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The Hamiltonian in the axial gauge may be written

22

. 3 11 0,3 4 0.3
(6.76) H=1{dv[m = + x4+ ATA,

>

: 1,3 4 1.3 2,3 42,8 =12 1512
e *Ad :Xa '1" A‘_\u :\zz -+ l, Pzz Pn ]

and we may confirm that it generates the correct equations of motion of
the independent variables in the Dirac brackets:

(6.77) (AL (), H = Al ()

1, * L4l A2 1 a0 SPIPNN
{ T, f\x> s H } = 3 c3:\d J2 1‘1, — L%, (n.b :\{ —- ] b AAL,\,

¢ _2 * 2 ~12 - 2 A0 S12 4 1
T <2‘> y H } = J3 J3 :331, -+ 01 }‘a Lg;,,/,[, (TC/,A‘%( *‘jf- }'b :X,-/,‘ .

We will forego the usual discussion of Poincaré covariance, etc.

We observe that the independent canonical variables in the axial gauge
have canonical hrackets equal to their Dirac brackets (6.72). There are no
fields on the right hand side, and no ghost loops in the Feynman rules. On
the other hand, the canonical variables in the radiation gauge have fields
on the right hand side of their Dirac brackets and ghost loops appear in the
Feynman rules. It therefore appears that the canonical quantization proce-
dure is best carried out in the axial gauge.

Finally, we remark that it is also instructive to analyze the Yang-Mills
field in the null-plane formalism. The gauge choice A, == o has propcrties
similar to the radiation gauge and has ghost loops. The gauge A, = 0, on
the other hand, gives simplifications parallel to those of the axial gauge (Tom-
boulis, 1973). In particular, the independent variables have field-independent
Dirac Dhrackets and no ghost loops result. We leave these analyses as exer-
cises for the interested reader.

7. LEINSTEIN'S THEORY OF GRAVITATION

As our last example of the application of Dirac’s method to physical
systems with constraints, we treat Einstein’s theory of gravitation. Among the
references giving elements of the Hamiltonian formulation of general relativity
are Pirani and Schild (1930), Bergmann, Penfield, Schiller and Zatkis (1930),
Pirani, Schild and Skinner {1952}, Dirac (19584, 19358¢), Bergmann (1062),
Arnowitt, Deser and Misner (19627, Hojman, Kuchai and Teitelhoim (1973,
1974), and Regge and Teitelboim (19744, §). For a more complete account of
the vast amount of literature, see Kuchat (1974). We observe that in Einstein’s
theory of gravitation, it is the expression of the theory in manifestly cova-
riant form which causes constraints to exist among the canonical variables:
the gauge-like freedom to make general coordinate transformations can then
be exploited to reduce the number of independent degrees of freedom on a
spacelike surface to two pairs of canonically conjugate variables per point.
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Our starting point will be the Hilbert action
(7.0 S= | (=" R '

for the pure gravitational field, where for convenience the units have heen
chosen in such a way that G, Newton's gravitational constant, takes on the
value (16m)"t. We deal with a hyperbolic Riemannian spacetime of signature
(—, +,+,+). Four-dimensional spacetime quantities carry an upper
left index (4) whenever it is necessary to distinguish them from the three-
dimensional quantities to be introduced later. Greek indices run from o to
3 and Latin indices from 1 to 3. Four-dimensional covariant differentiation
is denoted by a semicolon, while its counterpart on a three-dimensional
hypersurface is indicated by a slash. The Riemann tensor is defined as

Rl = oo — Diug 4 Tox I — Iop T
with
3 ue
FZB =1g (gam,{i + &obra —goc.@,c> .

The Ricci tensor and the scalar curvature are R,, = R}, and R = R,
respectively. The determinant of the metric is denoted by the letter g

The appearance of the scalar curvature in (7.1) makes the action
invariant under general coordinate transformations

at = ' (x)

which change g¢*’(x) to

op't v
o) =g ) S
The theory is thus ‘‘already parametrized ” in the sense of Section 1. I
Note that the arbitrary coordinates denoted there by «* are called a* here
to conform with standard practice.

The action (7.1) describes the pure gravitational field. Addition of matter
is straightfoward provided the matter action density contains no derivatives
of gy, which is actually the case for particles and for the electromagnetic

field.

A. GENERAL FORM OF THE HAMILTONIAN

Einstein’s equations are a sccond order partial differential system in the
ten metric components g,, of a Riemannian spacetime. When looking at
this system from a Hamiltonian point of view, one focuses his attention on
a three-dimensional hypersurface embedded in the four-dimensional space.
The state of the system is then given by specifying the value of certain fields
defined on the surface; by means of the Hamiltonian, one is able to calculate
the change in the field variables induced by a deformation of the hypersur-
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face. If F is an arbitrary functional of state we expect its change under a
deformation N' of the hypersurface to be of the form

(7.2) = ] BBeN" () £, (x)

according to the general discussion on curved surfaces in Section {1. E.). Here
Fu{x) is some other functional of the canonical variables, the precise form of
which will be examined in Section 7.C.

We can now use (7.2) to obtain information about the form of the Ham-
iltonian by relating the N" to the g,s. This is most easily done with the help

Iig. 7.1. The relation between the N7 and the gy 15 obtained by evaluating the spacetime
interval between the points with coordinates (7, 7) and (27 - dad, 7 -+ df) in two different
ways and comparing the resulting expressions for arbitrary du?, dz. This leads to Egs. (7.5).

of Fig. (7.1) which tells us that the spacetime distance between the points
(", ) and (a¥ | da?, # - df) can Dbe expressed as

(7.3) ds? = — (NY2 AR + g, (N* df 4 da) (NV de 4 da)

On the other hand, we know

(7.4) ds? = g, da* da”.

Upon comparison with Eq. (7.3), Eq. (7.4) shows that
(7.3a) g N N — (NBE = gy

and

(7.5 ) £, N =g

Conversely we can express N in terms of the g,, as
(7.6a) N = g" go;,
(7.66) Nt = (g7
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. . - N . . . s k
Note that ¢ in (7.6a) is the m\'crie of the spatial metric g;;(i.c. g% g, =3,
and is in general different from P¢”. In fact the following useful relations

hold {Arnowitt, Deser and Misner, 1962):

-7 Wg” — ¢ N NYJNY)?
7:8) g = NJ(Nb?

(7.9 ) Wgpp = — [(NH? £, NN
(7.96) (gt — N gl

Equations (7.3} tell us that and - must enter in the Hamiltonian
1 \7-5) 00 So.

theory as arbitrary functions. This is so because the N" must be prescribed
from the outside in order to specifiy the deformation of the hypersurface;
consequently one cannot expect Hamilton’s equations to restrict them at
all. Thus we learn that the non-trivial degrees of freedom are contained in
the g;; and their conjugates =

It will save a little writing to work with the N* defined by (7.6) and the
&;; as independent variables instead of using the g, and the g,;. This change
of variables is permissible because on account of {7.3) and (7.6), one can go
back and forth hetween both sets of variables. If we denote by =, the conju-
gate to N, then the fact that the N are arbitrary tells us that =, must enter
the Hamiltonian multiplied by an arbitrary function 2" which will correspond
to the time derivative of N". This remark, together with (7.2), indicates that
we should expect the total Hamiltonian to be of the form

»
1

710 H= | PN A g, =7 =N g, =71 0w

A /

Since the =, are multiplied by arbitrary functions, we must also expect

the (first class) constraints

to hold. Finally, since {(7.11) must be preserved under surfaco deformations,
we must have {=z',H} ~o. From Eq. (7.10), we find that {z",H} ~ 0
implies the additional constraints

(7.12) Fy~o.

The constraints (7.12) must be first class in order for the equations of motion
with arbitrary N" to be consistent. Thus the constraints (7.11) would be
primary constraints whereas (7.12) would be secondary Con<rrd1nt§

Note that the above discussion applies generally for any relativistic
Hamiltonian theory in a Riemannian space. It follows then that when matter
is present the gravitational and matter parts of the Hamiltonian should be

separately of the form | N"#, (supplemented of course by any extra first

class constraints characteristic of the matter at hand).
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We see that we have obtained some insight into the structure of the
Hamiltonian on general grounds. Iiquation (7.11) tells us that when working
from the Lagrangian down to the Hamiltonian, we should try to add suitable
divergences to the action density in (7.1} so that the resulting Lagrangian
will contain no time derivatives of the N* {Anderson, 1938; De Witt, 1938;
Dirac, 19584; Arnowitt, Deser and Misner, 1962). Furthermore the Lagran-
gian should have a very simple dependence on the N" themselves in order
to get a Hamiltonian of the form (7.10). We thus need a way to analyze the
spaccetime curvature which clearly distinguishes the dependence of the cur-
vaturce on the g,; from the dependence on the N*. Such an analysis is Dest
performed with the help of the embedding equations of Gauss and Codazzi

which are reviewed in Appendix B.

