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ON THE RATE OF CONVERGENCE IN NORMAL APPROXIMATION AND
LARGE DEVIATION PROBABILITIES FOR A CLASS OF STATISTICS*

M. L. PURIT AND M. SEOH#

Summary. A new class of statistics is introduced to include, as special cases,
unsigned linear rank statistics, signed linear rank statistics, linear combination of
functions of order statistics, linear functions of concomitants of order statistics, and
a rank combinatorial statistic. For this class, the rate of convergence to normality and
Cramér’s type large deviation probabilities are investigated. Under the assumption that
underlying observations are only independent, it is shown that this rate is
O(N~%*log N) if the first derivative of the score generating function ¢ satisfies
Lipschitz’s condition of order 8,0< 8 =1, and it is O(N~"?) if ¢” satisfies Lipschitz’s
condition of order 8 = 3; and that Cramér’s large deviation theorem holds in the optimal
range 0<x = pyN"® pn =o0(1). The results obtained provide new results and extend
as well as generalize a number of known results obtained in this direction.

1. Introduction. Let Zy,=(YR), YR, -+, Y{¥), 1=j=N, be independent p-
variate r.v.’s (random vectors) with joint c.d.f. (cumulatlve distribution function) Fy;(t),
te R’ (the Euclidean p-dimensional space). Let g be a function on R” such that
X N =g(Zn;), 1=j= N, has a c.d.f. Gy; which may not be contmuous Define the rank

% of X%, among {X%,; 1=k= N} by R§;= Zk L u( X% — X%k), where u(x)=1 or
0 according to whether x =0 or x <0. Consider a class of statistics

N
(1.1) Ty = Y cnanry(Zn),
Jj=1
where cyj, 1 =j = N, are regression constants and an;(¢), 1 =j = N, are functions (called
scores) generated by a known nonconstant function (called a score generating function)
¢(s, 1), 0<s<1, teR” in either of the following two ways:

(1.2) anj(t)=¢(EUy.;, t), 1=j=N, (approximate scores),
(1.3) ani(t)=E@(Un.j, 1), 1=j=N, (exact scores).

Here Uy.; denotes the jth order statistic in a random sample of size N from the
uniform distribution on (0, 1).

The statistic (1.1) includes as special cases the followmg statistics.

(a) Upnsigned linear rank statistic ¥, = Z | CNj@NRy, DY taking p=1, g(t)=1t and
e(s, 1) =¢(s).

(b) Signed linear rank statistic ¥, = Z; | enjakiry, sgn Yi) by taking p=1, g(1) = 1|
and ¢(s, t)=¢(s)sgnt (where sgn t =2u(t)—1).

(c) Linear  combination of functlons of order  statistics ;3=
(1/N) Z} L akry ¥ (Y(”)( (1/N) Z; Latw(YR)) bytaking p=1, g(t)=t, (s, t) =
#(s)y(t) and cyj=N"', 1Sj=N.
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(d) Lmear functions  of concomitants of order statistics Fy=
(1/N)ZL, @y W(YR)(=(1/N) 3, ak(YR)) by taking p=2, gt t)=t,
e(s, 1, tz) = ‘P(S)(//(tz) and cj;=N", 1Sj=N.

Here the a’¥; are the usual scores generated by ¢(s); Ry, Y. j» 1Sj=N, are
the rank of Y and the jth order statistic, respectively, among { Y\k, 1 = k= N}; RY;,
1=j=N, is the rank of Y| among {| Y, 1= k= N}; YR, is the concomitant of
the jth order statistic Y'\); (jith induced order statistic, see [2]), ie, Y@,= Yk,
if the marginal c.d.f.’s of YY), 1=j= N, are continuous. (Note that the equalities in
%5 and &, are justified under this condition.) Furthermore, denoting W), = cyjank(Zn;),
1=j, k= N, we can rewrite (1.1) as

(e) Rank combinatorial statistic ¥s = Z; 1 Wiry, (cf. [25]).

In recent years, under different sets of assumptions, a number of authors have
investigated these statistics separately, to derive asymptotic normality, rates of conver-
gence to normality and the Cramér-type large deviation results. See, for example,
Hajek [8], [9], Does [4], and Kallenberg [17] for results concerning the statistic %;;
Huskova [13] and Miiller-Funk and Witting [19] for results concerning %,; Stigler
[22], Helmers [10], [11], and Vandermaele and Veraverbeke [24] for results concerning
F5; Yang [26] for &,; and Motoo [18] and von Bahr [25] for results concerning ¥s,
among others.

In this paper, we derive suitable order bounds for the remainder term in the
normal approximation, and the Cramér-type large deviation probabilities for the class
of statistics Ty defined in (1.1). The results obtained include, as special cases, Bergstrom
and Puri [1], Kallenberg [17]. Vandemaele and Veraverbeke [24], and [27], [29]. They
also extend and generalize HuSkova [14], [15], Does [4], Miiller-Funk and Witting
[19], Bjerve [3] and Helmers [10], [11], among others (see Remarks 3.1-3.5 and 4.1-4.4).

