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SUMMARY

In an earlier paper (Shane and Puri, 1969), the authors developed a
class of asymptotically nonparametric tests for a bivariate paired com-
parison model. This paper unifies and complements the results of the
previous paper by deriving a class of genuinely distribution free tests
for the same problem but under the more general framework of p( = 2)-
variate situations. This is done by exploiting the theory of permutation
distribution under sign invariant transformations to a class of rank
order statistics. Asymptotic ,properties of these permutation rank
order tests are studied and certain stochastic equivalence relationship
with a similar class of multisample extensions of the p-variate one sample
rank order tests proposed by Sen and Puri (1967) are derived. The asymp-
totic power properties of these tests are also studied.

1 INTRODUCTION

Although a great deal of work has appeared in recent years in the area
of univariate paired comparisons, very little attention has been paid to
its development in the multivariate situations, that is, those situations,
in which thereisinterest in several characteristics or attributes. Recently,
Sen and David (1968) and Bradley and Davidson (1969) have considered
the situations where the responses to the paired comparisons on each of
the characteristics are obtained, and these responses are qualitative in
nature. Both these tests are gencralizations of the univariate sign test,
and are asymptotically equivalent. Their ARE (Asymptotic Relative
LEfficiency) can be as low as zero relative to the normal theory test when
the parent population is normal. Shane and Puri (1969) considered a
class of asymptotic tests based on the ranks of the observations for the
bivariate situations, and established the asymptotic superiority of some
of the members of the proposed class over the Sen and David procedure
for a wide class of alternatives. The present work extends the previous
paper in two directions. (i) It provides the exact tests for the problem
considered and this fills the gap left in the previous paper, and (ii), it
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extends the results of the previous paper to the p-variate situations. The
theory is thus unified and an attempt is made to give it a complete form.
We now formulate the problem.

Let us consider # treatments in an experiment which yields paired
observations, namely, (X, Y;), I = 1,..., N, obtained by N;; indepen-
dent paired comparisons for each pair (7,5) of treatments, 1< ¢ < j < (.
We assume that N; difference scores Zy; ;= Y;—X; = (X, ..., X)),
l=1,...,N; have a common absolutely continuous cdf (cumulative
distribution function) IT;;(z),z = (x,, ...,2,)". This is the situation, for
example, if in the analysis of incomplete blocks experiments with each
block of size 2, one makes the assumption of additivity in the usual
(multivariate) analysis of variance model. We are interested in testing

the hypothesis
H:1l(z) = 1I(z) forall 1<i<j<t, (1.1)

where 11(z) is diagonally symmetric about z = 0 (that is, its density
m(z) is invariant under simultaneous changes of signs of all the coordi-
nate variates), against the alternative that not all II;; are identical.

2 PERMUTATIONALLY DISTRIBUTION-FREE RANK TESTS
{ . . .
Let ¢ = (2) denote the number of all possible pairs, and label the pair

(3,4) by a:(i_1)5+j_(z;1) (1<i<j<i).

Then Z,,, ...,Z,y, are independent observations corresponding to the
ath pair, and they are distributed according to the absolutely continuous
cdf ; ,
I (z) = (2, ..,2p)  (@=1,...,¢).

Let N=3¥ AN, =

t
> Ny
o= =

-1

bSO | =
g~
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i

d e

Under the null hypothesis I of no treatment difference,
(i) Zm., r=1, -“)Ngaa =1,...,¢

are NN independent and identically distributed random variables each
having the cdf I1(z), and (ii) Z,, and (— 1)Z,, have the same cdf I1(z) for
allr = 1,..., N,, ¢ = 1,...,c. Let us denote the sample point by

YN = (le’ ---=Z1N1= “"ZcN.-;= Zm- = (chlr!, ...,X%‘.))’, (2-1)

and the sample space by yy. Let G% be the group of transformations
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g% given by
. e
U?\I’)YN = (( - I)J:"le:l ARE) ( - l)JNl.Z_lNI: ---:(“ l) “CZ(:NG)

Wi (j;=0,1;4=1,..,N). (2.2)
ere

(_l)Z;r = (_“Ygxlr): SR _XS;)) (?‘ = ]-: '“!Na:a = 1:"-56)'

Let G% be another group of transformations g% given by

g@Y, = some permutation of the columns of Y. (2.8)
Finally, let Gy = PGP

be the direct product of the groups. Thus Gy is a finite group of N!12¥
transformations which map the sample space onto itself. Under H the
joint distribution of Yy remains invariant under G'. Thus for every
point Yy of yy, there exists a set S(Yy) of N!2V points which are
obtained by operating G on Y. Hence, under /I, given Yy, all the
N12¥ sample points generated by Gy are equiprobable, each having
the conditional probability (N!2¥)~1, Let us denote this conditional
probability measure defined over {gy Yy,gy€Gy) by Zy. Then, if we
consider any test function ¢(Yy) depending on the completely specified
permutational probability measure Py, it follows that such a test will be
strictly distribution free. Now in actual practice ¢(Yy) has to be con-
structed with special attention to the class of alternatives in mind; and
in most of the problems, ¢(Y) depends on Yy through a single-valued
statistic Sy = S(Yy) formulated in a suitable manner. With this end in
view, we consider a class of rank order tests for H in (1.1).

