP-0) M 10
(nHH-1, ptc-0, (nHH-1,hh-1),
(HH-1, nHH-1), (nHH-1, PH-0y

10000000100110101f (CIR-1, n\WG-1} (SLP-1, nHH-0, PTC-1, n\WG-1)  Mi3,M we1
00011110001000001f (nNHH-O, PTC-0), (SMO-1, nHH-@ (nWG-1, PTC-0, nHH-0, SLP-0) M, Mg,

f (wg-0, ptc-1), (ptc-1, WG-0),
00000001111111010(wg-0 PH-1), wg-0, CIA-1), (nWG-0, nHH-1, SLP-0wg-0 M11,Mwg-0,Msip-o
(WG-0, PH-1), (WG-0, CIA-1p

f (PTC-1,en-1, (SMO-0,en-1),
(SMO-0, EN-1), (PTC-1, EN-1),
(PTC-1,ci-0), (SMO-0,ci-0),
00011110100000001(CI-0, SMO-0), (PTC-1, CI-0), ("WG-1, PTC-1, SLP-0, nHH-0) M7, M1
(PTC-1,hh-1), (SMO-0,hh-1),
(PTC-1, HH-1), (CIR-0, SMO-0),
(HH-1, SMO-0)g

00000000100110100f (CIR-1, SLP-0y (nWG-0, nHH-0, PTC-1, SLP-0) M14,Msip-o

f (nWG-0, SLP-1wg-0),
(nWG-0, nHH-0, SLP-1),
(CIR-1, SLP-1, nWG-0),
100000001001101008tg_1: gvnxgg S\IIC\GOZ)) (SLP-1, nWG-0, nHH-0, PTC-1) M13,M 14
(SLP-1, nWG-0, WG-0),
(SLP-1, nWG-0, PH-0),
(SLP-1,ptc-0, nWG-0)g

1110000111111101 (nHH-1, SLP-1, nWG-0) Me.M11

Table A.3: Minimal observability and control sets for the drosophila single-cell SPN.The
attractors label the node states in order of Swig, WG, en EN, hh, HH, ptc, PTC, PH,
SMO, ci, CI, CIA, CIR, nHH, nWG. The associated complex modules are colored to corre-
spond to Table A.1. HereMl, indicatesM yy o; Mg indicatesMg p 1.0 1; M7 indicates
Mgip 0NWG 1s Mg indicateSMpTC 0. Mg indicateSMng ONWG 1.nHH 1i M1 indicates
Mmwe oniH 15 MppindicatesMyyy  oprc 1; MizindicatesMgip 1nHH opTc 13 hally, My,
indicatesM nwa onHH  oPTC 1

195



Attractor Expressed nodes Minimal observability sets Associated modules
f (CIRs-1, PTG-0), Y
(Wgu; WGy; eny; ENy; hhy; (PTC,-0, ptcy-1), M7 o
Wild-type HHy; pteoa; PTCos4; Ciaaa;  (CIAL-1, PTG-0), M“’
Clyz.4; ClA,4; CIR3) (PH,-1, PTG-0), N 13
(PTC,-0, SMOs-0) g 6
f (en-1, en-1), M
(W0s.4; WGg.4; €Mi:2; ENy.o; (en-1, ptes-1), M 1o
Broad stripes  hhyp; HH1; ptess; PTGa;  (eny-1, ptcs-1), Mlo’
Cisa; Cla; ClAg.a) (en-1, wge-1), Mo
(Wg-1, enp-1) g °
f (CIR,-1, CIR-1),
(CIRs-1, CIR;-1), M 14
. (Ciy2.3.4; Cly234; (SLP:-1, CIR;-1), M4
No segmentation PTCy s34 CIR1.2:5.4) (SLP;-1, CIRy-1), Mo
(SLPs-1, CIR,-1), M3
(SLPs;-1, CIR;-1) g
(Wgi; WGy eny; ENg hhy; | (8L, SMO-0), M7/M 12
Wild-type variant HHy; ptc.4; PTCi0.3.4; (SMO;-0, ptcy-1), M,
Cizg; Cloaa: ClAgs; CIRg)  OMO1-0, pic-1), Maa
2,34, Cl2:3.4, 24 3 (wgs-1, SMO-0) g Mg
f (CIRs4-1, PTG-0), M
(Wgs; WGs; ery; ENp; hhy;  (pter-1, PTG-0), Y
ECtOpiC HH,; ptcs 3; PTCl;3;4; Ci1;3;4; (ClAl-l, PTCz-O), M7 o
Clig4; ClAL3; CIR,) (PH;-1, PTG-0), MG’
(SMO,-0, PTG-0) g 13
(Wgs; WGs; enp; ENp; hhy; f (SMO,0, eny-1), Maz,
. ; . ) .. (SMG;-0, ptcs-1), M7/M 15,
Ectopic variant ~ HHy; ptci.3; PTC2:3.4; Cli:3:4;
Clysa: ClALs: CIRy) (SMG,-0, wgs-1), Me,
Sy LS = (SMO,-0, ptci-1) g Mis

Table A.4: Attractors and minimal observability sets for the drosophilaparasegment SPN.

