Topology and its Applications 338 (2023) 108670

Contents lists available at ScienceDirect

Topology and its Applications

Jjournal homepage: www.elsevier.com/locate/topol

The Hurewicz property and the Vietoris hyperspace n

Check for
Updates

Christopher Caruvana

School of Sciences, Indiana University Kokomo, 2300 S. Washington St., Kokomo, IN 46902, United
States of America

ARTICLE INFO ABSTRACT
Article history: In this note, we characterize when the Vietoris space of compact subsets of a given
Received 3 June 2023 space has the Hurewicz property in terms of a selection principle on the given

Received in revised form 7 August
2023

Accepted 11 August 2023
Available online 19 August 2023

space itself using k-covers and the notion of groupability introduced by Kocéinac
and Scheepers. We comment that the same technique establishes another equivalent
condition to a space being Hurewicz in each of its finite powers. We end with some
characterizations involving spaces of continuous functions and answer a question
MSC: posed by Kocinac.

primary 54D20 © 2023 Elsevier B.V. All rights reserved.
secondary 54B20, 54C35

Keywords:

Hurewicz selection principle
Vietoris topology

w-covers

k-covers

Groupable covers
Reznichenko property
Countable fan-tightness
Cp-theory

C-theory

1. Introduction

The Hurewicz property was introduced in [11] and was conjectured by Hurewicz to characterize the
property of being o-compact. Though, as discussed in [27], this conjecture is false, investigations about
the Hurewicz property continue. In [15], Ko¢inac and Scheepers introduce the notion of groupability to
characterize the Hurewicz property using other types of selection principles that mirror Menger’s property.
An important ingredient in this line of investigation is the game-theoretic characterization of the Hurewicz
property established in [23]. Also in [15], a selection principle which is equivalent to every finite power of
a space having the Hurewicz property is established. This adds to the list of characterizations of certain
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properties of X in every finite power; for other characterizations of this flavor involving traditional selection
principles, see [9,12,22].

Characterizations of the Hurewicz property involving hyperspaces have been obtained in recent years.
Characterizations in terms of certain properties on Cy(X) for certain classes of spaces X have been done in
[25] and [21]. Following generalizations of m-networks in [16], a characterization of the Hurewicz property
on certain hyperspaces of X in terms of further generalized notions of m-networks of X can be found in [5].
Other characterizations can be found in [7] and [26]. For generalized versions of groupability, see [6].

In this note, we continue this work by characterizing the Hurewicz property on certain hyperspaces in
terms of selective covering properties on X using the notion of groupability, extending on the family of
relationships established in [3]. The first result is a general criterion which guarantees the equivalence of
the Hurewicz property on a hyperspace with a certain selective property on the space X. As a consequence,
we characterize the Hurewicz property on the Vietoris space of compact subsets of X in terms of k-covers
of X and groupability.

The original characterization involving finite powers of X was done using w-covers, which cover finite
subsets of X . Since finite powers of X clearly cover finite subsets, relationships between properties of covers
of finite powers and w-covers are not surprising. However, the finite powers of X carry more information
than finite subsets, alone. Here, we establish a similar equivalence involving w-covers with the set of finite
subsets of X adequately topologized.

We end by showing that the selective properties discussed above are also characterized by the property
that the space Cp,(X) or Cx(X) is Reznichenko and has countable (strong) fan-tightness.

2. Preliminaries

Throughout, by space we mean topological space and follow definitions and notation of [8]. For a space
X, we will use [X]<“ to denote the set of all non-empty finite subsets of X and K(X) to denote the set
of non-empty compact subsets of X. To avoid trivialities, we will assume our spaces X to be infinite or
non-compact, wherever appropriate. We also assume all spaces are Hausdorff.

As usual, for sets A and B, we will use the notation AZ to be the set of all functions B — A. So, for
example, X is the set of all sequences in X. When dealing with a finite power w"*! of w where n € w, we
may use the notation m; in place of m(j) for j € n+1 = {0,1,...,n}. The symbol () denotes the empty
sequence. We will also use X <“ to denote the set (J, ., X™ of finite sequences of X and, if the base X is

<w

written with a few symbols, we will use (X)<% in place of X <% to avoid confusion.

By a topological operator we mean a function on the class of topological spaces that produces a collection
of sets related to the topological structure of the input. Some well-known topological operators that we’ll
be using in this paper are recalled below.

e 7: For a space X, Iy is the collection of all open sets U C X where U # () and U # X.

e O: For a space X, Ox is the collection of non-trivial open covers of X; that is, all  C Jx with
X=U%.

e : For a space X, Qx is the collection of w-covers of X; that is, all ZZ € Ox so that,

(VF e [X]™)3U e %) F C U.
e K: For a space X, Ky is the collection of k-covers of X; that is, all € Ox so that

(VK € K(X))(3U e %) K C U.
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Definition 1. For a space X, let K(X) denote the set K(X) endowed with the Vietoris topology; that is,
the topology generated by sets of the form {K € K(X): K CU} and {K e K(X): KNU # 0} for U C X
open. For Uy, ...,U, open in X, define

[U1,...,Un] ={ K € K(X): K C | Uj and (V) [K N U; # 0]
j=1

These sets form a basis for the topology on K(X).
When working with a fixed subspace Y C K(X), we will use [Un,...,U,] to mean [Us,...,U,]NY.

For a detailed treatment of the Vietoris topology, see [19].
Definition 2. We will let Pg, (X) denote the set [X]<“ with the topology it inherits as a subspace of K(X).

Definition 3. For a space X, by an ideal of closed sets, we mean a collection A of proper closed subsets of
X with [X]<¥ C A so that the following two properties hold:

e For A Be A, AUB € Aaslongas AUB # X.
e For A€ A, if B C A is closed and non-empty, then B € A.

Such collections are often referred to as bases for ideals or bornologies (see [10]).
The two ideals of closed sets we’ll be most interested in are [X]<¥ and K(X).

Definition 4. For a space X and an ideal A of closed sets, we define the set of A-covers, denoted by Ox (A),
to be all Z € Ox so that

VAe AYFU e ) ACU.