Let us rank the NV elements in each row of Y in the increasing order of
their absolute valucs, and denote the rank of | X{2| by R{). We obtain a

p x N rank matrix
(1 1) 1
RYY ... R{}, .. RJ

e,
Ry=| &Y .. BR, .. E& | (2:4)
R® R® R

where by virtue of the assumed continuity of I1,;, the possibility of ties
is neglected in probability. Let now

{(BY ,a=1,...,N,i=1,...,p}

be a sequence of real numbers, and denote the value of I§ , correspond-
ing to & = R2 by Ef r®- We get a px N matrix of general scores Ey
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corresponding to Ry:
1 1)
EQpy ... BERpy ... BY n,
— 3 D D
EN — EEV, Rfl? ves ESV,IC;:%‘ - E}v,lfi}i‘rc . (2.5)
” ()
E}V,)R(f{) e E}\i' I‘)‘?’:\al P E}(r) {EJ;F),

Later on, in §3, we shall impose certain restrictions on E. Consider now
the univariate rank order statistics co-ordinatewise:

TNk(or.) = N 1 Z P}&) (L)C(m (]G = 1: Pl = 1; -'-sc)a (2'6)

where
CR =+1 if XP>0 and O =—-1 if X® <0 (2.7)
To consider the test statistic we first find the conditional mean and
dispersion matrix of Ty, k= 1,...,p, « = 1,...,c under 7. Omitting
the routine computations, they are

ETyil?7nl =0 (k=1,..,p,a=1,...,¢). (2.8)
coV [Tnuter Taupl#7n) = NNy r; sg BB pwBS) i) &R ORI 7N
= N aN, 15, (2.9)
where ayu=N- azl ?ZILE\:;‘}R”" ES) po CECY. (2.10)
The last equality of (2.9) follows from the fact that
BB pw BR 10 CR CRpN) = 8,400k, 105 (2.11)

where d,, and d,, are the usual Kronecker deltas.
Now let us revert back to the original notation and write the pair
(¢,7) for ee. Denote

U%ﬂ.}i = N‘a}'le(r.j) (?;:t:.?: L...,p, k= 1:""3))' (2'12)
VES
Then ELUS 7751 = 0, (2.13)
COV[(Uﬁﬂ,)@Uﬁ),z*)] = (8~ 1)“1’!\",1‘:: (4,7 =1, wapskl=1,...,p).
(2.14)
Denote v = ((ax, 1) (2.15)

and assume that AY is positive definite. (If A% is singular, then we
can work with the highest order non-singular minor of A% and work with
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the corresponding variates). Then we consider the following statistic for
testing H: 17
Zk =7 I Uy AF Ui (2.16)
where
Uy =(UWs .., UR,) and A¥™ isthe inverse of AY. (2.17)

From the remarks made earlier, it follows that given Yy, the permuta-
tion distribution of #% would be strictly distribution free under H,
and hence an exact size « test can be constructed using this permutation
distribution of #%. However, to apply the test in practice, we would
require to study all the N!2¥ possible permuted values of Z% for any
given Y,. Naturally, the labor involved in this procedure increases
prohibitively with the increase in the sample sizes. So in large samples
we are faced with the problem of approximating the true permutation
distribution of #% by some simple law and to reduce the computational
labor by that. This study will be taken up in the next section. In pass-
ing we may remark that if t = 2, then the statistic Z% is equivalent to a
class of multivariate one-sample statistics considered in Sen and Puri
(1967) which includes as special cases the multivariate one-sample
Wilcoxon and the normal scores statistics among others. Thus the present
procedures may be regarded as the multi-sample analogues of the multi-
variate one sample tests developed by Sen and Puri (1967). [For the
corresponding univariate theory, the reader is referred to Puri and Sen
(1969).]

3 ASYMPTOTIC DISTRIBUTION THEORY OF
PERMUTATION RANK ORDER STATISTICS

We first introduce a few notations.
Let F¥(x), H{(x) and F{P(x,y) denote the marginal cdf’s of
X®,| X% and (X®, X©P) respectively, k,l=1,...,p; 2 = 1,...,c

ar 2

Let F{@y(x) and H{@y(z) be the sample cdf’s of X and
IX®] (r=1,...,N)

respectively foree = 1,...,cand k= 1,...,p.
Denote p§) = N,/N and let p{§) — p("‘} as N —c0, and assume that

0<pi® <1 for a=1,..,c

Lot By y(@) = L APFENE), M) = X A F),

I, n(2) = Z PN Higy(@),  Hy(w) = k:llpﬁ“’ﬂ}f’(fv)-
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Thus I, y(x) and II;, y(z) are the combined sample cdf’s of X% and
| X®|,r=1,...,N,, @ = 1,...,¢ respectively whose population cdf’s are
II,(x) and H (@) respectively for cach & = 1, ..., p.

Let IT{# y(, ) be the S(mele edf of (X, Y‘”) r = 1,..., N, and denote

0o

My n(, y) = pS&’H” N@ ), Iyle,y) = §1p5<‘r"1f‘§é’i’(rv, Y).

Thus IT,; y(z,¥) is the combined sample cdf of (X, X®) forr =1, ..., N,;

or fral

a = 1,...,¢ whose population cdf is Fy(xz, 7). Finally denote

(@, y) = Ly, y) + Dy — 2, y) + Fylz, —y) + Fy(— 2z, —y)
and
Iffcl,N(x: Y) = l]f.'l,;\f(x: y)+ HJ’.'LN( —2,Y)+ rlffi’,N(x’ =)+ v(—2, —y).

Note that under /1, 11 (Z) = II(Z) and the marginal cdf of X% will be
denoted by Fy(x), and that of (X{&, X@) by F9,(x, ). 11 (z) may depend
upon N, although this is not stated explicitly for notational convenience.