2. Assumption and notation. We assume the following.

AssumPTION A{?). The score generating function ¢(s, t), 0<s<1, t €R”, has the
Ith partial derivatives ¢\"(s, t) = 0'(s, t)/as' satisfying Lipschitz’s condition of order
8, 0< 8 =1, with respect to its first argument s, i.e.,

(2.1) 06 D= DISIx—yI°AD),  0<x,y<1,

where A, is some non-negative function. There are non-negative absolute constants K
and 7 such that

2.2) max E|A(Zn)|"=K'r™  for any real r>0.
=j=

Furthermore, ¢(s, 1), ¢i"(s, 1), " - -, @i(s, t) are jointly measurable in s and ¢ such that
(2.3) lei(s, DI=A(),  k=0,1,-+,1 (¢\"=0).

Remark 2.1. The condition (2.1) ensures that we can choose a suitable function
A, satisfying (2.3) without loss of generality.

Remark 2.2. With the special form ¢(s, t)=¢(s)y(t) of the score generating
function, we note that the joint measurability is out of question and the condition (2.1)
restricts the score generating function ¢ to bounded ones.

The main idea (utilized essentially by everyone) is as follows: assuming ¢,( = ¢{"),
we first approximate the statistic Ty in (1.1) with approximate scores (1.2) by the
two-term Taylor expansion, i.e.,

(2.4) Sy = Z CN;{‘P(pij ZN,)"‘ (pNj Pij)QDl(Pij, ZNj)}a

j=1
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where pn; = R%;/(N +1) and pn;; = E(pn;| Zx;), 1=j = N, and then treat the remainder
term under suitable assumptions. Next, we use Hdjek’s [9] projection method to
approximate Sy by

2.5) Sn=7 E(S|Zn)—(N—1ESy.
=1

Then, the desired properties of Tn can be established by showing those of Sx as
applications of the well-known classical theory for sums of independent r.v.’s.
Let ¢(x) denote the standard normal c.d.f. and put

(2.6) 73 =DTy, oX=DSN, 6% =DS\.

Furthermore, let || - || denote the usual supremum norm and, for any r.v. S, let S° denote
the r.v. S centered at its expectation, i.e., S°=S—ES.

From now on, we omit the first subscript N in Zy;, X};, ¢cnj, pn;, etc., for the
ease of notation whenever it causes no confusion.

3. The rate of convergence in the normal approximation. The asymptotic normality
of the statistics &, and &5 (special cases of the statistics Ty in (1.1)) is well known.
However, often one needs information more precise than the asymptotic normality
can provide, and one may try to find suitable order bounds for the remainder term
IP(TX = 7n") — @(-)| when the distribution of (1.1) is approximated by the normal one.

THEOREM 3.1. If assumption A\> is satisfied, then

(3.1) [P(TN=6n)—DP(-)]| =36CK>3*"w;+2eMy (log N)' =572,
(3.2) |TN_6N|§MN&NN_5/2a

where C is a constant (0.7975 is van Beek’s [23] estimation) and
N 1/2

(3.3) My = 64eK2”&;,‘< Y cf) .
j=1

THEOREM 3.2. If assumption A is satisfied with a bounded A, then
(3.4) |[P(TY=6n)—¢(*)||=0(max {w;, ®3°}) and |rn—En|O(Ens),

where w; =63 3" [¢f’.

Theorems 3.1 and 3.2 not only extend or generalize a number of existing theorems,
they also provide new results as explained in the following remarks. (In what follows
the general alternatives mean that the underlying distributions are only independent.)

Remark 3.1 (Unsigned linear rank statistic &,). Theorem 3.1 includes Theorem
1.2 in Bergstrom and Puri [1] that obtained the order bound N~"?log N only for
approximate scores. Our assumptions are slightly weaker, and our bound is more
explicit than the Bergstrom-Puri bound. As in our Theorem 3.2, Huskova [14], [15]
and Does [4] obtained the Berry-Esséen bound of order N~"/? (the former dealt with
bounded ¢ and the latter included unbounded ¢) under assumptions on ¢ weaker
than ours. However, their results are derived under the restrictions that underlying
distributions are continuous and identical (Hu$kova, Does) or contiguous (Huskova).

Remark 3.2 (Signed linear rank statistic &,). Miiller-Funk and Witting [19] derived
a bound of order O(N ~"*(log N)?) for a restrictive case of statistic #, (assuming that
the underlying distributions are i.i.d. and ¢y, ="+ - =cnyn). For the case of general
alternatives, Ralescu and Puri [21] derived a bound of order O(N ™), a >13.
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Remark 3.3 (Linear combination of functions of order statistic &;). Bjerve [3],
dealing with the trimmed linear combination of order statistics, obtained the rate
O(N~'"?) for the case of i.i.d. r.v.’s imposing rather strong smoothness conditions on
the underlying distribution function. Helmers [10], [11], who improved Bjerve’s results
and considered the linear combination of order statistic only for the approximate
scores, obtained the same rate as Bjerve under assumption on ¢ weaker than ours.
However, both Bjerve and Helmers deal with linear combination of order statistics for
the i.i.d. r.v.’s while we consider the problem under the general alternative both for
approximate as well as exact scores.