Note that Qx = Ox([X]<¥) and Kx = Ox(K(X)). Moreover, since [X]|<¥ and K(X) can be defined
topologically, one could hope for a convenient operator to be included in our list of operators above. However,
not all ideals of closed sets can necessarily be defined without referencing the particular topology they are
coming from, so we will not be able to drop the subscript for general Ox(.A).

Remark 5. Observe that, since we define Ox (A) to consist of non-trivial open covers and A is an ideal of
closed sets, each € Ox(A) has the property that % \ .% € Ox (A) for every .F € [%]<*. Moreover, every
member of Ox (A) is infinite.

Definition 6. We say that a space X has the Hurewicz property (or that X is Hurewicz) if, for any sequence
(U, : n € w) € 0%, there exists a sequence (%, : n € w) so that %, € [%n]<w for each n € w and

Ve X)(Amew)(Vn=m) xz € Uﬁn

Note that we are avoiding the use of the commonly used notation Ug,(O,T) to avoid complications in
which (J.%, = X for some n € w or the set {{J.%, : n € w} is finite.

We will also generally be careful to distinguish between sequences and countable sets, as can be observed
in our treatment of the following definition.

Definition 7 (/23]). For topological operators or collections A and B,
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o San(A,B) denotes the following selection principle: for each sequence (%, : n € w) of elements of A,

new Fn € B.

e Si(A, B) denotes the following selection principle: for each sequence (%, : n € w) of elements of A, there
is a sequence (A4, : n € w), where A,, € %, for each n € w, so that {4, : n € w} € B.

there is a sequence (%, : n € w), where each .7, is a finite subset of %,, so that |

Observe that the selection principles can be concisely captured using quantifiers:

San(A,B) = (V¥ € A) (39‘ e [1 [%“}) U #.eB

new new

and

S1(A,B) = (VI € A¥) (3,4 Sl %) {A, :new}eB.

new

We will use the notation X = San(A,B) or X = Si(A,B) to denote that the corresponding selection
principle holds for X.

Note that Sg, (O, O) is the Menger property and that S1(O, Q) is the Rothberger property. We will call
the selection principles Sg, (€2, Q) and Sg, (IC, K) the w-Menger and k-Menger properties, respectively. Like-
wise, we call the selection principles S1(€2, Q) and S (K, KC) the w-Rothberger and k-Rothberger properties,
respectively. In any scenario in which we say X has the 3 property, we may also say that X is 3.

Remark 8. Note that the Hurewicz property implies the Menger property.

As discussed in [15], the property (x) defined by Gerlits and Nagy [9] is shown in [20] to be equivalent to
the property of being both Hurewicz and Rothberger.! So, following [15], we take this as our definition.

Definition 9. We say that a space X is Gerlits-Nagy if X is both Hurewicz and Rothberger.
The Hurewicz property has a corresponding game.

Definition 10. The Hurewicz game on a space X is played as follows. In the n*® inning, One chooses %, € Ox
and Two responds with some %, € [%,]<“. Two is declared the winner if

(Vo € X)(3m € w)(¥n > m) x € | ) Fn.
Otherwise, One wins.

Like above, we are avoiding the use of a general game schema, Guan(A, B), as defined in [1], in which
case the game Gy, (O, T') could be seen as the Hurewicz game. As before, such a formulation would require
care, as the authors observe, to account for finite selections which cover the space.

Definition 11. A strategy for One in the Hurewicz game on X is a function
<w\ <w
o ([Ox} ) — Ox.

The strategy o is said to be winning if, for any sequence (%, : n € w) with

! The results are stated relative to subsets of the real line, but the proofs lend themselves to greater generality.
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Fn €lo((F 5 <)
for every n € w, then
(FreX)Ymew)(Tn=m)x ¢ Uﬂ’n

Though [23, Thm. 27] is stated for sets of reals, the proof extends to arbitrary spaces, so we state it in that
level of generality here. Recall that the main idea of the proof is to use the fact that the Hurewicz property
necessitates that a space be Lindel6f and then to use countable sub-covers of open covers corresponding to
a given strategy for One to have Two respond with initial segments of those countable covers. Looking at
the entire tree of partial plays in this scenario, we can apply the Hurewicz property on the tree to produce
a play which beats the given strategy for One since the Hurewicz property generates a cover that covers
every point by all but finitely members of the selection.

Theorem 12 (/23, Thm. 27]). A space X has the Hurewicz property if and only if One does not have a
winning strateqy in the Hurewicz game on X.

There are also corresponding games for the standard selection principles Sg, (A, B) and Sy (A, B) that are
widely studied in the literature. We will recall here only the elements of selection game theory relevant to
this paper.

Definition 13. Let .4 and B be collections. The finite-selection game Ggn (A, B) is played as follows. In the
n*™ inning, One chooses A, € A and Two responds with .%, € [A,]<¥. Two is declared the winner if
Unecw Zn € B. Otherwise, One wins.

Definition 14. Let A and 1 be collections. The single-selection game Gy (A, B) is played as follows. In the n'h
inning, One chooses A,, € A and Two responds with z,, € A4,,. Two is declared the winner if {z,, : n € w} € B.
Otherwise, One wins.

In this paper, we will only be studying two strategy types for One.

Definition 15. We define two strategy types for One.

o A strategy for One in G1(A, B) is a function o : ({JA)<* — A. A strategy o for One is called winning if
whenever z,, € o{xy : k < n) for all n € w, {z,, : n € w} ¢ B. If One has a winning strategy, we write
11 Gi(A,B).

e A predetermined strategy for One is a strategy which only considers the current turn number. We call
this kind of strategy predetermined because One is not reacting to Two’s moves, they are just running
through a script. Formally, it is a function ¢ : w — A. If One has a winning predetermined strategy, we
write I 1 G1(A, B).

pre

These definitions can be extended to Gan (A, B) in the obvious way.