Using the above notations, we can express 7, defined by (2.6)
equivalently as

T

[=s] A )
TN!.:(ex) = f(} JN;'.: [N +1 F W N .’L‘)] d[ﬁ‘l(or.) (9-' +1“1;:'ca1\’( _x)J

(k=1,...,p;¢=1,...,¢), (3.1)

where Ik [ﬁ] =Uyi, r=1,..,N;k=1,...,p).

Although the functions

1 N

r
'INJ' I:I\'r—_l'——lil are deﬁn(_‘.d Ollly at ﬂ—l R N-TI. ,

we may extend their domain of definition to (0, 1) by letting them have
constant values over

_r r1 0.1 N
N-}-]_,N-]-]. (T_ 3 Ly ey )-

TFurthermore, we make the following assumptions:
Assumption 1. Ine(0) =0 (k=1,...,p).
Assumption 2. im Jy,.(u) = J, (u) exists for 0 < u < | and isnot constant

IN—ra
forallk =1,...,p.
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Assumption 3. Jy(u) is absolutely continuous, and
|[70()| = |dJ(o)|dui] £ Klu(l—u)P=F (i = 0,1,2),

for some K and some & > 0.

: » N
Assumplion 4. fo {JNﬁ: [N lﬂ’“ N('c)] —J, [mﬂk’ N(a:)]}

+d[FEy(x) + Fiey(—2)] = 0,(N-%) (k= 1,...,p).

: N N
Assumption 5. J;::O .L;:o rJNi’c [N H,, N(x)] Nl [N 4, N(J)]

— | s )| | g B @) || ) = 0,0,

Let us now define

J‘m Jw S H @)V H ) dHyy(2,y) (k+1=1,..,p),
af = o (3.2)
LZOJ}i[Hk(w)] dH,(x) (k=1=1,..,p).

and denote A¥ = ((af)) (k,1=1,...,1). (3.3)
Assumption 6. A* is positive definite.

Remark. Since H(x), H(y) and Hy(x,y) may depend on N, the matrix
A* may depend on N. However we shall suppress this fact whenever
there is no confusion. Assumptions 2 to 4 are needed to prove the asymp-
totic normality of the permutation distribution of N3[Zy. k= 1,...,p,
o =1,...,¢]. Assumption 5 is required only for the asymptotic conver-
gence of the permutation covariance matrix A} defined in (2.15). Assump-
tion 1 is unessential (see Puri and Sen (1969«)), but is introduced here to
simplify certain computations.

Theorem 3.1. Under assumpiions 1 to 4, |AY — A*| converges to 0 in prob-
ability as N - oo, where 0 is a null matriz of order px p and Ay and A*
are defined by (2.15) and, (3.3) respectively.

Proof. By virtue of assumptions 4 and 5, it follows that

o= [ 7 T 5 @) | 75 o) | )

= [T 7 ] B | 2 s )| e ) oy 1)
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Now proceeding precisely as in Puri and Sen (1966), it follows after
omitting the details of computations, that

b= [ [ @I @, ) + 0,1,

The proof follows,
Corollary 3.1. If (i) 11 (z) = 1z + p, N-3) where z = (z,, ..., x,)',
B = (.“locs ""/'bﬁa.)!!

and 11(z) is a fixed absolutely continuous cdf diagonally symmetric about
0, and (ii) the conditions of Theorem 3.1 are satisfied, then A% — A in prob-
ability, as N - co, where A = ((ay,)) is given by

J‘io : OJk[sz(x) — 1] J[2Fy(y) — 1) dH) (, y)
Qg = of (k+1l=1, e D), (3.4)

1
f Tiw)de if (k=1=1,....p),
=0

where HY)(z,y) is the value of Hy(z,y) when p, = 0.
The proof of this corollary is an immediate consequence of the above
theorem, and is therefore omitted.

Theorem 3.2, Under the assumptions 1 to 4, the random veclors
[N Ty, = 1,...,¢] where Ty = (Tyies coes Tupa)s

are under py, asymptotically independent and identically distributed
p-variate normal random variables each having mean 0, and covariance
matrix Ay.

Proof. F'rom (2.6) and assumption 4,

TV.’c(a) sz.-'c(at)'i op(N é) (k: 1:---;}3:‘1 = I:---:G): (3‘5)

i

where

:YNI(&) = N Z GUG)JI;[I{E{?/(N—{" 1)] (k = l: "°:P’0¢ = ]s ...,G). (3'6)

Define Snr = N1 z o J U, (3.7)
where, for cach & = 1,...,p, UP, ..., U, ..., UR_are independent and
identically distributed mndom varmbles hcwmg, uniform distribution

over [0, 1]. Denote U, = (UQ, ..., U»y. (3.8)
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Then U,,r=1,...,N,,a=1,...,c are independent and identically
distributed random wvectors distributed according to some p-variate
cdf, say G(x),xeRr. (Note that if Z,, = (Z{),..., Z%)" has the cumu-
lative distribution function lI(x), xe B?, and if we let Y = (1}, ...,Y,)’,
where Y, = F(Z%), (3.9)
I, being the marginal cumulative distribution funection of Z{, then
(i) the marginal cdf of each Y}, is uniform over [0, 1], and (ii) the cdf
G(x) of U,, is the same as that of the Y = (¥},...,1}).)
Using Theorem 4.3.1 of Ghosh (1969), it follows that