Remark 3.4 (Linear functions of concomitants of order statistics &%,). Our
Theorems 3.1 and 3.2 provide rates of convergence to normality for the statistic &,
that to the best of our knowledge, has not been investigated so far. This would justify
the application in Yang [26].

Remark 3.5 (Rank combinatorial statistic &s). Von Bahr [25] considered a class
of statistics that includes ¥ as a special case, and derived the order N /2 under rather
restrictive assumption that the vector of ranks is from the i.i.d. r.v.’s.

4. Cramér’s type large deviation probabilities. In this section, we are concerned
with relative error in the normal approximation of the distribution of the statistic (1.1),
ie., P(TN)> rax)[1—e(x)]7"

We assume that the variance of Ty satisfies

(4.1) lim 7 =lim DTy >0,

and that the regression constants satisfy
N N
(4.2) max [¢|=O0(N"?), Y ¢j=1, ¥ |¢’=0(N""?).
Isj=N j=1 Jj=1

Let 8=1/(2(3+27)). Then, we have
THeoreM 4.1. If Z,, Z,,- -+, Zyareiid. rv’s, ¢;=c,="* - = cy, and assumption
A\" is satisfied, then uniformly in the region 0<x=p,N? pn=o0(1),

(4.3) P(TNZ rax)[1-®(x)] '=1+0(1) as N->o©

which remains true if Ty is replaced by Gy

THEOREM 4.2. If Z,,Z,, -+, Zx are only independent and assumption A" is
satisfied with a bounded A,, then the conclusion of Theorem 4.1 holds.

Theorems 4.1 and 4.2 provide a number of new results, as well as include known
results as special cases. For reasons of clarity, we make the following remarks.

Remark 4.1 (Unsigned linear rank statistic ;). Kallenberg’s [17] result is a special
case of our Theorem 4.2. Kallenberg obtained the result under the assumption that
underlying distributions are i.i.d. and continuous while ours is obtained under the
general alternatives and without assuming the continuity of the underlying distribution
functions.

Remark 4.2 (Signed linear rank statistic &,). The same result as Kallenberg’s is
obtained under the general alternative that to the best of our knowledge is not known.

Remark 4.3 (Linear combinations of functions of order statistics ;). Our Theorem
4.1 includes, as a special case, Theorem 2 in Vandemaele and Veraverbeke [24].
However, the latter applies only to the linear combinations of order statistics without
continuity of underlying distributions while the former applies to the linear combina-
tions of functions of order statistics with the continuity assumption. Our Theorem 4.2
extends these results under the general alternatives; however, our score generating
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function is uniformly bounded to cover only the linear combination of bounded
functions of order statistics.

Remark 4.4 (Linear functions of concomitants of order statistics &, and rank
combinatorial statistic ¥s). Theorems 4.1 and 4.2 provide, to the best of our knowledge,

the only known results concerning large deviation probabilities both for the statistics
¥, and ¥s.

5. Preliminaries. In this section, we derive bounds on the 2rth moments for the
r.v.’s defined in the following lemmas. These bounds play important roles in the proofs
of our theorems.

Let {Y;};2, be a sequence of r.v.’s and {d;} a sequence of real numbers.

LeEmMA 5.1. Let W, j=1, be r.v’s of the form W;=g,(Y,, Y, -, Y;) such that
E(W,|Y,, Ya, -+, Y;,)=0 for j=2. If the sequence {d;} is nonincreasing in absolute
values, then for any positive integers r and |,

1 2r 1 r
(5.1) E( Y dIW,) = (4e)’( ¥ df) r max EW;}".
=1 = =j=

LEMMA 5.2. Let Y;, j=1, be independent and let V,k be r.v’s of the form ik =
gu(Y;, i), 1=}, k<oo, such that for any j and k, j# k, E(V,|Y;) = (Vi| Yi)=0.
Then, for any positive integers | and r

1 1 2r 1 r
(5.2) E(l D) d,f/,.k> §(4e)2'(z d}) (r)¥I"" max EVZ.
l(,’—_-l kj Jj=1 1= j k=1
j*k

Proof of Lemma 5.1. For r=1, the proof follows by applying Holder’s inequality
to (Z,’-=1 d;W,)*" and some routine computations. For r<I, the proof follows by
induction on / with r fixed.

Proof of Lemma 5.2. Since the assumptions and the conclusion of this lemma are
invariant under simultaneous permutation of the d; and Y;, we may assume that
|di|z|dy|= - - - =|d)|, without loss of generality.

