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Jongwook Kim

PARAMETRIC MODELING OF INTRINSIC STRUCTURE COVARIANCE
FUNCTIONS FOR NON-HOMOGENEOUS AND NON-STATIONARY

SPATIO-TEMPORAL RANDOM PROCESSES ON THE SPHERE

Identifying appropriate models for random processes and their associated covariance func-
tions is one of the primary goals in spatial and spatio-temporal statistics, as it enables
researchers to analyze the dependence structure within the data. For this purpose, as-
sumptions of spatial homogeneity and temporal stationarity are commonly used, and many
models have been developed under these conditions. However, these assumptions are often
overly strong and unrealistic in practical applications.

Moreover, when working on the sphere, standard approaches from Fuclidean space may
not be appropriate due to the unique geometric and topological properties of the spherical
domain. Despite this, relatively fewer studies have addressed random process modeling and
covariance function development specifically for the sphere.

In this research, we introduce a parametric modeling framework for intrinsic structure
covariance functions (ISCFs), designed to address non-homogeneous and non-stationary
spatio-temporal random processes and their covariance functions on the sphere. To alle-
viate the assumption of spatial homogeneity while accounting for the spherical domain,
we apply the theory of intrinsic random functions (IRFs) on the sphere. Similarly, to ad-
dress temporal non-stationarity, we use the concept of random processes with stationary
increments, exploring their relationship with intrinsic random functions on the real line.

We also provide a methodology for estimating the parameters associated with the ISCF

model. This is demonstrated through a simulation study and an application to a real-world

v



dataset, highlighting the advantage of the model’s interpretable parameters.

Chunfeng Huang, Ph.D.

Daniel Manrique-Vallier, Ph.D.

Michael Trosset, Ph.D.

Scott Robeson, Ph.D.
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Chapter 1

Introduction

Many methodologies for modeling of random processes and their associated covariance func-
tions in spatio-temporal data analysis have been developed under the assumption of Eu-
clidean space with spatial homogeneity and temporal stationarity. Although a wide range
of techniques and theoretical apporaches have been proposed to relax these strong assump-
tions within Euclidean domains, analogous developments for spatio-temporal processes on
the sphere remain relatively sparse. Spatial stochastic processes on the spherical surface
require different statistical and mathematical tools compared to those used in Euclidean
settings. Porcu et al. (2016) [12] emphasized that the choice of distance metric can sig-
nificantly affect parameter estimation, especially over large regions on the sphere. Huang
et al. (2019) [8] addressed the modeling of non-homogeneous spatial data on the sphere
by extending the idea of intrinsic random functions—a flexible class of non-homogeneous

models originally introduced by Matheron (1973) [10].

Introducing appropriate parameters is another important aspect of spatio-temporal data
modeling. Yadrenko and Balakrishnan (1983) showed [15] how to construct parametric
homogeneous covariance functions on the sphere using generating functions of Legendre
polynomials. Porcu et al. (2016) [I2] introduced diverse parametric covariance models for
homogeneous and stationary spatio-temporal random processes on the sphere, comparing
two different types of models: adaptive models from the Euclidean case and models con-
structed directly on the sphere. The adaptive models are modifications of models designed
for Euclidean space, while the models constructed directly on the sphere are only valid for

the great circle distance. According to their findings, direct construction is a more intuitive



and flexible approach whereas the adaptive model requires stronger assumptions.

In this research, we develop parametric models of intrinsic structure covariance func-
tions (ISCFs) through direct construction on the sphere and demonstrate how these models
can be used to analyze the dependency structure of spatially non-homogeneous and tem-
porally non-stationary processes on the sphere. Chapter 2| provides a literature review
covering background knowledge on spatially homogeneous and temporally stationary ran-
dom processes on the sphere, spatially non-homogeneous random processes on the sphere,
and temporally non-stationary random processes. Chapter [3| explores the connection be-
tween random processes with stationary increments and intrinsic random functions on the
real line. This relationship provides valuable insight for modeling temporally non-stationary
stochastic processes and serves as an effective tool for addressing temporal non-stationarity
in spatio-temporal random processes on the sphere. In Chapter 4, we introduce our intrin-
sic structure covariance functions (ISCFs) and explore how spatial non-homogeneity and
temporal non-stationarity can be simultaneously incorporated into spatio-temporal random
processes on the sphere using the ISCF framework. Chapter [5| demonstrates a methodology
for estimating the parameters of ISCFs via numerical optimization, demonstrated through
both a simulation study and an application to a real-world dataset on global temperature
anomalies. Finally, Chapter [6] provides a conclusion to the study and discusses potential

directions for future research.



Chapter 2

Background

This chapter provides a review of the literature and background understanding of spatially
homogeneous and temporally stationary random processes on the sphere, as well as non-
homogeneous processes on the sphere and non-stationary processes on the real line.

We start by introducing a spatio-temporal random process defined on the sphere. Denote
this process by X (P,t), where P € S? represents a location on the unit sphere and t € R
denotes time on the real line. Assume that the process is continuous in quadratic mean.

We can expand such a random process through its spectral representation (Roy 1969) [13]:

00 L
X(Pt) =" > Zem()Y"(P) (2.1)

{=0 m=—¢

where Zom(t) = | X(P,t)Y;*(P)dP
SQ

and the Y;"(-) are the real spherical harmonics such that

Y/"(P) =4/ 22—47;1 EZ%: PJ"(cos () cos(mB)

Y2(P) = /2 PP (cos ¢)

Y, "(P) = 1/%%;%:]3[”(008, ¢) sin(mb).




Note that each coefficient Z; ,,,(t) in Equation is a function of time ¢ and is indepen-
dent of the spatial location P. Here, 6 € (0, 27| represents the longitude and ¢ € [—%, g]
the latitude; hence, a location on the sphere is denoted by P = (¢, ). The function P;"(-)
denotes the associated Legendre polynomials.

The spectral decomposition in Equation serves as a foundational tool for analyz-
ing spatio-temporal random processes on the sphere especially in the context of spatial

homogeneity and temporal stationarity assumptions.

2.1 Homogeneous and Stationary Random Processes on the Sphere

In this section, we assume that a spatio-temporal random process X (P, t) is (weakly) ho-
mogeneous and (weakly) stationary, and then provide the background information about
the random process on the sphere with the relevant assumptions for the covariance model-
ing. Even though the terms homogeneity and stationarity are often interchangeably used,

in this paper, we reserve homogeneity as a spatial term and stationarity as a temporal term.

Definition 2.1.1. (Obukhov 1947)[11] Suppose that X(-) is a spatial random process on
S?, a unit sphere. Then, the process is called (spatially) homogeneous if for any P,Q € S?

and g € G where G is a group of rotation operators,

and

where

P = ((1,01) and Q = (C2792)



Latitude: (1,2 € [—g, g], Longitude: 61,02 € (0, 27]

Proposition 1. (Obukhov 1947, Yaglom 1961) [11] [I7] A spatial random process X (-) is
homogeneous if and only if

E(X(P)) is a constant

and

Cov (X(P)7 X(Q)) is a function of ]@

for any P,@ € S?, and }@ = (P, Q) is the great circle distance between P and Q defined as

(P, Q) = arccos(sin 1 sin (2 + cos (3 cos (a2 cos(0; — 62)).

Proof. (<) It is trivial that for any P € S?, if E(X(P))= c where ¢ is a constant, then
for any rotation g, E(X (gP))= c as well; thus, E(X (P))= E(X(gP)). Also, a great circle
distance is rotation invariant; that is, ¢(P, Q) = ¥(gP, gQ) for any P,Q € S%. Therefore, if
a covariance function of the random process is a function of a great circle distance ¥(P, Q),

it is rotation invariant. In conclusion, Cov (X(P), X(Q)): Cov (X(gP), X(gQ)).

(=) It is obvious if X (P) has the same expected value regardless of any rotation of g,
then its expected value should be a constant. Obukhov (1947) [I1] and Yaglom(1987) [18]

showed that if a random process X (P) in S? is homogeneous, then

o0

20+1
Cov(X(P),X(Q))= ; 4—; aygPy(cos F@)
where P(-) is a Legendre polynomial, a; > 0, and )" ,(2¢+ 1)ay < oo. O



Definition 2.1.2. Suppose that X(-) is a temporal random process defined on R. Then,

the process is called (temporally) stationary if

E(X(t))= E(X(mt))

and

Cov(X (), X (s))= Cov(X (mht), X (mh5))

for any t,s,h € R and 7, € T where T is a group of shift operators.

Proposition 2. (Hannan 1970) [6] A temporal random process X (-) is stationary if and
only if

E(X(t)) is a constant

and

Cov(X(t),X(s)) is a function of ¢ — s

for any t,s € R.

Proof. (=) It is obvious that F(X(t)) should have a constant value for any ¢ since

E(X(t))= E(X(t+h)) forany h€R.

By the definition of stationarity,

Cov(X(t),X(s))=Cov(X(t+h),X(s+h)) foranyheR.

If we choose h = —s, then,

Cov(X(t),X(s))= Cov(X(t—s),X(0))=:C(t —s)

6



(<) Denote Cov(X(t),X(s))= C(t — s). Then, by the given condition, Cov(X (¢t +

h),X(s+ h))=C(t — s). Thus,

Cov(X(t),X(s))=Cov(X(t+h),X(s+h)) foranyheR.

It is obvious that E(X(t))= E(X(t+h)) for any h € R, since E(X(t)) is a constant

for any t € R.

Now, we can simultaneously consider the concepts of the spatial homogeneity and the

temporal stationarity for spatio-temporal random processes on the sphere.

Definition 2.1.3. A spatio-temporal random process X (-, ) is (spatially) homogeneous and

(temporally) stationary if the process is

E(X(P,t))= E(X(gP, mt))

and

Cov (X(P, t), X(Q, s)): Cov (X(gP, Tt), X (9Q, Ths))

for any P,Q € S%; t,s,h € R, g € G, and 73, € T. In other words, the process is spatially

rotation invariant and temporally shift invariant.

Remark 2.1.1. (Roy 1969) [13]

A spatio-temporal process X (P,t) is homogeneous and stationary if and only if

E(X(P,t)) is a constant



and

Cov (X (P,t), X(Q,s)) is a function of f@ and t — s.

for any P,@Q € S? and t, s € R, where ]@ denotes the great circle distance between P and

Q.

2.1.1 Homogeneous and Stationary Covariance Functions on the Sphere

Note that a spatio-temporal random process on the sphere, X (P, t), can be expanded using

its spectral representation (Yaglom 1961Roy 1969) [17] [13], as shown in Equation (2.1)):

00 y4

X(Pt) =" > Zem()Y"(P)
{=0 m=—¢

where

Zym(t) = | X(P,0)Y,"(P)dP
SZ

Since the coefficient Z ,,(t) is stochastic, we must first compute its covariance function
to obtain the covariance of the random process X (P,t). Roy (1969) [13] showed that if the
process is spatially homogeneous and temporally stationary, then the coefficients Zy ,,(t)
are uncorrelated for different values of £ or m. This independency of the coefficients across
spatial indices enables the expression of the covariance structure of the spatio-temporal pro-
cess in a stationary form that depends solely on the time lag. Consequently, the covariances

of the coefficient and the original process can be expressed as follows (Roy 1969) [13]:



o0

Cov(X(P1).X(Q,s) = &(PG.h)=)

=0

20+ 1
47

a(M)Pilcos PG)  (23)

where h is t — s, Py(-) is a Legendre polynomial, and Fy(w) is a non-negative measure

bounded on [0, 00). The function 5? equals 1 if £ = ¢/ and 0 otherwise.

The term >, (Qiil)ag(h) must be finite, as it represents the second moment of the

random process, which is required to be finite. Additionally, each ay(h) must be a positive
semi-definite function with respect to the temporal lag h, as it serves as the covariance
function of the temporal coefficients Z ., (t). A more detailed discussion of these properties,
along with the derivations of Equations and , is provided in Appendix
Note that the spatio-temporal covariance function of the process X (P, t) in Equa-
tion depends on ag(h), which captures temporal stationarity. Thus, one can parame-

terize the covariance structure of X (P,t) by specifying an appropriate functional form for

ag(h) in Equation (2.2)).