NSl = 0(1) (b=1,.cp,a=1.0).  (3.10)
Thus from (3.5) and (3.10), the limit distribution of N} Ty, a = 1,...,¢,
is the same as that of NSy, where Syw = (Syi@s -+ Swpw)’ if the
latter exists. Thus to prove the asymptotic normality of N? Ty
o =1,...,¢, it suffices to show that, for any real
O =1,...,p,=1,...,¢,
not all zero, the linear combination

c D
Wy = 21 Nt 121 O S Nt (3.11)
o= =
is asymptotically normal.
Using (3.7), we can rewrite Wy, as

e Na
Wy= 5 Nt S 8, NS O J,[U®), (3.12)
a=1 k=1 r=1
(H Na.
_ 3 [N;% 3 V] (3.13)
a=1 r=1
where V.= 3 8,00 LU0, (3.14)
k=1

(3.13) represents ¢-summations which involved independent random
variables V,, each of which (by repeated use of C,-inequality) can be shown
to have finite absolute moment of order 24§, 0 < §" < 1. Hence by the
central limit theorem (Liapounoff), each sum properly normalised has
normal distribution in the limit, with the result that the sum of ¢-
summations will have normal distribution in the limit. This proves the
joint asymptotic normality of Tyy,a=1,...,c. Now using (2.9),
(2.10), (8.5), (3.7) and (3.10), it can easily be verified that the covariances
of the limit distribution is zero for o + £, &, = 1,...,p. This coupled
with the joint asymptotic normality of the variables Ty, ¢ =1,...,¢
establishes their asymptotic independence. Furthermore, since Ty,
o = 1,...,c have identical dispersion matrices, the proof follows.
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Theorem 3.3. If the assumptions 1 to 4 and 6 hold, then under H, in (1.1)
the permutation distribution of L% defined by (2.6) is asymptotically (as
N — ) the chi-square with p(t— 1) degrees of freedom.

The proof of this theorem follows as a consequence of Theorems 3.1
and 3.2, and is therefore omitted.

By virtue of Theorem 3.3, the permutation test procedure based on
Z} simplifies in large samples to the following rule.

LY 2 Xaypr—n  reject H,
< Xi,'p(r-l) accept H’

where y2 _y is 100(1 —a)%, point of the chi-square distribution with
p(t—1) degrees of freedom.

Inorder to study the asymptotic power properties of the test considered
above, we require to study the unconditional asymptotic distribution of
Z% under appropriate classes of alternatives. This, in turn, requires the
study of joint asymptotic distribution of the rank order statistics
defined in (2.6). For the case of p = 2, the same has been studied in
Shane and Puri (1969). Since the methods for the case of any finite p are
analogous for those for the case of p = 2, the details will be skipped as
far as possible. However the efficiency results will be discussed in detail.

4 THE PROPOSED CLASS OF ASYMPTOTICALLY
DISTRIBUTION FREE TESTS

To derive a class of asymptotically distribution free tests, we first state

the following theorem.

Theorem 4.1. Under the assumptions 1 to 4 of §3, the random variables

NIV (Tyi = nis o Tvpt) — Bnpo) & = 1,...,¢ have asymplotically a
maullivariate normal distribution with zero means and covariance matriz

Cov [V(IV,) (T — Bnkw)s A (V5) (th(,e)*“ﬂm(ﬂ))] = ON, Kl af>
where ((Ty, 10, 0p))s ©:0=1,...,0; a0, = 1,...,¢ are given by (6.2), (6.3),
(6.4) and (6.5) respectively, and

oo = | TUL@APE @)+ F(=2)] (£.1)

€=

The proof of this theorem is long and involved, and is therefore not
given here. For the case of p = 2, it is briefly sketched in (Shane and
Puri, 1969, Theorem 3.1). For the case of any finite p, the details are
given in Shane (1968). In fact it is established in Shane (1968), that
subject to certain weak assumptions, the asymptotic normality holds
uniformly with respect to I1_(z), and p§{,x = 1, ..., ¢.
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We now consider a sequence of admissible alternative hypotheses
Hy, which specify that for each o = 1,..., ¢,

I (z) = II (z+:‘;%) ,

where z = (¥, ..., 2,)", iy = (Jlygs -++s fyp,)" and T1(2z) is a fixed continuous
p-variate cdf diagonally symmetric about 0. We shall also assume that
the constant By, ,, 4 = 1,....p; r = 1,..., N is the expected value of the
rth order statistics of a sample of size N from a distribution
(Vi@ -¥H(—2) if 2>0)

Wilz) = 10 (4.2)

otherwise,J
where W¥#(x) is a cdf symmetric about zero. If we denote by J; = ;' and
J§ =W§- then the above definition of Ey,; , implies that

Jy(u) = J¥ (“'; 1‘) 0<u<l), JHu) =JCu-1) (t<u<l) (4.3)

and JFu) = —JF(1—u).

Remark. Two cases of special interest which we shall study in greater
detail later are when (i) ¥¥(x) is the rectangular distribution over
(—1,1) and (ii) W¥(2) is the standard normal distribution function. Ior
the case (i) the corresponding statistic will be termed the rank sum
statistic, and for the case (ii), the corresponding statistic will be termed
the absolute normal scores statistic.

The following theorem, the proof of which follows from Theorem 4.1,
plays a central role in deriving a class of asymptotically distribution
free tests as well as in studying the efficiency properties.

Theorem 4.2. If (i) p\P >p,as N> and 0 < p, < L,a =1,...,c.

(i1) The conditions of Theorem 4.1 are satisfied.