Define W1 W, =0, W, = Yo ~k and W Z dekj, 2=j =1, so that

A 1’
”1§

j=1k

! ~ 1
z v,»=,{z dW+z w}

The proof follows by noting that { W;} _, and { Wj} =1 satisfy the assumptions of Lemma
5.1, and using the following facts:

N ] 2r I 2r
(a) EV?’.S_I"Z’ZZ"'{E(Z djW,) +E(z W,.) }
j=1 j=1

1
= 1‘2'22"‘(4e)'r'{( 3 df) max EW;"+1" max sz'}
J=1

1sj=l1
(b) EWj"=(4e)’(j—1)"r" max EVY,
ki
. j-1 r ~
(c) wa'g(4e)’( ¥ di) r lm’:zlxlEVi;,
k=1 =k=
k#*j

which can easily be obtained by repeated use of Lemma 5.1.
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We now derive suitable bounds for remainders in approximations of Sy by Sn
and of Ty by Sy. Note that

1 1
. TP =T X&— G( X =——
(5:3) P = I, - XD - GUXDY = § Hy
For each j, conditionally given Z;, p,—p; is the sum of independent r.v.’s with zero

means. Thus an application of Lemma 5.1 and Holder’s inequality yield that, for any
real r,

(5:4) E{(p;=py)"| Z}=(4e)[r TN, j=1,2,--, N,
where [r] is the smallest integer =r. It follows by elementary computations that

E(Sn|Z) = ae(pu, Z) +ESy — cE@(pu, Z))

N

J#l

Thus we can write

o N L. A 1 N N
(5.5) Sy=Y 8K, SN-SV=7=—73 T ¢Vi,
j=1 120 k)
where
A 1
SV =cle(p;, Z)—Eo(p;, Z )}+N_+—I Z aE{Hye\(pu, Zi)| Z},
(5.6)

ij = ij‘Pl(P,j, Z,) —E{ jk‘Pl(pjja Z,) |Zk},

and Hj is defined in (5.3). Since E{ ij|Zj}=E{ ij|Zk}=O for j# k, we may apply
Lemma 5.2 to obtain that, for any integer r=1,

N r
(5.7) E(S‘L—S(}V)z’é(Se)z’( Y c}) (2r)2’N"]ma)§V EAT(Z).
J=1 =j=

We finally prove
LEmMA 5.3. For any integer r>0, we have, under assumption A",

N
(5.8) E(T% -S%)* = (16eK)2’( ¥ cf) 2r)trm2r N,
j=1
under assumption A{®, 1= 1 (for approximate scores),

1 2r 2K 2r
(59) E( T())\,—- z I?() _( ) (X cs ) (4er(l+1))r(l+8)(2r)2rnN—r(l+8—l),
k=0
where the r.v.’s I, 0= k=1, are given by

(p; p,,)"

(510) Ik_z j (k)(p]j’ )9

and, under assumption A\>, 1= 2,

R o ¥ N " -r r
(5.11) (Z c{aR (Z)- ‘P(N—ﬁ Z,)} ) §<,~§1 cf) N max EAJ(Z),
where 4;(t1)=E@(Un.j, 1), 1Sj=N, teR".
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(8)

Proof. Under assumption A;°’, Taylor’s expansion yields that

L(x—y)*
‘sv(x,,t)— ZO 0

k=

(5.12)

e 1) <—lx yI'"PA(8)

for any 0<x, y<<1 and feR".

Let Ty denote the statistic (1.1) with exact scores (given by (1.3)) to distinguish
it from the statistic Ty with approximate scores. Then it follows from (5.4), (5.12),
and Holder’s inequality that

Lo 2 P ! (pj"pjj)k (k) Zr
E\Th— L Ik) =2"E| ¥ ) ¢(p, Z)~ L %= ¢1(py Z)
k=0 Jj=1 k=0 :

N r N
(5.13) §22r(2 CJZ) (“)—ZrNr—l ‘Zl Elpj__pji|2r(l+A)A%r(Z’)
= j=

<l2')2( hitS ) (4e)1+9)

. (r(1+ 1))r(l+8)N—r(l+6—l) lmaxN EA%r(Z])
=j=

which, together with (2.2), yields (5.9). Moreover,

(5.14) E(T‘,’V—T‘,’V)z'gzz'(g1 cf) E[El{aR (Z) - (p(Nlil ,)}]

Under assumption A{>, (5.12) ensures that |G;(¢)— ¢ (i/(N+1), t)|= N"""2A,(1)
for any 1=j= N and ¢. Since Sy = I,+ I, (5.8) follows from (5.13) and (5.14). On
the other hand, under assumption A{®’, =2, there are second partial derivatives such
that |d;(f) —¢(i/(N+1), 1)|=(2N)"'A,(¢) for any 1=j= N and ¢. Hence (5.11) fol-
lows from (5.14). The proof follows.