Remark 2.1.2. (Roy 1969) [I3] For a homogeneous and stationary random process X (P, t)
on the sphere, if a spatial term P € S? is fixed as Py, then {X (P, t) : t € R} is a stationary

stochastic process, and its covariance function is given by:

£(0,h) = / - e“hdG ()

22041 o0
+ Fy(w), / dGy(w) < o0
e 47 oo

where  Gy(w) =

Remark 2.1.3. (Roy 1969) [13] For a homogeneous and stationary random process X (P, t)

on the sphere, if a temporal term ¢t € R is fixed as tg, then {X(Pty) : P € S?} is a



homogeneous random field on the sphere, and its covariance function is given by:

2+ 1

€O(w7 O) = A

=0

agPy(cos )

[o.¢]
where  ay = ap(0) > 0 for all £ € Z>( and Zaz < 00
/=0

2.1.2 Parameterization of the Homogeneous and Stationary Covariance Func-

tions on the Sphere

There are several approaches for parameterizing covariance functions, such as separable
models and adaptations of models originally developed for Euclidean space to the sphere.
However, our objective is to construct a covariance function that is not only intuitive and
interpretable but also avoids relying on overly restrictive assumptions.

For instance, under the separability assumption, the temporal and spatial components
of the covariance function can be expressed independently. Specifically, we assume that
ag(h) = a,C(h), where ap > 0 for ¢ € Z>p, h € R is the temporal lag, and 1 denotes
the great-circle distance. This results in a product form of the spatio-temporal covariance

function (Stein 2005) [14], given by

R, ) = C() S0t = L P(cos ) = C(R)B(),
=0
where B(y) = Z ay 264—; 1Pg(cos ).
{=0

That is, we can separate the time term C'(h) from the spatial term B(1). This separable
covariance may be desirable for its relatively cheap computation. However, this model is

physically unrealistic and requires strong assumptions. Stein (2005) [14] strongly criticized

10



the idea of the separable model. He insisted that separable covariance functions tend to
be sensitive and vulnerable to change in the locations. Even small changes can cause huge

differences in the correlations between certain linear combinations of observations.

Another approach can be adapted models from Euclidean space to the sphere. For
example, we can build a model by some transformation from R? to S2. If Ry(h,t) is valid
in R? x R, then R(2sin (¢ = 2),t) is valid on S? x R (Yadrenko and Balakrishnan 1983,
Huang et al. 2011) [15] [7]. Therefore, we can find some valid covariance function on the
three dimensional Euclidean space and then transfer it to the spherical space. However,
this method is not intuitive and does not provide any physical interpretation.

Thus, more direct construction considering the spherical domain and its geodesic dis-
tance is more realistic and interpretable. To achieve such a goal, diverse homogeneous and
stationary covariance models have been developed considering the spherical domain and its
geodesic distance. For instance, by using the generating function of Legendre polynomials,
we can derive a valid parametric covariance model (Yadrenko and Balakrishnan 1983) [15]

such that

> 2€+1

h) Py(cos 1)

=0 (2.4)
1 1—a?g?(h)

~ 4 (1 — 2ag(h) cos b + a2g2(h))3/2

where a,(h) = ag’(h), and g(-) is a stationary temporal covariance function.

Proof. For &y(1, h) to have finite variance, one must have

[e.9]

2€+1

~
Il
o

11



By the generating function of Legendre polynomials,

2.5
V1 — 2zt + t2 % (2:5)
1 -2 2t
—5 1= 2:;: 12372 Z (Py(x tf ! (By differentiating with respect to )
(1 “ots t )2 Z 20P(x (By multiplying 2t) (2.6)
L= i(zu 1)Py(2)t’ (By adding ([£.5) and (Z.6))
Now let t = ag(h), a’g’(h) = ae(h), and = = cost). Then,
— (20 Do
L Py(cosw)aly!(h)
(=0
_ 1 1—a?g*(h)
47 (1 — 2ag(h) cosh + a2g2(h))3/2
O

The covariance function &y(1), h) in Equation is a function of spherical distance v
and time lag h, indicating homogeneity and stationarity as desired. Porcu et al. (2016) [12]
introduced several parametric covariance models—such as the Negative Binomial, Multi-
quadric, Sine Series, and Sine Power—for spatially homogeneous and temporally stationary
random processes on the sphere. These models are summarized in Table For these

‘

homogeneous and stationary covariance models, we assume the form az(h) = afg(h) in

Equations (2.2) and ({2.3)), where g(-) is a temporal covariance function and « € (0, 1).

12



Table 2.1:  Parametric homogeneous and stationary covariance models on the sphere.

A function ¢(-) denotes any valid covariance function on the real line.

Balakrishnan 1983 [15], Porcu et al. 2016 [12] )

(Yadrenko and

Model name Analytic expression Parameters

range
. . 1 1—a?g%(h)

Generating functlo‘n of &o(¥,h) = 4 (1" 20g(h) cos ¢+a2 S € (0,1)

Legendre polynomials

Negative binomial S, h) = {72 — ag(h) Soosw )" a € (0,1),
T>0

. . —o 2T

Multiquadric (v, h) = ﬁ{1+a2712ag()h) oS O] a € (0,1),
T>0

Sine series (Y, h) = %eag(h) cosv=101+ag(h) cosih}/2 € (0,1)

Sine power S, h) = {1 —27"11—ag(h) costp)Y?2 a e (0,1),

€ (0,2]

Adapted multiquadric &1, h) = = { rirmg Gl 7 a € (0,1),
>0

Poisson &o(¢, h) = exp[M cos (¥)ag(h) — 1}] a € (0,1),
A>0

2.2 Non-Homogeneous Spatial Random Processes on the Sphere

In this section, we relax the assumption of the homogeneous spatial terms by applying the

concept of intrinsic random functions (Matheron 1973) [I

used for the representation of non-homogeneous properties.

2.2.1 Intrinsic Random Functions on the Sphere

0], a flexible family that can be

In order to define an intrinsic random function, it is first required to understand an allowable

measure.

13



Definition 2.2.1. Let A denote the dual of C(S?), that is, the set of all finite regular signed

Borel measures on S2. For f € C(S?), we define that

X)) = . f(@)A*(d)

Fox) = [ flam)a(ae)

where gA\® is a rotated measure and g € G.
Then, \* € A® is called an allowable measure of order x if it annihilates the spherical

harmonics with orders less than x (Huang et al. 2019) [8]. That is, we can states that
Y/"(N) = [ Y/ (P)AN°(dP)=0 for 0</{<k, |m|<L.
S2

We define AY as the class containing all allowable measures of order x. Then, obviously,

Ay CAL CA

Example 2.2.1. Define )\%17132 :=0p, — 0p, for P, P, € S?. Then >‘SP1,P2 is an allowable

measure of order 1 on the sphere; that is, Ap.p, € A3, since

VOhm) = [ YO(P) N p,(aP)

=Y (P1) =Yg (P2)

By using the properties of an allowable measure, we can easily show that A® is the

rotated measure g)\® invariant.

Proposition 3. (Huang et al. 2019) [§] An allowable measure is rotation invariant. That

is, if A* € A7, then g\® € A3

14



Proof. We can express the rotation operation as a linear transformation such that
Z ! ’
Y (gP) = S0 Spm (@) (P) for PSR,
m =—4

In addition, since A* € Ay, it is true that Y, (A\*) = 0 for any ¢ < s and |m| < £. Hence,

1
Y/MgP)A(dz) = ) S (g) | Y (P)A(dP)

2
m'=—~ S

Y™ (g)\?)

S2

VA
= ) S (9" (X)) =0,
m'=—¢

O

By the definition of an allowable measure and its rotation invariant property, we can
finally establish the connection between an intrinsic random function on the sphere and the

low-frequency truncation as presented in Definition and Proposition [

Definition 2.2.2. (Huang et al. 2019) [8] A spatial random process X (P) is an intrinsic
random function with order k on the sphere (IRF*(k)) where k € Z and k > 0 if the process
X (A?) is rotation invariant for any A* € AZ. That is, for any A\* € A7 and g € G, it satisfies

that

E(X(A\) = E(X(g\")

Cov(X (A7), X(A3))= Cov(X(gA}), X(gA3)) where A7, A5 € A

If A € AZ, then g\° € A; in other words, A* € A; is invariant for a rotation operator

g €G.
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Remark 2.2.1. A homogeneous random process is denoted as an IRF®(0). Note that
this notation differs slightly from Matheron’s (1973) [10], where a homogeneous process is
represented by IRF*(—1). In this paper, x > 1 is used to describe non-homogeneous random

processes, instead of k > 0.

Proposition 4. (Huang et al. 2019) [8] For x > 1 and k € Z, a continuous spatial random
process X(P) on the sphere with finite second moments is an intrinsic random function of
order x (IRF*(k)) if and only if its low frequency-truncated process X, (P) is homogeneous

where

o) l
Xu(P) =) > ZimY™(P).

b=k m=—L
We can see that when « = 0 (i.e., IRK*(0)), this indicates a spatially homogeneous

random process. The proof of Proposition [4] can be found in the Appendix

Definition 2.2.3. A homogeneous covariance function of X,(P) is called an intrinsic co-
variance function of order k on the sphere (ICF*(x)) (Huang et al. 2019) [8], which is also

referred to as a generalized covariance function (Matheron 1973) [10].

Since the intrinsic covariance function of order x (IRF*(k)) is homogeneous, we can

apply the covariance structure of Equation (2.3) with A =0 and a,(0) = a,. That is:

0 I 0 o
6s(PQ) i= Cov (Z D ZenY'(P), Y D, Zg/,m/nt”’@)) (2.7)
f/

=Kk m=—/ V=Kkm'=—

[e.e]
20+ 1
= Z i agPy(cos ]@) where ap = cov(Zpm, Zy m)

Pt 47
k—1
20+ 1
— &(PG,0) — ; 1 aeb(cos PG)

where (-, ) is a covariance function in Equation ([2.3]).
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2.2.2 Non-Homogeneous Covariance Functions on the Sphere

As a way to derive the closed-form non-homogeneous covariance function of IRF#*(x), Huang
et al. (2019) [8] introduced a covariance function of an IRF*(k) X (P) on the sphere by

applying a reproducing kernel Hilbert space suggested by Levesley et al. (1999) [9].

We define a function space such that:

00 V4 00 V4
o = {X(P) => > ZinY'(P), PeS* Zalé > 1 Zeml < oo}
=7

=0 m=—/ m=—/

Then, nil space can be defined that

N =span{Y,/"(P): 0</{l<k, —L<m</}.

By introducing the new basis of the nil space, ¢1(-),q2(-),...,¢.2(-) € N and a set of
distinct points {71, 72,...,7.2} € S? such that g,(r,) = I(v,u) for 1 < v, u < K%, we can

define an inner product for f, g € Xj:

K2 %) 4
1
< frg>= ;f(n)g(n)Jr <f.9>n where <[ g>.= ; ” Z; Zom,j Zem,g
= — &

Then, there exists a reproducing kernel such that:

R(P.Q) = 6x(PQ) + 3. Y ¢x(mm)a(P)3u(@) + 3" 0(P)a(Q)
v=1

v=1p=1

=Y 6u@)an(P) = Y 6u(Pr)an(Q). (2.8)
v=1

v=1

The function ¢,(-) is an intrinsic covariance function presented in Equation (2.7]). By Kol-

mogorov existence theorem, there exists a Gaussian random process having Equation (2.8))
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as its covariance function; hence, we can construct a covariance function of an intrinsic
random function of its order x with this reproducing kernel and its intrinsic covariance

function.
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2.3 Non-Stationary Temporal Random Processes

Similar to the assumption of spatial homogeneity, the assumption of temporal stationarity is
often very restrictive in practical applications. This assumption can be relaxed by employing
the concept of random processes with stationary increments, as introduced by Yaglom
(1958) [16]. Therefore, a thorough understanding of this concept is beneficial in effectively

addressing temporal non-stationarity in stochastic modeling.

