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NORMAL APPROXIMATION OF U-STATISTICS IN HILBERT
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Abstract. Let {Un}, n = 1,2,..., be Hilbert space H-valued U-statistics with kernel ®(-,-),
corresponding to a sequence of observations (random variables) X1, Xa,... . The rate of convergence
on balls in the central limit theorem for {Uy,} is investigated. The obtained estimate is of order

n~1/2 and depends explicitly on E|[®(X1, X2)||*> and on the trace and the first nine eigenvalues of
the covariance operator of E(®(X1, X2)|X1).

Key words. U-statistic, Hilbert space, central limit theorem, normal (Gaussian) approxima-
tion, rate of convergence

PII. S0040585X97975198

1. Introduction. Let X,..., X, be independent random variables with values
in a measurable space (X, X) having on it the same distribution P. Let H be a
real separable Hilbert space with inner product (-,-) and norm || - ||. Consider the
U H-statistic )
G=(3) X e
1<i<j<n

with a symmetric kernel ®: X* — H such that E® (X, X,) = 0, E[|®(X;, X,)|| < .
By the Hoeffding decomposition,

(1) Un:2n_1Zgl(Xj)+2n_1(nfl)_l Y ga(Xi X)),

1<i<j<n

where

g1(z) = / B(x, y) P(dy) = B((X,, X,) | X, = ),
X
g2(z, y) = @(x, y) — g1(x) — 91 (y).

We assume that o> = El||gy(X;)]|> > 0 and observe that the definitions of g; (z) and
g2(x) imply

() /X g2l ) Pdy) =0 (as.).
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Assuming also that ¢ < co we can define the covariance operator V of g;(X;) in the
usual way:

(Vz, y) = /X (2, 01()) (9> 92(2) P(d2), € H.

Let Y be a Gaussian H-valued random variable with mean zero and covariance op-
erator o V. Denote by Uf > a§ > .- the eigenvalues of V. Finally, for any r > 0,
a € H,let B.(a) ={x € H: ||Jx —al <r} and B, = B,.(0).

By the central limit theorem for U H-statistics, if

EHgl(Xl)H2 < o0, E’|g2(X1aX2)H4/3 < 00,

then (see [1], [2], [5])
-1 1/2_—1
A, (a) :sup‘P{||2 n'“o U, —a| <r}-P{|Y —a| < r}‘ —0, n— oo

The rate of convergence of A,,(0) to zero with respect to n was estimated in [1],
[2], [5], [12], where under the additional moment conditions

EHgl(Xl)HS < 00, EHg2(X1’X2)H2 < o0

it was shown that
A,(0) = pu(V)n /2

with p,(V) — 0 as n — oo. To prove this, it was observed that the problem of
estimating the probability for a value of the U H-statistic to be in the ball B, may
be treated as the problem of estimating the rate of convergence in the central limit
theorem in Hilbert space for balls with a nonzero random center which tends to zero
with probability 1 as n — oco. However, it was assumed in [1], [2], [5], [12] that the
number of nonzero eigenvalues of the covariance operator V' is sufficiently large. The
explicit dependence of p, (V) on V in [1], [2], [5], [12] was not determined. Estimates
of order O(nil/ 3) for any a € H with explicit dependence on the second and third
moments were obtained in [14].

Note that in the one-dimensional case the study of the problem considered in the
present paper has a rather long history. It was initiated in 1973 by Grams and Serfling
[11] and later a number of gradual improvements of their result was made (for details
see [13] and [10]). In [10] it was also shown that the estimate obtained by Korolyuk
and Borovskikh in [4] is essentially unimprovable.

In the present paper we study the dependence of A, (a) on n, the covariance
operator V and 8 = E||®(X;,X,)||>. When 8 < oo an estimate of order n % i
obtained, the dependence of which on ® involves only 3, the first nine eigenvalues of
V and ¢ = tr V. The order of dependence of our estimate on n is precise, but its
dependence on sz, 0]2» and [ apparently admits improvement. To prove the estimate
we employ the methods developed in [3] and [12].

2. The theorem.
THEOREM. There exists an absolute constant ¢ such that, for alln > 2 anda € H,

9
(3) An(a) < c(1+[|a)*)o” Hoj1>aglﬂ2n1/2.
j=1
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In what follows we will assume that o = 1. The general case is reduced to this
one if we replace ® by o '®. We can assume also that B < oo and gg > 0 since
otherwise (3) would be obvious.

In the proof of the theorem the upper estimates for A, (a) are calculated more
precisely; except for n and V', they depend only on the moments

3 3 3 3
Ellgi]I" = Elg (XD Ellg2]” = Ellg2(X1, Xa)|I",

which are related to 3 by the inequalities
(4) Elg|® <8 Elg|® <278

We formulate the theorem using only 3 for the sake of simplicity.