(iii) For each fixed N, the hypothesis Hy is true. Then the random
variables [\J(N,) Ty —Uniw) J = 1, .., 03 @ = 1,...,¢] have a limiting
multivariate normal distribution as N — oo with means zero and covariance
malriz © = (Ty 40), 45 = 1, ..,p; 0,8 = 1,..., ¢, where

Tj‘j,aﬁ = aaﬂA? (j= 1:"':2');“!/)’: 1,...,6), (4.4)
Ti:i,ocﬂ=7—jiaﬂ=am,€'-9?_f (?:'—i:j= 1,...,_?7;““6,: 1,...,6), (4‘.5)
1 1
A2 =j J3(w) du =f JE@)de (G =1,...,p), (4.6)
0 0

-+ + o
Z= [ [ na@reeayen, @)

=—00
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04y 18 the Kronecker Delta and HY; (x,y) is the value of Hy(x,y) under I
in (1.1).

Corollary 4.2.1. Suppose that the hypothesis H, is true. Then under the con-
ditions of Theorem 4.1, the random variables

W) Tjard = 1o o052 = 1,...,¢]

have a limiting multivariate normal distribution with means zero and covar;-
ance malriz® = (g ,4),%,J = 1, ..., 050, f = 1,..., cgiven by (4.4) and (4.5),
Reverting back to our original notation, we have:

Corollary 4.2.2. Under the assumptions of Theorem 4.1, the random vari-

ables [’\J(Nif) (Y}Wc(z',f)_ﬂNk(i,f))’k = 1’ e P 1<i <j < t]a where

paii = | TH(@) AP @)+ FE(~2)]
(b=1,up; 1<i<j<i) (48)

have, in the limit as N — oo, multivariate normal distribution with zero mean,

defined b e
f Y Trap e = Sapapdi (b =1,2), (4.9)
T @) = Top i) = Oy I (k& 1) (4.10)

where A3 and Sy are given by (4.11) and (4.12) respectively and
+1 of i=4, j=j,
dapap={—1 if i=j, j=47,

0 otherwise.

Now let
: t
U = 5 VW) Tyncins tvnse) = A By) v
Ji ji
(k=1,...,p;¢t=1,...,t) (4.11)
t
Nrtzy) = lim \/ (M:j)ﬂfzv.rc(sj)s M) = 2 M (4.12)

and assume that 7, exists and is finitefork = 1,...,pand 1 < i < j < ¢.
Let us introduce the following partitioned vectors

UN = (Uﬁ)sU}\%]: srey Ug’)})x (413)
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where U® = (UW,...,08) (k=1,..,p); (4.14)
Pty = (Bva)s = oes Bavp() (4.15)

vy = (Bnka s o biyre)) (B =1, ...,9); (4.16)

N = M) -+ Mpe)s (4.17)

where M) = M-y o M) (B =1,...,p). (4.18)

Then we have the following theorem.

Theorem 4.3. Under the assumptions of Theorem 4.1, the random vector
Uy = (UR, ..., UR) has asymptotically a multivariate normal disiribution
with mean vector M.y = (Ny(.ys -++» Np(.)) and covariance malriz

M=(M,)= I}rmzo E[(Uy — ) (Uy = tae)s

where M, (kl=1,...,p);
18 a (t x t) matriz with entries
My = (t6—Vay (kl=1,..,p;%j)=1..1), (4.19)
A of k=1
Fa if k*l
and the rank of M is p(t— 1) if and only if the matriz
A = (ay). (4.20)

18 nonsingular.

Proof. The asymptotic normality follows directly from Theorem 4.1 and
Corollary 4.2.2. To compute the covariance matrix, we note that

M, = ;}m E[Uﬁx’?‘)—ﬁz\rk(—))' (UK)"““M(-))]

so that My ;= i{im E(USR) - pna)) (UK — g )]

= lim Cov [U§}, U]
N—w
t t
. - . .
= lim Cov| 5 V%) Tyt 3, V() T |
N—roo re=1 s=1 .
red s+
t t . t {
= E Z lim O N, 1160 () = > E TRt (js)
r=1g=1N—w r=1g=1
red sekj i s

= (1d;—1)ay
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by comparison with (4.9) and (4.10). Let

@€ @C ... @y,C
Then M=|: : (4.22)
@p1C QpaC ... @,,C

Let [M|| = Determinant M. In |M| subtracting row 1 from each of the
rows numbered 2, ...,¢, row (¢+1) from each of the rows (¢+2),..., 2t
and so on leaves | M|| unchanged. Then add columns 2, ..., ¢ to column 1;
(t+2),...,2¢ to (£+ 1) ete. and the resulting determinant has columns 1,
t+1,2t+1, ..., (p—1) ¢+ 1all zero. Hence the rank of M is at most p(t — 1).

Now striking the 1lst, (¢4 1)st,...,[(p—1)t+ 1]st rows and columns

leaves the minor
s — | ta].lI ces taIpI !
IM*| =

.
- 3

ta I .. tay,, 1

where Lis a (t— 1) x (¢ — 1) identity matrix. The fact that | M*|| = 0if and
only if |A| = 0 follows from

Lemma 4.1. Let A be any symmelric matriz and let

anl ... a1
M# = : ,
a X ... a,l

where I is a (k% k) identity matriz. Then |M*|| = ||A]*.
The proof being trivial, is omitted.

Remark : We have proved that the rank of M is p(¢— 1) if and only if the
matrix A, which is the dispersion matrix of {JF(F (X)), ..., J (I, (X@)}
is non-singular. In what follows, we make the assumption that the dis-
tribution function Il(z) and the score function J,,k = 1,...,p are such
that the moment matrix 4 is non-singular. The moment matrix will be
singular if and only if there exists one or more relationships of the form

: a; JF(F(XD)) = b. a.s. 1L

j=1
Let us define
L% =3 3 (U oo, UG) AUR .., U (4.23)
i=1

We now have,



INCOMPLETE BLOCKS DESIGNS 145

Theorem 4.4. Under the assumptions of Theorem 4.1

N B _ ,
Bt = 3 (URy e, UR) ANy ., UR)
has asymptotically a non-central y? distribution with p(t — 1) degrees of free-
dom and non-centrality parameter

1 t
A E >-l (7?1(1. Y Watie)s oo Nty ))A (’)}1(1‘ Y vees Mpli- )) (424)

The proof of this theorem follows as an application of Sverdrup’s
(1952) Theorem and the well known property (cf. Rao (1965), p. 443
(viii)) of the multivariate normal distribution. [For the case of p = 2,
cf. Shane and Puri (1969).]