2.3.1 Random Processes with Stationary Increments and Structure Functions

Definition 2.3.1. (Yaglom 1958, Chen et al. 2024) [16] [3]
A stochastic process {X (t),t € R} is called a random process with stationary increments of

order d, denoted by I(d), if A2X(t) is stationary where

d
d
ATX(t) = ;(—1)k(k)xu — ki), titeR deZsg

Additionally, D%(h; 11, t2) is its structure function where

Dd(h7 L1, LQ) = E([ALle(t + h)HAleX(t”) , hyu,peR
This is positive semi-definite.

Note that when ¢ =13 =g and h =0, D(¢) = E<[X(t) - X(t— L)]2> is a variogram. If
d =1, then A, X (t) = X(t)— X (t—1); thus, D(i1,12) = E([X(t) —X(t—u)] [X(t)-X(t—
L2)]>. Likewise, if d = 2, then we can say that A2X (t) = X (t) — 2X(t — 1) + X(t — 21) =
{X(t)—X({t—0)} —{X({t—1)— X(t—2¢)}. A stationary process corresponds to the case
when d = 0. In the case of a discrete time series, that is, ¢t € Z, the random process with

stationary increments of order d is also called an integrated process. A random process
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with stationary increments with order 1 (d = 1) is also called intrinsic stationary in that

Y(t) = X(t+ 1) — X(t) is stationary.

Random Processes with Stationary Increments with Order 1

Let X (t) be a random process with stationary increments with order 1 and Y (¢) be a sta-
tionary random process such that Y (t) = X (¢t + 1) — X (t) where ¢t € Z. That is, X(¢) is a

discrete time series. Since Y (t) is stationary (Yaglom 1987) [18],

™ ™

Y(t) = / UZ, (W), Cylh) = E(Y(t 4+ h)-Y(£))= / FNGE (W), (2.9)

—T —T

where h € Z, Fy(w) is a bounded non-decreasing function and E(|dZ,(w)|?) = dF,(w) for
Zy(w), a random function with uncorrelated increments. Then, we can achieve the following

spectral representations:

X(t) = /W (™t —1)dZ(w) + Xo (2.10)
D(h;1,12) = /7r eWh(1 — e (1 — e2)dF (w) (2.11)

—T

Note that Xo = X (0) is a random variable, Z(w2) —Z(w1) = [*? ot=dZ,(w), F(w2)—

w1 ew—1

F(wr) = f:)f ﬁdFy(w)‘

The derivations of the spectral representations in Equation (2.10]) and (2.11)) are provided

in Appendix

Similarly, we can also generalize this for a continuous time series X (t) (Yaglom 1987)

[18]. Suppose that a stationary random process Y (t) is a derivative of X (¢); that is, Y (t) =
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X'(t) if it exists when ¢, h € R. Therefore,

Y (t) = /Oo e“tdzZ,(w), Cy(h)=E(Y(t+h) Y(t)= /Oo M dF, (w), (2.12)
Then,

X(t) = /Oo (e™t —1)dZ(w) + Xo (2.13)

D(h;i1,9) = /_00 eWh(1 — 7w (1 — e2)dF (w) (2.14)

Note that a random variable Xo = X (0), Z(ws2)—Z(w1) = [*? 42y () F(wy)—F(w1) =

—w1 w

fwz dFy(w)
—w1 w2

The derivations of Equation (2.13)) and (2.14]) are also provided in Appendix

Equations (2.10))-(2.14]) reveal that these spectral representations exhibit a jump dis-
continuity at w = 0.To address this issue, the spectral representation of a random process
with stationary increments, as described in Equation ([2.13]), can alternatively be written as

(Yaglom 1987) [18]:

X(t) = / (™" —1)dZ(w) + Xo + Xut (2.15)
D(hii1, 1) = / ¢ (1 — =) (1 o) qF () + A2hyhy (2.16)
—00

Note that Xo = X (0), Z(w2)—Z(wy) = fle %Ufw), F(wy)—F(wy) = ffil %5“’) where
0 ¢ (w1,w2) and the limit is defined as [*_ = limp_ o0 —0{ [ + fET}. A random variable

X1, which can be a constant, is introduced in order to deal with the jump discontinuity at

w = 0. i.e., lime0[Z,(€) — Zy(—€)] = X1 # 0 and lime_,0[Fy(€) — F,(—¢)] = (| X1]) = 43 > 0.
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Remark 2.3.1. (Yaglom 1987) [I§]
If the correlation function Cy(h) in Equation (2.9)) or (2.12)) decays rapidly with respect to

h, that is,
/ C, (W) dh < o, (2.17)

then the random variables X; and A; in and , respectively, are zero, and
the spectral density function f(w) of the process X (t) exists. Consequently, the spectral
distribution function dF'(w) in can be written as f(w)dw, where f(w) = F'(w) > 0.

In the later parts of this research, we assume that the condition in (2.17) is satisfied.

We also assume that the random variable Xy in (2.15) is zero.

Higher Order Random Processes with Stationary Increments

Analogously to the works shown above, the spectral representation of second order random
process with stationary increments and its structure function can be derived. Suppose X ()
is a random process with stationary increment with order 2, denoted by I(2), for ¢ € R.
Then, A1 X (¢) is I(1) and Y (t) = A2X(t) is a stationary random process I(0). Assuming
the conditions of remark [2.3.1 and X (0) = A1 X (0) = 0, the spectral representation of X (t)

and its structure function are given:

/Oo Wt _ 1 — jwt)dZ(w) (2.18)
h L1,L2 /OO zwh —’LUJL1)2(1_ zng) dF( ) (2'19)
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Note that Xo = X(0), Z(wa)—Z(w1) = [ 24 and  F(wy)— F(wy) = [<2 i)

—w1 (iw)2 ’ —w1 w?

where 0 ¢ (w1, ws).

The derivations of Equations (2.18) and (2.19) are presented in Appendix

According to Brockwell and Davis (1991) [I], the order d of stationary increments usually
stops at 1 or 2 in practice. However, we can still take a further step for the random processes
with stationary increments of any finite order d € Z>.

Let X(t) be a random process with stationary increments with order d, and let Y(¢) be
a stationary random process such that ¥ = X (@, the d-th derivative of X, where ¢, h € R.

Since Y'(t) is stationary,

Y(t) = / T ez, (w), B(Y(t+h)-Y(0)=Cy(h) = / " R (W),

—00 —00

where F(w) is a bounded non-decreasing function and E(|dZ,(w)|?) = dF,(w) for Z,(w),
a random function with uncorrelated increments. Then, we can achieve the following spec-
tral representations (Yaglom 1987) [18]:

X(t) = b eitw—l—itw—---—M dZ(w) + Xo + Xat +--- + Xgt*  (2.20)

Where [% = limTHooﬁ%o{f:;%—feT} and Z(w2) — Z(w1) = [*2 92,(@) A random

w1 (iw)d

variable Xo = X(0) and X3, Xo, -, X4_1 are some random variables. A random variable
Xy is introduced in order to deal with the jump discontinuity at w = 0. These random

variables X, X1, -+, X4 can, in particular, be constants.
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Remark 2.3.2. (Yaglom 1987) [I8] As a result of (2.20]) and by the assumption of remark

and Xo, -, Xg-1 =0, we can get such spectral representations for I(d):

X(0) :/OO (a’tw— | it — e %)dzm

AYX (1) = / T et(1 — emiheydgz ()

D(h; 11,12) = / h (1 — e )d(1 — ¢2) g P ()

Where Z(ws) — Z(w1) = [*7 42,) " and F(wz) = F(w1) = [*2 d%z(dw)~

—wi  (iw)d —w1
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Chapter 3

Connection between Random Processes with Stationary Increments and

Intrinsic Random Functions on R

Although random processes with stationary increments are closely related to intrinsic ran-
dom functions (IRFs) on the real line, the connection between these two concepts has
not been clearly articulated in the literature. In this chapter, we investigate the relation-
ship between random processes with stationary increments and IRF's, and establish their
equivalence on the real line under specific conditions. This equivalence enhances our under-
standing of non-stationary temporal or spatio-temporal random processes by allowing for
the interchangeable use of the theoretical frameworks associated with these two models. As

an initial step, we define the intrinsic random functions on the real line.

3.1 Intrinsic Random Functions on the real line

In Section we discussed the definition and application of intrinsic random functions
(IRFs) on the sphere. These concepts can be naturally extended to random processes with
stationary increments on the real line. Before introducing the definition and key properties
of IRFs in this setting, we first identify the class of allowable measures on the real line

associated with such processes.

3.1.1 Allowable Measures for Temporal Random Processes

Definition 3.1.1. (Chiles and Delfiner 1999 [4]) A discrete measure \! is an allowable mea-

sure of order d on R if it annihilates polynomials of degree less than d. That is, a set of Al
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to n points x; on R defines a discrete measure

n
M= E M5, where ., is the Dirac measure at ;
1=1

and

by = o)\ (dx) = ; e
f(A)—/Rf( W (de) = DAL

Then,

pOV) = [ p)N (o) = 3" Nt =0
R i=1
where £ =0,1,2,--- ,d — 1 and p(+) is a polynomial function at the degree less than d.
We denote that Ag is a class of such allowable measures, and then it is clear that Ag 11 C Afi.

As noted by Chiles and Delfiner (1999) [4], any concept related to the discrete allowable

measure A' € A, in Definition can be extended to the continuous case by considering

fu) = / f() uldz),

where p belongs to the broader class My of measures with compact support that satisfy

the condition

/u(dw)xﬁ—O, for £ =0,...,d.

In this paper, we primarily work with the discrete allowable measure A € AY; as introduced

in Definition B.1.11
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Proposition 5. (Chiles and Delfiner 1999) [4] An allowable measure A € Al is closed

under translations of shift. That is,

Pa1(TaA") = Npg_1(ai +h) =0

i
where py_1(-) is any polynomial function of degree d — 1 and 7y, is a shift operator by h € R.

Proof. This one can be shown by the closeness of polynomials under the translations. By

the binomial theorem,

By the fact that A' € Al

n

l
Z/\t (x; + h) :Z <S>hf_52)\§mf:0 for any ¢ € Z such that 0 < /¢ <d —1.
s=0 i=1

O]

By using these concepts and properties of the allowable measures, intrinsic random

functions on R can now be formally defined.

3.1.2 Intrinsic Random Functions for Temporal Random Processes

Definition 3.1.2. A temporal random process X () is called an intrinsic random function
of order d on R (IRF!(d)), where t € R and d € Z>y, if the process X (\!) is shift-invariant.
That is, for any allowable measure A\* € Al, and any shift operator 7, € T, where T is a

group of shift transformations, the following conditions hold:

E[X(\)] =E [X ()],

Cov (X (X)), X (X5)) = Cov (X (mA]), X (m,A5))  for all A[, N5 € AL
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Remark 3.1.1. A stationary random process is denoted as an IRF!(0).

Definition 3.1.3. (Chiles and Delfiner 1999) [4] Let X (¢) be a random process that is an

intrinsic random function of order d on R (IRF?(d)). Define

AL = 6p(dt) = Y a"An(dt),
where the functions A,, satisfy

1, ifn=m,
/)\n(daj) 2™ =46 with 6" = for |n| < d.

0, otherwise

Then M. € AY, because

AL = [aaanyem = S an [ adn) e —om - 30 <o,

A stationary covariance function of the process X (A ) is called an intrinsic covariance

function of order d on R (ICF!(d)).