B. THE LAGRANGIAN

Following Kuchar (1971), we now derive the desired Lagrangian begin-
7

ning with the Hilbert action (7.1}, Iiquation (B.3),

N

- T I Y v
Kop= 2N {—guo t N b Now)

t

relates the extrinsic curvature to the velocity g, of the dynamical coordi-
nate g,; and to the functions N' and N’ which describe the deformation of
the hypersurface. Note that g, itself also appears in this expression for K,
through the Christoffel symbol hidden in the covariant derivatives N, -
“+ Nyjoo There are, however, no time derivatives of Nt and N;in (B.5.). Thus
if we succeed in expressing the action density in terms of g, and K, we will
have achieved our goal of eliminating the velocities N' and N,. Let us work
in this direction with the help of the Gauss-Codazzi equations. In the Dbasis

(n,e;) used in (B.1), we have

7.13) DR = R, = PRV, - ORY, - R, ==
= WR", —2 ¥R, =
= R", — 2 Ry,

[In Eq. (7.13), we have exploited the antisymmetry property Rog.s = — Ropsy
= Riqsy of the Riemann tensor]. Now we use {(B.12) to transform (7.13) into

, N ) " - -ab Dy ¢
(7.14) WR == R + K?— K, K—2"R",,

with K - K.

The first three terms in (7.14) are already of the form sought. We need

.. 4 ~ .
to be concerned only about the remaining term DR*,1. Our first step is to
apply to the normal iz, the commutation rule for the second covariant deri-

vatives of an arbitrary vector, thus obtaining

N (hpd
(7.15) oy = Noyvis = Ragy 725 -
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Next note that multiplication of (7.15) by z* and subsequent contraction in
the pairs (u,8) and («, %) converts the right hand side of that equation
into the desired quantity,

Y Y N Dy 8% £ o
(7.16) 180 gy — ') = OR wa fty = R4

Now we rearrange the left hand side of (7.16) by means of the identities (see
Appendix B for a proof)

g 3 A Lo 3 e

(7.17 @) A 7Z(;5Y = (n"n {;g;;y~v n";\, g,

‘ \ B By ) Y

(7.176) — g = (s T Ry
. 8 v - yrab

(7.18 a) 1wyn' .y =— K, K,

. b I K

(/.IS ) o = .

Recalling that (— g)t = ngé, we then obtain the relation

(7.19) Lypserr = (— (J')g); OR = #— SV,
with
(7.20) ¥ =N g (R 4 K, KY—K?)
and
44, 8

(7.21) NV =2 (—g "2 (0" 01"y — n* nﬂ;_g) .

Equation (7.20) shows that by adding to the Hilbert action density the
divergence of (7.21), we obtain a modified action density ¢ which contains
no time derivatives of N* and N’ and which contains only first time deriva-
tives of ¢, Thus the Lagrangian

(7.22) L == j &r ¥ = [ d®x N* g4 (K, K — K - R)

/

will be our starting point for getting the Hamiltonian. However, before doing
that, let us first take a closer look at the divergence in question. By means
of Eqs. (7.5)—(7.9) and (B. 3) one can rewrite the quantity V* , as (DeWitt,
19674a)

(7.23) Ve, =2(g" K o — [¢"(KN'—g' g“ N* )],

Equation (7.23) shows that both types of unwanted quantities, namely the

first time derivatives of NY N
the Hilbert Lagrangian

and the second time derivatives of g,;, enter

(7.24) Lypert = ’ d’x (— (433)% R
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in the form of a total derivative,
1
(7.23) — 2| P K

~

and can therefore be eliminated altogether by omitting (7.25) from the
Lagrangian.

The fact that one can eliminate the second time derivatives of ¢, from
the action is not surprising and was known long before the Hamiltonian for-
mulation of general relativity was investigated. One can actually do even
better and eliminate all second derivatives (temporal and spatial) of the ten
Zuv by adding a suitable divergence to &y prr (Einstein’s equations are of
second order after all.). One arrives in this way at the so-called Linstein or
“gamma-gamma ’ Lagrangian (see for example Landau and Lifshitz, 1971)
which was used by Dirac (19584) as a starting point for finding the gravita-
tional Hamiltonian. What is much more remarkahle and vital for the Hamil-
tonian formalism is the elimination of the firsz time derivatives of NI and N’
[recall Section 7.A]. This possibility was explored by DeWitt (1958),
Anderson (1958), and Dirac (19385).

C. THE HAMILTONIAN

We proceed now to derive the exact form of the Hamiltonian for the
gravitational field starting from the Lagrangian (7.22). Since no time
derivatives of the N" appear we immediately get the (first class) primary
constraints

3L
(7.26) =2l Lo

BN

as we expected. ‘The momenta =% conjugate to g;, arc by definition
g oL

(7.27) = s
817

Recalling Eq. (B.5), we find after a simple calculation that

(7.28) 7’ = — g (K —Kg"),
showing that the conjugate to the first fundamental form g, is closely rela-
ted to the second fundamental form K;,. Equation (7.28) can be inverted
to express K as a function of g,,, which amounts to expressing the velocities
g, as functions of the momenta and the dynamical coordinates. One thus
gets from (7.28) that

(7.29) RY = —g' (=" —irmg"),
where we have defined

’ . 7 _z'j
{7.30) =T =g T

There are therefore no primary constraints other than (7.26).
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bt

3.5, (7.22), {7.26) and (7.29) we obtain for the Hamiltonian

/

Next, using {

Ut

730 H | d(m, N gy L= | d (N Ay N

with

(7.32 @) Ay = Vg (g &+ gu&u— 8 &) T T — g R =
=gt (m, w — %) —gt R

and

(7.326) Hy = —2g; tM:j — 28n.— &iii) = 2 TCz'/.‘./ .

-

In arriving at [7.31};, we have dropped the surface integral 2 f#) d”s; =7 N,
from the right hand side of that equation.

To obtain the total Hamiltonian, we have to add to (7.31) the first class
primary constraints {7.26) multiplied by arbitrary functions.  We thercfore
have
(7.33) H = ’f (N N A, w

in agreement with the general discussion 1n Seetion (7.21).
Now to obtain the most general motion which is physically permissible,

we ought to add to (7.33) the first class secondary constraints (7.12)

A, ~ 0,

33

with arbitrary coefficients #* (x). However, since the N" are arbitrary to
start with, we do not get any additional freedom by doing this and we may

as well set a*

= 0 without loss of generality ®. The most general Hamilto-
nian is then just {7.33).

Equation (7.26) tells us that the degrees of freedom described by the varia-
bles (
N\*" is arbitrary). We can then drop these degrees of freedom from the phase

7, , N'') are not physically important (=% is constrained to bhe zero and

space altogether and treat N" henceforth as an arbitrary function C"(x) with
vanishing brackets.  Formally, such a procedure amounts to imposing the

%)y Geometrically speaking what goes on here 1s the following: Suppose some spacetime
coordinate system % is given. Then the N¥ 7, part of the Hamiltonian generates the changes
in the canonical variables which correspond to passing from the surface 2% = 7 to the surface
0 == # 4 d£. Now the addition of the extra term «* #, would tell us that we are not forced
to choose 4 = 7 -~ d/ as our next surface, but that we can go from a0 == 7 to any infinitesi-

mally close surface. However since the spacetime coordinate system a+

15 arbitrary, we can
make 2% = 7 -1 dz correspond to any given surface, and conscquently the freedom inherent
in the 2% term can be considered to be already included in the arbitrariness of N¥. A totally
similar situation occurs with A% and the function z, in the Maxwell field /Section 5.4). The
analogy is established by associating Y with N* [z, with #* and by making gauge transfor-
mations (A; - A; + 9; A) take the place of surface deformations.
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second class constraint

(7:34) N —C'~ o0

which makes the originally first class equation (7.26) become sccond class.
o J \
The constraints (7.12) remain first class. One then passes to the Dirac bracket
\/ /
by the usual procedure (which in this simple case amounts to working just
p I N g ]
with the g,; and =) and takes (7.26) and (7.34) as strong equations.
At this stage the Poisson Dbracket is therefore

gy 8=l 8¢y OFY

N
~I1
‘0
2%
N

L T s 8F 3G G SF
(F,Gy= [ d () o 0n)

When Eq. (7.33) is applied to the fundamental canonical variables themselves,
we find

(736> {g/,/ (AT) ) TC/"/(X/\/\} = 8/'/',” 3 <’1’ ’ ﬁ,’/) ’

as the only non-vanishing Poisson bracket. The symbol §,# in the right
hand side of (7.36) is a shorthand for

737 FOLEE S

and the Dirac 3-function is defined as in (1.82) without recowurse to the metric,
by

fd;l S, flah) =

for an arbitrary scalar testing function.

