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A SECOND ORDER LOGIC OF VARIABLE — BINDING OPERATORS *

It is well-known that Frege distinguished between first- and sccond-level
concepts or functions. First-level concepts he associated with properties and
relations between objects. These concepts Frege characterized as functions
which assigned truth-values (the true or the false) to (n-tuples of) objects .
An (n-tuple of) objeet(s) was said to fall under such a concept if it was assigned.
the true by that concept. In his Begriffsschrift these concepts were indicated
by predicate variables.

Sccond-level concepts or functions, on the other hand, correspond to variable-
binding operators, c.g., the universal quantifier or, as in Frege’s later develop-
ment of the Begriffsschrift, the course-of-values abstraction operator. The latter
assigns to & monadic concept the class which is its extension while the former
assigns a truth-value. Second-level concepts, i.e., second-level functions cor-
responding to variable-binding operators of the quantifier type, accordingly,
can be associated with propertics or relations between properties and relations
of objeets in a sense analogous to (but also different from) that in which first-
level conecepts are associated with properties or relations between objects. In
I'rege’s terminology, while an (s-tuple of) object(s) is said to fall under «a first-
level coneept, the latter is said to fall within, not wnder, a second-level concept
if it is assigned the true by that concept.

Third-level concepts corresponding to quantifiers binding predicate variables
were also introduced into the Begriffsschrift, but Frege seems to have had some
doubts regarding their ontological or objective significance. Indeed, Frege’s
attitude toward third-level concepts seems in general to resemble the nominalists”
attitude toward second-level concepts, viz., that they are mercly formal or
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* Frege apparently allowed only for binary relations. We extend his framework to inclnde
n-ary relations for arbitrary finite n = 2. In addition, we refer to all these relations as (n-ary)
concepts. (I'rege referred only to properties as concepts.)
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§ 1. Syntax

In the system to be proposed here we distinguish between four disjoint
types of categorial constants: (1) individual constants standing for objects,
(2) n-place predicate constants standing for n-ary first-level concepts, (3) k-ary
n-place (individual variable binding) quantifier comstants standing for k-ary
n-place sccond-level coneepts 7, and (4) k-ary truth-functional operators standing
for k-ary truth-functions, where k, » are positive integers. We understand
a language to be a set of such constants.

In regard to truth-functions it is clear that TFrege understood these to be
first-level functions. This was because he considered the true and the false to
be objects and comparable as such to objects in general. We, however, consider
them not to be objects, or at least not objects of a type that can be indicated
by individual variables, and similarly understand truth-functions to be in-
comparable with properties and relations of objects. Signs for truth-functions,
accordingly, are not to be confused with predicates; nor are truth-functions
themselves ever indicated by predicate variables. In what follows we shall
assume that all the languages to be considered contain two special truth-
functional operators, viz., ~, the negation sign, and -, the material con-
ditional sign.

We take distinetive types of variables to be the logical proto-types of our
categorial constants and assume that there are an enumerable infinity of vari-
ables of cach type available. For brevity of presentation, we omit (quantifiable)
variables for truth-functions, however, since the negation and material con-
ditional signs suffice for the representation of all truth-functions 8. 'We use ‘o’
and ‘f’ in our metalanguage to refer to individual variables and ‘a™, ‘™ to
refer to m-place predicate variables and constants. We will usually drop the
superseript for convenience, however. Where k, n are positive integers and

7 A Lk-ary n-place second-level concept talkes & n-place first-level concepts as arguments
in order to become saturated. That is, a k-ary n-place quantifier binds » individual variables
and when applied to & sentence forms results in a sentence form. In general we shall use
metalinguistic expressions of the form ’Q%q, ... «,’, where q, ..., as are distinet individual
variables, to refer to k-ary n-place quantifiers. It should be noted, however, that although
names of the variables which a quantifier binds are part of the syntactical name of the quantifier,
the quantifier itself need contain no occurrences of the variables named. It is only required
that some syntactic means are available to determine which variables, and their order, a quan-
tifier is understood to bind.

® This of course would no longer be true were we to extend the framework to include (n-ary)
modal operators as well. In that case, besides quantifiable (n-ary) operator variables, we would
also include quantifiable propositional variables having modally conditioned states of affairs
as their values instead of I'rege’s two truth-values. We do not turn to this extension of the
framework here partly for brevity of presentation and proof and partly to remain faithful to

I'rege’s extensionalist position. Besides, the construction of the extension is fairly obvious
by rather familiar techniques.
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t, ..., ap arc distinet individual variables, we use ‘Q¥q ... a,’ to refer to k-ary
n-place quantifier-variables or constants that bind the individual-variables
gy oeey O '

Besides parentheses and brackets as auxiliary signs, the only logical or
syncategorematic constant we shall use is V, the third-level universal quantifice
for first-level predicate variables and second-level quantifier variables. For
convenience, however, we shall also use this same sign as a categorial quantifier
constant for individual variables, i.c., as a unary 1-placc individual variable
binding constant. We assume that every language to be considered here includes
this sign among its categorial constants.