3.2 Random Processes with Stationary Increments and Their Connection to

Intrinsic Random Functions on R

We now examine the connection between random processes with stationary increments and
intrinsic random functions on the real line. First, we demonstrate—using Definitions
and that the difference operator commonly used in the context of stationary incre-

ments corresponds to an allowable measure in the definition of an IRF!(d).
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Lemma 3.2.1. (Chiles and Delfiner 1999) [4] The differencing operator A, in Definition
reduces the degree of the polynomial by one level. That is, if we suppose any polyno-

mial function with any degree n € N such as

n
= E ait’
1=0

Then,

%

1 .
Aput Zazp” where i 1(t) = =3 ()90

i J

i
o

Proof. Let

pn(t) := Zaiti =aqg+ait+ -+ apt”

i=0
Then, for A, in Definition
n .
ALpn(t) = pn(t) pn t - L Z aztl az t - L)Z

:Zai{ti— } Zal{tz (t—1) }
i=0
According to the binomial theorem,
(t—0) = Z A VET o G T LAY G T L
= J 0 1

(o )
=t =i (1)

where

pia) == (o) 0+ ()0 (2 i),

which is a polynomial function of x with order ¢ — 1.
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Hence,

Apn(t) =S awiy (#)
=1

In other words, A,p,(t) is a polynomial of order n— 1. That is, Using A, reduces the degree

of the polynomial by one level. ]

Lemma 3.2.2. Define

d
d
t i
)\Ait T Z(_l) <I<:> Ot—tey t,LeR.

Suppose that X (t) is an IRF*(d). Then, )\tAfl,t € A, and X()\tA‘f,z) = A%X(t). That is,
the finite difference operator A9, defined in Definition corresponds to an allowable

measure for an IRF!(d) and annihilates all polynomials of degree up to d — 1.

Proof. First, suppose pg—1(t) is polynomial of degree d — 1. Since pd—l()\tAL ) = Apa1(t),
by Lemma A,pg—1(t) becomes a polynomial of order d — 2. Then, it is obvious that
A%=1ps 1(t) is a polynomial with degree 0, which is a constant.

Since

a1 Oig) = a0 = A a0

we can conclude that

Alpy_1(z) =0

To sum up, A? annihilates polynomials of degree d — 1; thus, it is an allowable measure

of order d. O
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Lemma 3.2.3. Suppose Y (t) is stationary for ¢ € R and \! € A? is any allowable measure

with any order. Then, Y (\!) is stationary. That is,
E(Y(\))=E(Y(m\")

Cov (Y()\i), Y()‘é)): Cov (Y(Th)\li% Y(Th)‘é))
for any XY, A{, AL € Al and for any h € R, let 75, be a shift operator.

Proof. Suppose a random process Y (t) is stationary for t € R and \' € A? is any allowable

measure with any order.

By ()= B> My (1)
=1

=> NE(Y(t:))
=1

By stationarity of Y (¢) in terms of t, for any h € R,
=> NE(Y(ti+h))
i=1
Since T, \! is a finite measure,
=E()_MNY(ti + h))= E(Y (m,\)))
i=1
Similarly, for any \!, A\, € A?,

Cov(Y (X)), Y (Ah))= Cov(D MY (t:), Y A, Y(t)))
i=1 j=1
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=> A, Z)\ Cov(Y (t;),Y (t;))
i=1 j=

By stationarity of Y'(¢) in terms of t, for any h € R,

:ix ZA Cov(Y (t; + h),Y (t; + h))
=1

n
= Cov() MY (t; + h) Z)\ (tj +h))
= Cov(Y (1,A]), Y (1,05))
Therefore, if Y (¢) is stationary for ¢, then Y (\)! is stationary for A\!, an allowable measure

with any order. O

With the preceding definitions, remarks, and lemmas, we are now equipped to establish
the connection between intrinsic random functions and random processes with stationary

increments on the real line.

Proposition 6. For d > 1 and d € Z, a stochastic process X(¢) is an intrinsic random

function of order d (IRF*(d)) on the real line if and only if X(¢) is a random process with

stationary increments of order d, provided that the conditions in Remarks [2.3.1] and [2.3.2]

hold.

Proof. (=) Let a random process X (+) be an intrinsic random function with order d on the

real line, and define

d
t A k
Nas, =Y (-1) <k>5t,ﬁ, t,L€R.
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Then, X()\tAd ) = A2X(t) and by Lemma [3.2.2 )\tAd is allowable with its degree d on R.
Lt Lt

By Definition|3.1.2|of an intrinsic random function, for an allowable measure )\tAd , )\tAd €
Lt LS

Afi and any t, s,z € R,

E(X(Azit)>: E<X(TI)\2?¢)> (3.1)

Cov (X(At%), X()\tAis )) = Cov <X(Tx)\tAit ), X(Tx)\tA(L{S )) (3.2)

Since X()\tAi‘,t) = AYX(t) and X()\ZE‘,S) = A?X(s), Equation (3.1) and (3.2)) can also be

expressed as

E <Ale(t)> =F (AfX(Tmt)>

Cov (AfX(t), AfX(s)> = Cov <A§lX(Tmt), Ang(Tzs)>

Hence, Ale (t) is stationary, which implies that X (¢) is a random process with stationary

increments of order d.

(<) Suppose X (t) is a random process with stationary increments of order d. Then, by

its spectral representation given the condition in Remark [2.3.1) and 2:3.2]

X(1) :/Oo (e““—l—z‘tw—---—%)dZ(w)

—00

Then, for any A\t € A,

33



X\ = /R/OO <e“w —1—itw— - — %)dZ(w))\t(dt)

:jzn;A§/Z<eita’w—1—itjw—~~— %)dZ(W)
:/ZiA§<eit1w—1—z‘tjw—---— %)dZ(W)

By the definition of an allowable measure, any A’ € Al, annihilates polynomials of its order

d — 1. Hence,

n 00 )
:Z)\ﬁ/ % dZ(w)

j=1 -

By defining Y*(¢) := [*°_e"™dZ(w), which is a stationary process for t € R,

=Y NY*(t) =Y (\)
j=1

Since Y*(t) is stationary with respect to ¢, Y*(\!) is stationary with respect to A! by
Lemma Therefore, X(\!) is stationary for A’ as well. In conclusion, X (t) is an

intrinsic random function of order d on the real line.

As a result of Proposition[6] we can conclude that IRF!(d) and I(d) processes are equiv-

alent under the conditions of Remark [2.3.1] and [2.3.2] This proposition also highlights

that the differencing operator can be viewed as an allowable measure that annihilates the
polynomial components of an intrinsic random function. Furthermore, it enables the use
of the spectral representation of I(d) processes, as described in Remark to explore
the underlying structure of an intrinsic random function on R. We can also investigate the

relationship between structure functions and intrinsic covariance functions.
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Remark 3.2.1. Let X(-) be an intrinsic random function of order d on R, denoted as
IRF!(d). Let K(-) be its intrinsic covariance function of X(-) in Definition Then,
the structure function E<AdX (t) - A?X (s)) can be expressed in terms of the intrinsic

covariance function as

E<AdX(t) : AdX(s)> = Zd: (—1)k (;) Zd: (—1)2 <:2>K<(t — k1) — (s — k2)>

k1=0 ko=0

For example, for d = 1,

E<A1X(t) : A1X(s)> =2K(t—s)—K(t—s+1)—K({t—s—1)

With these foundations established, we are now prepared to address non-homogeneous
and non-stationary random processes by simultaneously employing the concepts of intrinsic

random functions across the different spaces.

35



Chapter 4

Non-Homogeneous and Non-Stationary Random Processes on the Sphere

As noted in previous studies, the assumptions of spatial homogeneity and temporal sta-
tionarity are implausible in many cases, and each of these assumptions can be relaxed by

applying the concepts of intrinsic random functions on S? and R.

4.1 Intrinsic Random Function for spatio-temporal random processes on the

Sphere

Definition 4.1.1. A spatio-temporal random process X (-,-) on S? is an intrinsic random

function of order (k,d) on S? x R, i.e. IRF(k,d) if
E(X()\S, At)> = E<X(g)\5, Th)\t)>

Oov(x< 20, X ( ;Aé))zcov<x<gxi,wi>,X(gxa,mx;))

for any allowable measures A*, A\{, A5 € A% and X', M, A, € AY. The classes A% and A},
are of all possible allowable measures on S? and R with orders x and d respectively, g is any

rotation operator, and 7y, is a shift operator for any h € R.

Remark 4.1.1. An IRF(0,0) is a spatially homogeneous and temporally stationary random

process on the sphere.
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Theorem 1. A spatio-temporal random process on the sphere X (P, t) is an intrinsic random

function with orders (k,d) if and only if its truncated and differenced process

ALX, (P t) = ZZAZZW()YE (P), PcS? tu1eR

l=Kk m=—/

is spatially homogeneous and temporally stationary.

Proof. (=) Suppose that a spatio-temporal random process X (-,-) on S? is an IRF(k, d).

Denote allowable measures

A(dP) = 5g(dP) — ZZYZ ™(dP)

<k m=—F
d d
Mag = Z(_1)k<k> Os_ ks SLER
’ k=0

where P,Q € S, s,h € R;

dg(dP) and 0s_f, are the Dirac measures on S? and R, respectively.

Huang et al. (2019) [8] show that A7, € A, and the proof is presented in Appendix

Likewise, by Lemma [3.2.2 it is shown that )\tAd‘ € AZ{' Therefore,

X (X Apg,) = /R S2X(P,t))\z?(dP))\tAﬂs(dt)

o9 ¢
_ / / S S Zem Y (PIN (AP, (dt)
RIS 20 me—s o

Since Ag, and )\tAd are finite measures and Z,,(t) is integrable,

by Fubini’s theorem,

Ty /Zem Mg, (@) [ Y7 (PIp(aP)

=0 m=—¢
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By the definitions and properties of \¢) as explained Appendix
00 )4
=3 3 W@ [ Zem()sg, (1)

By the definitions of )\tAd and Lemma (3.2.2

Likewise,

X(g)\a, ThAtA{ls) = ALdXK(gQ7 ThS)

By the definition of IRF(k,d),

E(X( SQ, )\tAfZS)> = E<X(g)\s 7Th)\tA?S)>
Cov (X0, Xy ). X0y Mg ) ) = Coo (X005 sy, ) X (02 ey )

Therefore,

£ (A1X.(@9) )= B AX (0.9
Cov <AleH(P, t), AYX,.(Q, s)) = Cov (AfX,{(gP, mht), AX . (9Q, Th8)>
That is, AYX,.(Q, s) is spatially homogeneous and temporally stationary.

(<) Suppose X(P,t) is a spatio-temporal random process on the sphere, and its trun-

cated and differenced process A%X, (P,t) is homogeneous and stationary. We can have
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spectral representations such that

o

AIX(Pt) =) Z AL Zy i (8) Y™ (P)

l=k m=—{

oo l
=" > Zim®Y(P)

£=0 m=—¢

Then, for any A\* € A$ and A € Al

E(X(AS,)\t)>—E / SQX(P,t))\S(dP)/\t(dt)
—E// {Z Z Zom ()Y )})\s(dP))\t(dt)+E/R SQXH(P,t)AS(dP)At(dt)

£=0 m=

where X, (P,t) = Z Z Zpm ()Y (P)

l=Kk m=—/

Since A* € Ay,

=F / X (P, )N (dP)N(dt)
SQ

Since A* and A’ are finite measures and X (P, t) is integrable, by Fubini’s theorem,

/ /S ( >>\S(dP)>\t(dt)

By the homogeneity of X (P,t),

/ /Sg ( gPt>>\s(dP)>\t(dt)

By Fubini’s theorem again,

:/SQ </X (9P, t))\t(dt)>>\s (dP)

/ <;>\X gPt)))\s(dP)
/ (ZA 3 Z ot gP))\S
)

i=1 l=Kk m=—/

/82221@ (9P)E <ZAZM 2 (d

l=Kk m=—/



- [y 3 VP (GP)E(Zun(O0) )N (aP)

=k m=—L

By Proposition [0 given ¢ and m, a random process with stationary increments,
Zym(t) is an IRF(d) with respect to t € R.
Therefore,

E(ngm()\t)> = E<Z57m(7'h)\t)>f0r any allowable A" € A, and any shift operator 7.