Remark 16. In general, Sg(A, B) holds if and only if I ¥ Gp(A, B) where O € {1,fin}. See [4, Prop. 15].

pre

Definition 17 (/15]). Let € be a class. We say that ¢ € € is groupable if there exists ¢ : ¥ — w so that
$»~1(n) is finite for each n € w and, for any infinite J C w, |J{¢~1(n) : n € J} € €. Then, we set

€8P = {¥ € ¢ : ¢ is groupable}.
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If O is a topological operator, we will let 8P be the topological operator which generates the groupable
elements of Ox for a space X.

Remark 18. Note that any groupable element must be countable.

Originally, the following theorem appeared as a longer list of equivalent conditions, all assuming that X
is an e-space (a space in which every w-cover has a countable subset which is an w-cover). However, such
a hypothesis isn’t necessary for the following theorem since both conditions of the equivalence imply that
the space X is an e-space.

Theorem 19 ([15, Thm. 16]). For a space X, every finite power of X has the Hurewicz property if and only
if X |= San(9, Q8P).

3. Preparations
The following is an adaption of [15, Lemma 9 and Cor. 10] using the same zig-zag technique.

Lemma 20. For any sequence (%, : n € w) of O (A), there exists a sequence (¥, : n € w) of OFF (A) where
the set {¥, : n € w} is pairwise disjoint and ¥y, C U, for every n € w.

Proof. Let ¢, : %, — w witness the groupability of %,. Fix a bijection 3 : w — w? and use the following
notation: 5(3) = (8(j)1, 8(4)2). Let

P3(0)1,60)2 = Ao = 950, (0).

For m € w, suppose we have A, € [U 02/“} <“ and Ws(m) ,B(m)s S U3(m), defined. Let

new
M = min {n €w: (Vh =) $5tiy, (k) N Ay = @},
Such an M must exist since Ay, is finite and ¢g(;,41), is finite-to-one. Then define

W 3mt1)1,80m+1)2 = Pmr1), (M)

and Api1 = Am U #5(m+1)1,80m+1)s-
This recursively defines {#}, ., : n,m € w} where #;, ,,, C %, for every n,m € w. Let

Y, :U{Wnﬁm:me}

and observe that ¥, C %,. Also note that ¥, € O (A) for each n € w by the groupability of %, and that
the family {¥;, : n € w} is pairwise disjoint by construction. O

The following is a generalization of [15, Lemma 15].

Lemma 21. Suppose X |= Spn(Ox (A), OF (A)). Then, for any sequence (%, : n € w) of Ox(A), there exists
a sequence (F, :n € w) so that the following properties hold:

e (Vnew)F, € [%n]<w,
e {F, :n € w} is pairwise disjoint, and
e VAcA)(Amew)(n=m)(IVeF)ACV.
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Proof. By X E Spn(Ox(A), OF (A)) we can assume that each %, € O (A). Then, by Lemma 20, we can
assume that {%, : n € w} is pairwise disjoint. Fix a bijective enumeration %, = {U,m : m € w} for each
n € w and let

Wy, = ﬂ Ujm; :m € Wt {0}

=0

Also, for n € w, let v, : #,, — H?:o %; be a choice function” so that, for each W € #4,,

W = () proj; (7a(W)),
=0

where proj; is the usual projection mapping. Notice that %, € Ox(A) for each n € w so we can apply
Sin(Ox (A), 0% (A)) to produce ¥, € [#;]* so that

W= % € OF(A).

new

Let ¢ : # — w witness the groupability of # and note that
(VA€ A)(Am e w)(Vn>m) (IW € ¢~ '(n)) ACW.
Then, for each n € w, let x,, : $~1(n) — w be so that, for each W € ¢~1(n),
Xn(W)=min{k € w: W € 94,}.
Finally, set
= {proi, (. (W)) : W € 97 (n)} € (2]

Since {%, : n € w} is pairwise disjoint, the collection {.%, : n € w} is also pairwise disjoint. To finish the
proof, let A € A be arbitrary and let m € w be so that, for each n > m, there is some W € ¢~!(n) with
A C W. Note that, for n > m and W € ¢~1(n) with A C W, we have that

A CW C proj, (vy,w)(W)) € F.
This finishes the proof. O

4. The general hyperspace correspondence

We will now restrict our attention to ideals of compact sets; an ideal of compact sets of a space X is any
ideal A of closed sets of X so that A C K(X). We will also use [X]“ to denote the set of countably infinite
subsets of a set X.

Definition 22. We say that a pair (T,2l) is an adequate context if T is a class of topological spaces and 2 is
a topological operator so that the following properties hold:

2 For each W € #,,, the set {(UO, U,..Un) €[l]_0 % - W =], Uj} is non-empty, so we can use the Axiom of Choice to

select an element from each of these sets and assign them to the corresponding W € #,.



8 C. Caruvana / Topology and its Applications 338 (2023) 108670

e For every space X € ¥, 2x is an ideal of compact subsets of X.
o For every space X € T, A(X) € T where A(X) is the set 2 x with the topology it inherits as a subspace
of K(X).

As alluded to in the preliminaries, we will be considering two contexts, which will be shown to be adequate
below: the class of non-compact spaces along with the operator that generates all compact subsets, and the
class of all infinite spaces along with the operator that generates all finite subsets. When the space X has
infinite compact subsets and 2 is the operator that generates the finite subsets, then A(X) = Ps,(X) is a
proper subset of K(X).

We now offer a modification to [3, Def. 4.2].

Definition 23. Suppose (¥,2) is an adequate context. We will say that the operator 2 is closed under
A-unions if the following properties hold:

 For each Ky € Ax, {K € A(X): K C Ko} € Ay (x).
+ For each K € 24 (x), UK € Ax.

As pointed out by [3, Lemma 4.3], when T is all infinite (resp. non-compact) spaces, the operator 2 which
produces finite subsets (resp. compact subsets) of a given space X is closed under 2-unions. In the case of
the compact subsets, it follows from results of [19].

Definition 24. Suppose we have an adequate context (T,2). We let O(2() be the topological operator defined
by X — Ox(2x). We will say that the operator 2 is suitable if all of the following properties hold:

(S1) 2 is closed under A-unions.
(S2) For every X € ¥ and every Z € Ox(x), {[U]: U e %} € OA(X)(Q[A(X))~
(83) For every X € ¥ and every U € OA(X)(QLA(X)); {V € Ix : (HU S %) [V] - U} S Ox(mx).
(S4) For every X € %, if X | Sgn(O(2A), 08P (2A)), then X is Hurewicz.
(S5) For every X € ¥, the following are equivalent:

o A(X) is Menger.

o A(X) | San(O(2), O()).