3. Proof of the theorem. Below c,c;,cy,... denote absolute constants; the
same symbol may stand for different constants. The proof is divided into several
lemmas.

LEMMA 1. We have
(5) An(a) £ Api(a) + nP{|lg (X)) > n'/?},

where

Ay,i(a) = sup ‘P{HS,L —a+ V|l <r}=P{|]Y —a| <1}

Sn=n""3 g1 (X) I(l9n (X)) <),
j=1

I(A) is the indicator function of the set A and
n j—1
Vn = (n — 1)71n71/2 Z ZQQ(X“ X])
j=11i=1

Proof. According to (1),
271n1/2Un —a=S,—a+V,,
where
Sn = n71/2 Z gl(X])
j=1
and we obviously have
An(0) £ Aps(a) +sup [P, — a+ Vol <} = P{IS, — a+ Vall <1}

Now applying Lemma 1 of [17] with f(z) = I(|jz|| < 7), u; = o0, us = n'/? and

Z = —a+YV,, we see that the second summand in the right-hand side of this inequality

is not greater than nP{| g, (X1)| > nl/Q} and the lemma follows.
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Let k=n— [n2/3], where [nz/g] is the integral part of n*/® and denote

k n
a= Y. (X, X)), Z Z 2(X4, X)),
i=1 j=k+

1<i<j<k

k _
= > oa(Xi X)), Sn:nl/QZgl(Xn
j=1

k+1<i<j<n

91(X;) = (X )(Hgl( )||§n1/2), j=1...,n,

Z, = 25n(Sn —a, ak), e, =(n— 1)_171_1/2.
LEMMA 2. For Apq(a) we have
(6) Ani(a) £ Aps(a) + e (1+ laf®) (8% + o1 'o3 ) n™'2,

where
Ao(a) = sup ’P{HSH —al|*+ Z, < r} —P{|Yy - al* < r}‘

Proof. First we observe that

Hsn_a"_VnHQ = (Sn_a"_vn, Sn_a+vn)
(") = 180 —al* +2(5, — a, Vo) + IVl

In our notation,

Vol = (n—1) 0"

n j—1 2
Zng(XivXj)
j=2i=1

2(S, —a, V) = Zy + 26, (Se — a, B + 8) + 2 (S, — S, Vi),

and
(Sn =, B+ 6c) = (S, B) = (a, B) + (S 66) — (. 80),
(Sn - Sfm Vn) = &n (Sn - SI:U ak) +€n (Sn - Sl:m 6k) + En(Sn - S’:u 6k)
In what follows we will need the following inequalities: for any p > 2,

<n /2

(8) EHSELHP < ¢p, [Eg,(X1)]| = H/ g1(2) P(dx)
lg1(2)[|>nt/2

(see [9], [16]) and
Ellag|” < ¢, Ellga|"K",

(9) E| Bl < ¢, Ellga P (n — k)*/?,
E|6:]]" < ¢, El ol (n — k)"

(see [5]).
The Chebychev inequality and (9) imply

P{IVoI> 20 *} <0 PE |V, |7 < e B lgo P2,
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Furthermore,
(10) P{‘(S]:Lagnﬁk)‘ >n71/2} ng +H27
where
k
1_[1 = P{2k6n Egl(X1)7 Zh(xz)> > 1}7
i=1
k k
I, = P{%n > 9(Xy), Zh(&)) > 1},
i=1 i=1

9(X;) = g:(X;) — Eg,(Xy), hX;) = Z 92(X;, X;5), i=1,... .k
j=k+1

For TI; by the Chebychev inequality and (8), (9)
3

< ¢\ E|gs|°n

k

> h(X)

i=1

I, < (2ke,)*|E g (X)|°E —1/2,

To estimate I, we first observe that

where

11=1i0=%1+1
and, obviously,

Bl Ay < K[B (9(0). ()|
by [8]

Ej|4s|” < C1/<?3/2E1‘(9(X1)a h(X1))‘3
and by [9]

3

3
Ej|45]" < 01k3E2‘(9(X1)7 h(X5))| , E;|A4” < 01k3E2‘(9(X1)’ h(X5))| ,

E;(-) denotes the expectation with respect to Xi,..., X} with fixed Xyy1,...,X,,
k=1,....n
Moreover, since E g, (X1)||> = 1, we have

[B(g0x1). n(x0)[ < By m )
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And, obviously,

b

B, (9(X)), h(x1)| < 808 (X))

Ez‘(Q(Xﬂv h<X2))‘3 < c1E1Hg(X1)|’3E1Hh(X1)H3
and by [8] \ .
E;|h(X0)|” £ er(n — &)Y By g2 (X1, Xiy)|[”