Where L is a language, we take the terms of L, T M, , to be the set of individual
variables and the individual constants in L. We use ‘¢, “p’ to refer to terms.
By an atomic formula of L we understand an expression of the form z({y, ..., Cr),
where 7 is cither an #-place predicate variable or an n-place predicate constant
in L, and ¢y, ..., &n are terms of L. The set of formulas of L, P, is the smallest
set JC containing every atomic formula of L and such that (1) A[pg, ..., pa] € K-
whenever ¢, ..., pn € £ and 4 is an n-ary truth-functional operator in L,
(2) (Q%ay ... an) [y, oy @] € K whenever oy, ...,@, € K, a,..., 0, arc distinet
individual variables and Q%a, ... ay is cither a k-ary n-place quantifier variable
or a k-ary m-place quantifier constant in I, and (3) (Vn)p, (VQ%a ... an)pe K
whenever ¢ € K, = is a predicate variable and QFa ... aw is a k-ary n-place
quantifier variable. ‘

We note thatin accordance with our assumptions regarding all the languages to
he considered here: if « is an individual variable and ¢, » arc formulas of L, then
50 are (Va)p, ~p and (p »). (We use the latter instead of —[p, »].) In general,
we use ‘¢, ‘9’, ‘%’ in our metalanguage to refer to formulas. We understand
other truth-functional conncetives which ocecur. in this paper to be defined
(in the metalanguage) in terms of ~ and —. Also, we take (&) p to be ~ (VE)~ ¢,
where £ is any variable. Finally, we say that two variables or constants are
of the same type if cither both arc terms or both are n-place predicate constants
or variables, for some positive integer n, or for some positive integers &k and n,
hoth are k-ary m-place quantifier constants or variables.

§ 2. Substitution

We assume bondage and freedom of occurrences of variables in formulas to
have been defined in the obvious way. Predicate and quantifier variables arc
of course bound only by the third-level syncategorematic universal quantifier
whereas an individual variable is bound now not only by the second-level
categorial universal quantifier but also by any quantifier variable or constant
having that individual variable as one of its indices.



In regard to the simultaneous (proper) substitution of n terms &y, ..., &, for »
distinet individual variables ap, ..., a, in a formula ¢, we take:

0!1 e Up
P
_C]_ see C?!

to be the result of simultaneously replacing each free oceurrence of ay, ..., a,
in ¢ by free occurrences of (y, ..., {un, respectively, if such a formula exists;
otherwise it is just ¢ itself. We assume Church’s characterization of the proper
substitution of a formula ¢ with respeet to «y, ..., a, (as argument indicators)
for the free occurrences of an m-place predicate variable = in a formula :

w

n(ay, veer an) l
S, Y

In the special case of substituting an % -place predicate-variable or constant
for an n-place predicate-variable, we write »[7] instead of

~

a(ai,...,an)
Sa(ax,---,an}""*['l I
We also assume Church’s definition to be extended so as to allow for the
simultaneous substitution of %k formulas, all with respect to a,, ..., a,, for &
n-place predicate variables 7z, ..., #x in a formula :

-~

Sm(ax,— cor@n)yee s WE(AL5000,00)
1 seres Pk TP

We shall use the above form of simultaneous substitution in our characteri-
zation of what it means to properly substitute a formula y with respect to %
n-place predicate variables sy, ..., 2x (ar argument indicators) for the free
occurrences of a k-ary m-place quantifier-variable Q%a, ... a, in a formula y:

QQFay...anlx3(@r,ee s, an)se s s 7k(@15004,a0)1
S, Y

This expression shall stand for ¢ unless (1) for each ¢, where 1 << ¢ << n, every
subformula ¢ of v which occurs as the ith argument-formula of a free oceurrence
of Q%q, ... an in p can be properly substituted, with respect to «,, ..., a,, for x;
in y (as defined by Church) and (2) no free occurrence of Q%a, ... a, in y occurs
in ¥ within the scope of a quantifier expression binding a variable other than
7y s -..y wx Which occurs free in ¢; if these conditions are satisfied, then the above
expression is the result of replacing each oceurrence in p of any formula of the
form Q%a, ... an[®,, ..., @x], where the initial occurrence of Q%a, ... a, is a free
oceurrence in p, by: ‘
@100 )y p{an, e, an)

S‘Pl reees Pk Z

In the special case of substituting a quantifier variable or constant for
a quantifier variable of the same type we write:

anal wee Up
Y1
P*By ..