« X ESin(OR),02)).

Note that, when ¥ is the class of all non-compact spaces and 2 is the operator that generates compact
subsets, then A(X) = K(X) and so the set O4(x)(2a(x)) is the set of k-covers of K(X). Analogously, when
T is the class of all infinite spaces and 2 is the operator that generates finite subsets, then Oy (x)(2a(x))
is the set of w-covers of Pg,(X).

Theorem 25. Suppose we have an adequate context (T,A) where A is suitable. Then, for any X € ¥, the
following are equivalent.

(i) A(X) is Hurewicz.
(i) A(X) = San(O(2), O (A)).
(iit) X |= Sgn(O(A), OFP(A)).
(z'v) X ': Sﬁn(O(Q[),O(Ql)) and O%f(%(x) = Ox(glx) N [g‘x]w'

Proof. Note that the implication (ii) = (i) follows from (S4).
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(i) = (iv): Suppose A(X) is Hurewicz and notice that A(X) is Menger, which implies that X =
San(O(21), O(2A)) by (S5). So we need only show that every countable member of Ox (2(x) is groupable. So
let % ={U, : n € w} € Ox(™Ax). We define a strategy for One in the Hurewicz game relative to A(X) in
the following way. Let

o(()) = {[Un] : n € w}.
For k € w, suppose we have (¢; : j < k), (M; : j < k), and 0((¢, : j < k)) defined. For any
G € lo((; 5 < k)™,
let
My, = max{m e w: [Up] € %}.
Then set
o((Z 5 < k) ={[Un] : n > My}.

Notice that, by (S2), c((¢4; : j < k)) € Oxx)(Ra(x)) since {U,, : n > My} € Ox(x). So this 0 is a
strategy for One in the Hurewicz game on A(X).

By Theorem 12, ¢ cannot be a winning strategy. So there is a sequence (¥; : j € w) of finite selections
and a corresponding increasing sequence (M; : j € w) of naturals as defined above that win against . We
can then define ¢ : Z — w by the rule

d(U,) =min{k € w: n < My}.

Since ¢ is evidently finite-to-one, we need only show it has the required covering property. So let J C w be
infinite and K € Ax. By our construction, there must be some ¢ € J, £ > 0, and some W € ¥, for which
K € W. Hence, there must be some n € (My_1, M) so that W = [U,]. Note that ¢(U,) = ¢ and that
K CU,. That is, K C U,, € $~1(¢), which establishes that {U,, : n € w} is groupable.

The implication (iv) = (iii) is evident.

(iii) = (i): Suppose X = San(O(), OP(2A)) and let (%, : n € w) be a sequence of open covers of A(X).
Note that

U = {Uﬁ 1 F € [%n]<“’} € Opx)Racx))

since 2 (x) consists of compact sets. Fix a choice function vy, : %, — [%,]<* to be so that (Jyun(U) = U.
By (S3),

Yy ={V € Tx: (AU € %) [V] CUY} € Ox(x).

Fix a choice function 7, , : %, — %, so that [V] C 7, (V). By Lemma 21, we can choose ¥, € [#;,]<“
with the properties guaranteed by the lemma. Define

yn - U{’yu,n o Vu,n(v) Ve g471}

and note that .%,, € [%,]<“.
We now show that the selection {.%, : n € w} witnesses the Hurewicz property for A(X). So let K €
A(X). By our use of Lemma 21, we can find m € w so that, for every n > m, there is some V € ¥, with
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K - V = Ke [V] c ’Y’u,n(v) = U’Yu,n O’Yv,n(v) - Ufn

Hence, A(X) is Hurewicz.

(i) = (ii): Suppose A(X) is Hurewicz. By the equivalence of (i) and (iii) established above, we know
that X E San(O(RL), 02P(A)). It follows that A(X) E San(OR), O(2A)) by (S5). So we need only show
every countable member of Oa(x)(a(x)) is groupable. So let Z = {U, : n € w} € Opx)(™Aa(x)). We
define a strategy for One in the Hurewicz game on A(X).

Throughout this portion of the proof, we will be using the fact that X = Sg,(O(21), O%P(2l)) to find
countable subsets of members of Ox (Ax) which are in Ox(™Ax). We will also use (S3) to take members of
Ouacx)(Aa(x)) and refine them with sets of the form [V] for V' € Jx that form elements of Ox (2x).

To begin, let {V,,, : m € w} € Ox(Ax) be so that, for every m € w, there is n € w with [V,,,] C U,,. Then
we let

o)) = ¥ = {[Vul s m € ).
For % € [/(y]<*, define
My=min{N cw: (YW € %)3n < N) W CU,}.

Note that {U, : n > Mo} € Op(x)(a(x)). So we can let {Vo 1 m € w} € Ox(Ax) be so that, for every
m € w, there is some n > My with [V ] C U,. Define

o(%0)) = Yiany = (Vo] : m € w}.

Now, let k¥ € w and suppose we have ¥;, M;, for j < k, and ¥(5,.j<k) defined where #py,.j<k) refines
% . For gk—i—l S [%Mj:j<k>]<w7 let

Mk+1 = min{N > My, : (VW € %Hl)(Eln < N) W C Un}

Let {Vit1,m : m € w} € Ox(™Ax) be so that, for every m € w, there is some n > Mj, 11 so that [Vit1.m] C Up.
Define

0'<<g] ] < k + 1>) = 7/<Mj:j<k+1> = {[Vk+l7m] tm e W}

This defines a strategy o for One in the Hurewicz game on A(X).

By Theorem 12, we know that o cannot be winning. So there is a sequence (¥; : j € w) and a corresponding
increasing sequence (M, : j € w) of naturals so that, for any K € A(X), there exists some m € w so that,
for every n > m, K € |J¥,. We can define ¢ :  — w by the rule

¢(Un) = min{k € w: n < My}.