If Kgs. (7.26) and (7.34) are taken as strong cquations, the Hamiltonian

reads

(7.38) Hylg;, =1 = [ d*(N' o N7 )

and vanishes weakly due to the first class constraints (7.12).
The rate of change of an arbitrary functional I' of g, and =¥ is there-
fore given by

= ‘ SN ) {F, 7, ()},

so that Eq. (7.2) is explicitly verified.

D. ASYMPTOTICALLY FLAT SPACE, SURFACE INTEGRALS, IMPROVED
HAMILTONTAN, POINCARE INVARIANCE AT SPACELIKE INFINITY

We arrived in the last section at expression (7.38) for the gravitational
Hamiltonian. We can now check whether Hamilton’s equations correpon-
ding to Ho (together with the constraints (7.12}) reproduce Einstein’s equations.
It turns out that this is indeed the case provided one neglects certain surface
terms. For a closed space one is certain that no complication could possibly
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arise from neglecting surface integrals, bacause every surface integral vanishes
identically when the manifold has no boundary, So, for a closed space, Ho
given by (7.38) is the correct Hamiltonian as it stands. However for an open,
asymptotically flat space certain subtleties arise and one comes to the con-
clusion (see below) that in such a case Ho must he supplemented by the addi-
tion of certain surface integrals at infinity in order to give the correct equations
of motion (Regge and Teitelboim, 1974a¢, ). The addition of the surface
integrals also plays a crucial role when one imposes gauge conditions with
the purpose of arriving at a canonical system having just two independent
degrees of freedom per space point.

To see the role plaved by surface integrals, we start by observing that
an essential requircment which must be met by an acceptable definition of
the phase space of a dynamical system is that all physically reasonable solu-
tions of the cquations of motion must lie inside the phase space. If this is

not true, the variational problem
5| (p¢'—H)ydt=o.

has no solutions because the extremal trajectories are not admitted among
the original “ competing curves ” of the variational principle. Once the re-
quirement of containing all extremal trajectories is met, one can enlarge
the phase space at will but one cannor mutilate it arbitrarily.

In vacuum gencral relativity, after conditions (7.34) are imposed, a point
in phase space is represented by twelve function variables (g,;, @). Now
any solution of Einstein’s ecquations representing a physically reasonable,
asymptotically flat spacetime behaves at spatial infinity in the Schwarzschild
form

/ M 2 M oxfas . .
/ \ 2 - = Sy e x! -7
(7-39) ds o (I 3 }) de” - (6,] Coge ) dxt da

The phrase ¢ physically reasonable” here mecans essentially that the total
mass-cnergy of the system must be finite. This assumnption will be satisfied
if the system has been radiating (gravitationally or otherwise) during a finite
time only. It is quite plausible, however, that one can admit a more general
situation in this context; one could allow a system which has been radiating
during an infinite time, hut doing so in such a way that the total amount of
radiation remains finite. The precise form of the line element (7.39) can be
altered Dy a change of coordinates, but no coordinate system exists such that,
when M —=o0, a// components of the metric and its first spatial derivatives
can be made to decrease at infinity faster than # ! and » 2 respectively. It
follows therefore that any definition of phase space /las 7o contain metric

functions such that
(740 1Z> Lo 8[.]. ~ 71
and

(7.40 &) Loy~ rT?
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We will need later a more precise definition of phase space, but the essential
point is that one cannot do any better than (7.40).

Let us return now to Hamilton’s principle, keeping the asymptotic beha-
vior (7.40) in mind. When onc deals with a continuous system like the present
one, Hamilton’s cquations read

(7.41 @) g;;(x) = & (Hamiltonian)/3=" (x)
and
(7.415) 77 (x) = — § (Hamiltonian)/8g;, (x) ,

The functional derivatives appearing on the right hand side of (7.41) are,
by definition, the coefficients of 8g,; and 37 in a generic variation of the
Hamiltonian, i.e., if

(7.42) 8 (Hamiltonian) = | d®» {A”(x) 8¢, (%) + B,,(x) 3= ()}

v

then
(7.43 @) 8 (Hamiltonian)/8g,; = A"
and
(7.43 6) 3 (Hamiltonian)/3=" = B,, .

Thus, in order for Hamilton’s equations to be defined at all, the variation
of the Hamiltonian must e expressible in the form (7.42) for an arbitrary
change in the phase space point (g;;, @). We shall see now that 8Ho (with
H, given by (7.38)) cannot be put in the form (7.42) and that the Hamiltonian
has to be amended by the addition of a surface integral in order for Hamil-
ton’s equations (7.41) to coincide with Einstein’s equations. Introducing
expressions (7.32) into (7.38) one gets for the change in Ho, keeping all terms,
(7.44) SH, — f A (A () 8¢, | By (x) 3 (x)) —

— cf) d*s, GHINY 8gii — N, 8 ) —

2 © S A b 2
— § d®s, {2 N, 8x% - 2 Nf = — N/ =) 8¢ )

where
(7.45) G =Ygt (g g+ gl gt — 287 ) .

The coefficients A" and B,; need not be explicitly written here [they may
be found, for example, from the right hand sides of Eqs. (7-3.15a,48) of
Arnowitt, Deser and Misner, 1962]. We need only to observe that in order
for Hamilton’s equations to reproduce Einstein’s equations, one must identify
A7 and B;; in Eq. (7.44) with the variational derivatives appearing in (7.43).
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This means that if the surface integrals in (7.44) would vanish then Ho would
the corvect Hamiltonian. For a closed space this is indecd the case; however,
for the open, asymptotically flat situation, some of the surface terms in (7.44)
do not vanish due to the slow asympotic decrease characteristic of the gravi-
tational field.

To deal with the surface integrals in (7.44) one needs a more complete
specification of the asymptotic behavior than the one given by (7.40). An
exhaustive discussion of the boundary conditions in question would take
us away from our main line of development; we refer the reader to Regge
and Teitelboim (19744, & for a detailed treatment of this issue. We indicate
explicitly here only that the lapse and shift functions N" are assumed to behave
asymptotically as
(7.46) N* - S o -+ 8%, a7

with
Br: i S:r .

[The Greek indices in «" and B:L are raised and lowered with the Minkowskian
metric v, = diag —1,1,1,1)].

Equation (7.46) says that we allow asymptotic spacetime translations
(&), space rotations (B’ and hoosts (8Y,) among the permissible deforma-
tions of the hvpersurface. When Eq. (7.46) is inserted into (7.44) and the
corresponding houndary conditions on g,; and = are used, one finds

(747) S = | P [A7 () g, ) 1 B0 3R o]

8P, — LB SN,
with
(7.48 @) Pt = ‘(ﬁ dzy, (Gir— 1)
(7.48 ) P = —2 §> d*s, ="

»—>00
(7.49 @) M'=—2 Cﬁ d¥s; (a7 = — x5 =)
r»;oo
(7.49 0) M), =—2 3€ d? sl (g Gut) — & - & 0] -
r>n0

Here we have defined
(7.30a) B =—031 ; M,y=--DN,

so that one has

(7.508) B = —Bu 3 My =1,
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From (7.47) we see that H, has well defined functional derivatives only
when the surface integrals (which are in general different from zero) are absent
from the right side of that equation, i.e., when «" = 8" = 0. Thus H, is a
good Hamiltonian only for those deformations of the hypersurface which
involve neither spacetime translations nor spacetime rotations at infinity.
However, Eq. (7.47) itself suggests how to deal with the more general case:
one simply passes the surface integrals in (7.47) to the left hand side to obtain
a new “improved ”’ Hamiltonian

(7.51) H = Hy— o' P, + 1B M,,.

The functional H defined by Eq. (7.51) has well defined functional derivatives
and generates the correct equations of motion even when asymptotic Poincaré
transformations are allowed among the permissible deformations of the
hypersurface.