. instead of:

~

Qs antriassondo ol |
Pkﬂl. . .ﬂn[nl(ﬂl:"',ﬁn)v . -;nh‘(ﬁl," '!ﬂn)]

where By, ..., fa are pairwise distinet individual variables. (Note that the varia-
bles ezyy vooy an serve as argument indicators only for the subformulas of y that
- are argument-formulas of Q¥a, ... a, in y. The only relevent argument indicators

! In the substituend are the distinet n-place predicate variables 7, ..., k)

§ 3. Semantics

In our characterization of the set-theoretical structures which we shall
use in our definition of validity, we extend the notion of a general model for
standard second order logic. Each such model will be relativized to a language,
Le., a set of categorial constants, and will be said to be a model for that language.
We define the latter notion first.

‘Where L is a language (containing ~, —, V), we understand
1= (D, R, K,, M, Dneo—ioy 10 be a model for L if (1) D is a non-empty
wt, (2) Knc{0,1}”", (3) M,,<{0,1}E" and (4) R is a function with L as
domain and such that: (a) R(¢) D, for cach individual constant & in L; (b)
R(7) € K,, for cach m-place predicate constant in Lj (¢) R(Q¥ay .- an)€ Myanr .
for each k-ary n-place quantifier constant in L; and (d) R(d4) € {0, 1o, for
tach %-ary truth-functional operator in L. We also require that for czbqh
4 € K, and cach individual variable a, R(Va)(4)= 1 iff A is the characteristic
funetion of D' and that R(~) and R(-) arc the negation and material con-
litional truth-functions, respectively °.

‘Where % is a model defined as above, we say that a is an assignment (of
alues to variables) in 90 if a is a function with the set of variables (of all types)
a5 its domain and such that (1) a(a) e D, where a is an individual variable,
(2) a(#) e I, where zis an n-place predicate variable, and (3) a(Q¥ay -+ an) € My
where Q%a, .. a, is a k-ary n-place quantifier-variable. ‘Where & «.; ém
are variables (of whatever types), we take a(8:i) to be that assignment
which is exactly like a except (at most) in its assigning, for cach 4, 1 <@ < M,
w, to &,.

Relative to a model % and an assignment a in %, we define extyq(é) 88 the
extension in U of a categorial constant or variable £ of the language for which Nn,
is 2 model: where £ is a constant in L, eaty o(£) = R(&); and where & is variable,

emt?(,a(é) = a(&).

* We understand each natural number to be the set of natural numbers less than it and

take o to be the set of natural numbers. By AB we understand the set of functions from I?
into 4.
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In regard to the extension of a formula relative to an assignment of values
to its free variables, we follow Frege in taking this to be one of the truth-values,
which we here associate with 0 and 1 (for the false and the true). If 2 is a model
for a language L and a is an assignment in 2, then the extension in U relative to
a of a formwa ¢ of L is defined recursively as follows: for atomie formulas
”(Clv e Cn) of L? cwt‘!t,u(n (Cu ey Cn)) = ewtﬂlt,a(n) (ext*ll.n(cl)7 ey ewt‘lt,u(&n)); for
a complex formula &[4, ...,4,] of L, where & is a truth-functional operator in I,
eLly (E[Ary very An]) = ext‘,[,u(s)(ewt.![,n( Ay eeey cwtgt,ﬂ(ln)); for a complex formula
QFay ... an[py, ..., o] of L, where QFa, ... a, is a quantifier variable or a quantificr
constant in L, eanz,[,‘,(Q’”'oz1 v U [ @1y ey PR]) = ea}t\‘,[,a(Qkal ... ap) (the characteristic

function of {z e D" : ext )((pl) =1}, ..., the characteristic function of

Wa( gl an

{x e D" : ext )((Pk ) =1}); for a formula (Vz)y of L, where = is an

a2 QAleesUpp
,a(.lfl... Tn

n-place predicate variable, ewty ((Vr)y)= 1 if ext n(n)(tp) =1 for all I ¢ K,
0a(%,

and otherwise ewty ((V)y) = 0; for a formula (VQ*a ..an)p of I,
eavtm,a((‘v’()"oz1 woap)y) =1 if for all A e My ,, ewlyq Q% ... an) () =1, and
‘otherwise ewty (V@ a, ... un)p) = 0.

‘We say of a formula ¢ of a language L for which 2 is a model that ¢ Lelds
i, A if ewty ((p) =1 for all assignments a in A. It is casily seen that if ¢
is a sentence, i.c., a formula in which no variable has a frec occurrence, then ¢
holds in U iff exty () = 1, for some assignment a in A. 'We say that A is a general
model for L if every instance of (CP-1) and (CP-2) below which is a formula
of L holds in A:

(CP-B) (V) ... (Vetu)[(ctyy oovy @n) > 7]

where a, ..., ay are distinet individual variables occurring free in ¢ and z is
an n-place predicate-variable which does not occur in .