Hence,

_ /S 2§: i: m@P)E(ZZ,m(ThAf))AS(dP)

l=Kk m=—/

= /SQi ZE: Yem(QP)E<lzn; AiZz,m(Thti)> A*(dP)

l=Kk m=—/L

_ /S Qi i: Yf"‘(gP)E( /R Z@,m(Tht)At(dt))AS(dP)

l=Kk m=—/4
By Fubini’s theorem,

=E< Iy > 3 Yﬁ(gP)zg,mmtw(dmx(dt))

b=k m=—/

E( L/ 3 Zejgnm<gP>ze,m<rht>AS<dP>At<dt>)

=0 m=—

E</R . X(gP, Tht))\s(dP))\t(dt)> = E<X(g)\5, Th)\t))
As a result, E<X()\S, )\t)> = E<X(g)\s, Th)\t)). In the same manner, we can show that
Cov (X( i Aﬁ)) =Cov <X(g)\§, Th)\é)>
for any Aj, A5 € AS and i, N, € AY. Thus, X(P,t) is an IRF(k,d). O

Theorem 1| implies that, given their spatial components, IRF(k,d) processes can also

be interpreted as random processes with stationary increments in the temporal domain.
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Therefore, we can use their associated structure functions to analyze the temporal depen-
dence and variability of the processes, particularly in non-stationary settings. Likewise, to
analyze spatial dependence, we can employ the framework of intrinsic random functions
and their corresponding intrinsic covariance functions on the sphere, which are well-suited

for capturing spatial non-homogeneity.

4.2 Intrinsic Structure Covariance Functions of IRF(x,d) Processes on the

Sphere

Let X(P,t) be an IRF(x,d) on S? x R. In this case, the process is both spatially non-
homogeneous and temporally non-stationary. By applying the structure of the spectral

representation in Equation (2.1)), we can extend its truncated process X, (P,t) to

00 V4
Xo(Pt) =Y Y Zem(t)Y"(P)

b=k m=—{

where P € S? and ¢ € R. Here, the coefficient Zy ,,,(t) for £ > k is an IRF!(d) on the real
line. Therefore, by Proposition [6] it can be represented using the spectral form of random
processes with stationary increments of order d. Consequently, by Remark we obtain

the following spectral representation of Zy ,(t) for k < ¢ < oo and —¢ < m < £

Zim(t) = / h <t it W“’)d_l) 1z w) (4.1)

— (d—1)) (iw)
AYZp(t) = /_ Z eWt(1 — e~ w)d (Z,:)) A7} (w) (4.2)

where Z;"(w) is a random function with uncorrelated increments with respect to t € R.
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Then, using the fact that the truncated process X, (P, t) is spatially homogeneous (as
noted in Proposition {f) and that the coefficients Z,,(t) are random processes with sta-
tionary increments of order d, the covariance functions of Z;,,(t) and Ang,m(t) given in

equations (4.1) and (4.2) can be expressed when ¢, > x and —¢ < m,m’ < {:

be(t, ) := Cov <ze,m(t), Zym/(s))

:/Z(e“w—l—itw—~-~—%> (4.3)

(eisw —1—dsw—---— (isw)™"

1 o
(d_l)) L AR ()l oy (1.4)

ag(t — s) :== Cov <Ang7m(t), Angzym/(s)>

> w(t—s —iw iw 1 " em’
:/ et (1 — 7)1 — ¢ )dﬁng(w)ég om (4.5)

—0o0

where Fy(w) is a bounded non-decreasing function and E(|dZ}*(w)|?) = dFy(w).

Definition 4.2.1. Let X (P, t) be an IRF(x,d) on S x R. We call the covariance function of
a truncated and differenced random process A%X, (P, t) on the sphere an Intrinsic Structure
Covariance Function of order (k,d), abbreviated as ISCF(k, d). By Equation (4.4]) and (4.5 .,

we can derive the spectral representation of an ISCF(k,d) as following;:

By (POt — 5) := Cov (AdXH(P, 1), AYX,.(Q, s)>

20 . . 1
= Z +1 Py( COSPﬁ / wt=5)(1 — e7@)4(1 —ew)dﬁng(w)

=& <@,t — s) 20+ 1 h)Py( cos@ (4.6)

4
=0

where P,Q € S, t,s € R, and dFy(w) is a non-decreasing and bounded measure. The

function ag(h) is a stationary time series covariance function in (4.5) and &y(-, ) is a homo-
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geneous and stationary spatio-temporal covariance function on the sphere. Therefore, the

covariance functions presented in Table can be used for the structure of &y(-,-).

Remark 4.2.1. The Intrinsic Structure Covariance Function (ISCF) (k,d), is an intrinsic
covariance function of order k with respect to the spatial components on the sphere, and a

structure function of order d with respect to the temporal components.

Remark 4.2.2. The intrinsic structure covariance function, ISCF(k,d), exhibits spatial
homogeneity and temporal stationarity, which facilitate its estimation using the method of

moments, as demonstrated in Chapter

Remark 4.2.3. Different parametric models of ISCFs can be obtained by varying the

functions ay(-) and &(+,-) in Equation (4.6)), as illustrated in Table

As a result, the ISCF provides valuable insights into the homogeneous and stationary
dependency structure of the data. Furthermore, this framework can be extended to explore
the structure of non-homogeneous and non-stationary covariance functions associated with

intrinsic random functions, IRF(k, d)s, for spatio-temporal data analysis on the sphere.

4.3 Non-Homogeneous and Non-Stationary Covariance Functions of IRF(x, d)s

on S? xR

Let X(P,t) be an IRF(k,d). Then, it can be expressed as

X(P,t) = Xn(P,t) + Xu(P,t)

43



where

k—1 £ 0o ¢
XN(Pt) =Y > ZimOY(P), Xa(Pit) =" > Zom(t)Y"(P)
=0 m=—/ l=k m=—4

Thus, the non-homogeneous and non-stationary covariance function of the IRF(k, d) can

be decomposed as:

Cov(X(P, t), X(Q, s)) = Cov (XN(P, t) + Xe(Pt), Xn(Q,s) + Xu(Q, s))
=Cov (XH(P, t), X.(Q, s))—i—Cov (XK(P, t), Xn(Q, s))

+Cov <XN(P, t), Xk(@Q, s)) +Cov (XN(P, t), Xn(Q, s)>

= (;5”(@7 (t7 S))
00 { k-1 12 )
#30 Y Con( Zenlt) Ze (o) VPPV

=k m=—L0L'=0m'=—1

[e%) l r—1 VA
D IDIDIDS Cov(Zeem«t),Ze,m<s>)n’ﬁ’<Pmm<Q)

=k m=—LL'=0m'=—1

k—1 ¢ k-1 l
I COqJ(z&m(t),Zg,,m,(s))nm(Pmtﬂ’(Q)

{=0 m=—Ll=0m'=—¢

(4.7)
where
0n(PQ. (t,5)) = Cov(Xu(P.1). Xu(Q. 5))
0 1 oo 4
=33 N Cov(Zum(t), Zo () Y(P)Y(Q)
=k m=—L =k m'=—1'
= EZZR 264;’; ! be(t, s)Py(cos FTC)Q) (4.8)
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Here, by(t,s) is the non-stationary covariance function of a process with stationary incre-
ments of order d, as defined in Equation .

The function ¢y (1@, (t, 3)) in is the spatial intrinsic covariance function of order x
with respect to the spatial components on the sphere, as it represents the covariance function
of the truncated process X, (P,t). Therefore, ¢, (@, (t, s)) is spatially homogeneous. In
contrast, the remaining terms in involving the spherical harmonics Y}/ (-) for ¢/ < &
reflect the spatially non-homogeneous characteristics of the intrinsic random function on
the sphere. These non-homogeneous properties render inference of these components from
a single realization of the process infeasible (Chiles and Delfiner 1999) [4].

Although ¢, (P@, (t, s)) is spatially homogeneous as the intrinsic covariance function on
the sphere, this function also serves as the non-stationary temporal covariance function of a
random process with stationary increments as represented by by(t, s) in Equation and
. This temporal non-stationarity can be addressed by applying differencing operations,
allowing one to derive intrinsic structure covariance functions (ISCF)s, as described in

Definition that capture the underlying stationary behavior of the process.

Example

Equation (4.7)) indicates that, depending on the structure of the covariance functions of the
coefficients Zy ,,,(t), different non-homogeneous and non-stationary covariance functions of

IRF(k,d) can be derived. For instance, we can express IRF(k, d) as follows:

K2 00 4
X(P) =S Z0aP)+ S S Zom®Y(P),
v=1

l=k m=—4

where ¢, (-) is a new basis function of the nil space explained in Equation m
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If we assume that

00 14
I ZimOY (1) + Ay,

b=k m=—/4

where Z,(t) is expressed as a linear combination of Z;,,(t) with a coefficient of Y,;™(7,),
defined for ¢ > k and |m| < ¢. The random variable A, is assumed to be independent
of all other Zy,,(t) and Z,(t) for u # v, with variance Var(4,) = 72 € R. Under these

assumptions, we can derive the following:

Cov (ngm(t), Zg/,m/(s)) = by(t, s)

Cov(Z,,(t),Z&m(s)):C’ov(Z&m(t),Z >: Z Z be(t, 8)Y," (1)

l=k m=—/

00 0

Cov(Z,,(t),Z (s )> I +> > Z Z be(t, s) Y (1) Y3 (1)

=k m=—f4 =k m'=—1

where by(t, s) is an non-stationary covariance function of a random process with stationary
increments, as presented in Equation [4.4]

As a result, we can derive the non-homogeneous and non-stationary covariance function

of IRF(k,d) as

R(P,Q,t,s) = Cov (X(P, t),X(Q,s))

—ou(PO.(0.5))+ I (770 4:9) )2 P)au(@) + Y- 220 (Pl
v=1

- Z% (er, (t,s )q,, Z% (PTV, (t s> L (Q) (4.9)

46



where

(PG 0.5) )= Con( (R0 X,Q.5))
_ i 25;: L Py(cos PO)
=K

4

where P,Q € S?, t,s € R, and dFy(w) is a non-decreasing and bounded measure.

By the Kolmogorov existence theorem, there exists a Gaussian random process having
such covariance function; hence, we can derive a covariance function of an intrinsic random
function of order (x,d). We can verify that, given ¢,s € R and ¥2 = 1, the covariance
function in Equation corresponds to the reproducing kernel of the reproducing kernel
Hilbert space (RKHS) on the sphere suggested by Leversely et al. (1999) [9] in Section[2.2.2]
The positive semi-definiteness of Euquation is provided in the appendix

Note that the function ¢ (-, -) in Equation and represents the covariance of the
truncated process X (-, -), while the intrinsic structure covariance function (ISCF) @, )(-, -)
in Equation represents the covariance function of the truncated and differenced process

A%X,(-,-). Hence, ¢, (-,-) is not temporally stationary, whereas D,y (v50) s
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Chapter 5

Simulation Study and Data Analysis

In this section, a methodology for parameter estimation is presented for the proposed in-
trinsic structure covariance function using its homogeneity and stationarity. This is illus-
trated using a simulation study and the analysis of a real-world dataset on global tempera-
ture anomalies, which was collected by the National Space Science and Technology Center

(NSSTC) at the University of Alabama, Huntsville.

5.1 Simulation Study

In the simulation, we adopt the intrinsic structure covariance function (ISCF) with the
generating function of Legendre polynomials with ag(h) = ae™" "l from Table Con-
sequently, the corresponding homogeneous and stationary function with a scale parameter

78 € R>q can be expressed as

S 20+1 > w —iw w 1
RSO D P Pz(COSW/ (1= e ) (1= ) 5 dFy(w)
=0 o
_ % 1—a?g*(h)
47 (1 — 2ag(h) cos b + a2g2(h))3/2

where  ag(h) = ae PN (5.1)

By Remark we assume the existence of a spectral density such that fy(w)dw =
dFy(w) = %dw, which is non-negative since £, o, 3 > 0, corresponding to a’g’(h) =
ot g=punl,

This homogeneous and stationary covariance function in Equation is flexible and

practical, as the decay rate of the covariance with respect to both the time lag and the

spherical distance can be controlled by adjusting the values of the parameters. To illustrate
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this, we conduct an analysis to examine the roles of the parameters o and f in ag(h) =
ale=PUhl within the covariance function given in Equation . In Figure we observe
that correlations decrease as both great circle distances and temporal lags increase, as
expected. Figure[5.1]also demonstrates how the parameters o and (3 control the decay rates
of the covariance with respect to the time lag and spherical distance. The top two plots
compare covariance functions with different o values while keeping 5 = 0.1 fixed. The left
plot shows how the covariance values change with the time lag, while holding the great
circle distance 1y = 0 constant. The right plot illustrates how covariance values vary with
different great circle distances while fixing the time lag at h = 0. Similarly, the two plots
at the bottom compare covariance values for different 8 values, with o = 0.8 fixed.