6. Proof of theorems in § 3. We now prove Theorems 3 1 and 3.2.
For convenience, we denote, for any integer r, w,=z = , |cF|’, where ¢f =c¢6,
1sj=N.
Proof of Theorem 3.1. By standard arguments, we have, for any £ >0,
P(T% = 6nx) = P(S8 =on(x+e))+P(TY - 88 ~N| = Fne),
P(T° =6wx)ZP(SA =65 (x—)) —P(|TX - S%| = Gne).

Since 65 SN =YL, ¢ 189 (cf. (5.5)) is a normalized sum of independent r.v.’s
and since, because of (2.2),

(6.1)

N N
(6.2) Y EGNSVIP=4 Y 8lcH’+ N 'w:} max EAY{(Z)= Ly,
j=1 j=1 =j=

where Ly =36K>3’"w,, we may apply Lemma V.2.1 and Theorem V.2.3 of Petrov [20]
to obtain that

(6.3) |E exp (it6 %' 8%)—e /A= 16 Lyt e™™?,  |t|=(4Ly)""
and
(6.4) ”P(SO O'N) d(- )||<CLN

for some absolute constant C (van Beek’s [23] estimation is 0.7975).
It follows from (2.2), (5.7), and (5.8) that

A N r
(6.5) E(Th -850 = (64e1<2")2’< ) c?) PN
1

j=
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Using the well-known inequality |®(x + y) — ®(x)| =|y|, we derive from (6.1), (6.4),
and (6.5),

(6.6) IP(TN=6n)—P(+)||=CLy +e+(Gne) >'BY,

where

2r

N 1/2
BY = [64eK2”( > c{f) r”"N‘W]
J=1

Now choose & = (dne) > BY), i.e., e = My (r' T N7#/2)2/ Q0 "where My is given by
(3.3) and take r=[—1+log N] so that £ = Mye(log N)'*"N %2, This inequality and
(6.6) ensure (3.1), and (6.5) yields (3.2). The proof follows.

Proof of Theorem 3.2. The theorem is trivial if w;= e > Thus we may, without
loss of generality, assume that

(6.7) wy<e”, 4 =s,

which ensures

(6.8) E(GNSY)=((cF)’+N'w,)/18,  E|GN S =(8]c* + N w;)/54.
Moreover, because 1 =Zj'11 E(678Y)*=9""w,, Holder’s inequality yields
(6.9) N=237w;, 0, =N"0)?, w,=N" 0}’

We first prove the theorem for approximate scores.
By standard arguments similar to (6.1), to prove the theorem, it suffices to show that

(6.10) P(|TX — SX = 13- 13| = Gnw;) = O(max {w;, 03°)}),

(6.11) [P(SN+15,=Gn') = @(+)| = O(ws),

where I, is defined by (5.10) and I,, and I,, are given by
Li=Q(N+1))™" UZ’%; H eV (05, Z),

IL;=(2(N+1)")" N HyH i\ (py, Z)),
JoK,
where (j, k)# and (j, k, I)# mean that summations are taken for different indices j,
k, and I over the set {1,2,- - -, N}. It follows that I, = I, + I,,.

Since Sy = I+ I,, applying (5.9) with r =1, I =2, and then using (6.9), we obtain
E(GN (TN — SN —19)*= O(w3??). Also direct computations yield E(6 1 I5,)* = O(w3).
Equation (6.10) now follows easily by Chebyshev’s inequality.

It follows by Esseen’s smoothing lemma (see, e.g., Feller [7, p. 603] and (6.3)
that, to prove (6.11), it suffices to show that, for some positive & = (144K>3*")7",

(6.12) j‘ e 117! £(0)] dt = O(wy),

where f(t) = E exp {it6 5 (S% + I%,)} —E exp (it6 ' SX).

We now need two lemmas that are extremely crucial and the proofs of which are
given in the Appendix.

LeEMMA 6.1. Under (6.7), we have

E(GN1%)" =(2e||A]/9)* (2r) 03"
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LEMMA 6.2. Under (6.7), there is an absolute constant K such that
|E exp (it X/ SW{GN (SR =S¥ + 1Y | = K P rw(1+[t] + 1) ™

for |t|= w3 and any positive integer r=27" log w3 .
Now for any positive integer k, Taylor’s expansion yields

S| _ ]! A1, a0 _ &0 0 \yr . a-180

= 21 TIE[{aN (Sn—=SN+13)} exp (it N SV
(6.13) e )

+o( 201 E{&‘N‘(s‘,{,—s‘;ﬁlgz)}”‘).
Taking k=1, and using (5.7), (6.9), Lemmas 6.1 and 6.2, we see that, for any &,>0,
t
(6.14) I ) L(t—) dt = O(w,).
j=eiw;'?

Next, take 2k =[log w3']. Lemma 6.2 ensures that for any £,, 0<g, =1,

2k—1 t'_l a N A

J . z Hr, [E{G N (SN — Sk +12,)}" exp (itdN'S)| dt
w3 =lt=e 05" r=1 .