(CP-2) - (4 Q'"al . ap) (an) (v.’ftl., [Qk(ll o [y (agy o cy @n)y eeey

Tk(Oyy ceey ay)] rpl

where 7, ..., 7 are distinet n-place predicate variables occurring free in ¢
and Q*q, ... a, is a k-ary n-place quantifier-variable which does not oceur in ¢. 1°
TFinally, we say that a formula ¢ is valid if ¢ holds in every general model
for a language of which ¢ is a formula.
The following semantic lemma will be found useful in our proof of complete-

ness. We omit its proof here as it is a straightforward (but notationally messy)
inductive argument on the structure of .

1o For the purposes of the proof of completeness given in § 5 below, we can restrict (CP-2)
further so that ¢ is to contain no bound occurrences of any quantilier variable and in that
sense be “predicative” with respect to second-level concepts. This move seems inoffectual,
however, in as much as the impredicativity of (CP-1) is essential to our proof of completeness

and yields impredicative first-level concepts which must be allowed to fall within the second-
level concepts specified by (CP-2).
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Semantic Lemma. If ¢ is a formula of a language for which A is a model,
a is an assignment in W, ¢ is an individual, predicate or quantifier variable, 4 is
a constant or variable o f the same type as &, and A can be properly substituted for &
in p, then:

et (p) = eatyq(p[3]) -

§
Ql,n(citt\![,a(a))

§ 4. Axioms and Theorems

By a (universal) generalization of a formula ¢ we understand a formula of
the form (V&) ... (V&,,_,)p, where &, ..., §,—; are individual, predicate or quanti-
fier variables. (When » = 0, we understand the quantifier prefix te be null.)

As axioms we take (CP-1), (CP-2) and all (universal) generalizations of
formulas of any of the following forms (where ¢ is an individual, predicate or
quantifier variable, a is an individual variable, ¢, # are terms with ¢ distinct
from «a, m is a 1-place predicate variable, a;, ..., a, are pairwise distinet individual
variable, for n >0, Q%q, ... a, is a k-ary n-place quantifier variable or constant,
4 is an m-ary truth-functional operator, and ¢, vvey Puy Yiyoeny Pa are formulas):

(A1) ¢ = (p->@) :

(A2) [p=(p—=)]-[p—y)—>(¢—2)]

(A3) (~p—- ~@)>(p-op)

(A) (Y& [p—w]=[(VE)p = (VE)y]

- (AB) »— (V&) p, where & does not occur free in ¢,

(A6) (Fa) (V) [z (a) = 7(L)]

(A7) (Vr)[7=(8) > = ()] = [p = v], where ¢ is an atomic formula and y
is obtained from ¢ by replacing an occurrence of 5 by an occur-
rence of £,

(AS) (Va,_) 0o (Van)[(pl «— 'lpl]/\ Y (Val) ces (van)[‘Pn > ?Pn]

- (Q%a ... an[Pry ey Pu) & QFay oo an[ypyy oovy al)
(A9) [pr = A Alpr o p] = APy, ooy pu] © A[P1y ooy Pa]) 1

Proofs are understood in the usual way as finite s2quences every constituent
of which is cither an axiom or obtained from preceding constituents by modus
ponens, the only primitive inference rule of the system. A theorem is any formula

' If ~, - are the only truth-functional constants available, then (A9) is derivable from
(A1)-(A3) and modus ponens, With truth-functional variables, however, (A9) must be retained
(where A is then understood as an nm-ary truth-functional variable), and for that reason we
include it here now. Of course it is known that with quantified truth-functional variables,
the material biconditional sign alone suffices for tlie representation of every truth-function.
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which terminates a proof. A set I' of formulas is said to yield a formula ¢, in
symbols I'F ¢, if there is a natural number » and n formulas y,, ..., y,_, in I’
such that [woA...Ap,_;—¢] Is a theorem. (When n = 0 we understand this
“conditional” to be ¢ itself.) When 7" is empty we write ‘F ¢’ for I'Fg’.
Obviously, ¢ is a theorem iff I p. Also obvious is the derivation of the deduction
theorem from this definition.