E;(-) denotes the expectation with respect to Xy 1,...,X,, with fixed Xy,..., X},
k=1,....,n
The above implies
3 —1/2
I, < ¢, Ellg1|"Bllga |’ "

and, hence we obtain an estimate for the probability in the left side of (10).
Similarly, using (8), (9) we get

P{\c(s’;, endi)| > n*W} < P{cu(sﬁu > nl/G} + P{n1/6€n||6kH > n*l/z}

<C3E||Sk||3 71/2_"_ 1/2 3/2 3E||5 HS <cln71/2+62EHg ||3’I’L71/27

—1/2 3 3 3 2
P{|c(a. eufh)| > 02} < Fllall’ein® *BlIB1° < e\ Ellal’Ellga*n 2,
P{lc(a, enti)] > n?} < Plal*sn* *Ellsil < eiBllal Ellgs) 2,
P{|C n - na 5nak)| > n_l/Q} < Csn3/2EHSTL - Sn” €7LE||akH

3 —1/2
< ¢ El|g1 |*El|g2||*n 2,

P{c|(Sn = Sn enh)| > 077} < PLlS, — Sul > 1} + Peallfill > 02}
< PE|S, — S’ + n* B’ < e BllguPn T + coB|lgsl*n ",
P{\c (S — Sy €ndi)| > n_1/2} <P{c|S, — Sull > 1} + P{e, |6kl > n 2}
< E||S, — Su|)” + n* Bl < eiBllgy [P + c2Bllga 0.
Denote now
Yy =26, (Sk = a, B+ 6) + 2(Sn — S5, Vi) + [Val®
Then, according to (7),
180 —a+ Vol = 1S - al|* + Zo + Y,
and the estimates above imply
(11) P{|V,| > n" %} < e; (14 [lal®) Ellga "B g2|*n "/
Since, for all r > 0,
P{|IS, —a|’ + Z, < —n" 2} = P{[Y,| > n'/?}
<P{||S, —al* + Z, + Y, <7}
<P{|S, —all’ + Zn <r+n" P} + P{|V, | > n /P,
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we have

(12) Api(a) € Apa(@)+P{|Y,| > n 2 psupP{r—n""? < |V —a|® < r4n /2L

In [6] it is proved that

(13) supP{r—n"? <|ly —a|? <r+n*} cor oy tn T2

Estimates (11)—(13) imply (6).
Denote now
u(t) = Eexp (it |S, —a|* +it Z,),
p(t) = Bexp (it|[Y —af?),
Un(t) = Bexp (it [|S,, — al|*).
The density of the random variable ||Y — a||® is not greater than c(o105) " (see

[6]). Thus for A,2(a) in (6), applying Esséen’s inequality (see, e.g. [7]) for any 7' > 0
we have

T
(14) Apa(a) £ / | (t) = ()] 11| dt + e5(0102) T
-7
We choose in (14)
cn1/2 2 3
(15) T= L L =309 E|gi|I", o9 >0,

where ¢ is a small enough absolute constant and then apply Lemma 12 of [3]. Note
that with L as in (15) the following conditions of Lemma 12 in [3]

n 1

16 <I’<

(16) 377 T 2 2

are fulfilled (for a proof see [3], [9], [16]). When (16) is satisfied the distribution of
g1 = 91(X0) 1o (X)) £ n'/*) may be represented as (@ + Q1) /2, where

P(Bg) =

_ P(ANBy)

Q(A) = P(By) AeH,

and @ is a probability measure (see [15]).
Let Vi be the covariance operator of () and 0%1 > 0'%2 > --- be its eigenvalues. By
our assumptions, tr V' = 1. Hence (see [3]) tr V] £ 2 and

252
(17) gjgafjgcr?, j=1,...,9.

To estimate the integral in (14) we will need the following generalization of Lemma
11 in [3] (see also [9, Lemma 4]).
LEMMA 3. Denote

+m +m

Z=n71/2291(Xj)a Z(f) =Y F(X)),
j=1
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where g1 = g1(X1) I(Jlg1(X1)| £ nl/z) and f: X — R is a measurable function,

I,m are positive integers, | < m, | +m < n. Then, for any A > 0, even k > 0,

integer v 2 0, k; 2 0, j = 1,...,r, and any x,x; € H, j = 1,...,r, for |t| <

c(A)nL™ (1 log(l/LQ))_l/2 ifl > L*, and for any t if | < L*

Eexp (it | Z + o|” + it Z,(F)) | Z)|* [[ (x5, 2)"
j=1

d . \* 7l
19 zalllnl® evtanta(] ) (" mv))

=1 "

where ¢1,co are functions of k =k + ki + -+ k,; c3,c4 are functions of A and k

T — i 1 m\\ /? _ Oo 4y\-1/2
1 =min< [t|, nL | mlog 2 , h(s, V1) = H (1 + 250”) )
j=1