A node or s-unit's index indicates to which cell in the parasegment it belongs. In addition to the

expressed nodes listed, every attractor has input nodes,St ®FF and SLR, = ON. The associ-

ated intracellular complex modules are listed for cells 1-4 (top to bottom) in the parasegment. Only
the main complex modules for each cell are listed; they are colored to correspond to Table A.1.

Here, Mg indicatesM g, p LnHH 1, M+ indicatesMg p oNWG 1, Mg indicatesMptc o; M1g

indicatesMsip  onwG  1;nHH

1, M1y indicatesMawe onnn 1; M1z indicatesMopn optc 15

M13 indicateg\/ISLp LnHH OPTC 1, naIIy, M 14 indicateSNInWG O.nHH OPTC 1- Note that ob-

servability sets only require two sensors to reveal the given attractor.
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Nodes S-units AttractorsD( ) j j avg.jSij2 maxjSij 2

Example GRN 6 12 5 083 4 3.25 5 (83%)
Drosophila 17 34 10 081 8 5.25 16 (94%)
single-cell

Thaliana 15 30 10 0.98 11 2.82 11 (73%)
Yeast 12 24 11 10 7 3.43 12 (100%)
Drosophila 60 120 ? 087 32 4.44 33 (55%)
parasegment

Leukemia 60 120 ? 0.64 41 4.95 42 (70%)

Table A.5: Comparison of dynamical modularity between genetic regulatory networks.The

optimal cover is estimated for each network by maximizing the mean dynamical modularity
among covers across seed set sizes, assuming pinning perturbation. Six networks are consid-
ered: the example GRN from Fig. 3.2, tdeosophilasingle-cell and parasegment SPNs [20],
theThaliana arabadopsisell-fate speci cation network [396], the yeast cell-cycle network [155],

and the T-LGL leukemia network [21]. For the rst grouping of networks, was calculated
considering all possible covers qf 6 core complex modules with seed set size 5, with

higherq values used when computationally feasible. By contrastfor the drosophilaparaseg-

ment and leukemia networks was estimated using the greedy heuristic mentioned in Section 3.2.3.
For each network the mean dynamical modularity of the optimal cdér, ), the size of the
estimated optimal covey, |, the average module size within the optimal cover, §&j.2

and the maximum module size within the optimal cover, 1%&k2 , is shown. Percentages are
calculated based on the number of nobles the network.

Average driver Min driver Max driver Driver superset FVS

set size set size set size size size
Example GRN 2 2 2 2 3
D_rosophlla 37 3 4 5 5
single-cell
Thaliana 6.1 5 7 9 9
Yeast 6.45 5 7 7 8

Table A.6: Comparison of attractor controllability between genetic regulatory networks.
Statistics for the driver sets suf cient to fully resolve each xed point attractor in the network,
assuming pinning perturbation, are shown. Driver sets are equivalent to the seed sets of the min-
imal pathway modules whose unfolding includes all node states found in the respective attractor.
The superset of driver nodes needed (based on the set of s-units suf cient to control to each at-
tractor) is compared to that predicted by feedback vertex set theory [246, 247]. See the caption of
Fig. A.5 for a description of the networks used here.
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Drosophila | Drosophila

Yeast Thaliana . Leukemia
single-cell | parasegment
Network size N) 12 15 17 | 60 60
Number of 11 10 10 o "
attractors
s=1
number of modules, 17, 16, 14, 40, 48,

maximum module size 4(33%) 8(53%) 9 (53%) 13 (22%) 24 (40%)
(% of network)

s=2
number of modules, 12, 7, 8, 40, 64,
maximum module size 10 (83%) 12 (80%) 16 (94%) | 28 (47%) 41 (68%)
(% of network)
s=3

number of modules, 12, 3, 6, 152, 223,
maximum module size 12 (100%) 14 (93%) 17 (100%) | 52 (87%) 53 (88%)
(% of network)

s=4

number of modules, 4, 0 0 472, 646,
maximum module size 12 (100%) ' 56 (93%) 54 (90%)
(% of network)

s=5

number of modules, 2, 0 0 1073, 1446,
maximum module size 12 (100%) ' 59 (98%) 56 (93%)
(% of network)

S=6

number of modules, 0 0 1475, 2353,

maximum module size
(% of network)

60 (100%) 57 (95%)

Min xed point seed set size

0, 0, 0 ) 0
(% of network) 3(25%)  4(27%) 3 (18%) | 6(10%) 8 (13%)

Table A.7: Comparison of core complex modules between genetic regulatory network3he
number of core complex modules, along with the maximum module size, is found per network per
seed set size. Additionally, the minimal seed set size found to fully resolve every variable state
(min xed point seed set size) is shown; note that this xed point is not necessarily an attractor of
the original network, due to the pinning of the seeds involved. It is apparent that variable states in
each network are quickly resolved s increased when considering the largest complex module.