Because of (A1)-(A3), every tautologous formula is a theorem. Morcover,
because cvery (universal) generalization of an axiom is an axiom and, by (A4),
generalization is preserved by modus ponens, the rule of generalization (for
individual, predicate and quantifier variables) is derivable. Then, by gencrali-
zation, (A4)-(Ad) and (A8)-(A9) and a simple inductive argument on the
structure of formulas, the interchange law for provably cquivalent formulas
is derivable.. Leibniz’ law, in the form:

(LL-1) F(Va) [z (l) - m(n)] -9 < y]

where p comes from ¢ by replacing one or more free occurrences of 3 by a free
occurrence of ¢, is now provable by an induction on the subformulas of ¢. In the
atomic case, (LL-1) is obtained from (A7) and truth-functional logic; otherwise,
(LL-1) is obtained by an inductive argument utilizing truth-functional logice,
(A4)-(A5), (A8)—(A9) and generalization. '

Given (LL-1), the principle of universal instantiation of a term for a gen-
cralized individual variable,

(UI-1) F(Va)p—plf]

is derivable. For hy repeated application of (LL-1), (Va)[z () - 7t(a)] - (p <> ¢ [:])
is provable, and thereforc by generalization on a, truth-functional logic and

axioms (Ad4)-(A6), (UI-1) follows.
The analogue of (LL-1) for first-level coneepts (in our extensional system) is:

(LL2) b (Vay) o (Yau)[7(agy ooy @) © ] = Jp > 7]

which is proved by an inductive argument on the subformulas of » (and where
ayy ..oy tp are assumed to be pairwise distinet). If o is atomie, (LL-2) follows
by napplications of (UI-1); otherwise, (LL-2) follows by the inductive hypothesis,
truth-functional logic, generalization, (A4)-(A35), (A8)-(A9) and the fact that
the substitution is voided (in which case (LL-2) is tautologous) if ¢ begins with
a quantifier expression binding a variable other than a;, ..., an which occurs
free in .

Just as (UI-1) is derivable from (LL-1), we obtain from (LL-2) the principle
of universal instantiation of a formula relative to certain distinet individual
variables qq, ..., an (as argument indicators), for a generalized » - place predicate

variable:

(UT-2) | (Va)p—So "™y
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If 7 does not occur in ¢ and ay, ..., a, oceur free in @, then by generalization
on (LL-2), truth-functional logic, (A4)—(A5) and (CP-1), (UI-2) follows. This
qualified form of (UI-2), i.c., where z does not oceur in ¢ and a, ..., a, oceur
free in g, suffices to establish the rewrite rule for bound predicate variables,
from which the unqualified form of (UI-2) follows by a rewrite of the occur-
rences of @ in (Vz)yp to an a-place predicate variable new to ¢ together with
the interchange rule regarding the provable equivalence of ¢ with (pA[7(ay, -y an)
o 7(ay, ..., an)] (s0 as to guarantee frec occurrences of aj, ..., ). To prove
the rewrite rule use o(q,, ...y @) In place of ¢ in the qualified form of (UI-2),
where ¢ is an n-place predicate variable distinet from z and new to . Then
by generalization, (A4)—(AB), F (Vx)p—>(Vo)p[Z], from which, together with
the interchange rule for provably equivalent formulas, the rewrite rule, and
thereby the unqualified (UI-2), follows. -

‘With the rewrite rule for bound predicate variables we can define identity
as indiscernibility without bothering to specify which monadic predicate variable
¢eeurs in the definiens:

= =g (V) [7(8) > 7(n)]

The analogue of (LL-1) and (LL-2) for second-level concepts is:

(LL'3) *’ (an) “se (Vﬂk)(Qkal oo all[nl(al, seey an), seey ﬂk(al’ Y all)] <~ (P)
— (w PN §gka1-..ﬂn[ﬂl(al;---,an),---'nlc(a]_,...,an)] |)

which is also proved by an inductive argument on the structurc of p. If v is
atomic or the substitution is not proper, then (LIL-3) is tautologous. Assume
then that the substitution is proper and that u is complex. If p is of the form
Alxay «oesxm)y Where 4 is an m-ary truth-functional operator, then (LL-3) follows
from the inductive hypothesis, (A9) and truth-functional logie. If y is of the
form (V) x, (Vo)y or (VPIB, ... Bu)x, then (LL-3) follows from the inductive
hypothesis, generalization, (Ad)—(A5) and truth-functional logic. (We note that
(A5) is applicable since the substitution is proper, and therefore neither f, o
nor Py ...fn occur free in @.) Supposc finally that » is of the form
Pig, ... B2y e, %;], where Pig,... Bm is not Q%q, ... ay. We shall add the temporary
qualification to (LL-3) that a, ..., an do not occur free in ¢. Later once we
prove the general rewrite law for bound individual variables, we can drop this
qualification. With this qualification here, however, (LL-3) follows from the
inductive hypothesis by generalization, (A4)-(A5) and (A8). Suppose finally
that Pif, ... B is Q%ay ... au, i. e., suppose p is Q¥ay ... an[21y -vy 22]. Note that
where