Now H, vanishes weakly on account of (7.12) implying that for any
solution of the equations of motion, the numerical value of the Hamiltonian

(7.51) is
(7.52) Ha—do"P,-+18" M,

This expression is in general different from zero. When B,, = o« = o and
20 = 1 one has H = P!, which identifies (7.48a) as the energy. Similarly
proceeding along the familiar lines of Noether’s theorem one identifies expres-
sion (7.486) as the linear momentum and (7.49) as the angular momentum.
(See Appendix B.3). It is important to realize that the identification of P,
and M., has been achieved without recourse to any special decomposition of
the canonical variables or to a specific fixation of the spacetime coordinates,
of these quantities (compare

bR

which makes obvious the ““gauge independence
Arnowitt, Deser and Misner, 1662).

Having written expression (7.48) and (7.49) for P and M,, one asks
himself immediately whether these quatities have the proper behavior under
asymptotic Poincaré transformations.  The straightforward approach to
answering this question would be to introduce the lapse and shift functions
(7.46) into the equations of motion (7.41), but such a procedure would be a
bit awkward. We prefer to follow instead a different route which sheds light
on other aspects of the problem. Since the spacetime is asymptotically Min-
kowskian, we can introduce a system of rectangular spacetime coordinates
at infinity. These coordinates will be denoted by y*(A =o0,1,2,3). The
surface on which the state is defined will have, asymptotically, the equation
y'\ =a" 8%, 7, with 6%, ba, = 3, (this ensures that the coordinates x”
become rectangular at infinity). Now, according to Dirac’s procedure for dealing
with curved surfaces described in Section (1.E), one should consider the
‘““ surface variables "’ describing the location of the surface on the same footing
as the “truly dynamical ”’ variables themselves. In the case of the gravi-
tational field, the nonasymptotic parts of the * surface variables ’’ are already
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implicitly included in the six canonical pairs (g;;; =), which exceed by four
the required number for a theory with two “truly dynamical” degrees of free-
dom per point. As a conscquence, one has the constraints 7, ~ o {Baierlein,
Sharp and Wheeler, 1962; Kuchat, 1974). However, the asymptotic location of
the surface, governed by ten independent quantities among the sixteen a6,
(remember b, by, = 8,0} cannot be determined from a knowledge of g;; and =%/,
One must therefore introduce @ and 4", together with u)rrcspondmg conju-
gate momcnta i, 7a  as additional canonical variables on the same footing
as the g,;, 7. After this is done, one will have a Hamiltonian formalism which
s mamfest y covariant under Poincaré transformations at infinity.

When we introduce ten new pairs of canonical variables we must gain,
unavoidably, ten new constraints. Each of these constraints will enter the
Hamiltonian with an arbitrary Lagrange multiplier. The multipliers in question
will deseribe the amount of hypersurface deformation at infinity anda will be
given precisely by the o and 8" appearing in (7.39). The new, extended
Hamiltonian, H, will then be of the form

~I1
(2
o)

(7530 H, fdb‘ N () A, () £ o (p, — P+ LB (- M) =

1t 8%
= o p, - 18wy, .

)

In addition to the #, ~ o cquations, we find the new constraints

f7 34a) P~ P!M
and
(7.546) m,, -+ My &~ 0.

The quantities p, and m,, are constructed from the asymptotic surface varia-
bles (z‘\, b‘\,. and their conjugates. The details of this construction are actually
irrelevant —— what matters are the Poisson brackets that p, and s, satisfy.
One may in fact show that the integrability conditions (1.83) of a Hamilto-
nian theory on curved surfaces imply that these quantities satisfy the algebra
of the infinitesimal generators of the Poincaré group (Regge and Teitelboim,

1974 , 6). One thus has

(7:35 a) {pu, 0} =0,

(7;5 b/\ {f)u »7””0J - ’uﬁpv ~ s Doy

A £ 2, ; — — —_— -

75> C, it 7”!0/ , 7/1':‘.'} = ’}u.'; W ys f“; }71.,5 f“,‘q )//\,.: i ,}'m 7}/11'9 .

where 7,, is the Minkowski metric.

Once we know that p, and 2, obey the Poincaré group brackets, it fol-
lows immediately from (7.54) that P, and M, transform in the correct way
under an asymptotic Poincaré transformation; the only way in which the
constraints (7.54) could be preserved under surface deformations is for p,
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and P, (m,, and — M) to cvolve in the same fashion. The reader may
wonder at this point why one does not just calculate the Poisson brackets
of the P, and M_, among themselves instead of working with the extra
variables p, and ,,. The answer is that these Poisson brackets do not cxist

7

for the same reason that the functional derivatives of Hy given by (7.38) do
not exist. It is only the sum (7.51) which has well defined Poisson brackets )
[recall (7.47)]. Geometrically speaking, the non-existence of functional deri-
vatives of P, and M_; follows from the impossibility of continuously deforming
a surface at infinity without altering its shape elsewhere.  (Sce Section (7.19)
below for a discussion related to this issuc).

We finish this section with the observation that the Hamiltonian I,
given by (7.53) is to open spaces what Hy given by (7.51) is to closed spaces.
In fact, both quantitics vanish weakly and their arguments contain, in cach
casc, the full specification of the surface on which the state is defined. Corre-
spondingly, it is the product of the space of the & 7 ® with the space spanned
by the asymptotic surface variables %, 4% and their conjugates which plays
for open three-spaces the role that the (&> ™) space alone plays for compact
three-surfaces.

E. IINATION OF THE SPACETIME COORDINATES (GAUGE,

The cquations of motion associated with the Hamiltonian {7.51) deseribe
the evolution of the system under arbitrary deformation of the hypersurface
on which the field state is defined. Often one wants to answer a more limited
question, such as how the system evolves along a one-parameter f;lmi]_\' of
surfaces. Then one does not need the whole power of the theory bhased on
the general Hamiltonian containing four arbitrary functions N and N a

(*) To verify that the constraints (7.54) are first class, one treats all of them at once,
together with the ), ~ o cquation, by writing

Hy(N) = / NE Ay gy (o Py) | VBN s LMy,
== H(N) + 7.!(J'N) P+ é (3(11;;) My X O.

(The subscript (N) in %* and 8V is intended to remind us that these quantities are related to
N# through the asymptotic formula (5.46).) The statement that a// constraints {i.c. ./, ~ o
and {7.54)% arc first class then reads

{II[ \:. , II;-,U"): == Hp (-’)
for any given & and x4 and some &, Actually for the theory to be consistent with the Ricnan-
nian structure of spacctime (i.c. for the cvolution to be path independent in the scuse of
Section (1120, < must be given by (Teitelboin, 1973a, b}

L szl ;ﬁ;rl>

= \’; = - iyrl

wro__ rs s 1 el zl. 1 | orEsor LSy
s E g T ) S =)

which is an alternative way of writing Eq (1.83). This is the starting point for deriving (7.55).
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reduced Hamiltonian which is able to give only information one is asking
for suffices. The reduced Hamiltonian theory is obtained by freezing the
degrees of freedom corresponding to an arbitrary deformation of the surface.
It has no constraints and a lesser number of degrees of freedom than the
full theory. The gauge-like freedom to make arbitrary transformations of
the spacetime coordinates is thereby destroyed.

It turns out that the procedure for fixing the coordinates is quite dif-
ferent depending on whether the three-space is open or closed; we will there-
fore treat each case separately.

I. OPEN SPACES

In this case the gauge freedom corresponds to the possibility of making
arbitrary deformations of the surface while keeping its asymptotic shape
unchanged.

We then want to impose additional constraints so that the previously
first-class equations #, ~ o which constrain the deformation generators to
vanish become second class. After the additional constraints have been imposed
the Hamiltonian will become just a surface integral

(7.56) I=—o"P, +1p" M,

according to (7.352). It will be possible to use (7.56) as a meaningful Hamil-
tonian because, as we shall see below, the surface integral (7.56) acquires
well defined Poisson brackets (the Dirac brackets) after gauge conditions
have been imposed, even though its functional derivatives with respect to
g:; and =/ do not exist ™.

Instead of immediately evaluating the Dirac brackets for the gauge
conditions of interest from Eq. (1.58), we shall follow instead a somewhat
indirect procedure. This will enable us to make contact with, and use of,
results already available in the literature. The scheme (which includes all
cases found so far in practice) runs as follows: One assumes that the variables
g, ®* can be separated into two sets, (¢*(x),w,(x)) and (v*(x), =, (%)),
by a bijective, time-independent, functionally differentiable canonical trans-
formation in such a way that

(a) the surface integral (7.56) depends only on the ¢* and the =,

(6) when the w, are prescribed as functions p, of x in such a way that ¢*

(7.57 @) pa=0,

(*) After coordinate conditions are imposed the deformation of the hypersurface is
globally determined by »* and p*V (the freedom of making arbitrary deformations in the in-
terior has disappeared). It then becomes meaningful to ask for the generator of such a defor-
mation. The generator is precisely the surface integral (7.56). This is the geometrical reason
why (7.56) acquires well-defined Poisson brackets after the gauge has been fixed.