From the visualization in Figure we conclude that the flexibility of the decay rate
can be controlled by adjusting o and 5. Additionally, we observe that larger values of o and
0B lead to a faster decay in the covariance. This property is important because it suggests
that we do not need to consider every observation for parameter estimation. Specifically,
when calculating the estimate, we only need to consider pairs of data whose spatial or
temporal distances are small enough for their correlation values to be significantly different
from zero. For example, as shown in Figure when @ = 0.8 and § = 0.3 (bottom green
curve), pairs with spherical distances greater than 1.5 and time lags greater than 4 have
correlations that are nearly zero. Thus, these pairs can be ignored in the estimation process.

In this simulation study, we aim to select reasonable values for o and 8 to demonstrate
their estimation, ensuring that the correlations decay at an appropriate rate—not too slowly
and not too quickly. For instance, when o = 0.8 and 5 = 0.9, the correlation values at a
time lag h = 1 or at a great circle distance near zero are already close to zero, indicating
that the process is nearly independent of its spatial and temporal distances. On the other

hand, when o = 0.1 and 8 = 0.1, correlations decay so slowly that they do not approach
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zero even for pairs with large time lags and great circle distances. This slowly decaying
function makes the model unrealistic, increases computational cost, and leads to unreliable
inference. Finally, the value of the scale parameter 72 has little effect on the demonstration
of the estimation using the simulation data, so we fix 73 = 1.

By utilizing this flexible homogeneous and stationary covariance function, the simulation
primarily demonstrates parameter estimation for the ISCF(k,d) models of the IRF(k,d),

considering kK = 0,1,2 and d = 0, 1.

5.1.1 Covariance Function of IRF(0,0)

As mentioned in Remark an IRF(0,0) model represents a spatially homogeneous
and temporally stationary random process on the sphere. Therefore, since its covariance
function is already an intrinsic structure covariance function, we can adopt the homogeneous

and stationary covariance function 73 -&o(+,+), given in Equation (5.1)), as the covariance

function for IRF(0,0).

5.1.2 Covariance Function of IRF(1,1)

Let X (P,t) be an IRF(1, 1) on the sphere. For this simulation, we use the non-homogeneous
and non-stationary covariance model in Equation Then, by setting v2 = 1 and ¢;(P) =

YY(P) = -1, the non-homogeneous and non-stationary covariance functions of X (P,t) can

N

be derived as follows.

R(P,Q,t,s) = Cov (X(P, t), X(Q, s))

= 61(PG, (1,9) + 301 (0. (,5)) +
(@0 (1, 5) - ——1 (P, (1, %)) (5.2)

Vix Vi
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Figure 5.1: Correlations based on different parameter values for spatially homogeneous and
temporally stationary model with the generating function of Legendre polynomials with

ag(h) = ae P4 in Table

where

61(PG, (t,5)) = Cov(X1(P,1), X,1(Q, 5))
— Y EE Peos PO) [ (e - (e - 1)_aF),
=1 -

4
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and 'yg € R>¢ is a scale parameter.

Note that the function ¢ (-, (-, )) is the spatially homogeneous but temporally non-
stationary. The temporal stationairity can be achieved by deriving the intrinsic structure
covariance function, ISCF(1,1). The corresponding intrinsic structure covariance function,

ISCF(1,1), can be computed as

11y (PO, (t, ) = Cov (Ale(P, 1), A1 X1 (O, 3))

20+ 1 . 1
QZ + Py cosl?é/ e (t=9) 1—6_“”)(1—6“”)Eng(w)

:73'50(1@,75—8)—1% (5-3)

where the function 73 - &(-, -) is given in (5.1).

5.1.3 Covariance Function of IRF(2,1)

Now, let X(P,t) be an IRF(2,1) on the sphere. Following a similar approach and based on
Equation (4.9), we set 72 = 1, and choose the basis functions of Nil space as
{Y9(P), Yy L(p),yP (P),Y{'(P)} instead of {qi(P),q2(P),q3(P),qs(P)}. Then, the corre-

sponding non-homogeneous and non-stationary covariance functions are given by:

R(P,Q,t,s) := Cov (X s)>
= 2(PGQ, (t — 5)) +Z Z Z Z b2 (Temmir s () Y (P)YE (Q)
{=0 m=—L{'=

1 1 4 1 4

Y S e @ -3 62(Qrem, (t5) Y (P)
{=0 m=—L0'=0m/=—¢' =0 m=—¢
1 l

~3 Y (P (1,9)Y(Q) (5.4)
=0 m=—¢
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where

(PG, (1, 5)) = Cov(X1(P,t), X1(Q, 5))
=% Z 264—7’; 1P2(COS 1@) /°° (et —1 —idwt) (e7™5 —1 — (—iws))éng(w)
(=1 —o0

where 72 € Rx is a scale parameter.

For the intrinsic structure covariance function, ISCF(2, 1),

. <1@ t—s) —C <A1X2(P, t),AlXQ(Q,s)>

1 ) : 1
Z 20 + PZ cospﬁ / zw(t—s)(l _ e—zw)Q(l _ ezw)2EdF£(w)

=2

=42 50(1@ t— ) 7—0—3—P cos@ Yag(t — s) (5.5)

47

where ¢ is a scale parameter. The functions 73 - & (-, ) and ag(t —s) are presented in (5.1)).

5.1.4 Simulation Procedure

The procedure for the simulation and parameter estimation of the intrinsic structure covari-
ance function for the IRF(1,1) model is outlined here. Simulations for other levels of the
IRF models can be carried out in a similar manner. For instance, in the case of IRF(2,1),
the covariance function in Equation is replaced by Equation , and the intrinsic

structure covariance function in Equation (5.3)) is replaced by Equation (/5.5)).
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1. Generate X (P, t), an IRF(1,1), from multivariate normal MVN (0, R(P, Q,t,s)). The
non-homogeneous and non-stationary covariance function R(P,Q,t,s) is given in Equa-
tion . To generate this temporally non-stationary random process, the property
of I(d) that X (P,t) = 3!, AYX (P, s), assuming X (P,0) = 0, can be utilized. There-
fore, to obtain the dataset for an IRF(1, 1) process X (P, t), we first generate the tem-
porally stationary process A; X (P,t) using the covariance function in Equation .
After that, we reconstruct the desired non-stationary IRF(1,1) process via the sum-

mation X (P,t) = >'_, A1 X(P,s).

2. Compute the homogeneous and stationary random process A;X;(P,t) by truncat-
ing and differencing the process X (P,t) generated in Step 1. For the truncation,
A1 X, (P,t) is approximated by the residual process A1X, ,(P,t), obtained by re-
gressing A1 X (P,t) on Y;*(P) for ¢ < k, with the time component t treated as a

factor (Bussberg 2020) [2].

3. Estimate the parameters of an intrinsic structure covariance function in Equation
through Method of Moments (MoM) estimates and numerical optimization with re-
spect to the sum of squares between their theoretical values and MoM estimates. For
the numerical optimization, the quasi-Newton method is employed via the R function

niminb (Gay 1990) [5].

To get the MoM estimates, let A1 X;(P,t) be a spatio-temporal random process with

its average ¢ = 0. Then, its MoM estimator is (Bussberg 2020) [2]:

. 1
D11y (i, hy) = ol > A1 X1, (P 1) A1 X1,(Q, 5) (5.6)
Vil l {(P), (@)Y eNy, 1,
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where

Ny, h; = {{(Pat), (@ 9)} | Yi—e<PPQ)<vit+e, hj—e<|t—s<h; +6t}

(5.7)

The terms €5 and ¢; are tolerances introduced because, in practice, there may be relatively
few pairs of points with distances exactly equal to t; or h;. For this simulation study, we
set €, = 0.05 while ¢; = 0 since the temporal terms are discrete. As a result, the condition
hj —e: < |t —s|< hj + € in Equation can be replaced by the simpler form, |t — s|= h;.

We then seek p and 7y that minimize the following loss function.

k1 ko

L(pa 70) = Z Z |:(i)(1,1) (ﬂ)lv h]) - <I>(1,1) (17[)747 hjapa ’73)] i

i=1 j=1

Here, p denotes the parameters of ag(-) in the temporally stationary function given in
Equation (5.1)). Since we use ag(h) = afg’(h) = a’e=P" which decays exponentially with
the time lag h, the parameters of the intrinsic structure covariance function to estimate are

p = (a, B). The term ~Z is a scale parameter appearing in Equation (5.3)).

5.1.5 Simulation Result

In this simulation setting, each simulated dataset consists of 1,000 locations and 20 discrete
temporal points. Figure [5.2] and Figure [5.3] compare the MoM estimates, fitted values,
and true values of the covariance, given that either time lags or great circle distances are
fixed with a = 0.80, 8 = 0.10, and 72 = 1. These parameters are chosen because they
yield reasonable decay rates in the covariance functions, as illustrated in Figure [5.1] at

the beginning of this section. The “True” value refers to the actual values of the intrinsic

95



structure covariance function computed with the true parameter values. The “Fitted” values
are obtained by plugging the parameter estimates into the intrinsic structure covariance
function formula in Equation , while the “MoM” values come from Equation .
Since the simulation uses discrete temporal points, the tolerance ¢ in Equation (5.7) is
unnecessary and can therefore be set to ¢, = 0 when deriving the MoM values. From this
comparison, we conclude that our estimation of the intrinsic structure covariance function
performs well, as the fitted values closely match the true values across varying spatial
distances and time lags. Furthermore, as expected, the values of the intrinsic structure

covariance function exhibit decay with increasing time lags and great-circle distances.
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Figure 5.2: MoM estimates, fitted covariance values, and true ISCF values for IRF(1,1)
with o = 0.8, 3= 0.1, and 72 = 1.
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Figure 5.3: MoM estimates, fitted covariance values, and true ISCF values for IRF(1,1)
with o = 0.8, 8= 0.1, and 72 = 1.