’ ""Qkal...an[n]_(al,...,an),..-,ﬂk(ﬂl,---;an)] l
Xi= bcp ] )

for 1 <<% << k, then in this special case:

g@kai...anfnl{al,...,an),....,rtk{ah...,an}] o Sﬂ}(ﬂl.---,ﬂn],---:“ﬁ;(almuﬂﬂ}
¢ ' wl '— Xy e X
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Now since by assumption the substitution is proper, then by (UI-2) (applied
I times): '

F(Vx,) ... (\7'mc).}((l2kcnt1 oo A [0y (O y vory An)y vony T(Ogy oory @a)] © @)

L ’ ’ Qr1(at,eeeyandyeess nk(@is.e., an)
_’)(Q a ... an[x17 LA X}c] « S,{; ,...,x}:, )

But since by the inductive hypothesis, generalization, (A4)-(A5) and (A8),

(V7). (v“’ﬂ)(Qkal o an[mm(ayy vy @n)y vy (A1) oeny an)] > @)

—> (Qkal e @) [ X1y oeny Xk] « Qka1 an[X;’ ceey Z;h])

then (LL-3) follows for this case from the above two thcorems.
Also analogous to the way (UI-2) is derivable from (LL-2), we obtain from
(LL-3) the following principle of universal instantiation:

Al a Ulyeres@n)yrnes HE(AT00ns
(UI-3) b (VQkal an)‘fp—>S§ a1ees anl71(e1s 000 @n)se s @ ﬂﬂ)]wl ‘

If Q%a,...ay, does not occur in ¢ and m,, ..., arc distinet n-place predicate
variables occurring free in ¢, then (UI-3) follows from (CP-2) and (LL-3) by
generalization, truth-functional logic and (A4)-(A5). This qualificd form of
(UI-3) suffices to establish the rewrite law for bound quantifier variables, from
which the unqualified form follows by rewriting Q%a, ... an to a quantifier variable
new to ¢ together with the interchange of ¢ with ((p AVay) .. (Vau)[m(agy ey an)
=Ty ( Ay eeny an)JA - A (Vay) ... (Van)[7i(ayy ooy tn) = 7w (ayy -eny an)]) S0 as to guar-
antee free occurrences of my, ..., wx in the substituend. To prove the rewrite
law itself use Py ... ful[my(Brveeey Bu)y oory By oory fu)] in place of ¢ in the
qualified form of (UI-3), where P%B, ... B, is a k-ary n-place quantifier variable
distinet from Q%a, ... @y and where g, ..., fr» arc new to . (Note that this sub-
stitution satisfies the temporary qualification for (LL-3) that a, ..., @y do not
occur free in the substituend.) Then by genecralization, (A4)—(A5),

Qkal an]
PEB; ... Bu

which together with the interchange rule for provably equivalent formulas
yields the rewrite law for bound quantifier variables. I'inally, we observe that
with the rewrite law for bound quantifier variables the general rewrite law for
bound individual variables follows.

We close this section with a lemma the proof for which we omit here as it
is completely analogous to the proof of the same lemma in standard systems.

F(VQ"a, ... an)yp (VLB ... f}n)rp[

Lemma. If I't ¢[§], where & is a variable, 6 is a constant of the same type
as & and & does mot occur in any member of I', then I'+ (VE&)p.
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§ 5. Soundness and Completeness

As usual, we understand the consistency of a set of formulas of a language I
t0 consist in the failure of that set to yield every formula of L. Such a set is
zlse said to be mazimally consistent if the addition to it of any formula of L
1ot already in it results in an inconsistent set. The following lemma is

1 well-known and obvious consequence of maximal consistency. 'We omit the
proof here.

Lemma. If I" is a maximally consistent set of formulas of a language L and 4
18 a k-ary truth-functional constant (or variable) in L, then there is ewactly one
E-ary truth-function f e {0, 1Y% such that for all @ € {0, 1}* and all formulas
Gy ey i Of Iy if for 1 <i <k, a;=1 iff ¢,el, then f(ay, .., %) =1 iff
l@yy ey pp] e I, '

Where I' is a set of formulas, we say that I' is simultaneously satisfiable
ina model U if there is an assignment a in 9 such that for all y e I', ealy,(p) = 1.

In terms of this notion, our present system is seen to be sound and complete
as follows.

Soundness. If I'is simultancously satisfiable by an assignment a i a general
model W, and 1"+ @, then ' {p} is simultancously satisfiable in A by a.