Corollary 4.3.1. Suppose that the hypothesis H, is true. Then under the
assumplion of Theorem 4.2, LN* has the limiting central chi-square
distributvon with p(t — 1) degrees of freedom.

Now let A be a consistent estimator of A, and denote

=3 (O UR) AHUR ., URD. (4.25)

e1"‘-[»—-

Then, it follows that %, — #%* converges to zero in probability as N — 0.
Hence %y, too, has the limiting 'central chi-square distribution p(t-1)
degrees of freedom and so the critical function

1 if gj\! 2 x;a)(t—l).m
(3}\!) = . 2
0 if %< Xplt—1), 2

where 7 , is the 100 (1 — )9, point of the chi-squared distribution with
r degrees of freedom, provides an asymptotically level a test of 1.

From Theorem 4.3, it is clear that any consistent estimator of A1
will preserve the asymptotic distribution of the test statistic. However
to establish the existence of the test statistic £y, at least one consistent
estimation of A~ has to be proposed. From (2.10) and Theorem 3.1, it
follows that the permutational covariance matrix Az'* defined in (2.15)
can be taken as a consistent estimator of A-L.

Theorem 4.5. The permutation test based on Zy given by (2.16) and the
asymplotically nonparametric test based on Ly given by (4.25) are asymp-
totically power equivalent for sequence of alternatives Iy defined above
(4.2).
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The proof follows from Corollary (3.1), Theorem 4.2 and 4.3, Thus
by virtue of the stochastic equivalence of the tests £ and %y, we shall
consider only the asymptotic properties of the unconditional test hased
on %y.

In most cases, the quantities 7; , = lim NV i Iy bake on simple forms
N—rm

through the help of the following lemma similar to Lemma 7.2 of Puri
(1964).

Lemma 4.2, If (i) F,j = 1, ..., p is continuous cdf differentiable in each of
the open intervals [(0,a$), ..., (@, 00)] and the derivative of F is bounded in
each of the intervals and Fy(x)+ F( —x) = 1. (ii) T'he function

iJ;[Fj(x)—Fj(—m)] (1=1,...,p)

18 bounded as x> 400, x—>0+. (iii) J; = V;t and V'S defined by (4.2) is
symmetric and unimodal with density 1 *, 7=1,...,p. Then

o 00 o 80 B c+18) - -0 )]
d[ﬁ}(x+%)+1@(-x+%)] (+.20)
= —2J(Pa) 1 f :Od—i% [2Fj(w) - 1] dTj(x). /

In case the conditions of Lemma 4.2 are satisfied, then

Ay =-3 O0,B*10;, (4.27)
=1

i=

where  O; = (O, ..., 0p;); Op; = Z Phtg (k=1,...,p),  (4.26)

_’i" +-3-
B* = Adlay ap Uc?l =1, ---:P), (‘l—.?.g)
® d
af ==2 TARRE-11d0E) (k=1,...p) (430
20

and a,, is defined by (4.20).
Introducing the notations

Py = Ly(R) when Jif(x) = 2x—1 (k= ),...,p) (rank sum test) (4.31)

and

Ly = ZLn(P) when Jii(x) = OYz) (k= 1,...,p) (absolute normal
scores test). (4.32)
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We obtain from (4.27),

1 it
Agi) = 7 § O;AR0;, Mg = (A)), (4.33)
‘1121 f,(x)d:t,] i k=t ‘
(R) te f
where A =1 [** f Fy @) (y) Bz, 1)~} (439
Jo» if k=+1,
\ mf, a:)da:f f; (@) dx )
1 ¢
Apar = 5 % o10;, Ny = ((AD)), (4.35)
where
[+ _[_2(E -2 _ \
[J. o 95[([)—1(1,1( ))] if k l;
AP = | f f 01 (B (@) D-E(y)) Bz, y) - (4.36)
f*w ~fimde [0 fiwde 0 OFEE
—o PIOHE(2))]) ~ G") [O-1(E(x))] /

Sen and David (1968) have also considered a permutationally distribu-
tion free test statistic Dy which is a p-variate extension of the univariate
sign test. They have shown that under the sequence of alternatives Iy,
Dy has the limiting noncentral chi-square distribution with p(f—1)
degrees of freedom and non-centrality parameter A, which in the nota-
tion of the present paper is

i
Ap=- 20,2707, (4.37)

1
ti=1
where & = (d};) is given by

!_!f\‘_l(gso)_i' if k=l
fk(o)fl(o 1 b (4.38)

d;’i‘l =
k=1
4£,(0 f:
In addition, we shall consider the likelihood ratio % -test obtained by
assuming that Z;; is distributed according to a normal distribution with
mean y; — p; and covariance matrix X. This statistic can be shown to be
asymptotically equivalent to

t
F =1 5 (U ) AR Y, (4.39)
i=1
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Al S
where i) = PR IP ¢ (4.40)

i)
and ¥ is the parametric estimator of the covariance matrix

= (on) (kl=1,..p), (4.41)
where oy = cov (X, X1), (4.42)