Proof. This lemma reduces to Lemma 11 in [3] if Z1(f) = 0. The proof of the
present lemma is essentially the same as the proof of Lemma 11 in [3].
Let us estimate the integral in (14). Obviously,

T
(19) / ealty = o] 17 dt < 1y + 1o

where

T T
11=/_T\ n(t) = ()| [t dt, Iz=/T|vn<t>—¢n(t>||f|fldt-

By Lemma 12 in [3]
(20) I £qU,
where
U = c:V)(E(lgsl* + (@, 90)%) I(lonl > n'/%))

3 —
+ (B(lgs* + (@ g)[*) I(lga]l £ n**) + (Va, )2 ) 712
+es(V)oy "Bllgs]'n % e, (vV) =[] o5,
j=1

and for U we have

U< (1+la]®) ex(V)Elgr [P0 % + e5(V) 09 "B [|ga [P~/
-1 -1

<2 (14 ||a)|*) Beo(V)og 'n~ /2.

Consider now I, in (19). Obviously,

on(t) — ¥ (t) = Eexp {it|S, —a|*} ("7 —1).
Next we will use the representation
r—1 s 1 r—1 wuz
z r ]- -
(21) 6_1:ZZ +z/ (L—u) e du,
0

! —1)!
— sl (r—1)!
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valid for all complex z and positive integers r, with » = 3, z = it Z,,. Thus we have

t? (it)®

(22 Put) = ball) =it 1(t) = ) Do)+ ) Jal),

where

Ji(t) = E(Zn exp {it ]S, — a\|2}), Jo(t) = E(z,i exp {it S, — a|\2}>7
J5(t) = /1 du (1 — u)2E(ZZ exp {it||S,, — al® + itu z,,}).

LEMMA 4. If |t|<T = en'?L7Y then

7 oot ~1/4
3/2 —1/2 203
|Js(t)| < er L¥Pn7Y +||<1+ n2j3> )
i=1

3 3 3 —-3/2
(23) x (E|gi]* + lal®) E |lgal*n ">

Proof. The random variable Z,, does not depend on Xy 4,...,X,. Hence,

‘E(Zf; exp {it | S, — af)® + ituzn})‘ < Byl Z,)?

By, exp {it || S, — af*}

b

where as above Eg(-) denotes expectation with respect to Xj1,...,X,, with fixed
k

Xy,..., X;. Representing S, = (S, —Sy)+ Sy we apply Lemma 3 with Z = S,, — S,,,
1~n*? /4, m ~3n*?/4, A= 3. Noting that here Ty = [t|, we obtain

‘Ek exp {it||S,, fa||2}‘

7 _

94 - 2/3 13/2,-1/2 1 04(7;1752 1/4

(24) <c exp(—can™?) + ¢y n —|—H + 23 .
j=1

To estimate E|Z,|> we first write

k 3
(25) E|Z, <322 (E|(Sh, a)|” + ol E lax|*).

k
Then we represent the scalar product (S,,, ay) in the form

k
(Sn ) =n” '/ do9X), > 92(Xi17Xi2)>

Jj=1 1541 <i2 Sk
(26) +n1/2k<E91(X1)7 Z gZ(Xi1> 12)>
1541 <ig Sk

Using (8)—(9) we have
3
E

Egl(X1), Z QQ(Xilei2)>

1<i1<ia<h

—-3/2;3 3
< ein PEE|| g

< ||[Eg,(X1)||’E

Z gQ(Xi17Xi2)

1<i1<i2 <k
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To estimate the first term in the right side of (26) we will use the representation

Y .. >)

1<i1<ia<k

(0106), (X, X)) = 3G

I ™=
It
M- s
—~

-
Il
—
—
[I7A)
-
=
A
.
M
IIA
B
<
I
-

where

<
|
—
.
©
|
_

Q2
I

<
Il
@
o
[V
U
N
s
S
Il
-

(Q(Xj) (Xan ))

<.
|
-

$

I
™)~
g

(Q(Xj) (XZ17X ))

I|
~ N
-
=
Il
—

> .
|
<.
|
—

(Q(Xj), 92(X217Xz2))7

<
I|
[N}
~
S
Il
_
.
IN)
Il
<
+
—

§
Il
M-

2

Il
1M~
{qu%pqw

<
Il
—
S
V)
I
<
+
o
~
=
I
<
+
—

~
[¥)
|

=

8
I

By (9) we have

E|G,[° < c1El|g: |*Elgo|’n”?, i=1,3,5,
E|G,° < cuEl|g2]*n""?, i=2,4.
Combining (26) and (27) we obtain

(27)

3 3 3 3 —3/2
BIZ,[* < i (Bllos]* + al*) Blloe)™n
Together with (24) this implies (23).