(**) Strictly speaking Eq. (7.574) 1s the weak equation mg(x,7) — po (*)~ 0. How-
ever in the following we shall not insist on the weak equality symbol unless confusion could
arise.
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the constraints .#] ~ o, #, ~ 0 can be solved to express the ¢* as functionals
(7.576) o = f1 9t ]

of the remaining canonical variables. The functional derivatives of f* with
respect to 4, 7, arc assumed to exist.

If the above conditions are true, then Hamilton’s equations for the
Hamiltonian

\ reduced . ..
(7'58) H ["'HAx 5 ﬂA] =1 [g/j , nu]‘.ba = fx
o = Pa
together with Eqs. (5.3
cular frame defined by =, = 2, .
Proof. Recalling that Poisson brackets are invariant under canonical

transformations and that the Hamiltonian is unchanged if the canonical
transformation is independent of time, we have

3H

<759> "PA <.‘K> - ST?A(X‘)
W= Vi
Ty = Pa
On the other hand
(760) H [Cp" o ,bx ; ‘-:A] = 1 [@x : 731] — [{reduced [,‘;).»\ ; 7TA] .
¥ = [ :@oc = f®
Ty = ])cx Ta = /ﬁo:

Next, differentiating (7.60) with respect to =, we get

/ ¢ SH Sflfl/\ SH SHrmluz‘ed
RPN 3, °ft AN ORI ) .
(7.61) ( d®s 8% () e TSm0 Sw (7
. '91 :fd "9& L /oz
Ta == Pa ;T:a 2= py
However, by Eq. (7.574)
. SH
Ty () = — — =0
=) 8% (y)
o= S
e = Pa
whence
SH SHredured
(7.62) L . o
) ST':A \I) 8‘;1:3\ (r)
% = f*
Ta = pa

Equation (7.62) inserted back into (7.39) shows that H™"*‘ generates
the correct equation of motion for ¢*. In a completely analogous way one
shows that the correct equation of motion is also obtained for ©,. The evolu-
tion of ¢* as calculated from (7.5764) will agree with the one given by the

unreduced formalism because the constraints are preserved in time.
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Note that we have not allowed for an explicit dependence of T on 44 7,

‘i, a dependence other than the one induced by ¢* = f*) because such a
dependence would in general cause the variational derivatives SH™™ Y307
SH™™ Y187, to be undefined. This follows from the fact that Ho and I do not
separately have well-- defined functional derivatives, only the sum Hg - 1
does. For an explicit example of the issue discussed here see the discussion
of {7.100) below.

In practice, the new phase space coordinates (¢*; =), (v, ;=) are not
canonical.  Nevertheless, one can easily verify along the same lines as the
above proof that H™" ! is still obtained by inserting the solution of the
constraints into I [g,;, =¥] provided that the following restrictions hold:

. N s (N JAS N % A 7320 . —_ (N VALY
7-03, () {o*a), v (")) = {9 (v), mi ()} = { = (1), gt (1)) ==
L O o L ST
T (), m = {0, ) =0
h) The ““matrix " { =, 1), ¢* ) s invertible, i.c.
- 3 e e
(7.04) ’ P {m (), 9t ()} fs () = 0=/, = 0.

v

- . reduced  + . . .
If equations (7.63) and (7.64) hold, then H*™* given by (7.38) will generate
the correct equations of motion
e P A r A reduced § . o reduced
(7.63, =149 | H oo, o wmy={m,,H J

T

(U2

provided that the Poisson brackets are computed using the general formula

< FSG oG
. R ; Vol @ b e b) > .
.7:66) UG = {97, QY 20 2 [P, L) P, 3P,
: oF 3G 3G SE
‘A.i—r ( ( ! > ( y ? — ] )
QP L0 <P 20% <Py,

which holds for a gencral (not necessarily canonical) set of phase space coor-
dinates (Q°, P,).

We now proceed to apply the above procedure to the gauges that have
heen proposed in the literature: the Arnowitt, Deser and Misner {1962) « T-T
gauge ”’ (where “ T-T ” stands for * transverse-traceless ) and the so called

“ maximal-slicing " gauge condition proposed by Dirac (19358¢).

(@) ADM’s “T-T" Gauge.

Arnowitt, Deser and Misner (1962) separated the canonical variables into
two sets as follows: (/) (¢";=";=";¢) and (i7) two (independent) pairs

(eths =711, The new variables arc defined by applying to both g;;— 3,

and =% the decomposition.
67 T T ‘
797 f/j - fz'j "I'f[_/ /i w",fj,[

I

. - . I
\\7'68) fz’ — 'To [fu,j - 272 fl'/'yl’,/'z] ’
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T 1 1 T
(7.69) Fi= , [8/,/ fT_ - f”]
and
/77()) /l RV A7 \_Ig f/ Joig

. . . . .
Here 1/V7 is the inverse of the flat space Laplacian, with appropriate houn-
dary conditions at infinity. The fixation of coordinates is achieved by imposing

(7.71) =l =o0
(7.72) gi=x

Thus ¢" and =* correspond to the ¢* of Eq. (7.63) and =" and ¢, to the =, .
The role of (p*; =,) is then played by g and a/ T,
The Poisson brackets of the new variables are

(773) (g7, =T} =28, 4,

(7.74) {m'() gD} = 2, (3/f~ —5 3 31') 3(x,x")
2V" V'

(7.75) {g)f (), =TT (a0} = 8™ 8 (2, 2y,

all others being zero.
The symbol 8

19

which projects a symmetric tensor onto its « T-T part, namely,

~ T 1 [ AW &0 N &y Cp )
(7.70) 3y > [(‘51'/ - e ) (8], ‘*‘ j\__) + (51'1' I ) (8// -

.

The operator (7.76) satisfies the following relations

in (7.75) represents the integro-differential operator

(7.77) 8,7 =2,

<778> (\II/{/ 8” 1/1; 8’,5"1')””,
\/7 7()> (3,11 VY4 f'l"l‘[/ — f'I"I'K'/ ,
(7.80) R

(7.81) St = o, B

Equation (7.77) expresses the fact that there are only two independent cano-
nical pairs (¢! m%"") per space point. From Eqgs. (7.73)-(7.75) one casily
checks that con(htlons (7.63) and 7.64) are satisfied. [The only result that

is not immediately obvious is
1 I ) A i
(8,% — Lnu) f—os =

This is casily checked by making appropriate contractions and recalling that,
with zero boundary conditions at infinity, (i IV (0) = o].
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Next, let us write down more explicitly the reduced Hamiltonian corre-

sponding to this gauge. Once gauge conditions have heen imposed, the part

of the surface integral (7.56) obtained by setting o' = B“,. =0 and o =1,

namely P! is what one usually calls the Hamiltonian . We now write
down P! and leave P/ and M,, to the reader. In the new variables the
surface integral defining P* is

<782> P [gIJ)T: ' <Ed ‘YX(gzK‘z_gz'z‘,é):—q§d25bg'r,/¢-

Following Arnowitt, Deser and Misner (1962), we assume that, when conditions
(7.71) and (7.72) hold, the constraints can be solved to give

T Ty, T _HTT
(7.834) g =7 1& =~ 1],

; TT _4TT
(7.836) = filgs w0
Then the reduced generator of pure time translations at infinity is

(7.84) Pestscd — — ¢ d2s, g7, [£]7, =)

The rate of change of the dynamical variables under a surface deformation
which is asymptotically a pure time translation is

1 reduced
-~ FIT ¢ TT  plreduced TTé, SP
(7'8.')/ gfj — {gij , P } = 8 TUSTATT
1 reduced
 HTT FUIT reduced T14 OP
(7.86) T = (M phrediedy S

ngj

. TTk L reduced . - fes

with 3, and P given by (7.76) and (7.84) respectively. The presence

of the ¢ projection operator”’ 8,-[,”/ in (7.85) and (786.) ensures that the right

hand sides of those equations are transverse and traceless. Equations totally
q q y

similar to (7.85-86) hold of coursc for the changes generated by P’ ™" and

duced
Mes .