Under Hy, & has asymptotically a non-central chi-square distriby¢joy
with p(t — 1) degrees of freedom and non-centrality parameter

1t ,
Ag= 7 2 @-33‘101- (4.43)

f==1

S ASYMPTOTIC RELATIVE EFFICIENCY

It is well known (Puri, 1964) that in the situations we are considering the
asymptotic efficiency of one statistic relative to another is equal tq the
ratio of their non-centrality parameters. Thus, denoting ep », as the
asymptotic efficiency of 7} relative to 7}, we have

€ ), F = Ai’fﬂ))/A?‘:cﬁl’N(R),.’fr = A s/ A s
oy, Dy = A:f(m)fAD, (5.1)

and Ag @), 2ya0 = Do Byap-

The above expressions do not lend themselves to easy analysis. They
depend upon the underlying distribution I1(z) and also on the vectors
0;andt, the number of treatments. Useful information may be obtained,
however, for certain special cases.

Case 1. Multivariate normal case. Let us assume that the underlying dis-
tribution is a non-singular p-variatec normal distribution with mean
vector zero and covariance matrix $ = (o), k,l = 1,...,p. Then

NP = o AR = 207,0,5in-1E8 (5.2)

where P = [1 k= Z,} (5.3)
Y lonoitort i k4l '

In such a case e s = L. (5.4)

This means that for wnderlying nmon-singular normal distribution the
property of the univariate normal scores test relative to the Student’s {-test
(or the Analysis of Variance F -test) is preserved in the multivariate case.
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Next from 6.2 we note that for any 7, the expression
0,70 -
0310, (5:5)
is the asymptotic relative efficiency of one sample p-variate rank sum
test relative to Hotelling’s 7"2-test [of. Sen and Puri (1969)]. Denoting by
¢* the class of all non-singular p-variate normal distributions we obtain
(Sen and David, 1968; Shane, 1968; Shane and Puri, 1969)
inf 1nfe_! wx=0 for p>
IIE‘,&' (5.6)
3Im < ey o, 7 < 00965 for p =2,

and from (5.4) and (5.6) to follow that

SUp SUp g (q), 7y = © for p > 3.
Heg* ©

Proceeding as in Bhattacharyya (1967),T we obtain

inf infegy (g), ¢ a0 =1 for p>2.
Ilegp*> @

The above results indicate that when the underlying distribution is normal,
the Ly(®) test is always preferably to the Ly(R) test. Similarly

Isiug) sup ey (@), p, = for p>3.
c

Case 2. Independent co-ordinates. LetII(z) have independent co-ordinates,

ther cu= NP = AP =0 i+,
4
E @!c zA((D)
In such a case, Co ), F = v tl = . (5.7)
by E Or 07 *
i=1k=1
To obtain bounds for (5.7) we consider
3 0 A
0y ="t (5.8)
% 005"
k=1
Applying Courant’s Theorem] we see that
infe, = min[oc2 A, k= 1,...,p]. (5.9)
o

1 Ann. Math. Statist. (1967), 38, 1753-8.
1 The maximal and minimal values of x ‘Ax/x'Bx’ whero 4 and B aro non-negative

definite and B is nonsingular are given by the maximal and minimal eigenvalues
of AB-1,
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However, o Af} is simply the asymptotic relative efficiency of the yn;-
variate one sample normal scores test relative to Student’s ¢-test o ¢],0
distribution F,. As such it is known to be greater than or equal to | 41q
is 1 only for I}, normal. Hence

infe, =1, (5.10)
o
inf infey, () 7 = 1, : (5.11)
Ie#, O

where Z is the class of all absolutely continuous edf’s having indepen-

dent co-ordinates.
In the same way, using the results of Chatter;] jee and Sen (1964) and

Sen and Puri (1967), it can be shown that

inf TllfGJﬁ(q;) 2 = I1/6, (5.12)
e,
inf infey, (), » = 0-864, (5.13)
HeF, O
inf infep, . = 0-33, (5.14)
IleF¥ © B

where 77§ is the class of all absolutely continuous diagonally symmetric
unimodal distributions with independent co-ordinates.

Case 3. Identical equicorrelated marginals. Let us assume
Fy(z,y) = F(x,y) for 1<i4j5<op.

Proceeding as earlier, we obtain the

1—p 1+(p=1)p } )
supe, o2agt max ——, 5.15
p Py, F = { 1 tl} { — Py I+(P—1)Pq, (‘) ]

: . [1-p 14%?-”9} -
infe, @ » = {0?a? mm{ , , 5.16
P Z D), F { 1 o} 1—pg’” 1+ (p—1)pg (5.16)

and similarly, one can evaluate 11‘;}_ €2 i F> SEP@:{)N”{J.y ete. The

bounds for these eigenvalues are not in general known. However, for
specific distributions, their values may be computed.