For m ~ n partition the interval |t| < T = en'/?L7" into the two subsets

m —1/2
(28) t| < T(m) =nL ™" <m log L2>
and
(29) T(m) <[t T

LEMMA 5. Fort satisfying (28)
wmngqu+wWMmmWMmmWf“

< L3n~Y? |t|+t H +02] —1/4
j=1

(30) +|t|3H 1+ cyoit 1/4> n~Y2,
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and for t satisfying (29)
3 3 1/3 2 —1
(31) @) < et (14 [lal’) (Ellgul®) (Bllg2ll?) g (V) L0

Proof. Let us show first that

(32)  Ji(t) = 4n" V%, <§) ha(t) +2(k — 2)n "%, <’;) ho(t) — 2e,, <’;) ha(t),

where

ha(t) = E((glum, 92(X1, X)) exp{ it | 91,(X1) + 91, (Xz) + sn2||2}),

>
[ V)
—

~+
~

Il

E((gl(XO, 92(X5, X3))

X exp {it 910 (X1) + 910(X2) + 91, (X3) + Sn3H2}>’

hs(t) E<(a, 92(X1, X2)) exp {it 910 (X1) + 91 (X2) + S"2||2}>,

n

—-1/2 —1/2
gln(XJ) :gl(Xj)n / ) Snr:n / Z gl(Xj)_a"
j=r+1

Indeed, according to the definition,

Hl(t):Z | E((gl(Xj) 2(Xi,, Xi)) exp{itHSn—aHQ}> - (g) ha(t),

IS 3)s B( (5 02X, ) exp it 80—} ) = (§) mato

Hj(t) = ’;_Z::_ll z2_ij+1E((gl(Xj): gz(XmX@)) exp {it HSn - GH2}) = (g) ha(1),
k—1 k ) k

10 =Y Y B((000). 225, )) e {18~ al}) = () rat0,
=li1=7+1

Hy(t) =" Z Z E(gl ) 92(Xia X)) e"p{“||5n—““2})

ix—1

Ek_: 2:: ( a, g2(Xi,, Xi,)) exp {thS —a| }) (5) ha(t).

These representations imply (32). Next we estimate functions h;(t) in (32). Obviously,

910(X1) + 91,(X2) + Sn2H2 = Sl + Wy + Wa,
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where

Wi = [|910(X1) + 912 (X[ Wa =2 (91,(X1) + g1, (X2), Sa)-

By (21) with r =1 and z = it(W; + W), taking into consideration (2) we have

ha(t) = it/ol duE((gl(Xl), 92(X1, X)) Wy exp{it ulV; }
x Eqy exp {it [Sn]|” + ituW2}>
—H’t/ol duE((gl(XlL 92(X1, X5)) exp{itu W1}
x Eg(exp {z’t S| + itu WQ} W2)>.

The expectation E, with respect to X3, ..., X,, we will estimate using Lemma 3. To
estimate h(¢) in the interval (28) we take in Lemma 31 ~ n/2, m =n —1, A = 1.
Then T = |t| and

‘EQ exp {’Lt ||Sn2||2 + itu Wg}’

5
(33) <e¢p exp(—eon) +03L n- +H 1+020] 1/4>’
7=1

B, ((exp {it 1S pall” +ztuW2}W) < oy (14 [lall) [|g1n(X1) + g1 (X))

5
(34) X exp(—can) +C3L n_ H 1+0203 1/4>.
Moreover,

E(‘(%(Xl)» 92(X1>X2))‘ Hgln(Xl) + gln(XQ)H)

<n V2 <E<||91(X1)||2||92(X17Xz)”) +E(||91(X1)H |91 (Xa)]| ng(Xl,Xz)H))
20 (Bl |*)* (Bllgall®)
B( | (020X0). 92061, 0)) 10 (X0 + 10 ()]
1/3

<20 (B, |P) (B ga))

Thus, by (33) and (34), in the interval (28)

by (8)] < e (1+ ||a\|) (E||gl||3)2/3(E||92||3)”3

(35) x  Ln 7?4t H (1+coo ] 1/4> n~Y2



NORMAL APPROXIMATION OF u-STATISTICS IN HILBERT SPACE

417

To estimate hy(t) for ¢ satisfying (29) we take in Lemma 3, I ~ n/logn, m = n—1,

A=7?. Then Ty = T(m) and similar reasoning gives for ¢ satisfying (29)
312/3 3\1/3
(ha(@®)] < ealt] (1+ Nlall) (Ellgall”)™ (Ellgall”)

X eXp(_l(c)an>+ Ls/2 5/4(logn)5/4

(0 i) )

3\2/3 3\1/3 -
(36) < es (1+ Jlall) (Bllgn*) " (Bllgal*) Pes (v) L7/ 7".
Consider now hs(t) in (32). Denote

3 3
5225_77 g:ZEgln(X])5 gj_gln(X) Egln(X) jzl? 27 3.
— =

Obviously,

1910 (X1) + 910 (X2) + 91,,(X3) + Sns|| = 1€+ Sns + &|?