Note that ¢ is clearly finite-to-one. So we need only show it satisfies the covering criterion for groupability of
Oacx)(RAa(x))- Let J C w be infinite and K € A4 (x). Observe that | JK € 2x by (S1). There must be some
Le J, ¢ >0, and some W € Ix with UK € [W] € ¥4. Note that | JK € [W] means that | JK C W. By
construction, there is some n € (My_1, My so that [W] C U,,. Hence, for any K € K, K C |JK C W. That
is, K € [W] C U,. Since K € K was arbitrary, K C U,, € ¢$—1(£). This establishes that % is groupable, and
thus, that A(X) | San(O(A),0%P(A)). O

We now offer a game-theoretic characterization.
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Theorem 26. Let O € {1,fin}. Suppose we have an adequate context (%,A) where 2 is suitable and, for
every X € T,

I T GD(Ox(le),Ox(mx)) s ITGD(Ox(le),Ox(mx)).

pre

Then, for any X € T,

I 1 Go(Ox(2Ax), 0F (Ax)) <= 11 Go(Ox(Ax), OF (Ax)).-

pre

Proof. We need only show that, for X € T,

[ ¥ Go(Ox(Ax),0% (Ax)) = 17Go(Ox(Ax), OF (Ax)).

pre

So suppose I ¥ Go(Ox(2x), 0% (Ax)). By Remark 16 and Theorem 25, X = Sp(O(A), O(2)) and
pre

O (Ax) = Ox(2Ax) N [Ix]¥. By the hypothesis, we see that I ¥ Go(Ox (Ax), Ox (Ax)). Now, since any
strategy o employed by One in the game cannot be winning, Two can always beat o and, since every
countable member of Ox (Ax) is groupable, Two’s winning play is always groupable. Hence, One does not
have a winning strategy in Go(Ox (Ax), OF (Ax)). O

To address single-selections, we need a bit more in our hypotheses.

Definition 27. Suppose we have an adequate context (T,2). We will say that the operator 2 is super suitable
if it is suitable and, for all X € ¥, the following are equivalent:

o A(X) is Rothberger.
« AX) | 51(02), O)).
. X £ 5,(0(),00).

Theorem 28. Suppose we have an adequate context (T,21) where A is super suitable. Then, for any X € T,
the following are equivalent.

(i) A(X) is Gerlits-Nagy.
(i) A(X) = S1(O(), 0P ().
(iir) X = S1(O(A), O (A)).

Proof. (i) = (iii): Since A(X) is Hurewicz, Theorem 25 asserts that OFf (UAx) = Ox (Ax) N [Ix]¥. Since
A(X) is Rothberger, by the criterion in the definition of super suitable, X | S;(O(2(),O(2)). Hence,
X = S1(0(A), 0P (A)).

(iii) = (ii): By Theorem 25, A(X) E Sgn(O(2A), OP(2)). Moreover, also by an application of Theo-

rem 25,

O x) @acx)) = Oacx)(Aax) N [Tax))”

By the criterion in the definition of super suitable, A(X) = S1(O(), O(2)), and, by the above identity, we
see that A(X) £ S1(O(2), 0P (A)).

(ii) = (i): Since A(X) E S1(O21), 0P(A)), A(X) | Sn(O(2A), O2P(2)) which establishes that A(X) is
Hurewicz by Theorem 25. Also, by the criterion in the definition of super suitable, A(X) is Rothberger. O
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5. Applications of the hyperspace correspondence
5.1. The compact sets

It was shown in [3] that K(X) captures the properties of k-Lindelof and k-Menger on X. Notably, k-
Rothberger isn’t in this list. Indeed, [3, Ex. 4.19] points out that R is k-Rothberger but not Rothberger.
Since the property of Rothberger is hereditary with respect to closed subsets and R embeds as a closed
subspace of K(R), K(R) is not Rothberger. However, Theorem 25 can be used to establish a relationship
between X and K(X) relative to the Hurewicz property.

We start by recalling the following fact regarding k-covers.

Lemma 29 (/3, Cor. 4.13]). Let X be a space.

o If U is a k-cover of X, then {[U]:U € %} is a k-cover of K(X).
o If % is a k-cover of K(X), then

VvV ={VeIx:(3Ue%)[V]CU}
is a k-cover of X.
Theorem 30 (/3, Cor. 4.17]). For any space X, the following are equivalent:

K(X) is Menger.
e K(X) is k-Menger.
X s k-Menger.

Lemma 31. For any space X, if X |= Sqn(KC, KC8), then X is Hurewicz.

Proof. Suppose X = Sg, (K, K8P) and let (%, : n € w) be a sequence of open covers of X. Note that
ho={U7: 7 e @]} e Kx.

By Lemma 21, we can produce ¥, € [”Vn]<w for each n € w with the properties guaranteed in the lemma.
Let v, 1 9 — [%.)~“ be a choice function so that V = J7, (V) for each V € ¢,. Then define

VeY,

and notice that %, € [%,]"“. To finish the proof, we need only show that (%, : n € w) witnesses the
Hurewicz criterion. So let € X and observe that {z} € K(X). By the use of Lemma 21, there is some
m € w so that, for every n > m, {z} C |J%,. Hence, for every n > m, there is some V € ¥, for which
x € V. Observe that, for V € 4,

V= U'Yn(v) - U UVn(V) = Uﬁn

Ve,

Therefore, for every n > m, x € |J.%,. O

We will also use the following game-theoretic results.
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Theorem 32 (/3, Cor. /.18 and Thm. 4.21]). For any space X and O € {1,fin},

pre

Corollary 33. For any space X, the following are equivalent:

(i) K(X) is Hurewicz.

(i1) K(X) = San(KC, K59).
(i) X | San(KC, ) and ]C%? =Kx N[Ix]“.

(iv) X = San(IC, KC8P).

(v) One does not have a winning strategy in Ga,(Kx, K5 ).