In comparing the larger networks, the leukemia network has more core complex modules than
thedrosophilaparasegment pervalue, suggesting more complicated dynamics. Percentages are
calculated based on the number of variabes the network. See the caption of Fig. A.5 for a
description of the networks used here.
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APPENDIX B
INFLUENCE MAXIMIZATION IN RANDOM BOOLEAN NETWORKS AND
BIOLOGICAL NETWORKS

Figure B.1: Accuracy of the individual-based mean- eld approximation across various up-

date schedules(a) | evaluate the erra(t), as de ned in Eq. 4.5, committed by the individual-
based mean- eld approximation (IBMFA) in predicting the ground-truth con guration of the sys-
tem at stage of the dynamics. Each curve corresponds to a different updating schedule in the
Drosophila melanogastesegment polarity network (SPN): synchronous (syn), deterministic asyn-
chronous (det asyn), stochastic asynchronous without replacement (sto w/o rep), and stochastic
with replacement (sto w rep). In all asynchronous updating schemes, the state of a single node
is updated while the state of all other nodes is kept invariant, and one unit of time corresponds
to a number of updates equal to the system size. The node whose state is updated is selected
in different ways depending on the updating scheme: in (det asyn), the node is selected accord-
ing to a predetermined sequence; in (sto w rep), the node is selected at random among all the
possible nodes; in (sto w/o rep), the node is selected according to a sequence, but such a se-
guence is randomized at every time step. All results are averagedrowverl00 independent
simulations ofM = 100 randomly selected updating schemes. Initial con gurations are sam-
pled from Eq. 4.3, where the probability of nod¢o be active equals;(t = 0) = 0 :5 for all

i =1;:::;N. (b) Same as in panel a, but for the yeast cell cycle network. In addition to the other
update schedules, the block-sequential update (block-seq)Gaes et al.[353] is included. In

this case, nodes are updated sequentially in blocks, where all nodes in the same block are up-
dated synchronously. The blocks updated in order are: ['CellSize',Swi5','Cdc20/14'/Clb5,6' ,
[MBF''Sicl, ['CIn3'/SBF','CIb1,2''Mcm1/SFF, ['CIn1,2"], and ['Cdh1’]. One unit of time

is given by a full update of all blocks.
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Figure B.2: Average node and con guration entropies for the Drosophila melanogasteseg-

ment polarity network. (a) | consider all possible seed sets of §%¢ = 2. | then compare the
residual entropy,(s) of each node in the network after= 1 iterations of the IBMFA, averaged
across all seed sets, to the residual entropy of each node averagd®l sv&00 simulations of

each seed set. Entropy is measured in bits; maximum entropy per node is 1 bit. Different dots
correspond to different nodes in the network. The dashed line indicates perfect agreement between
entropy estimates. (b) Same as in panel a, but for iteratioh0. (c) | again consider all possible
seed sets of siz&X | = 2. | then compare the residual entragy-g§X ) of the network con guration

aftert = 1 iterations of the IBMFA, averaged across all seed sets, to the residual entropy of the
network con guration averaged ov& = 100 simulations of each seed set. Entropy is measured

in bits and is normalized by the size of the network. Different dots correspond to different choices
for the set of seed nodes. (d) Same as in panel c, but for iteratiors 10. The results show

a strong positive correlation between the IBMFA and the simulations, although after 10 iterations
the IBMFA tends to underestimate entropy as compared to the simulations.
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Figure B.3:Entropies of the IBMFA compared to simulations in genetic regulatory networks.