= (1S + E|J* + Wy + Wy + W,

where

3 3

2
Ws =Y 1&1° Zgw Sws+8&),  Wi=2 > (&)
j=1 j=1 1<i<j<3

Applying (21) with » = 2 and z = it W5 we can write
(37) ho(t) = ha1(t) + haa(t) + has(t),
where

ho1(t) = E((gl(Xl)a 92(X5, X3)) exp {it [|Sns +§}|2 + it (W3 + W4))})7

hao(t) = itE((gl(Xl)a 92(X2, X3)) Wy exp {it |Sns + f_Hz + it (W3 + W4)}>,

1
has(t) = —° /0 du (1 — ) E((m(xn, 42X, X)) W2
X exp {it S+ &]| + it (W + Wy + uW5)}>.

Furthermore, observe that

|has(t)] < tzE(‘(91(X1)7 92(Xs, X3))| W52‘E3 exp {it [|Sns + 5H2 + itW4}D~

In the interval (28) by Lemma 3 with [ ~n/2, m=n—1, A=}

’Eg, exp {it | Sps + &> + it W4}‘

(38) <o exp(—eon) + L + H (1+ cyo;t? 1/4>,
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and for ¢ satisfying (29) Lemma 3 with [ ~n/logn, m=n—1, A= Z gives
. 112 .
’Eg exp {it||Sp3 + &||” + it W4}‘

<o, exp ( B lgzgnn) . c3L7/2n’7/4(log n)7/4

r c4o4n —1/4
(39) +j:1_[1 (1 - L*(logn) log(m/L2)> )

Moreover,

10)  B(|(9:(X0). 92X X)) [12) = 0 (Bllgn OI) " (Blgall®) 2.

Combining (38)—(40) we obtain an estimate for hog(t).
By (21) with r =1, z = it (W3 + W,) we have

(41) hoo(t) = Fi(t) + Fy(1),

where
Fi(t) = itE((E91(X1)7 92(X2, X3)) Wy exp {it |S0s + 5“2 + it (W3 + W4)}),
Fy(t) = —tz/o dUE<(91(X1) —Eg,(X1), g2(Xa, X3)) W5(Ws5 + Wy)
X exp {z’t [Ss + €||* + itu (Ws + W4)}>.

Here

[Fi(0)] < |t|E(\<Egl<X1>, 92(X, X3)) Ws| [By exp {it || S + €] mm}\),

and

1/2 s
E(’(Egl(X1)7 92(X2>X3))‘W5> < 24(EH92H2) [2p 302,
Thus for ¢ satisfying (28) by Lemma 3 with l ~n/2, m=n—-1, A=1
2\1/2
‘Fl(t)’ < c1lt] (Ellg27)

(42) X ¢;  exp(—con) + 03L2n71 + H (1 + 040;-1152)_1/4) n73/2,
j=1

and for ¢ satisfying (29) by Lemma with [ ~ n/logn, m =n —1 and A = i,

1/2 Con _
0] < el (B1aal) er (0 (= " ) oL tog)®

> c4a4n —1/4 3/2
43 + (1 + ! ) ) n
(43) 31;[1 L*(logn) log(m/L?)
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To estimate fo(¢) in (41) we first observe, that
1
‘Fz(t)’ < t2/ duE (‘(gl(Xl) —Eg,(X1), 92(X2, X3)) W5‘
0
. 12,
X ’Eg(W:; + Wy) exp {zt ||Sn3 + EH + itu W4}D,
and

3
E Ws+ > 11g1 (1 + llall)

J=1

(9:(X1) — Eg,(X1), 92(X3, X3)) Ws’

< cE|lg1 | (Bllgal®) " (1+ [lal) n >

Applying now Lemma 3 for ¢ satisfying (28) with I ~ nlogn, m =n —1 and A = 3
we have

!BUMéquﬁﬂMDEMN%EMﬂ3

)1/3
! —1/4
(44) x  exp(—can) 63L n- H +C4O'J / ) n_3/2,

and for ¢ satisfy (29), using Lemma 3 with | ~ nlogn, m=n—1and A = L we have
2 3 3y1/3
[Fo(t)] < ext” (1+ [lall) Ellgi]” (Ellga]”)

X eXp<_l(C)2gn)+ L7/2 7/4(logn)7/4

c4a4n —1/4 a2
(45) +—II (1—+ ) n~?2
%(log n) log(m/L?)
In (37) it remains only to estimate hop(t). We use the representation
(46) ha1(t) = F3(t) + Fy(t),
where

F(t) = E((Egl(Xl)» 92(X5, X3)) exp {it |53 +5f|2 + it (W3 + W4)}),
Fy(t) = E((91(X1) —Eg,(X1), 92(X5, X3))
xImgexp{itHSn34-§H2+-w(VV3+—wq)}>.