Finally, let us cvaluate the Dirac brackets of the original variables g,
#/in the gauge (7.71-72). The original definition (1.58) of the Dirac bracket
implies that, in the phase space coordinates (g%, "), (g;, =), (¢]T, mHTT),
the bracket is obtained simply by dropping the terms involving (g =) and
(¢;, =*) from the original Poisson bracket (7.66). Simultaneously, one should
consider the second class constraints (7.71), (7.72) and (7.83) as strong equa-
tions. This implies that the Dirac bracket between the T-T variables is given
just by (7.75). To find the Dirac brackets of the original variables, one then
returns to the decomposition (7.67) and proceeds as follows: After taking
(7.71), (7.72) and (7.83) to be strong equations one has from (7.67):

<788) ﬁkl — T:,{JTT ‘%‘f&,] 71"fl‘k == 11[ T 1 f(/ b
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where f,§ is related to f' by (7.69). This gives, for example,
I Tr \ T IN
(789> { g!/ <’T> ) gmu <x )}* = { gl'_/ <l') ) f’”" ('T /\}* -

T T T , T,
= { o (X, f5 O A A S50 o 2}

where

. X N SfT <x,)
( IT » - T , % QTTab , N Yonn
‘7QO> {-g/]' ), ./»m (A )} - 81',7' ('l/‘ 78 abTT,

= (x)

and

T T ¥ 3 TTab
(7.90) (0 fon (00} = J dy 8., (v) X

[ S ¥ ) Y )
Seif (1) =TTy bl () e () }

Equations (7.89)~(7.91) express the Dirac brackets of the g,; with them-
selves in terms of the functionals 7' defined by (7.83). The remaining
Dirac brackets, which will be loft to the reader, contain also the functional f,.
The functionals f' and f: may be obtained in practice to any desired
accuracy by the method of successive approximations. The T-T quantities
in the right hand side of (7.89}-(7.091) are to be expressed in terms of the
& ™ by means of the projection operator (7.76). The cquations of
motion (7.85)-(7.86) can be rewritten in terms of the bracket as

(7.92) I'={F,H}"

where H is given by (7.56) and I' is an arbitrary functional of the g,;, =
It is understood that in evaluating the right hand side of (7.92) one takes
the surface integral appearing in H outside of the bracket and performs the

-4

integration at the end.
(b) Dirac’s « Maximal Slicing” Gauge
The one parameter family of surfaces on which the evolution is being obser-
ved may be fixed by the “ maximal slicing ”* condition 9
(7.93) T=7 ~O0.
(*) Equation (7.93) is called the ‘“maximal slicing condition”’, because on account of

(7.29) it can be cquivalently written as
K=o0

where K is the trace of the extrinsic curvature tensor. Now the change under a deformation

N*"d7 of the volume AV = /(13 1g'? enclosed in a three dimensional region is
dAV) = d [ (") d*x = — [ N1 g Kd’r,

by (B.s). This shows that if K = o, the volumec of the three-surface is unchanged by a sur-
face deformation. It may be shown that for a spacelike hypersurface embedded on a hyper-
bolic Riemannian space one is actually dealing with a maximum.
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Condition {7.03) is invariant under changes of coordinates in the surface and
so does not restrict the spatial coordinate svstem. The Hamiltonian will

thercfore be only partially reduced by condition (7.93). It will still contain

a term | N'#7 and will still possess the three constraints %, a o corresponding

to the freedom to make arbitrary tangential deformations in the surface.
To achicve total reduction one can still impose three coordinate conditions,
but we shall not worry about that here (see Dirac, 1958¢).

As Dirac (19358¢) realized, one may rearrange the canonical variables
in the following way: {a) One pair (9; =) and (b) Five other pairs (Z,;; 7).
The quantities under consideration are defined as follows:

(7.94: ? I log g,
R
(7.93) CRRR
'7.96) 8 & Vg,
(7.97) T = gl (“ — g ’) :
They have the following Poisson brackets:
(7.08 (el m ) = 3, )
(7.00" (8,00 70} == 81 8 e, )
with
(7.100; gff = % (308 ¥ 3 — : & 817,
and
(7.101) (RY (), &) = -+ (R Y B2 Bl )

All other Poisson brackets are zero.

The quantity &7 appearing in (7.96, and (7.097) is the inverse of the con-
formal metric £,;,ie. £ 8,, — 80, and is related to the full metric by
g The “ conformal Kronecker delta ” defined by 77.100) has

(7.102) 3 =3,

(7.103) 820 Sora = Byt
(7.104) Woay =388 <06
(7.10%) Ny =M
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Equation (7.102) says that there arc only five independent canonical pairs
(5’”-,%’7} per space point, in accordance with the conditions

(7.100) Fo=det! g, 1=1,

(7.107) T &, =o0.
From Eqs. (7.28; (7.101) we sce immediately that the new phase space coor-
dinates satisfy the conditions (7.633, 77.61) of the reduction theorem. Accor-
ding to Ilqs. 77.66) and (7.98)-(7.101) the Poisson bracket is computed in

the new variables using the equation

N - [ 3F 3G 3G Sk
7.108) (F,GY=| &« L
(7 LTy ’ 3o om 3o dwm
NI T 3G Sk
+ 35 (55 o S5 as
’V/ A bQ[A/‘ A/ AQ‘I_/ 67—1/
| T <~ OF 3G
(Zij FAL k]
+ o (FV g Szt ()‘;:H] ’

One can check from (7.108) that & and = have zero Poisson brackets with
evervthing and, conscquently, they can be set strongly equal to unity and
zero respectively.  Thus one can preserve the symmetry in all indices cven
though onc is dealing with more variables than needed [remember Eqs.
(7.106) and (7.107)].

In order to reduce the Hamiltonian, we have to express the surface in-
tegral (7.36) as a functional of the the new variables. Again we will just work
out P! and leave P and Mg, as an excreise for the reader. One gets:

N

/- >l 2 s N 2y 3N
{7.109) I i (& — &) = | &5 (Grpi— 2834

From (7.109) we see that to have well-defined variational derivatives of
1 reduced . -~ . -~
P with respect to £, we have to get rid of the &, term. In other
words, the reduction of the Hamiltonian by means of the maximal slicing
condition 7 = 0 is not possible unless one chooses a more restrictive asyvmyp-
totic spatial coordinate condition than in {7.406); we shall require

- \ s - (2ie)

(7.110) Lo i~ .
The asymptotic form (7.39) is thus not allowed in this context, hut the line

\ 7-39)
clement
/ MOy e A .
(7.111) (s e — (1 —- ) dr (I ) 3, dat da,

hiva 8

which is obtained from (7.39) by a change of coordinates
: o AV
STy gt — e

(7.112) ross (,I 10 77 )

satisfies (7.110).
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Taking into account (7.110), the energy becomes
, 2 /3
(7.113) Pl:““2§>d seg

One may check that, when inserted into (7.113) the metric (7.111) correctly
gives PY = M. The final step in the reduction procedure is to solve the Hamil-
tonian constraint J# = o and express ¢! in (7.113) as a functional of the
Z,; and =7, This leads to the following equation, first examined by Lichne-
rowicz (1944) and rccently extensively studied by Choquet-Bruhat (1972,
1973) and by O’ Murchadha and York (1972, 1973):

I = =0 -7 I 5
LR R 0T — L RO =0

(7.114) AP - g

with @ =: gV (Here 7, = £, 8, 7 and R, A are, respectively, the cur-
vaturc and the Laplacian in the metric £;;). The reduced Hamiltonian is

therefore given by

/

N reduced reduced 1 ’ ~duced 3 v .
(701s)  H™ = gt p et g et f & N7 () A ()

. reduced . . .. . ; N
with PP given by (7.113). Similar expressions hold for P* and M,,. The

constraints

(7.116) H; ~ O

14

still hold as first class equations. The tangential generator appearing in (7.113),

(7.116) 1s also understood to bhe reduced by the condition ==o0. It may be
written in the form
(7.117) Hy=—2 ;T{J,/

with the covariant derivative being taken in the metric g,;.
Finally we write the cquations of motion for &;; and =¥ in a more
explicit form. From (7.108) these cquations are seen to read

< reduced 34 S Feduced
- S 4= Ay /
/\/ -1 IS) g-ij - {g{j H H S — 81'»7' N Y
%
- reduced
8 A T Y reduced y + 8H
<7~119) TCH_ {TC ,I{ } A—Sfj —Wﬂ ‘}‘
517
1 .. .oy SHreduced
+ (7‘75/“/ F e i gU) —_
3 SRt

with 3% and H™"*" given by (7.100) and (7.115) respectively.