(6.15) ’

-1
8%0)3

= w3 €EXp (_ )(2’()61((0;6'( 63K = O(w3).

It also follows from (5.7), (6.9), and Lemma 6.1 that

R G0 L ro 2k <(8e"A2”)2k(2k)2kw§k .
Jer iy B SR SR t a  SBLZER o7
(6.16) §(2e81)2k(2k)2k[(2k)!]_|

=(2e%,)%,

where the last equality follows by Stirling’s formula (see, e.g., Feller [6]). By taking
e,=1/(2¢*) and combining (6.13), (6.15), and (6.16), we obtain

t
(6.17) j ) £
sw3 ' slt=6 07"

which, together with (6.14), ensures (6.12), and consequently (6.11).
Since, because of (5.11),

y

the proof for exact scores follows analogously. The remaining half of (3.4) follows
from (5.7), (5.8), and (6.9). The proof is complete.

dt = O(w;),

N
T (dn(Z) = e(R/(N+1))"

a1
;UN 0)3) §w3,

7. Proofs of theorems in § 4. Before proving Theorems 4.1 and 4.2, we state some
preliminary results. First note that it follows from (2.2), (4.2), (5.7), (5.8), and Holder’s
inequality that, for any r=3,

(7.1) E(T% - S%)¥ =(32eK) (2r)* 1+ N ",
Furthermore, since |63 — 7| = 27n (D(Sn — Tn)) /2 +D(Sy — Tn), we have

(7.2) 6%/t =1+ O(N7V?), 6% =0 for some constant o> 0.
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Hence, to prove Theorems 4.1 and 4.2, it suffices to show that
(7.3) P(TY > dvx)[1—@(x)] ' =1+0(1)

uniformly in the region 0<x = pyN* (recall that B8 =(2(3+27))™").
We now consider the standard arguments

4 P(TY > 6nx) =P(8% > 6n(x— N#)+P(|TY — S%|> 6xNP),
P(T > 6xx) ZP(8% > 65 (x+ N7#)) =P(|T% - 84| > 6N 7).
Using Chebyshev’s inequality and applying (7.1) with 2r=86N?* &=
(0/32e*K)"*™) we have
P(|T% - 8%|> 6 N"P)=E(TX — SQ) ¥ NP6
={(32eK/o)(2r)" "N+ = exp (—~SNF).
Hence, using Lemma VII.1.2 of Feller [6], we derive

(7.5) P(TX - 8% >N P)1-o(x)]'=exp (-8N**)[1-o(pnN*)] "' =0(1)

uniformly for 0< x = pyNP.
Thus, in view of (7.4) and (7.5), to prove (7.3), it suffices to show that

(7.6) P(Sh>Gnxn)[1—0(x)] ' =1+0(1),  |xy—x|=N"%,

uniformly in 0< x = pyN”.
Proof of Theorem 4.1. Define a function

h(x) = J Au(g(t)=x) = G(g(D}re(T(0), 1) dF (1),

where I'(¢) =E(p;| Z;=t) and F(¢) is the common distribution function of the Z;. Set

. N
; (l{l) = ; {‘p(p]p Z) E‘P(P;p ) + h(X])}’
and denote &%= Var (§¥), I=Sj=N. Since §%-N"V28, =
-2N"VY2(N+1)"! Zj'il h(X;), it suffices, using the same arguments as above, to show
that, for |xy —x|= N7,
(7.7) P(Sy > NY26x)[1-@(x)] ' =1+0(1)

uniformly in the region 0< x = pyN”. Note that Sy is the sum of i.i.d. r.v.’s with zero
means and finite variance ¢ such that, with k,=max {k: 4B8k/(28+1) <1},

E exp |S(1)|4B/(2B+l)<1+ Z E(A (Z,)+2EA (z,))*#/@6+D

ko 4Bk/(2B+1) o k N\ 48k/(2B+1)
=1+ &_—_4_ y 16—<K< 4Bk ) )
k=1 k' k=ky+1 k! 23“‘1

ék (1-2/(n+2)*
=1+¢ Zk—k i <00,

where C is an absolute constant; (the last inequality follows by Sterling’s formula).
Hence (7.7) follows using Petrov [20, p. 251]. The proof follows.



692 M. L. PURI AND M. SEOH

Proof of Theorem 4.2. The method to prove (7.6) is similar to that of Kallenberg
[17].
First note that $% = Z{,’i, S%/ is the sum of independent r.v.’s with zero means, and

N
ISRI=2lgl A +(N+1)7! P ladAadl=3]A,=3]A AN, 1=j=N,
#j
for some constant A;. Furthermore there is an integer N, such that, for all N= N,
and 0<x<pyN"®, |xy —x|=N"V¢,

(7.8) 0<3|AJJAN V36 xn =15
in view of (7.2). Thus we can use Theorem 1 of Feller [5] (see also Petrov [20, p.
253]), to obtain that for all N= N,,

(790 P(8%>xndn) = exp {~Ixk Qu (xn)H[1 =D (xn) + bxhn e /7],

where

/\N=3”A1||A1N_1/36'7v|, On <7.465; Qn(x)= ) CIiji,
=1
(7.10) N !
ani =307 T E(SY)},  lanl<87'(120y), jz2.