In view of (2) we can also write

F3(t) =E (Eg,(X1), 92(X2, X3)) exp {it [|Sns + gHZ +at & || + 2it (&1, Sns + E)}

3
(47) X H (exp{it||£j|2+2it(§j,5ng+§)}—1)),
j=2
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Fy(t) =E (g9,(X1) — Eg,(X1), 92(X2, X3)) exp {it |S0s + f_HQ}
3

(15) _H(exp{ztnsj 20t (680 +0)) - ))

Furthermore, applying (21) with » =1 in (47) and (48), we have
F(t) = —t°E (Egy(X1), 92(X2, X3))
. 12, 2 | o =
X exp {Zt HSnS + §H +at (|| + 2t (€1, S + f)}

xﬁ(|>gj| +2(6), 53 +))

j=

[ V)

—
N
L
X

o\
>

du exp{itqujHZ+2itu(§j,5n3+f_)}>,
Fit) = i)°E (91(X1) — Egy(X1), g2(Xa, Xs)) exp {it | S + €]*}
3 ) B
< TT (il + 2065, Ss + ©)

1
(50) x/o du exp{itquj||2—|—2itu(§j,5n3—|—§)}>.

Denote -
= [1&1” +2(&;,€) — 2(¢;, a).
Then
3

ﬁ (||§J||2 + 2(53"5713 + g)) = H (bj + 2(§j, Sns + a))

j=2 j=2
(51) = b2b3 + 2b2(£37 Sn3 + a) + 2b3(§2a Sn3 + CL) + 4(527 SnS =+ a) (537 SnS =+ CL),
where according to the notation introduced above
SnB +a= n*l/?(gl(le) + .- +gl(Xn))
Note that
ll=2, gl = (1+ g (X)),
—1/2
b1 = 4(1 + lall) (1 + [lgu (X)) ™

Substituting now (51) in (49) we obtain four expectations. Then we apply Lemma 3
—1/2
. Fort

(52)

to each of them, taking into account (52) and the estimate ||Eg1(X1)|| <n
satisfying (28) we take in Lemma 3 [ ~n/2, m=n—1, A= and obtain

|F5(t)] < eat® (1+ [al))” (Bllg2]1?) "/
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r —1/4
—-3/2
(53) X exp(—can) +eyLPn ™ I I 1+ cy0o ] / >n 82

and for ¢ satisfying (29) we take [ ~n/logn, m =n —land A= | " and obtain

|F5(t)] < ert? (1 + [lal])* (B]lg2 )

« exp(kC)ann> Te L7/2 7/4(1ogn)7/4

cao;n o -3/2
(54) + H ( L*(logn) log(n/L? )> ) b

To estimate f4(¢) in (50) we use the following formula which is analogous to (51):

3
H <H5j||2 +2(&;, Snz + g)) = b1babs + 2b1b2(€3, Sz + a)
=1

+2b103(&2, Snz + a) + 2b2b3(&1, Spz + a) + 4b1(&2, Sps + a) (€3, Sps + a)
+ 4b2(£17 Sn3 + CL) (537 Sn3 + CL) + 4b3(§13 Sn3 + a’) (523 Sn3 + CL)
+ 8(517 Sn3 + Cl) (527 Sn?) + a) (537 SnS + CL).

Substituting it in (50) we obtain eight similar expectations. To estimate these expec-
tations we again apply Lemma 3. For ¢ satisfying (28) we take in it I ~n/2, m = n—1,
A = 2 and obtain,

|F4(8)] < calt* (1 + [lal))* (Elg2)1?) "

9
(55) X exp(—con) 4+ csL'n 7 + H (1+ c4aj-lt2)1/4> n%?
j=1

and for ¢ satisfying (29) we take [ ~ n/logn, m =n — 1 and A = | and obtain
3 3 2\1/2
[Fa(t)] < calt]” (1 + [lall)” (Ellg2]")

X exp ( — lcc)ann> + 63L9/2n_9/4(log n)9/4

64021 14 —3/2
(56) + H < L*(logn) log(m/L? )) ) b

Estimates (37)—(38), (41)—(42), (53), and (55) together for ¢ satisfying (28) imply

|ha(t)| < e (1 + ||a\|)3(EHglu3) (E||92\\3)1/3

x L P4 (t] + H 1+ cgott?) 4

(57) +|t|3H 1+ cyoit 1/4> n=%2,
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and (37), (39), (41), (43), (54), and (56) for ¢ satisfying (29) imply