One may obtain the Dirac bracket corresponding to the gauge condition
(7.93) in a way totally analogous to the one followed for the T-T gauge. The
situation is simpler here because the gauge condition = == 0 is just an algebraic
cquation. The Dirac bracket then turns out to depend on the solution of Eq.
(7.114), which as we said above has been examined in detail in the literature.
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One thus considers (7.93) and (7.114) as strong equations and writes the Dirac
bracket as

‘n 1o \ ( £ s ¥ (D4( NS

\7.120a) Vi ) Su Xy = )& (x) \-‘ OV &a () - -

4, X =~ £ aal ¥~ RN
DN (G ) O ) g )

| ~ AN NAN 1 N 4 Y \)-X'
T & () gr () DT, DT ()

where

D 1 ’
e ) = VAR Smn s 3P (l)
\7-120 /7/ (W () — 05 Ly Sq._mu'/ "
and
(- : f L broma®
(71200 L0 @ty
’ & 8“/ £ SOy S 3D i, }
T ( :V . b L ,jrf_‘.,,, - . o : ——— ,\7;, /, — ,\; - e
V 3 Sﬁfab h]’) 6 u/ Is ?)A{’alr (v (577”/ /l»l/‘n
,b ‘ dxv [;”/) 0 (‘?1/ (1 ~ed ¢ ) (é,,/, () ] S 14 5([)4 e
T 7 vim Wwig Qo —m (g (v l’f‘T ST
3. b aﬁ”’ rosE

where Iigs. (7.99) (7.101) and (7.108) have been used. (The righthand
side of (7.120) may be expressed as a functional of the original variables
&iy» ™ by means of the equations g, = g3 g,; and 77 == g!3 =/, The
other Dirac brackets are obtained in a similar manner and will be left to the

reader. The equations of motion (7.118), (7 .119) then read, in terms of the
original variables,

’ \ 5 — I * I ( e V¥

‘\7-121) gzj - {gz_/y II} ) TC” - 17 H

with H given by (7.115). Again in (7.121) as in (7.02), one deals with the sur-
face term in H by taking the surface integral outside of the Poisson bracket.
The constraints (7.116) remain first class in the starred bracket,

2. CLOSED SPACES: York's Gauge.

When the three-surface on which the state is defined is compact, all

3]

information about the “location” of the surface in the enveloping spacetime

is contained in the (g,;, =¥). Therc is in this case no asymptotic region and
- . A A -

no set of asymptotic surface variables a”, 4%,; consequently no surface

integral ever enters into the Hamiltonian, which reads simply

(7.122) Hy = [ (Nt N
Also, there are no problems now with Hy not having well-defined variational
derivatives.

It is clear that the procedure used for fixing the gauge in the open case
will not work for the compact case since there are no surface integrals to deal
with.  Moreover, a gauge condition such as @ = o will not be a satisfactory
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condition in this case as it would lead to no dynamics at all ™. To eliminate
the freedom to make arbitrary deformations of the surface, one must use
second-class constraints which arc explicitly time-dependent.  However,
there is no general scheme available for deriving the reduced Hamiltonian
in this case. One knows only that when the gauge condition is of the form
¢" ~ = then the reduced Hamiltonian is — p, a smay be verified by obscrving
that the right equations of motion are obtained.

Fortunately, the only gauge condition so far proposed for compact spaces
is of the simple form ¢® ~ «~ and one can then carry on the reduction proce-
dure without difficulty.

York (1971, 1972) has proposed the condition

9

el
(7.123) AV . gl n

to fix the spacetime slicing. Note that, as happened with the = & o condition
for open spaces, Eq. (7.132) is invariant under changes of coordinates in the
surface and therefore the constraints #. ~ o will still remain first class. One
may get rid of these constraints hy imposing three more conditions besides
(7.123). We will not carry out this step here.

In order to deal with condition (7.123) one neceds a slightly modified

version of Dirac’s variables (7.94)-(7.97); onc uses
(7.124) T= gz
(7.123) P =—gl2

instead of @ and = given by {(7.94; and {7.95:. The rest of the variables remain

the same. One then has
(7.126) {T(x), Pa"y} = 8(xv, )

instead of (7.98) and again, all other brackets remain the same. The Poisson
bracket is then given by (7.108) with ¢ replaced by T and = replaced by P.
To ecliminate the extra degrees of freedom one solves the equation #), = o
and expresses P as a functional of the remaining canonical variables and of
the time 40 (the feasibility of this step 1s the main test of whether or not (7.123)
is a good gauge condition). Before gauge conditions are imposed the Poisson
bracket is given byv (7.108) with ¢ -~T and = — P. When the gauge condition

(%) The equation AL ~ o would become a second class constraint after the = ~ o
condition 1s imposed.  Now since the gauge condition is time independent, the Hamiltonian
would be unchanged; this means that the equations of motion would be given by

. % ' 3 *
[ F Hy s :F, / P NY //IJ

showing that there would be no dynamics left except for changes of coordinates on the surface.

Thus = ~ o cannot be used to fix the gauge for compact spaces.
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(7.123) is enforced, one drops the P and T terms and the hracket hecomes

P C1 o [ I SF 3G 3G BF
a2 F,G} = ' d’ (A,»(“ — :
W/ /) I ’ S ) ’ 27 \ ;)g,,/ 8%“ '5‘:’!:/ 8%,('/
Uz gk oz e O 8GH]
T3 N T g J 8:_"/. 8;"/ .

The reduced Hamiltonian then reads

(7.128) [reduced — | (P o2 | (20 N7 )

liquation (7.128) tells us that the dynamically important part of the Hamil-
tonian is the volume of the surface (7, is connected only with changes of
coordinates in the surface). In Eq. (7,128 g¢ (v) is a functiral of &
and =7, and depends explicitly on the time a0,

In order to express g¢ as a functional of the remaining variables, one
rewrites the ) &~ o constraint in the form of a non-linear partial differential
cquation:

(7.129) A ; T, o LR - (GRS R i
8 O3

which is a generalization of (7.114), (York, 1972; O Murchadha and York

1972).

As we emphasized at the beginning, the constraints H, ~ o still hold
as first class cquations and can still be expressed in the form (7.1170. The
Dirac brackets corresponding to the gauge condition (7.123) are the same
as those exemplified by (7.120) corresponding to the = a o condition. The
only change is that now the functional @ appearing in {7.120) solves (7.129),
instead of (7.114).
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APPENDIX A
METRIC CONVENTIONS

One of the most vexing problems encountered in writing about relati-
vistic physics is the choice of a metric convention. We have chosen to usc

. 11 22 33 00 . . .
the metric 1 =g =g =g"" = —g  in the main text hecause the transi-

tion between nonrelativistic and relativistic canonical momenta seems more
straightforward. This convention also agrees with most of the current litera-
turc on general relativity. On the other hand, it disagrees with the latest edition
of Landau and Lifshitz's Classical Theory of Frelds (1971) and with Bjorken
and Drell (1964). We therefore hope that the following table showing the
relation of our conventions to those of Landau and Lifshitz and of Bjorken
and Drell will help in some small way to make this work more useful to those
who prefer other metric conventions. Our conventions for general relativity
agree with those of Misner, Thorne and Wheeler (1973) provided Newton’s
gravitational constant G is set equal to <I6Tr\)’"1. The reader may also find in
this refercnce an exhaustive comparison with other conventions used in the

literature.
BJORKIEN AND DRELL
(LANDAU  AND LIFSHITZ, 1F DIF-
HERE FERENT)
LW=0,1,2,3 w=0,1,23
e o) o o [ o o o
nv 1 o n (o] —1 o o)
= I o & o o —I o
[0 o (o) 1 o O (o] —I
PM — <__ PU, I)l, Pz, P3> I)gL - (\'})0’ - Pl, - P'Z} o 1)3)
P pu. —P.P— <P0>2 . :\I‘Z P PM — <P0>'.’ —P-P=— :\I_’
o LS PEo— S
! o S«*':J. ’ S‘.:L
ds = (—da" dx,)t? ds = (— da" da,)"*
]:!l\' — Sll A—'\-\’ . S\' A-X!l . A"\-\"!l o :\.‘Ily\‘ I:!l\' — A{!l’" — \',!l (I:!I\' — ‘{V’!l . ;X!l "\'/
7 ~/ hee A v Z AN h) PN AT
A=Y= E =P = B = FY =
l sijfe ij _ Bi ; Eiﬂ‘ ij — Bz' (_;_ sl'_/'ﬁ Fj}{' — Bz)
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We have also chosen a different null-plane metric from that of Kogut
and Soper (1970). Our convention has the advantage that all components
of g are positive even though we are in a Minkowski space.