Proof. Suppese for all y e I, emly () = 1, for some assignment a in 9, and
that F (w A oo Apr— ¢), for some vy, ..., i € I'. Since, by definition, — must 1{0
interpreted as the material conditional truth-function, to show ety (p) = 11t
suffices to show ewty (z) = 1, whenever y is a theorem formulable in the language
for which 9 is a model. To show this, however, since modus ponens preserves.
truth, it suffices to show emty (x) = 1 whenever y is an axiom. The latter 1%
casily scen to be the case whenever y is an axiom of the form (A1)-(AG) o
(A8)-(A9) since these axioms hold in all models, general or otherwisc. AIS_O’
sinee AN is a general model, then y holds in 9 trivially if it is an instance of (CP-1)
or (CP-2). Tinally, if 5 is of the form (A7), then it is scen to hold In A because
of (CP-1). (Q.E.D)

_ Completeness. Fvery consistent set of formulas 18 simultaneously satisf iable
th some general model.

Proof. Suppose I'is a consistent set of formulas of some language L, and let 4
be the least infinite ordinal equinumerous with or greater than L. We add to L
new individual constants ¢y, ...,C,, .- (¢ € 3), new n-place predicate (.zonstihnts, fo
cach n e w—{0}, 7y, ..., 7y, ..., (w€d), and new k-ary m-place quantifier constants,
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for k&, n e o— {0}, P*B, ... Bny ooy PEPy .. Buy ... (n e A), Where By, ..., fu are certain
(e.g. the first ») distinet individual variables. We call the resulting language L*.
Let 2, ..., Z,,... (0 € ) be an ordering of the set of formulas of L™ of the

form (3a)p, (An)p or (3Q%a, ... @) p. We define the chain A, ..., A,y (ppel) by
ordinal recursion as follows: (1) 4,= 175 (2) if U 4, v {Z,} is not consistent,

HEY

then A,=J 4,; (3) if it is consistent, however, then where X' = (3¢)¢,

HEY
E
4,=UA, v {1
HEY
-where §, Is a constant in L*— L of the same type as & and where ¢ is the least

ordinal such that 6, does not occur in any member of | 4, v {2},
HEY

By ordinal induction, we show first that cach A4, is consistent, for » e 1.
It 4,v {2} is not consistent, then A, is consistent by definition and the

ey

inductive hypothesis. Suppose then that U 4, v {Z,} is consistent but that A,

Hey
is not consistent. Then, where X, = (3&)p, we have by the deduction theorem

U A4, ~pl3]

Her

-and therefore by generalization on a constant not occurring in the premise set,

I
/ HEY

which is impossible since then (J A4, v {2,} is not consistent. Accordingly,
ney

not only is cach A, consistent but so is (J 4,. Hence by Lindenbaum’s lemma
MKER

we conclude that there is & maximally consistent set W of formulas of IL* such
" that U4,sW.

BeEA
We now proceed to the construction of the general model based on V.

Where 7 is a texm of L* let [4] = {d: 0 is a term of L* and 5 = § ¢ W}. If

= 0 e W, then since identity is an equivalence relation [7] = [d]. Also, by (A6)
and the way W was constructed, [#] = [{,], for some ¢ e 4. Accordingly, we can
set the domain of discourse D = {[{,]: ¢ e A}. Now let I? be that function with
L* as domain and such that (1) I (n) = [#], for cach individual constant » of L™;
(2) for cach n-place predicate constant o in L* R(o) is that function in {0, 1}P"
such that for all terms a4, ..., 5, of L*, R () ([1;]; -+ [02]) = Liff 0 (91, .oy 90) € TV
(3) for cach k-ary n-place quantifier constant Q*a;...an in L* R(Q%a, ... ay) is
that function in {0, 1}%*, where B = {R(o): o is an n-place predicate constant
in L*}, such that for all n-place predicate constants oy, ..., 0z in I, R(Q%q, ... a,)
(R (), vy B(ow)) = 1 iff Q%ay... an[oy(ayy eery @n)y ey Ok(@gy ooy an)] € W5 and (4)
for cach L-ary truth-functional operator A in L¥, R(4) is that function in
{0, 1}‘°'l’k as determined by 4 and W in accordance with the above lemma.
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R (~) and R(—), because évery instance of (A1)-(A3) is in TV, arc casily scen
to be negation and conditional truth-functions. Also, because of the way quan-
rifiers ave interpreted above, R(Ya)(R(0)) = 1, where o is any monadic predicate
constant in L¥, iff (Va)o(a) € W, i.c., by (UI-1) and the way W was constructed,
iff R(0)([n]) = 1 for all terms » of L* and therefore, iff R (o) is the characteristic
IllIlCthIl of D'. Finally, from the way W was constructed it follows that for
cach n-place predicate constant o in L*, there is, by (OP-1) and (UI-1), an
t€ A such that R(c) = R(xl); morcover, for cach k-ary m-place quantifier
constant Q"al .ay in L*, there is, by (CP-2) and (UIL-2), a pei such that
R(Q%a, .. a,l = R(PEB, ... Bu). Accordingly, for k, new—{0}, we can sct
Kn={R(n)): tei} and DM,,= {R(PEB,...An): weld}. Then sctting A
= (D, R, Kn, My otk new—toyy WC DOGC tlmt Q[ is a model for L*.