Jj=1

Note that |xy| = pyN"*+ N7, Since py = 0(1), we have xy = o(N"®) as N - c0. Let
K >0 be such that

(7.11) |xn|= KGN/ (36A,|A]), N=1.
Also it follows by (7.2) and assumption (4.2) that
N
(7.12) l[gnixn] =46 70A Y o’ xy = ANV,
Jj=1

where A; is an absolute constant. Hence, combining (7.10), (7.11), and (7.12), we obtain

Y lgnN| S ANV 4870 Y (KN,
=2

Jj=2

lOn(xn) = AN+
j
which implies that, as N -0,
(7.13) xNOQn(xn)=xNO(N7*)=0(1) uniformly in 0<x=pyN"°.
Moreover, Lemma VII.1.2 of Feller [6] ensures that
OnA N eXp (=AN/2)[1=@(xn)] ' = O(1),
[1-®(xn)]'[1=D(x)]=1+0(1).
The proof follows using (7.9), (7.13), and (7.14).

(7.14)

Appendix. We now prove Lemmas 6.1 and 6.2. R
Proof of Lemma 6.1. Set 63 13,=(2(N+1))™" Zj'il ¢} H;, where

H=(N+1)"'Y Y HiHwe'P(p;, Z).

k##j 17,k
Then, an application of Lemma 5.2 yields that, for 1=j= N,
EH? = (4e||A])> (2r)*

which, together with (6.9) and Hoélder’s inequality, gives the desired result.
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Proof of Lemma 6.2. Since log w;'=2(max,=;=n |c}|)™' when w;=1, it suffices
to show that

A1) |E exp (it6 5 SN (SN = SX +1%,)}']

2

r =7t* t’r
=K' w,(1+|t|+1?) exp m +?Ix<njzlxN|c [].

Let u;(t) be the characteristic function of 7' SV, Then it follows (cf. Petrov [20, p.
110]) that
2

t
|I*.f(t)|§e><p{—3E( NSRS H3E|" ‘Sm‘s}

which, for [t| = w3, yields

=70
(A2) H lm(t)l-exp{ 5 1g F7 max IC*I}
where J is a subset of {1,2, -, N} and #/J is its cardinality.

Recallmg that Hy and V, l_j, k= N, are given by (5.3) and (5.6), respectively,
we define r.v.’s for 1=j, k, IS N

o N+1
(A3) Vi = C,*{ N 2 += > HkHiI‘P(IZ)(pjia Z,)}
Then it follows from (5.5) and the definition of I,, that

(A4) FN(SN =S+ L) =(N+1)2TYY Vi

Gk, D=

Note that for any distinct indices j, k, and [
(A.5) (Viu|Z) = E(Vu| Z) = E(V;u| Z)) =0,

In view of (5.5) and (5.6), 6~ S% is a sum of independent r.v.’s. This fact and
(A.4) ensure that

Efexp (ité ' SXN) I (SX — 8%+ 12,)}

(O vz (

ik, 1) #

I m(t))E{ Vi exp (it (S0 + 8%+ SN,

v#jk,l

where u, (1) is the characteristic function of the r.v. 6x'S%’. It follows by Lemma
XV.4.1 of Feller [7] and (A.5) that

(A7) E{Vyy exp (it6 3 (SR + S8+ 80N} = O£ cFl{(c})*+ () +(cF)*+ N7'ws}).

Hence for r=1, (A.1) follows from (A.2), (A.6), ang (A.7).
We next consider the expansion of {G'(S% —S% +I5,)}". Expanding it directly,
we find that

(A8) {&p‘(S%—§%+122)}’=(N+1)“2’(Zzz ‘7,“) =(N+1)7™* i Y qb),

(k1) # b=3 v
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where g} is of the form

(A9) qs:r) = ZZ e Z Vaaa, Vaaaz e Vaaa,.

Girodzesdn) #
and each {a)) is one of the indices j,, j,, * * *, j,. Thus we have
|E exp (ité' N FSAEN (SX = SN+ TI)Y|
3r
(A.10) = ,(NH)"Z' z ( Il M,(O)ZE{QL'J I exp (it 5 S ’)H

b=3 \j#ji,"".jn

7¢ F N o
=exp ——+——rlglax || ZN

(r) t lS(JA)H
TR L2 {qby H exp (itox )

in view of (A.2).