HERIL KOGUT AND SOPER
‘u' == :’7 ,y ——, 1,2 E}' - , 1,2, —
O I o ) (o] (0] I
nw I o o e (o) 1 o]
£ 1o o 1 o £ Ty -1 o
O o] 1 I (o] o] o)

PE = (PP 4 %) = Py Pi4‘i(WiP%;P¢
PP, =2P P P e DY P' P, = 2Pt PP e P

ArrExDIX B
1. FExtrinsic Curvature and the Fmbedding Fguations of Gauss and Codassi

Consider a spacelike hypersurface embedded in a four-dimensional
spacetime of hyperbolic signature. Let the unit normal to the surface be z*,
Denote by the suffix | the projection of a spacetime tensor of any rank on
the normal (i.e. A = A, %" = — Al and similarly for higher order tensors;
and by latin indices the projection onto the surface. The following relations

the hold in the basis (n, e,) where e,

7

denotes the tangent vector to the /-th
coordinate line on the surface:

. i ) - - > -
‘\B.I (Z) ( )R ; 1{115[(/ i I\uc I\bzi - I\lltl' I\éf ’

abee
(B.16) DR oy = Koo — Koy

IEquations (B.1) are known as the Gauss-Codazzi equations {see, for example
Eisenhart, 1926,

The svmmetric space tensor K,; appearing in (B. 1) is calle the extrin-
sic curvature or second fundamental form of the surface and it has, from the
Hamiltonian point of view, the important property of being determined com-
pletely once the surface is given. The extrinsic curvature is geometrically
defined by the parallel transport of the normal. 7* along the surface. Since 7
4 oda* and the

~dx* along the

has unit length, the difference Dan between #* at the point a
vector obtained by parallel transporting #* from 24 to a# -

surface lies on the surface. One then defines K, by writing:

(B.2) DD, = — K,y dae
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The left-hand side of (B.2) may be expressed in terms of the lapse and
shift functions as follows: First one notices from (7.3)-7.8) that
B3 i, == - N\t o, o0, 0)
“I'he minus sign in 7o ensures that #* points in the direction of increasing a0,
Using LEqs. (7.50(7.8) we found that {B.3) implies
: Dy D0 b
B ¢ )I)u,, E— i da’ =
./ 'l\>—<l /4 ' | B . V[r’/,w,. : i o
- ‘\2~\ ) [\7 Eub0 Soas T L0b.a) N (- 7N :'&m)] -
PERNN N ; v A
= (2N (=g = Nus i Ny, — 2 P N =
/ 11 - RN
N (g Ny NG

So we learn that

- PR | o .o
(B' K= 2N (—g,0 N Noo

/

(A

which in particular shows that K, is symmetric.
2. Proof of Fq. [7.18)

The following relations hold in the basis ‘n, e,

(B.o; g’m = o™
(B.7) Koy = —cyn*ycl
(B.§) iy, = —1,
B.o; i, e =0

LEquation (B.7) 1s just {B.2) written in general coordinates.
From (B.6), we get

(B.10) 1 Yy = g (68 N — 0 Y (ef 0 — a0y, .
Since the covariant derivative of (BB.8) is given by

(B.rr) Wy 2t =0,

Eq. (B.10) reduces to

(B.12) — B 0y = (g 00 e)) (e 0" =

- KK
The last step in (B.12) follows from (B.7). This proves (7.18¢). Equation

(7.186) is proved in an entirely analogous manner.

3. Monentum and Angular Momentum of the Gravitational Frold.

As an illustration, let us sketch how {7.1486) is identified as the linear
momentum.  The linear momentum is normally defined as the conserved

quantity associated with invariance of the action under translations. A tran-
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slation is an operation which is defined only for a flat space — it amounts
to displacing the fields from the point 2% to the point 2% ' &% with & fixed
‘independent of &) and where the af are cartesian coordinates. The correspon-
ding (more general) operation for a curved space is to displace the fields from
the point x* to the point % L Z4(x) in a coordinate-invariant way. This is
achieved by substracting from a field quantity its Lic derivative along the
vector field 2% (x). Now the action

~ ~
~ \ 3. iy . T N >l '
5= ‘ df' ’ d” (ﬁ &y — N "(‘L} 4+ 1 [gif}\
o S i
. . . . . 2 1 . ~ .
is invariant under such a transformation cven if 2% behaves as »~ at infinity
(which is the case for an asymptotic rotation). Note that we have set o = &7
and 8" = oin (7.51) in order to get just a pure Hamiltonian generating changes
corresponding to a Minkowskian time displacement at infinity.
Knowing that the action is invariant, the next step is to follow the lines
o )
of Noether's theorem and rearrange the variation of the action in the form
/s
. d
3s = ’ ds
de

o .

‘ d°xv (= 8gip -+ terms vanishing by the cquations of motion;.

If we then insert
(BI3> 8:5’:‘,6 = <£,j,{~ - EJ'[Z')

into (B.13), we obtain
(B.14) 35 :J dr = @r* i), ar i,

The sccond term in (B.14) vanishes due to constraint %, ~ o. What is left
may be transformed into a surface integral so that 85 reads

- 3

. . . P TR
(B.13) 5 = P dis; (—2n" 2y
',

If we set I3~ &, a constant, we are dealing with an asymptotic

translation. We can then write

(B.16) 3S = g, (P () — P* (1))
with
‘B.17) Pr=—2 fﬁ d*s; =™,

From (B.16) we identify P given by (B.17) as the total lincar momentum
of the svstem. It is a constant of the motion because the action is invariant
under the transtormation in consideration, so 8S in (B.16) is zero. [t is im-
portant to realize that only g, = Z,(c0) provides nontrivial information.
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The invariance of the action with respect to arbitrary 2°(x) in the interior
is immaterial in this context; 7::,‘ (x) enters in the equations always multiplied
by #; as in (B.14), which again reflects the close relation between the invari-
ance of the action under arbitrary changes of the spacetime coordinates and
the occurrence of constraints in the Hamiltonian theory. The fact that only
Z;(00) matters is the reason that the linear momentum in general relativity
is referred to as the conserved quantity associated with ' spatial translations
at infinity . Similarly one speaks of the energy as being associated with
time translations at infinity, and one associates the angular momentum
with spatial rotations at infinity. To find the angular momentum L one
just sets 2, - & 3¢’ v/ in the above reasoning and replaces (B.16;
by 8S = 8¢/ (L;(#;) — L, (). This discussion shows also that the concepts
of energy, momentum and angular momentum have no meaning for a

closed universe.

4. Relation of Fg. (4.16) to Ffg. {1.83).

To relate Eqs. (4.16) to Eqs. (1.83) one notices first of all that the func-

tion w, is the generator of reparametrizations 6 -=f 7s). Thus in the notation

of (1.83) we have

/ i 1

\\B.IS/ .//1 = Yy .

On the other hand the generator of deformations along the normal to the string

differs from J; by a factor which is determined up to a conventional sign
from the condition:

. . , N N . N ( ’- RN REER
Bog) {xt (o), | donic) #H (s} {r, (), ’ de'n{(c") # (c")} = — 17 (),
for an arbitrary function x (o).

This gives

‘B \ A — \:—1/2 S

(1.20) A= (N)7T @) "y

where N is the normalization factor appearing in (4.1).
The functions #) and #, have the following equal-7 brackets

A
&

’ ~ B SR N N | s Dl p i s , .
Boaty (o), A1)y = [ (6 A4 6) + (B ) ()] L Ble o) —

— 2N () (o) A (o) Ay (o) -

/
N

N X S NSRRI
(™ &Y M () A ()] - S(e—d).

cG

B.22) {Ai(o), M0y = Hi(5) | B(o—0),

/

(B.23) {(H,(6), H,(6)} = [ (o) + Hi(0)] o 35—
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Egs. (B.22) and (B.23) have the same form as (1.83 4, ¢). This should he the
case since these relations just characterize #, and #; as heing respectively
scalar and vector densities in the one-dimensional space of the string. If we
notice now that the metric tensor along the string has just one component
gu given by

(B.24) L = (gnTl = u2,

we sce that (B.21) agrees with (1.834) hut does so only weaklv. The discrep-
ancy comes from the second term in the right hand side of (B.21):

(B.23) — 2 NG (0)) A (6) #,(0) +

N
o

Gt (@) A H ()] D S — ).

Note however that cspression (B.23), being quadratic in the constraints, has
weakly vanishing brackets with everyvthing. Thus the bracket relations
(B.21)~(B.23) still ensure that the dynamical evolution of the string is "/ path
independent " in the sense of Section (1.E). A similar analysis shows that
one can replace the factor (#*y™" in (B.zo} by — (#*N*71 (obtained by
solving g, == o for «2), and get an equally good #]. Such a modification in
A results in fact in the addition to the right hand side of (B.21) of another

term quadratic in the constraints.
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