We now take a to be that funetion with the set of variables as domain and
which is such that (1) for cach individual variable «, a(a) = [a], (2) for cach
i»-place predicate variable o, a(o) = R(n}), where ¢ is the least ordinal such
that (Vay) ... (Var)[o(ayy ooy an) © a(ay, ..., an)] € W, where ay, ..., ay are dis-
tinet individual variables, and (3) for cach k-ary m-place quantifier variable
Veay oo any a(Q¥ay ... an) = R(PEB, ... B), where p is the least ordinal such that

(V_C’l) w (Vor) [Q Ay eer [ 0y(Ayy veny An)y oeey Ok (Cgy oony an)] ©
« Pﬁﬂ] vee Bulo1(Byy vvvy Br)y eoey Tk (Bry +vy ﬁn)]]

$in W, where o, ..., ox arc distinet n-place predicate variables. It is clear
that a is an assignment in 9L.

We now show that relative to a the extension in 9 of a formula ¢ of L*
13 1 iff @ e W. The proof is by induction on the number of truth- functional
operators and quantifier constants or variables occurring in ¢. When that
number is zero, then ¢ is an atomic formula o (s, .. 17n) By definition
mth,a(g(’?u L) 7]n)) = exly o (cwtw o(11) 5 +eey €Logo(7n ) = ( ) (Dnls - (nd) 1
it TNy eoey Mn) € W AfE (91, ooy M) € W since a is Olt}h(}l ¢ or coextensive
with ¢ in W,

If @ is of the form Ay, ..., wk], where 4 is a k-ary truth-functional operator
n L*, then since exty o(4) is the k-ary truth-function determined by the above
lemma, the desired conclusion follows trivially from the inductive hypothesis
and the conditions specified in that lemma.

Suppose now that ¢ is of the form Q%a, ... ak[yy, ..., w]. BY (CP-1) and the
way W was constructed, for 1 < i < &, there is an ¢; e 2 such that

(Val) ces (Van [TC:: a]_, ceey (ln) (—)1‘0]

5 in W12, Therefore, by (A8) and the fact that T is maximally consistent,
Va, .. - anlyy, ... ?/)k] e W iff Q¥a, ... an[7(ayy ooy @n)y eory Tylay ooy an)] € W. Also,
hy (UI-1), [0 e W oiff 7, (N1y ooy m) € W, where #,, ..., 9a are arbitrary

'11 'ln

12 1f q, ..., an do not oceur free in yi, use (CP-1) on (piAa, == a;A...Aar == as) first and
then use interchange.

Z— Reports on Mathematical Logic, vol. §



18

individual constants in L*. Therefore, by the inductive hypothesis,

exty o(ploron]) = 1 iff (1, ..., 7n) € W; and therefore, since D= {[{]: ¢ € 2},

{.’L‘ € D*: emtﬂ u(ax...an)('/)i) = 1} = R(”u)' Accordingly, Cth.a(Qkal oo A1y ooy Pi))
’ Zirees Tn

= exly o(Q*a, ... &) (R(=,), ..., B(m,)) = 1 iff
PEBy o Bul,(Bry vy Bu)y vees HylBry oovy Bu)l e W,

where P,’jﬂl.., Bn is Q%a, ... an (if the latter is a eonstant) or “co-extensive”
with Q*a, ... a» in W, and therefore, iff

Q"al e @[T (ayy ey @n)y oony (g oy an)] € TV
iff Qkal e an['wl, ceey wk] € -"V-

Finally, suppose ¢ is either of the form (Vz)p or (VQ¥a, ... ay)y. Since the
argument is similar for cach, we restrict ourselves to the latter case and note
" that eaty ((VQ¥a, ... aa)y) =1 iff, by the definition of 2f,,, for all ue 2

ext  gkey...an \(¥) =1 iff, by the semantic lemma of §3, for all wue4,
‘“"’(R(Pﬁﬂl...ﬂn)

Q¥aj...an

extg(,a(tp[Pﬁ pl...ﬂn]) =1 iff, by the inductive hypothesis, for all pei, p ?,%{};::f’[,‘"] eW
iff, from the way W was constructed, (VQ*a, ... an)yp e W. '
We conclude then that for cach formula ¢ of L¥, ewty  (p) =1 iff ¢ W.
Since W is maximally consistent, all universally closed instances of (CP-1)
and (CP-2) are in W and therefore hold in U, from which it follows that U is

a general model. Finally, since I'c W, I" is simultancously satisfiable in 2.
(QED.)
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