Proof. Let T be the class of all non-compact spaces and 2 be the operator that generates the compact
subsets of a given space X. Then (%,2l) is an adequate context since it is well-known that X is compact
if and only if K(X) is compact [19]. As mentioned above, by results of [19], 2 is closed under 2-unions.
Lemmas 29 and 31 and Theorem 30 then finish showing that 2l is suitable. Thus, Theorem 25 applies to
give the equivalence of (i)—(iv). The equivalence of (iv) and (v) follows from Theorems 26 and 32. O

As mentioned above, R is an example of a space which is k-Rothberger but where K(X) is not Rothberger.
So, we cannot apply Theorem 28 in this setting. In fact, we can even say more.

Example 34. The real line R has the property that R = S (K, £8P) but K(R) is not Gerlits-Nagy.

Indeed, for any sequence (%, : n € w) of k-covers of R, choose U,, € %, \ {Ux : k < n} to be so that
[-2",2"] C U,,. Then define ¢ : {U, : n € w} = w by ¢(U,) = n. Thus, {U, : n € w} is groupable.

On the other hand, as noted previously, K(R) is not Rothberger, so K(R) is not Gerlits-Nagy.

Therefore, in light of Example 34, we see that a single-selection analog to Corollary 33 is not obtained.
Nevertheless, we still obtain the following as a direct application of Theorems 26 and 32.

Corollary 35. For any space X,

I 1 Gi(Kx,K¥) <= 11G1(Kx,KY).

pre

5.2. The finite sets

In [3], it was shown that Pg,(X) captures the properties of w-Lindelof, w-Menger, and w-Rothberger on
X, just as the finite powers of X do (see [9,12,22]). We use Theorem 25 to extend this relationship to the
Hurewicz property.

The following can be seen as a sort of analog of The Wallace Theorem [8, Thm. 3.2.10] in the context of
finite subsets instead of finite powers.

Lemma 36 ([3, Cor. 4.7]). Let X be a space.

o If % is an w-cover of X, then {[U] : U € %} is an w-cover of Pgn(X).
o If U is an w-cover of Pan(X), then

¥ .={VeTx:(3Uecu)[V]CU}

is an w-cover of X.
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Theorem 37 (/3, Cor. 4.10]). For any space X, the following are equivalent:

e Pan(X) is Menger.
o Pan(X) is w-Menger.
e X is w-Menger.

Theorem 38 (/2/]). For any space X and O € {1,fin},

I 1 Go(Q2x,0x) <= [1Go(Qx,2x).

pre

Corollary 39. For any space X, the following are equivalent:

(i) Pen(X) is Hurewicz.

(i) Pen(X) |= San (€2, Q5P).
(iti) X |= San (92, Q8P).

(iv) Every finite power of X is Hurewicz.

(v) One does not have a winning strategy in Gan(Qx, Q%}D),

Proof. Let ¥ be the class of all infinite spaces and 2 be the operator that generates the finite subsets of
a given space X. Then (%,2l) is an adequate context. As mentioned above, 2l is closed under 2-unions.
To finish showing that 2 is suitable, use Lemma 36 and Theorems 19 and 37. Thus, Theorem 25 applies
to give us the equivalence of (i)—(iii). The equivalence of (iii) and (iv) is the content of Theorem 19. The
equivalence of (iii) and (v) follows from Theorems 26 and 38. O

In this case, we can appeal to Theorem 28 since we have access to the following result.
Theorem 40 (/3, Cor. 4.11]). For any space X, the following are equivalent:

e Psn(X) is Rothberger.
e Psn(X) is w-Rothberger.
e X is w-Rothberger.

Corollary 41. For any space X, the following are equivalent:

(i) Pan(X) is Gerlits-Nagy.

(71) Pan(X) E S1(2,Q8P).
(i) X | S1(Q,Q8P).

(iv) Every finite power of X is Gerlits-Nagy.

(v) One does not have a winning strategy in G1(Qx,Q5).

Proof. Let ¥ be the class of infinite spaces and 2l be the operator that produces the finite subsets of a
given space X. It was shown above that 2 is suitable. Theorem 40 establishes that 2l is super suitable, so
Theorem 28 applies to provide the equivalence of (i)—(iii). The equivalence of (iii) and (iv) is established in
[15, Thm. 19]. The equivalence of (iii) and (v) follows from Theorems 26 and 38. O

We end this section with a question.

Question 1. Are there other natural examples of (super) suitable operators 2 other than those listed above?



C. Caruvana / Topology and its Applications 338 (2023) 108670 15

6. Relationships with spaces of continuous functions

For a space X, let C'(X) denote the set of all continuous real-valued function on X. Given an ideal of
closed sets A of X, let C4(X) denote the set C(X) endowed with the topology of uniform convergence of
elements of A; this topology has as a basis sets of the form

[f; Asel i={g € C(X) : sup{[f(2) — g(2)| : z € A} <}

for fe C(X), A€ A, and € > 0. When A = [X]<% (resp. A = K (X)), we use Cp,(X) (resp. Cx(X)) instead
of C4(X). Indeed, C,(X) coincides with the ring of continuous real-valued functions on X with the topology
of point-wise convergence. Likewise, Cy(X) coincides with the ring of continuous real-valued functions on X
with the topology of uniform convergence on compacta, which is equivalent to the compact-open topology.

Arhangel’skii, in [2], introduced the notion of countable fan-tightness and gave a characterization of a
space X being Hurewicz in all of its finite powers in terms of C,(X).

Definition 42. For a space X and z € X, let Qx, = {A C X : = € cl(A) \ A} where cl(A) is the closure
of A in X. Then the space X has countable fan-tightness at x provided that X = Sgn(Qx 2, Qx.2). We say
that X has countable fan-tightness if X has countable fan-tightness at x for every x € X.

We will also address the single-selection analog.

Definition 43. For a space X and x € X, X has countable strong fan-tightness at x if X |=S1(Qx 2, Qx z)-
If X has countable strong fan-tightness at x for every x € X, then X is said to have countable strong
fan-tightness.

Kocinac and Scheepers, in [15], extend the characterization of [2] to include the so-called Reznichenko
property, which, according to [18], was introduced by Reznichenko at a seminar in 1996.