In order to access the robustness of the parameter estimates, we conduct the same
simulation multiple times. Figure shows the distributions of the 500 parameter estimates
with the true parameter values @ = 0.8, 8 = 0.1, and 'yg = 1. “Avg” denotes the average
value of the 500 estimates, while “True” refers to the true parameter values used in the
simulation dataset. By examining the shape of the distributions and the average values
of these estimates, we can assess the robustness of the estimation. Table presents the
average values and standard errors of the parameter estimates for the intrinsic structure
covariance function, based on 500 simulation runs of IRF(k, d) processes with varying levels
of non-homogeneity x and non-stationarity d. From these results, we conclude that the

parameter estimation performs consistently well across different levels of xk = 0,1,2 and

d=0,1.
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The performance of parameter estimation can vary depending on the true values of
the parameters, as these values influence the decay behavior of the covariance or intrinsic
structure covariance functions. The simulation study shows that estimates of « are relatively
robust, closely aligning with the true value and exhibiting low variability. sufficiently large
to cause the covariance function to decay too rapidly. This behavior arises because 5 appears
in the exponential term of ag(h) = a’e="l in the intrinsic structure covariance function.
If B is too large, the covariance—or intrinsic structure covariance function value—between
time-lagged pairs decays so rapidly that it approaches zero even for small lags (e.g., h > 1),
thereby making accurate estimation difficult. For example, when o = 0.8 and 8 = 0.9 as
shown in Figure (bottom left), the covariance value is already almost zero for h > 1.
As a result, values of very big s become indistinguishable in that their covariance values
are always zero unless their time lags h are near 0. The estimation of the scale parameter
78 also performs correctly depending on the other two parameter values. In general, the
results of the simulation study allow us to verify the validity of the suggested parameter

estimation method.

o estimates B estimates y estimates
o _ 1
— true N
v q-- Avg v
-
w |
-
2 9 4 2 2 <o |
E Z 9] g -
@ o - @
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Figure 5.4: Distributions of the parameter estimates with a = 0.8, = 0.1, and 'yg =1
are shown for the model based on the generating function of Legendre polynomials, where
ag(h) = afe=PUM as summarized under TRF(1,1) in Table The “true” value (solid
red line) represents the actual parameter value, while “Avg” (dotted blue line) denotes the
average of the 500 estimates.
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Table 5.1: Averages and standard errors of the parameter estimates from 500 simulations
with true parameter values: a = 0.8, 8 = 0.1, and fyg = 1. Each simulation includes 1,000
spatial locations and 20 temporal points. The function used is ag(h) = ale=Blhl,

| | Avg(a) (se(@)) | Ava(B) (se(B)) | Ave(1d) (se(3) |
IRF(0,0) | 0.7898 (0.0032) 0.1099 (0.0025) 1.0939 (0.0310)
IRF(1,1) | 0.7970 (0.0012) | 0.1240 (0.0199) 1.0126 (0.0137)
IRF(2,1) 0.7816 (0.0042) 0.1565 (0.0060) 1.1368 (0.0136)

5.2 Analysis of Temperature Anomaly

The National Space Science and Technology Center (NSSTC) at the University of Al-
abama Huntsville provides data of monthly temperature anomalies from 1979 to 2024. Each
anomaly (measured in degrees Celsius) was computed by subtracting each grid point’s base-
line average from each month’s temperature in the lower troposphere of the Earth. The
baseline average was measured from 1979 to 1990. Therefore, if some location has a posi-
tive temperature anomaly, then it implies that the location at that time point had a higher
temperature than the base line average. On the other hand, if it shows a negative value,
then the temperature of that location was lower than the long-term average. Figure [5.9
shows examples of January and July in 2015 and 2016 to explain how the data set appears.
For the data analysis, 10,368 grid points are used with temporal terms of 24 months from

2015 to 2016.

In this analysis, similar to the simulation study, we consider a model that uses the gen-
erating function of Legendre polynomials, with ag(h) = ae ?"l (as presented in Table ,
for the intrinsic structure covariance function (ISCF) in Equation (5.3)). For the distance
bins used in the method of moments (MoM) estimation in Equation (5.7)), we set ¢; = 0.05

and €; = 0, following the same rationale as in the simulation study. Building on this setup,

99



January 2016 July 2016

Figure 5.5: Heat maps of the temperature anomaly data for January and July in 2015 and
2016

we compare the results obtained using the IRF(0,0) model and the TRF(1,1) model on the
dataset. Figures and show how the covariance values of IRF'(0,0) and the intrinsic
structure covariance function (ISCF) values of IRF(1,1) change with time lags when the
great circle distance is fixed. These two figures illustrate that the effect of the time lag h
differs substantially between the two models. In Figure[5.6, we observe that the influence of
time lags persists for IRF(0,0) even with relatively large values of h. The covariance values
of TRF(0,0) decay slowly and do not approach zero, even as time lags increase, as shown
in the figure. In time series analysis, graphical methods, such as plotting the covariance or
correlation function, are commonly used to detect non-stationarity. If the covariance does
not decay rapidly with increasing time lags, it suggests that the process is non-stationary.

A characteristic feature of an integrated process— a discrete case of a random process with
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Figure 5.6: MoM estimates (black solid line) and fitted covariance values (red dashed line)
of the TRF(0,0) model for the 2015-2016 temperature anomaly data, given fixed great
circle distances (spherical distances) 1.

stationary increments— is its slowly decaying correlation function (Brockwell and Davis
1991) [1]. In contrast, for IRF(1,1), as shown in Figure the ISCF values decay expo-
nentially and approach zero as the time lag increases. This rapid decay may indicate that
an integrated process is a suitable model for the dataset. As a result, we conclude that the

appropriate level of non-stationarity for this dataset is d = 1.

To choose an appropriate order of non-homogeneity x, we can apply the graphical
methodology suggested by Bussberg (2020) [2]. Given a value of d in IRF(k,d), it has been
shown that the intrinsic structure covariance function, @, 4)(1, h), is spatially homogeneous
and temporally stationary. Therefore, for an appropriate estimate, i(,@d) (P‘Cj, |t —s|) , one

would expect that
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Figure 5.7: MoM estimates (black solid line) and fitted covariance values (red dashed line)
of the TRF(1,1) model for the 2015-2016 temperature anomaly data, given fixed great
circle distances (spherical distances) 1.

Mn)=>">" <¢)(n,d) (Wi, hj) — (g, (Wi, )

i=1 j=1

2
— {(i)(n,d) (O, hj) — ‘i’(nJrLd) (0, hj)}Pk(COS 1/11)> (5.8)

to be small for n > k. The method moment estimator can be used to get (i)(n,d) (i, hj).

That is,

(i)(n,d) (%, h]) = N ! Z Aian,r(Pa t)Atlan,T(Qu S)
Vihi ((P#).(Qu)}ENy, 1,
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Figure 5.8: Plot of the criterion log M (n) as a function of n, representing the level of non-
homogeneity, for the temperature anomaly data from 2015-2016.

where A?X,, . (P,t) is an estimator of the truncated and differenced process, AYX,, (P,t).
It is obtained as a residual process from regressing A{X (P,t) on {Y;"(P)}i<, as described
in Equation . Likewise, the neighborhood Ny, 5, can be defined in the same manner
as in Equation (5.7). Thus, the graphical analysis can be derived to estimate the order of
non-homogeneity x by using the criterion M (n) in Equation . Figure shows that,
for d = 1, the criterion becomes small when n > 1, suggesting that k = 1 is a suitable level
of non-homogeneity.

Even though the true ISCF values are unknown for this real-world dataset, we can still
compare our estimated ISCF values with the corresponding MoM estimates to assess the
performance of the estimation from a data-driven perspective. As shown in Figures the
fitted values and MoM estimates for the IRF(1,1) model are generally closer to each other
than those for the TRF(0,0) model, presented in Figures However, as illustrated in
Figure the TRF(1,1) model provides a less accurate representation of ISCF variation

with respect to great circle distance at fixed time lags, compared to the IRF(0,0) model
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Figure 5.9: MoM estimates (black solid line) and fitted covariance values (red dashed line)
of the IRF(0,0) model for the 2015-2016 temperature anomaly data, given fixed time lags
h.

in Figure This limitation arises from the inability of our parametric IRF'(1,1) model
to capture the negative ISCF values observed at certain time lags—for instance, when
h = 1,2,4,5. The presence of negative ISCF values also contributes to the oscillatory
behavior seen in the MoM estimates in Figures |5.7] which is also not adequately captured
by our parametric model. Therefore, developing novel models of ISCF that account for

these negative or oscillatory values could be a valuable direction for future research.

64



h=0 h=1 h=2

4 — MoM 4 4
= - fitted
3 3 7 3 7
LL 2 LL 2 LL 2
3 3 3
= 1 = 1 = 1
0 0q--,~= 0 q--—
-1 -1 -1
1T 1T T 1 1 1T T 1 1 1T T 1
0.0 1.0 2.0 0.0 1.0 2.0 0.0 1.0 2.0
Spherical Distance Spherical Distance Spherical Distance
h=3 h=4 h=5
4 4 - 4 -
3 3 3
L 2 L 2 L 2
? 3 3
= 1 = 1 = 1
0 - - - 0 _:7-?——_ O _/__m—__
-1 -1 -1
1T 1T T 1 1 1T T 1 1 1T T 1
0.0 1.0 2.0 0.0 1.0 2.0 0.0 1.0 2.0
Spherical Distance Spherical Distance Spherical Distance

Figure 5.10: MoM estimates (black solid line) and fitted covariance values (red dashed line)
of the TRF(1,1) model for the 2015-2016 temperature anomaly data, given fixed time lags
h.
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Chapter 6

Conclusions and Future Directions

In this research, we introduced spatially non-homogeneous and temporally non-stationary
models for random processes on the sphere by developing intrinsic structure covariance func-
tions (ISCFs). These ISCFs combine spatial intrinsic covariance functions with temporal
structure functions.

To address spatially non-homogeneous random processes, we adopted the framework of
intrinsic random functions (IRFs) and intrinsic covariance functions (ICFs) on the sphere.
The allowable measure of IRFs on the sphere truncates the low-frequency components in
the spectral representation of the random process (Huang et al. 2019) [8]. This property al-
lows us to construct homogeneous ICFs and subsequently derive spatially non-homogeneous
covariance functions for IRFs on the sphere.

Analogously, to handle temporal non-stationarity, the concepts of random processes with
stationary increments and their structure functions were applied. In this case, temporal
stationarity can be attained by taking differences of the original processes (Yaglom 1958)
[16]. The resulting stationary covariance function is referred to as the structure function.
We also demonstrated the connection between random processes with stationary increments
and intrinsic random functions on the real line.

Therefore, by simultaneously applying the concepts of IRFs on the sphere and random
processes with stationary increments, we proposed an ISCF model that integrates a spatial
intrinsic covariance function with a temporal structure function. ISCFs provide a use-
ful framework for exploring covariance structures in non-homogeneous and non-stationary

spatio-temporal random processes on the sphere. Additionally, we showed that ISCFs can
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be expressed in a parametric form, with parameters that characterize the decay of the
process over temporal lags and geodesic distances.

Finally, we investigated the proposed model through a simulation study. The results
demonstrate that the ISCF estimation performs well. Furthermore, we also applied this
model to the real-world data about the temperature anomaly.

Several directions remain open for extending and enhancing the proposed model of
non-homogeneous and non-stationary random processes on the sphere and their intrinsic
structure covariance functions. Omne promising approach is the development of various
parametric or nonparametric models of the ISCF that take advantage of the flexibility of its
modeling framework. As illustrated, the flexible ISCF framework allows for the modeling of
diverse dependency structures across different datasets, thereby enhancing its applicability
to a wide range of real-world problems. Hence, by utilizing the flexibility of the proposed
modeling framework, we can develop various new ISCF models to accommodate different
dependency structures in data, such as oscillatory or negative ISCF values, as discussed in
Section

Another important direction is to extend the proposed ISCF model to develop optimal
prediction methods for spatio-temporal data on the sphere. In particular, constructing a
universal kriging framework based on the ISCFs would enable efficient prediction at unob-
served locations and future times while accounting for both spatial non-homogeneity and
temporal non-stationarity. Further theoretical development and practical implementation
of such predictive methods would enhance the applicability of ISCF models to real-world

problems in spatio-temporal data analysis.
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Appendix A

APPENDIX

A.1 Proofs of Equation (2.2) and (2.3

Note that we can express the process:

9 l
X(Pt)=> > Zimt)Y"(P), PeS’ teR
{=0 m=—¢

Zglt) = / X(P, )Y (P)dP

Roy (1969) [13] stated that if the process is homogeneous and stationary, then

Cov(Zym(t), Zy () = 65 ™ ay(h), h=t—s (A.1)
where
, 1, =/ , 1, m=m
65 - y (Sm =
0, otherwise 0, otherwise

To prove lb we first need to show Cov(Zgm(t), Z, ./ (s)) is stationary if X (P, t) is sta-

tionary. The corresponding proof is below:

B(Zenl0), 2 () = B| [ X (P (2)ir [ x(@9v7@ae

(by Fubini’s theorem)
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- [ E|x@oxa|yrenr@dar -

We know FE [X(P, )X (Q, s)] is stationary; therefore, E(Zgym (t),Z,

v v (8)) s also stationary.