6 APPENDIX
The expressions for (o, jg,0p))s ksl = 1,0, p50, f = 1,...,¢

In this section we give the expressions for oy ;.- For the details of
computations, see Shane (1968). Denote
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AP, y) = FiP@) [1—-Fi@ )], Bule,y) = d[H,(x)]dJ[H(y)], )
@@, y) = AL (@) + FiP(— )] [F9(y) + F{# (= )],
Dii(w,y) = dH(x) dLF{(y) + I{P(—y)], MiP(x) = FiP(@)+ FiP(—x),
Uz, y) = Ji[H ()] i) (y)],
Eif (e, y) = Fig (e, y) + i@ (@, —y) = Fig(—2,9) - Fi (-, —y), f
G (@, y) = Fif (@, y) - Fig(x, ~y) — Fi(—2,9)+ TP (-2, —y),
Lz, y) = Fi3(@, y) + Fi (-, y) - Fif(@, —y) — Fi$(—z, —y),
Ni@(@,y) = Fig(@,y)+ i@, —y) - P (-2,9)—- T3 (-2, —y),
P, y) = FiR (@, y) - Fi(@, —y)— Fi@(—2,9) + FiP (-, —y). )
Then . (6.1)
e = 2| [ 1AP@ ARy - 0) Bty
+~F:;0 :;OA?)( Y, %) By, y ]’]“2}9% ZP&V)

O—Nflcws'f of O{Dgff)xa?!
€r= ==

<L 0G0+ AP0, =) Ui O
_ Jr<y<wm

o s}

[0 ] A st g O )|

~ 209 [ f [ UP@y) AP - AP~ 2)
l<zx<y<coo

— AN (~y, —2)} Uy, y) DiR(=, y)

a) () {cx)
+ff0/mq<m{Aﬁc (,2) + A ~2,9) - AP (~,2)
— 4=, — )} Uale, ) DR, ) (6.2)
Gi3 (@, y)} Bral, )

F"p(V]J; of _ LD (, y) — M2 (@) HiP(y)} By, v)

—{(NiP(x, y) — M‘“‘(J 11‘“’(&)}0}19:? Dig (x, y)] - pﬁ%"zp\r‘

f f (PR(x,y) — HP@) HO ()} Uy, ) O, ).
r=0 =
I (6.3)
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oN,i,ap = — (PN L) [ f ) f VI (0, y) — M2 (@) B (y)} U,

x D (@, ) + (NP (@, ) = M (y) HP (@)} Usale, y) D2, )

+ ch Piv’f f (PR, y) — HP (x) H{(y)}
x=1{)

r=1

Uyl ) M@ AP (g

ON, Ity ap = —«./(P‘“‘P{”’)ﬂ {47 (@, y) — AP (—y, —2)

D<p<y<w

+ AP (—y,x) — AP (—2,y)} Uy, y) DE) (2, y)

_Ji[() {A}cm(y, ) Am}( —‘y)_A}’cm(—y)w)

TY<Tom

+ A5 (=2, y)} U@, y) D, )

._ff {A(ﬂ) )hA}cﬂ)(_y, mm)—A}f’(—m,y)
0=x<y<w

+A(m _)",517)} UM.: €, ) gr“i’c}(x ?})

—ff {A}fﬂ}(y’ ) — ASGﬁ)( —&, — y) - Ag)( -, Ef)
l<y<z<wo

+ AP (= y, 2)} U, y) D (e E 2%

7=

[ e - apun e dee aney,
Dy <m

ﬂ] P (y) [1— Hi ()] Uy, y) dM§P () AP ()

(6.5)
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DISCUSSION ON
PURI AND SHANE’S PAPER

H. T. DAVID

This paper, as much as any of the Symposium, shows the importance of
nonparametric method for non-subjective statistics. Nonparametric

methods require a minimum of probabilistic modelling—only the dis.
crete uniform distribution. In this they scem to meet ‘data analyzers®
halfway and others, outside the profession, wary of detailed probabilistic
assumptions. Yet, as is so well demonstrated in this paper, nonpara-
metric methods manage to compete successfully in the world of para-
metric hypotheses; there is in addition the attractive deductive link
of permutation tests to experimental randomization, pointed out by
Tlisher and since stressed by Kempthorne. In this connection note that
Puri and Shane’s group Gy arises from the following experimental
randomization Z: Randomly assign the N treatment pairs to the X
blocks (randomization %,), then, independently, the individual treat-
ments of a particular pair to the two plots within a block (randomiza-
tion %,). Let Hy indicate permutation of paired vectors. Then the im-
plied joint null permutation distribution of the 2V vector observations
(Joint distribution of 2pN scalars in all) is uniform over the relevant
orbit of Hy GY = G%. The induced joint null permutation distribution of
the N vector differences Ze, ! (joint distributions of pN scalars in all) is
then uniform over the orbit of @y containing the observed Z. Thus %
leads naturally to an intra-block permutation analysis, say based on the
permutation distribution of (4.39) under G. This suggests several com-
ments. To begin with, suppose that the individual vector observations
Xe,! and Ye,l are indeed available, in addition to the differences
Zo,l = Yol —Xa, I. Let now 7}, be the average of all vector observations
from all blocks featuring treatment ¢. Then G% leads equally to an inter-
block permutation analysis, say based (at least when the N;; all are equal)
on the permutation distribution under G% (equivalently, G%') of a suitable
one-way MANOV A statistic involving the ¢ vectors 7%. It is not clear how
best to combine the intra- and inter-block analyses; however, replacing
an intra-block statistic such as(4.39) by its conditional expectation given
g% at least insures the conditional independence of the two analyses.
A further point is that, for blocks of size & > 2, (%, and in particular
Hy, remains of course appropriate under #. The group applicable to

[ 154 ]
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paired treatment differences within blocks is then pinpointed as the

eyelic group of order (I) multiplied by a modification of Gff whose

{7
2
I

‘}) difference vectors, in addition to

elements reverse the order of the (

the change of sign. A final point is that some experimenters, faced with
the prospect of constant N;; (say N;; =m > 1) might not opt for Z at
all, but rather for separate randomization in each of m replicates of ¢
blocks. I imagine that this or other alternatives to Z (and hence to G%)
would be gauged by parametric models with random rep effects; these
in addition to the random block effects that would be introduced in any
power computations for the inter-block analysis.