(58) ha(t)] < er(1+ [lal))* (Blloal*) (Bllgall) " >eo(V) L3072,

It remains to estimate h3(t) in (32). Applying (21) with » =1 and z = it (W, +
Wa), z = itu (W1 + W) twice, we have

1
hs(t) :it/ duE<(a, 92(X1, Xo)) Wy exp{itu W, } Ey exp {it||5n2||2+ituW2})
0
1 1
_t2/ dv/ dqu((a, gg(Xl,Xg)) exp{ituv W1}
0 0
X E2<6Xp {’Lt ||Sn2||2+ ituv Wg}(Wl + WQ)))

Arguing in the same way as in proving (35) and (36) we obtain for ¢ satisfying (28)

|ha(0)] < e (1 + llall)® (Bllgn 1) (Bllga ) °

7
(59) X [Ln + (¢l +t H (1+ co0; t 1/4] n,
j=1
and for ¢ satisfying (29)
2/3 1/3 : —
(60)  [hs(t)] < ea (1 + [lall®) (Bllon [*)* (Bllgall®) P er(v) L7207,

Now (32), (35), (57), (59) imply (30) and (32), (36), (58), (60) imply (31).
LEMMA 6. If ¢ belongs to the interval (28), then

2 3\2/3
[ Jo(t)] = e (1+ [lall”) (Ellgall”)
9 0204152 —~1/6
(61) x  LPn~'/? +n1/6H <1—|— nlj?) ) )nl,
j=1

and if t satisfies (29)

312/3

(62) | ()] < e (1+ [lal®) (Ellgi)*)*Peo(vV) Lon ™2/,

Proof. Noting that
Jo(t) = E (Z,%E exp {it S, — a||2})
we have
[ 12(0)] = 4B (][50l I [Bx exo it 5, — | *}])
(63) + el "B (llas]*[Bx exp {it |, — a]*} )
By Hélder’s inequality

E( [l low 1 |Brexp {it || — al|})

(64) < (Bflos ") (E(HSZHG\Ek exp {it [ — a!|2}\3))1/3
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Since for any > 0 and p > 0

I50]° < 2® + a7 |[su][*°

we have in (64)
3
B I35 [Bxexo {it15, — o))
(5 < B[y exp it |5, — )| + o S

To estimate the second expectation in (63) we also use Holder’s inequality and obtain

1/3
B o [Brexe fit 5, — o'} ) < B(lesl’) " (Bl exp it 5, o]}

(60 < B (lonl)* (B exp i[5, — o} 1) "

Substituting (64) in (63) and using the elementary inequality (« —|—ﬂ)1/3 <oy pl3
we get

| 12(8)] < 42 B ([l ) **

/
61 x [xp/B(E||SfLHp+6)1/3 + (@ al®) (B|B.exp it |5, o *[*)’ 3]

2/3

)

Applying the same argument as in the proof of Lemma 10 in [3] with [ ~ n

127 -1

m=n—1, A= 3 for [t| < cn , we have

2 9 e T2\ T2
E‘Ekexp{itHSnfaH}’ < L3n_1+H(1+ ’ 1]/31> )
i=1 "

1/12
Y

where T is defined in Lemma 3. Furthermore, taking in (67) p = 36, x and

using (8) and (9) we obtain the estimate

10| = e (14 [la]]?) (Bllgs)*)*?

2 —1/2 1/6 - 0204T12 e 1

_ j _

x L'n +n ||<1+ RVZ ) )n ,
Jj=1

which implies (61) and (62).
LEMMA 7. I in (19) satisfies the inequality

(68) I < e (14 |lal®) BPog  eo(V)n™ V2.
Proof. (22) implies
(69) |on(t) = bn®)] [t < [Ji@)] + [t [ J2(8)| + 7| J5(2)]-

By Lemma 4

T
(70) / | J5(8)] dt < 1 (1 + |al*) Ellga [*Ellgs [Per (V) ™72,
T
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By Lemma 5

(71) /_i | J1(8)] dt < ey (1 + ||al|®) (E”gl”S)(E”gz”?))l/zcg(v) [, 12
By Lemma 6

(72) /i It [Ja(8)] dt < i (1 + [la]?) (E||91H3)2/309(V) V2

Noting now that the moments in (70)—(72) satisfy (4) and integrating both sides in

(69)

(73)

(10]
(11]
(12]

[13]
14]

(15]

(16]

(17]

, we obtain (68).
From (14), (19)—(20), and (68) it follows that

Ana(a) < e (14 [|a])*) BPog teg(V)n ™2,

Estimates (5), (6), and (73) imply (3) and the theorem is proved.
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