Now, we look into the condition of 5f 0" in Equation (A.1). According to the definition of

homogeneity,

Cov (X(P, t), X(Q, s)): Cov (X(gP, t), X (9@, s)) (A.2)

where ¢ is any rotation operator. First, we can extend the left side of Equation (A.2)):

) 0 ) l
Cov(X(P,t), X(Q, s)) = Cov (Z Y Zim®Y(P), YN Ze,MS)W”(Q))

{=0 m=—¢ {=0 m=—¢

=> Z > Z Yy (PY(Q)Cov(Zey iy () Zt s ()

l1=0m1=—41 lo=0mo=—/{2

(A.3)

In equation ({A.3)), the only random parts are from the coefficients Zy, ,,,, () and Zg, p, (s)
containing X (P,t) and X(Q,s). On the other hand, the spherical harmonics Y, (P) and

Y, *(Q) are deterministic. Likewise, for the right side of Equation (A.2)),

Cov(X(gP,t), X(9Q,s)) = Cov (Z > Zim ()Y (gP), Z Z Zpm(8)Y{" (gQ)>
=0 m=—{ {=0 m=—¢

—Z Z >, Z Y (gP)Y™ (9Q)C0v(Zey gy (1) Zey iy (5))

=0mi1=—41 lo=0mo=—F>

(A.4)
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Moreover, by Roy (1969) [13], we can express the rotation operation as a linear trans-

formation of the spherical harmonics of the same order such that

e / !/
Y/MgP) = ) SP" (9)Y" (P) (A.5)
m =—¢

with respect to the matrix form:

Y, (gP) - - Y, (P)
S, g) S;%(g)
}/6754*1 (gP) }/g*f+1(P)
ngf(g) Si'(9) 2041) % (2041
Y;(gp) - 4 (26+1)x(2¢+1) Y-eé(P)
L 4 (20+1)x1 _ ) L 4 (26+1)x1
S g) S;%(g)

where S¢(g) = (S (9))=

Sy g - SH(g)
L 1 @e+1)x (204 1)

is a (20 + 1) x (2¢ 4+ 1) unitary matrix. Therefore, by plugging Equation (A.5)) into

Equation (A.4), we can find

Cov(X(gP, t), X(9Q, 5))

0 4y 00 lo
:Z Z Z Z COU(Z517m1(t)Z€2,m2(S))
L1=0m1=—41 lo=0ma=—{2
’ ’ Lo ’ ’
oS @YHP) DS S (9)Ye Q)

/
mlz—él m2:_62
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Z Sg’flmg(w Z SZQmQ(g)COU(Zh,m’l(t)Zf2,m’2(S)) (A.6)

Define By, ¢, := <Cov(Zglm1 (t)s Zty,ms (s))), which is a (201 + 1) x (203 4+ 1) rectan-

gular matrix, where h = t — s. Then, the coefficients of Yglnl (P)YZ;2 (Q) in Equation [A.6

become

Sfl (g)Bfl,&,thQ <g>t <A7)

In the same manner, the coefficients of Y, (P)Y,**(Q) in Equation (A.3) can be rep-

resented by

Biy o, (A.8)

Since (A.7) = (A.8) by Equation (A.2)), by Schur decomposition, we can conclude that

ag(h)

COU(Zﬂhml (t)v Z€2,m2 (8)): Bf1,€27h =

ag(h)
L 1 (2e+1)x (20+1)

where ¢ = 01 = {5
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= ar(h)L(2041)x (20+1)

= 0,202 a,(h)

This is the end of the proof of Equation (A.1]).
Now that we have Equation (A.l), we can apply this covariance function of the coeffi-

cients to Equation the covariance function of the process. Hence,

[e'e] fl [ee] 52

CooX(P.0), X@Qu) =2 3, 2. 2, CovlZunm(t)Zem ()Y (PY(Q)

51:0 mlz—ﬁl EQ:O mzz—ﬁz

00 ¢
=2 > amY(PYrQ  (by (BD)
=0 m=—/
00 L
=> ag(h) Y Y(PY(Q)
=0 m=—/{

- 20+1
= E ag(h) 4+ Pg(cosPij) (by Additivity theorem)
7r
=0

(2041)
4

where ay(h) is positive semidefinite, and >, ag(0) < o0
The function as(h) should be positive semidefinite since it is a time series covariance

function. In addition, )., (Qiil)ag(O) < oo since the second moment should be finite.

Because Cov(X(P,t), X(P,t))= Var(X(P,t))< oo, it should be 7%, (2f;1)ag(0)Pg(O) =

Yo (2i;1)ag(0) < 00. In conclusion, the covariance function, Cov (X(P, t), X(Q, s)), only

depends on its spherical distance (P, Q) = ]@ and the time difference h = ¢t — s. This
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indicates that Cov(X (P,t), X(Q, s)) is homogeneous and stationary.

A.2 Proof of Proposition

(=) Define

X(dP) := dg(dP) = Z Y(Q)Y[(dP)

l<k m=—{
where P,Q € S? and dg(dP) is the Dirac measures on S2. First, we need to prove that )\SQ
is the allowable measure on S? that truncates spherical harmonics with orders less than k.

That is, any spatial random process on the sphere X (P),

X(AH) Z Z Z{YM(P)AY(dP)

SeOm—e

= Z Z Z7YMQ)

=Kk m=—/

= Xx(Q)

Proof. For £ < k,|mg| < 4o,

Ve = [ vmengan) = [ vee san - Y Y vrewrar)

<k m=—/

S@-X S v Q) [ v ey ap)

<Kk m=—/L

(by the orthogonality of the associated Legendre polynomials and its derivative, )

— Y0 (Q) - Y (Q) =0

Therefore, )\SQ € A? in that it annihilates associated Legendre polynomials with order less

than k. ]

73



Now, suppose that X (P) is an IRF,; for £ > 1 and X% (dP) = 0 (dP) ="y Sme—, YI(Q).
By the proceeding proof, )\SQ € A7 that annihilates associated Legendre polynomials with
order less than r. As a result, X(\;) = X,x(Q), and likewise, X(gAf)) = Xx(9Q). Note
that E(X(A\p) = E(X(gAp)) and Cov(X(Ap), X(AG)) = Cov(X(gAp), X(9A7)) by the

condition that X (P) is an IRF,. In conclusion, we can get

This indicates that X, (P) is homogeneous.
(<) Let assume that the truncated process X (P) is homogeneous for any x > 1 and

any P € S?. Since

¢
X(P)=>">" ZimY"(P)+ Xa(P) and X €A,

<Kk m=—/L

We can say that

X(¥) = | X(P)3(ap)

:/SQ{Z i: Ze,m}@m(PHXﬁ(P)}AS(dP)

<k m=—/

L
:/SQ{Z Z Zé,mnm(P)})\s(dP)—l- . XR(P))\S(dP)

{<k m=—{

= [ X.(P)A*(dP)
82

= X, (\%)

The second last equality can be achieved because the finite sum in the first term vanishes
by the definition of the allowable measure A\* € A%. Then, the expectation value of X (\?)

can be presented as
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E(X:(N\)=E | X.(P)X*(dP) = / E(X.(P))X°(dP)
S2 82

since Fubini’s Theorem can be applied by the fact that A® is a finite measure and X, (P) is

integrable. Likewise, for g € G,

X(gX°) = Xx(92°) and E(Xﬁ(gks))—/S2E(XH(QP))AS(dP)-

Since X, (P) is homogeneous, E(X.(P)) = E(Xx(g9P)). Therefore, we can conclude
that

E(X:(X)) = E(Xx(9A"))

Similarly, by Fubini’s theorem, for P,@Q € S? and A\{, A5 € AS,

Con(X (). X09)= [ [ Conlx(P). (@)X (aPI5(a0)

and

Con(X (). X(@4))= [ [ Con(X,(P). XloQ)Ni(@PIN;(aQ) for P.Q e

We know that Cov(X.(P),X.(Q))= Cov(X.(gP), X.(gQ)) by its assumption of homo-

geneity. As result, we get the desired conclusion that
Cou(X(X), X(33))= Cov(X(gX]). X (93)).

Hence, X (P) is an IRF*(k). O
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A.3 Proofs of Equation (2.10) and (2.11)

Proof.

Note that Y (t) = X (¢t + 1) — X(¢). Hence,

t—1 t—1 .

AXH)=X{t)-X(t—1)= Y Y(s)= / e dZ, (w)
s=t—t s=t— VT
x t-1 ™ WL
:/ Z 6msdzy(w) :/ eiw(t_b)(eiwll)dzy(w)
T s=t—1 - e =
=)
:/ﬂe A )

Therefore, X (t) — X(0) = /

Let E(|dZ,(w)|*) = dF,(w). Then,

" gon (L= e (1= e
D(h§L17L2):/ et |eiw — 12 dFy(w)

—T

w2 1
Let Z(we) — Z(w1) = / = 1alZy((,u),
w1 e —
w2 1

F(wg) — F(wy) = / dFy(w), and X(0)= Xj.

w1 |€iw _ 1|2

Then,

X(t) = /7r (et —1)dZ(w) + Xo

—T

D(hji1,12) = / eWh(1 — g7 (1 — e2)dF (w)

—T
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A.4 Proofs of Equation (2.13) and (2.14)

Proof. In the case of a continuous time term, we can see a stationary process Y (t) as a
derivative of X (¢); thus, Y (t) = X'(t) if it exists where ¢, h € R.

In other words,

Then,
AX(H) = X (1) — X(t 1) :/ ds_/ / ¢ dsdZ, (w)
t—e
00 iwt _ eiw(th) (1 _ e*’LOJL
— - -~ 4z — zwtidz
e O
Therefore,

o] ezwt _

1dZy(w)

X(t) - X(0) :/

oo W

o) t __ 1
X(1) = / T dZ,(w)+ Xo where Xo = X(0)

w

If we can assume X (0) =0,

0o o —lwi _ Llwig
D(h;L1,L2)=/ e’“h(1 c e >dFy(w)

2
oo w
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Therefore,

D(h 11, 19) = / ¢ (] =) (1 _ e=i12) g ()

Note that Z(wq) — Z(wy) = fwg M’ F(ws) — F(wy) = fwz dFy(w).

—w1 W w1 w?

A.5 Proofs of Equation (2.18) and (2.19)

Proof.

Since X(-) is a random process with stationary increments of order 2,

by the definition of I(2) and the spectral representation in Equation ([2.3.2)),

67,0.)

AX(E) = X (1) — X(t—1) = /t_ /_Oo ;w_ L iz, (w)ds

oo iw) iw oo

Therefore,

X(t)—X(O):/OO et — 1 —qwt

T e )

By assuming X (0) = 0,

o0

X(t) = / (9 — 1 — iwt)dZ(w)

—00

Also,

A2X (1) = AX(t) — AX(t—1)
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00 eiwt_eiw(th) L 00 eiw(th)_eiw(thL) L
- [ gl [ —ar— gl

—0 —00
00wt 1— —iwe\2
—/ € (,62 )dZy(w)
e (W)
As a result, we can get the structure function such that
D(h;u1,2) = / e“"h(l — e W 2(] — )20 ()
—oo

Note that Z(w2) — Z(w1) = f""Q dZy(w) F(ws) — F(wy) = j‘wz dFy(w).

—wi  (w)2 —w1 w?

A.6 Proof of the positive definiteness of Equation (4.9))

The function R(P,Q,t,s) in Equation (4.9) is positive semidefinite.

We can rewrite (4.9) as :

00 L
_ 2 itw (itw)
DD B e =)
—isw)d1 1
<e”‘” —1+idsw ((d )1)' > 57 (w)
[Wm(P)Wm(Q)—ZYe (P)Y;™(1)an(Q) = > Y1) Y™ (@) (P)
v=1 v=1
SN )6 (@) + 3 ()@
v=1p=1 v=1
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Therefore, for any n € N, ¢;,¢; € C, x;, x5 € S? and ti,t; € R where i, =1,2,3...,

ZZCZCJCOU< (zi i), X (xj7tj))

=1 j—1
{Ye%» - gn%)qu(m} 2

b=k m=—{
dFy(w) + Z
where Fy(w) is a non-negative measure.

2
>0

Tv Z CzQV xz
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