Let Q”, 3< b=3r, be the cardinality of the collection of all different terms q’
and put Q,=Y,", Q\”, which is the total number of terms g} in the expansion (A.8).
Then clearly ,=1. To estimate (2,, we first note the recursive relation

Q,=0, {(@®—at)+a’+ta+1}=2a°Q,_,,

where a =3(r—1). Thus there is a constant K, (independent of N and r) such that,
for any positive integer r,

(A.11) Q=064 ((r-1))’=Kr",

where the second inequality follows by Stirling’s formula (see, e.g., Feller [6]).
To complete the proof, it remains to show that for any positive integer r and b,
3=b=3r,

b
(A.12) N7|Eq 11 exp (ité ' SY)| = Kiws(1+]t] + 1),
k=1

where K, is an absolute constant. We shall prove this by induction on r. Note that
(A.12) holds for r =1 in view of (A.7). We now suppose that (A.12) holds for r=m—1
and let r=m=2.

If b= 2m 2r, then (A.12) is trivial. Thus we consider only terms g4, b=2m +1.
Pick any s, 1=s=m, and let b=2m+s. Let y denote the number of indices j (in

(A.9)) which appear at least twice as a subscript of one of the V-terms and then we
have that 3Im=2y+2m+s—y, i.e.,

(A.13) O=sy=m-s.

Hence at least m+2s indices among j,, j,, " * *, jom+s appear exactly once. If one of
the V-terms has three subscripts appearing only once, then the expectation in (A.12)
is split into expectations of two groups to ensure (A.12) immediately by the induction
hypothesis. This is the case when s>m/2 or y<s.

Next we consider the remaining case when

(A.14) 1=s=m/2, SSy=sm-s

and none of the V-terms in (A.9) satisfy the condition that every one of its subscripts
appears only once. Since at least m +2s indices among j, j», * * * , jam+s appear exactly
once, we must have at least 2s V- terms, of which exactly two subscripts appear only
once. Thus, by rearranging the order of summations, we can write the typical form of
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g TIo_, exp (it6 ' §¥') in the following way:

N(rs 22)(,; z)(z3)

(A.15) X Vak 0 ‘7 aksls Vks,,,al,;,,, Tt vk,,l,,a —(A)
X Vaam| T ~aamF am.a ° v Vmﬁaa - (B)
X Vaaa, e ~aaan — (C)

X H exp (it6 3 (S + §41)) H exp (it6 ' S\ H exp (ité ' $),

where summations are taken over distinct indices; indices k, I, and m appear only
once; j’s appear at least twice among places marked by (a); a, B, v, §, €, and n are
non-negative integers such that

1=s=a/2=m/2 SEy=m-—s,
(A.16) 0=6=a=m, 0=e=B=m,
2+ B+y=2m+s, a+B+tn=m

We next consider the conditional expectation of (A.15) givenr.v.’s Z; , Z,, - - -, Z; .

To this end, applying Lemma XV.4.1 of Feller [7] and then taking conditional expecta-
tions, we obtain that for distinct indices j, k, and |

ZZ E(ijlékl|zj)§ ZZ [tl{|c|+|cFl+ N 'w,} = 3{|{ N w)

(A17) 33 E(vk,,ek,|2><zz eIt + e+ N~ o} S 3N w0,

(k)=

22 E( Vkljekl |Z,) =3t|N*wi?,
(k)=
where &, =exp (it6: (S + SV)).

We finally split the proof into two cases when o =m or « <m. We first prove
(A.12) when a =m and then when a <m.

When a = m, we have only group (A) in (A.15). If s =2, then the expectation of
(A.15) is split into two groups and the induction hypothesis ensures (A.12) immediately.
If s=1 and 8§ =0, then it follows by substitution of (A.17) into (A.15) that the
expectation of (A.15) is bounded by

N72"B|tIN*03?) "N = (3|t]) "w;.
If s=1 and 8> 0 then the expectation is bounded by
N72"B|t|N**wy?) "0, = (3|t])"w;.

This completes the proof for the case when o = m.

We now suppose that @ < m. If some of the indices j appear only in group (A)
of (A.15), then we can again split the expectation into two groups. Thus it remains to
show (A.12) when all indices j in group (A) appear again in group (B) or (C). Note
that 8 + v is the total number of indices m’s and j’s which appear in group (B) or (C)
and that the number of mdlces m’s and j’s, which appear as one of the second or the
third subscripts of the V-terms in group (B) or (C), is at most 2(n + B). Moreover,

B+y—-2(n+B)=y-2(m—a-B)—B=s

in view of (A.16). Thus at least s indices among m;, my, -+, Mg, ji,j2,* " *,J, must
appear as the first subscript of one of the V-terms in group (B) or (C). Utilizing this
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fact and substituting (A.17) into (A.15), we find that the expectation of (A.15) is
bounded by

N—Zm(3|t|N5/3w;/3)5(3|tlN4/3w§/3)a—5wsl'N2m+s~(2a+x)

= (3'tl)aN—Za+8/3+4a/3+2x/3w§a/3—5/3+s/3

= B +) "N~ R = (3(1+ 1)) ",

because 2s = a and 6 = a. This completes the proof of the case when a < m. The proof
follows.
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