(a) The residual entropy of thHerosophila melanogastesegment polarity network is plotted as

a function of time. Entropy is measured in bits and is normalized by the size of the network,
and then averaged over all possible seed sets ofjXizeFull curves correspond to predictions

made by the IBMFA, while dashed curves correspond to the average entropy baRed @60
independent simulations of each possible seed set. (b) Same as in panel a, but for the T-LGL
leukemia network. Although node entropiegs) predicted by the IBMFA are sometimes lower

and sometimes higher than those measured by the simulations (and can increase as well as decrease
over time), the IBMFA on average consistently predicts lower entropy of the network con guration

H (X)) than the simulations do.
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Figure B.4:Dynamical in uence in the Drosophila Melanogaste6SPN under different update
schedules. (a) The residual entropy of thBrosophila melanogastesegment polarity network

(SPN) is plotted as a function of time. Entropy is measured in bits and is normalized by the size
of the network. Results are shown for the empty seed)§et, ;. Different curves correspond

to different choices of the update schedule: synchronous (syn), deterministic asynchronous (det
asyn), stochastic asynchronous without replacement (sto w/o rep), and stochastic with replacement
(sto w rep). For de nitions of the updating schemes, see the caption of Fig. B.1. All results are
averaged oveR = 100 independent simulations ™ = 100 models. (b) Same as in panel a, but

for X = f(emn "en = 1) g. () Same as in panel a, but f&r = f (CIR; ~¢cir = 0) 0. (d) Same as in

panel a, but foX = f(CIR; *cr =1)Q.
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Figure B.5:Dynamical in uence in the yeast cell-cycle network under different update sched-

ules. (a) The residual entropy of the yeast cell-cycle network is plotted as a function of time.
Entropy is measured in bits and is normalized by the size of the network. ResuKs for;

are shown. Different curves correspond to different choices for the update schedule: synchronous
(syn), deterministic asynchronous (det asyn), stochastic asynchronous without replacement (sto
w/o rep), stochastic with replacement (sto w rep), and block-sequential (block-seq). For def-
initions of the updating schemes, see the caption of Fig. B.1. All results are averaged over
R = 100 independent simulations dl = 100 models. (b) Same as in panel a, but for

X = f(CellSize "celsize = 1)g. (c) Same as in panel a, but far = f(CIn3;*¢cnz = 0) Q.

(d) Same as in panel a, but f&r= f(CIn3; *¢cin3 = 1) 0.
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Figure B.6: Dynamical in uence in the Drosophila melanogastesegment polarity network.

(a) The residual entropy of the network is plotted as a function of time. Entropy is measured in bits
and is normalized by the size of the network. Different curves correspond to different choices for
the set of seed nodes. All possible seed sets of sipg¢j = 1 are shown. (b) Same as in panel a,
but a random sample d&1000f all possible seed sets of sipéj = 3 are shown; one of the seed
sets results in zero entropy (an attractor of the system).

Figure B.7:Dynamical in uence in the T-LGL leukemia network. (a) The residual entropy of

the network is plotted as a function of time. Entropy is measured in bits and is normalized by the
size of the network. Different curves correspond to different choices for the set of seedodes
All possible seed sets of siz¥j = 1 are shown. (b) Same as in panel a, but a random sample of
1=10000f all possible seed sets of sipgj = 3 are shown.
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Figure B.8: Driving genetic regulatory networks to a desired attractor. (a) Residual entropy

as a function of the size of the seed set for seed sets found by the greedy selection algorithm
(see Section 4.2.5) leading to the 10 attractors inDlesophila melanogastesegment polarity
network (the size of the network ¥ = 17). The values shown are based on averadging

100 simulations of the selected seeds. Circles denote the greedy selection process towards an
unconstrained attractor, which in this case nds attractor 4. As a term of comparison, the curve
corresponding to seed sets composed of randomly selected nodes' indices/states is also shown
(dashed line). The curve displays the value of the entropy averagedRowef 00 simulations

of 100random seed sets. The set size indicated does not take into account seed reduction which
results in driver sets of sizXj = 3 or jXj = 4 for each attractor in the network. (b) Same

as panel a, but for the yeast cell-cycle netwokk € 12). Solid lines show greedy selection
towards each of the 11 attractors in the network. The unconstrained greedy selection process
in this case nds an attractor that does not exist if nodes are not pinned. Interestingly, entropy
must increase during the seed selection process to reach some of the attractors. (c) Same as in
panel a, but for thé®rosophila melanogastgparasegment networlN( = 60). Solid lines show

greedy selection towards six biologically relevant attractors, representing the wildtype phenotype,
wildtype variant (wildvar), ectopic phenotype, ectopic variant (ectopvar), broad stripes (broad),
and no segmentation (noseg). Even though this network is too large for the dynamical landscape to
be fully described, each of these known attractors can be reached by pinning as few as six to eleven
nodes. (d) Same as in panel a, but for the T-LGL leukemia netwdrk €0). Entropy decreases
quickly after the selection of only three nodes and falls to zero after nine selections. Note that the
lower bounds on driver set sizes in panels ¢ and d are nearly equivalent to the lower bounds seen
in Table A.7.
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