Definition 44. For a space X and z € X, X has the Reznichenko property at x if Qx , N[X]|* =QF . If X
has the Reznichenko property at x for every x € X, we say that X is Reznichenko.

As C4(X) is homogeneous, we can address the properties listed above at any particular point and
establish them for the entire space; for convenience, we focus on 0, the function which is constantly 0.
Combining Corollary 39 and [15, Thm. 21], we obtain:

Theorem 45. For any Tychonoff space X, the following are equivalent:

e Pan(X) is Hurewicz.

e Pun(X) E Sqn(9,Q8P).

o X E Sqn(92,0Q8P).

o FEvery finite power of X is Hurewicz.

e One does not have a winning strategy in Gen(Qx, Q).
o Cpl(X) E Sl (x).00 22 x)0)-

e C,(X) is Reznichenko and has countable fan-tightness.

Similarly, combining Corollary 41, [14], and [15, Thm. 26], we obtain:

Theorem 46. For any Tychonoff space X, the following are equivalent:
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o Pun(X) is Gerlits-Nagy.

e Pan(X) E S1(£2,Qe8P).

o X E51(Q,Q8P).

e FEvery finite power of X is Gerlits-Nagy.

e One does not have a winning strategy in G1(Qx, Q5).

o Cp(X) = S1(Qc,(x),0, 0 (x).0)-
e Cp(X) is Reznichenko and has countable strong fan-tightness.

We now turn our attention to C(X). For a set X, we will let p(X) denote the power set of X.

Definition 47. Let X be a Tychonoff space. We define u : C(X) x w = Ix U{X} by the rule u(f,n) =
S7H((=27™,27™)). We then define U : Q¢, (x),0 X w = p(Ix) by the rule

U(Z,n)={U e Ix : 3K € K(X))(3f € ) K CU Cu(f,n)}.
Also define 7 : Kx — p(C(X)), by the rule
P(U)={f€C(X): (AU e %) [IX\U]={1}}.
Lemma 48. Let X be a Tychonoff space.

(i) If F € Qc,(x),0, then, for anyn € w, U(F,n) € Kx.
(’LZ) If% € IC)(, then @(02/) € QCk(X),O-

Proof. (i): Let K € K(X) and consider the neighborhood [0; K,27"] of 0. We can choose
feZFn[o;K,27".

For each = € K, |f(z)] < 27" so we see that

sup{|f(z)| :x € K} <27".
So K C f=Y((=27",27")) = u(f,n). If u(f,n) = X, we can let U € Jx be so that K C U C u(f,n). Then
U € U(F#,n). Otherwise, u(f,n) € U(F,n).
(ii): Consider any neighborhood [0; K, e] of 0 in Cx(X). Since % € Kx, we can find U € % so that

K CU. As X is Tychonoff, we can find f € C(X) so that f[K] = {0} and f[X \ U] = {1}. Now,
fea(%)n|o;K,el,

which completes the proof. O

We remark that, as reported in [13], it was shown in [17] that X E Sgn(K,K) if and only if Ck(X)
has countable fan-tightness. The single-selection analog of this equivalence was established in [13]. We now
establish the groupable analogues of these equivalences to include the Reznichenko property on Cy(X)
which answers Problem 4.3 of [13] in the affirmative. We provide the complete proof (in the finite-selection
context) for the convenience of the reader.

Theorem 49. For any Tychonoff space, the following are equivalent:

(1) X = San (K, K8P)
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(ii) One does not have a winning strategy in Gan(Kx, K8).
(iii) Cr(X) is Reznichenko and has countable fan-tightness.

(iv) Cu(X) E San(Qcy(x),0, U8 (x).0)-

Proof. The equivalence of (i) and (ii) is established in Corollary 33.

(i) = (iii): We first show that Cy(X) has countable fan-tightness. So let (%, : n € w) be a sequence
of Qc, (x),0- We then let %, = U(F,,n). Note that %, € Kx by Lemma 48. As X |= Sg,(/C, K#P), we can
choose ¥, € [%,]<* so that

U 4. e k2.

ncw

Let ¢ : U, c,, %n — w be as guaranteed by the definition of groupability.

For each n € w, define f, : 4, — %, to be so that, for U € ¢,, U C u(f,(U),n). Let J%, = §,[%,] and
observe that /4, € [%,]|<“.

To see that (J, .,
27™™ < ¢ and consider

A, € Qo (x),0, consider any basic neighborhood [0; K, €] of 0. Let m € w be so that

M::max{(gﬁ(U):UG U gk}

k<m

By the groupability criterion, J{¢~'(n) : n > M} € Kx. So we can find o > M and U € ¢~!({y) so that
K CU. Since £y > M, we know that U ¢ |J,,,, % So we can find £ > m so that U € 4. It follows that

K CUCu(fe(U),0) = f(U)'((-27%,277)).
As{>m and 27™ < ¢, we see that

fe(U) € [0; K€l | ) .

new

Now, we show that Cx(X) is Reznichenko. So let .7 = {f, : n € w} € Q¢,(x),0- By Corollary 33, we
know that K(X) is Hurewicz and that, by Theorem 12, One has no winning strategy in the Hurewicz game
on K(X). So we define a strategy o for One in the Hurewicz game on K(X).

Set %y = F. For K € K(X), let fo(K) € [0; K,1] N.%. Then let Up(K) € Ix be so that

K CUy(K) C fo(K)((—1,1)).

Let 0o(()) = {Up(K) : K € K(X)} and o({)) = {[U] : U € 00(())}, and notice that o(()) is an open cover
of K(X). Also fix a choice function 7 : 0o({)) — w so that U C f%}U)((—l, 1)) and observe that U — [U],
oo({)) = o({)), is a bijection.

For k € w, suppose we have (¥;* : j < k), (¥j : j < k), (M; : j < k), oo((¥5 : 5 <k)), o((¥j : 5 <k)),
(v; 7 <k),and (Z; : j < k) defined. For any ¥, € [o((¥; : j < k))|=%, let #* € [00((¥} : j < k)] be so
that {[U]: U € %'} = ¥. Also, let M}, = max y[¥;] and Fp11 = {fn : n > My}

For K € K(X), let fr41(K) € [0; K,27%711 N %4 1. Then let U1 (K) € Ix be so that

K C U (K) € o (K) 71 (-27F1, 2751,

Define
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oo((% 5 < K) = Uk (K) : K € K(X)}

and o((¥; 1 j < k)) ={[U]: U € 00((¥; : j < k))}. Note that U — [U], 0o((¥; : j < k)) = o({¥; : j < k)),
is a bijection. Observe also that o((¥; : j < k)) is an open cover of K(X) and fix a choice function
Y41 1 00((¥; 1§ < k) = {n €w:n> Mg} so that

UC !t (=278 27k ),

Y41

This defines a strategy o for One in the Hurewicz game on K(X). Since o is not winning, there is a
sequence (¥, : n € w) of choices with a corresponding increasing sequence (M,, : n € w) of naturals as
described above so that

(VK € K(X))@3@m € w)(vn > m) K €| J 7.

Define ¢ : .F — w by ¢(fn) = min{k € w : n < Mj}. We show that this meets the criterion for
groupability. Let J C w be infinite and consider an arbitrary neighborhood [0; K, ¢] of 0. We can find £ € J
so that K € |J 7, and 27¢ < . So there is some U € ¥;* with K € [U], which is to say that K C U. By
construction, M,y < v¢(U) < My, 50 ¢(fy,)) = . Observe further that

K CUCf ((=27%27%).

That is, that f,, ) € [0; K, ¢]. Therefore, J{¢~'(n) : n € J} € Q¢ (x),0-

The implication (iii) == (iv) is evident.

(iv) = (i): We will show that X | Sgn(K,K) and that K = Kx N [Ix]*, which, by Corollary 33,
establishes the implication.

To show that X |= Sg,n(K,K), let (%, : n € w) be a sequence of k-covers of X. By Lemma 48, (2(%,) :
n € w) is a sequence of Q¢ (x),0- We can then choose, for each n € w, 4, € [Z(#,)]<“ so that |, % €
Qc,(x),0- Now, for each ¥, let J#, € [%,]~* be so that, for f € ¥, there is some U € J#, so that
fIX\U] = {1}. We show that | J,,, /. € Kx.Solet K € K(X) and consider the neighborhood [0; K, 1/2]
of 0. We can find n € w and f € 4, so that f € [0; K,1/2]. Then, for U € ¢, with f[X \ U] = {1}, we see
that K C U. Hence, |, ., /% € Kx.

To show that every countable k-cover of X is groupable, let = {U,, : n € w} € Kx. We will define a
strategy for One in Gg, (Kx, Kx).

For each K € K(X) and U € % so that K C U, let fxy € C(X) be so that fx y[K] = {0} and
fru[X\U] = {1}. It follows that

Fo={fkv: K€ K(X),Ue« KCU} € Qcx)0-

By Cix(X) = Sﬁn(QCk(X%()Q%I;(X),O), we can find {g, : n € w} C %y and an increasing sequence (M,, : n €
w) of naturals so that ¢ : {g, : n € w} — w defined by

Y(gn) = min{l € w:n < My}

satisfies the condition of groupability. In particular, note that, for any K € K(X), there exists some m € w
so that, for all n > m + 1,

[0; K,1/2]N{ge: Mp—1 << My} #0.
Define v : w — w to be so that

v(n) = min{k € w: g,[X \ Ux] = {1}}
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and let

a(()) =W ={Uymn) : n € w}.

Observe that o(()) € K(X).

For k € w, suppose we have (¥ : j < k), (vj : j < k), (u; : 7 < k), and o((¥; : j < k)) defined. For
Y € [o((¥ : J < k)], consider A € [w]<¥ so that ¥4 = {Uy(n) : n € A}. Let pyp = max{y(gn) : n € A}
and v, = max{y(n) : n < M, }. Now, define

o((¥:j<k)={Un:n>u}N¥ € Kx.

This completes the definition of ¢. By Theorem 32, o cannot be a winning strategy. So there is a play
(¥n : n € wy by Two that beats 0. We also have the auxiliary sequences (v, : n € w) and (p,, : 1 € w) as
defined above.

We show that the sequences (v, : n € w) and (i, : n € w) are strictly increasing. Let k € w and note
that

o i <k)={Up:n>y}in¥#.

Now, consider Ag, A1 € [w]<¥ so that ¥4 = {Uy@n) : n € Ao} and ¥y = {Uyn) : n € A1} For £ € Ay,
notice that vy(¢) > v. Since v, = max{y(n) : n < My, }, we see that £ > M,, . Hence,

¥(ge) > max{y(gn) : n € Ao} =
and so pigp4+1 > pi. Moreover, the inequalities vy, < v(¢) and ¢ < Mygoy < My,,, imply that v <vpiq.
So we define ¢ :  — w by the rule ¢(U,,) = min{k € w : n < vi}. We show that ¢ satisfies the
criterion of groupability. So let J C w be infinite, let K € K(X) be arbitrary, and consider [0; K, 1/2]. By
our definition of {g, : n € w}, we can let j € J, j > 0, be so that

[0;K,1/2] N {ge: My, , <l <My} #0.

So let £ € (M,,,_,,M,;] be so that g, € [0; K,1/2] and observe that K C U,. Since £ < M,

J 'R
] was defined in the j*" inning according to o, we know

we see that
7(¢) < vg. Moreover, since the interval (M, _,, M,

that v(¢) > vj_1. Therefore, ¢(U,(s)) = j and the proof is complete. O

We end with the single-selection analog to Theorem 49. The proof is omitted as it is nearly identical to
the proof of Theorem 49. The key thing to notice is that the transferal of finite-selections above allows one
to transfer single-selections in the same way. Also, the use of Corollary 33 in the proof needs to be replaced
with Corollary 35.

Theorem 50. For any Tychonoff space, the following are equivalent:

(1) X |=S1(K, K&P)
(ii) One does not have a winning strategy in Gi(Kx, K%).
(iii) Cy(X) is Reznichenko and has countable strong fan-tightness.

(iv) Cu(X) E S1(Q0,,(x),0, 5, (x,0)-
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