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Abstract

This dissertation will discuss Koszul algebras and Koszul type N, property. It is
a basic problem of homological algebra to compute cohomology algebras of various
augmented algebras. One of main purpose is to find the conditions that make algebra
Koszul and to find some conditions on Hilbert series of the Koszul algebras. The
other purpose is to find conditions which make a line bundle satisfy IV, on a projective
variety over an algebraically closed field.

First consider quadratic algebras with two generator. We classify the quadratic
algebras with two generator and investigate conditions under which these quadratic
algebras are Koszul algebras. It turns out that one can formulate these conditions
in terms of the dimensions of homogeneous degree two and three parts of the alge-
bras.Whether an algebra is a Poincaré-Birkhoff-Witt algebra or not depends not only
on the presentation of the algebra, but also on the field.

Second consider the Koszul-type concepts of the syzygies of varieties. Mark L.
Green invented the N, property of line bundles on a projective variety. We show that
line bundles L and L*? satisfy the property N, if L is a globally generated ample
line bundle on a projective variety such that H'(X,L*) = 0 for all s > 1. We also

sharpen a result of Park’s work on a smooth complex projective surface.
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1. INTRODUCTION

This dissertation will discuss Koszul algebras and Koszul type N, property. It is
a basic problem of homological algebra to compute cohomology algebras of various
augmented algebras. One of main purpose is to find the conditions that make algebra
Koszul and to find some conditions on Hilbert series of the Koszul algebras. The
other purpose is to find conditions which make a line bundle satisfy NV, on a projective
variety over an algebraically closed field.

Chapter 1 introduces basic definitions and theorems about Koszul algebras. We
follow the notations from the published studies of A. Polishcuck, L. Positselski and S.
B. Priddy. S. B. Priddy constructed a general resolution for a large class of augmented
algebras by using bar resolution. He defines Koszul algebras using this resolution of
an associated quadratic algebra. We also review the properties of Koszul algebras.
In the work of A. Polishcuck, L. Positselski we find the following conjecture that
any Koszul algebra A of finite global homological dimension d has the number of
generators dim A; greater or equal to d. However in general it is not true. We give
an example that d > dim A;.

Chapter 2 introduces the definition of Poincaré-Birkhoff-Witt algebras and the
connection between Poincaré-Birkhoff-Witt algebras and Koszul algebras. According
to Priddy’s work, we know that every Poincaré-Birkhoff-Witt algebra is a Koszul
algebra, but the reverse is not true in general. We can find an example that is a
Poincaré-Birkhoft-Witt algebra but not a Koszul algebra.

Chapter 3 investigates quadratic algebras which have two generators. We assume
that the ground field is an arbitrary field. We investigate conditions under which
these quadratic algebras are Koszul algebras. It turns out that one can formulate

these conditions in terms of the dimensions of homogeneous degree two and three
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parts of the algebras. Whether an algebra is a Poincaré-Birkhoff-Witt algebra or not
depends not only on the presentation of the algebra, but also on the field. Finally we
list all possible Hilbert series of quadratic algebras which has two generators.

In Chapter 4, we assume that the ground field is algebraically closed, uncountable,
and has characteristic zero. We establish connections between the set of quadratic
algebras and the Grassmann variety. These connections have been researched and
reviewed, but our chapter explains them in more detail.

Chapter 5 introduces the Koszul-type concepts of the syzygies of varieties. Mark
L. Green invented the NV, property of line bundles on a projective variety. We show
that line bundles L and L*'? satisfy the property N, if L is a globally generated
ample line bundle on a projective variety such that H'(X, L*) = 0 for all s > 1. We

also sharpen a result of Park’s work on a smooth complex projective surface.



CHAPTER 1

GENERAL DISCUSSION OF KOSZUL ALGEBRAS

Consider a quadratic algebra A = @;°  A; = T(V)/J where A; = V is a vector
space over a field k and J is a two-sided ideal generated by quadratic relations. We
want to find the conditions which make A Koszul algebra if dim V' = 2. Before that,
we must know some basic definitions and theorems. We follow the notations from
[1]. Throughout this paper, algebra A means an associative algebra with a fixed unit
14 over a fixed ground field k. Unless otherwise specified, we only consider graded

algebras A = EBQO A; such that dimy A; < oo, for all ¢ > 0 and Ay = k.

DEFINITION 1. For a graded algebra A and graded A-modules M, N, we will de-
noted by Ext'y,(M,N) = D, Emti{(M, N) the derived functor of the graded ho-

momorphisms functor Ext%(M,N) = Homs(M,N) = @.., Hom’,(M,N), where

jez
Homf;‘(M, N) is the space of all homomorphisms mapping M, to M,_;. The first

grading 1 1s called the homological grading and the second j is called the internal one.

DEFINITION 2. A graded algebra A = @, A; is called one-generated if the nat-
ural map p : T(A1) = @iy T (A1) — A from the tensor algebra generated by A,
is surjective where T'(Ay) = AT for all i. A one-generated algebra A is called qua-
dratic if kerp is generated by its subspace I, = kerp N T?*(A;) C A2, We denote
the quadratic algebra A by A = {Ay,14}. For one generated graded algebra A there
is a uniquely defined quadratic algebra qA' together with an algebra homomorphism
qA'" — A which is an isomorphism in degree 1 and a monomorphism in degree 2.

Then qA' = {Ay, 14} is called the quadratic part of A. A quadratic dual algebra A'
3



1. GENERAL DISCUSSION OF KOSZUL ALGEBRAS 4

of a quadratic algebra A = {V,I} is defined as A' = {V* I} where V = Ay, V* is
the dual vector space to V and I+ C V* @ V* is the orthogonal complement to I with
respect to the natural pairing (v1 ® ve, v§ @ v3) = (v1 ® v])(v2 ® v3) between V @ V
and V* @ V*.
Let A = {V, 1} be a quadratic algebra and M be a left A-module. M is called qua-
dratic if M; = 0 for i < 0, the natural map A ® My — M s surjective and its
kernel Jy; is generated by the subspace Ky = Jy N A @ My. Then we denote this
as M = (Mo, Ky). For any graded algebra A and graded A-module M such that
M; =0 fori > 0, there is a uniquely defined quadratic module qaM over qA together
with a morphism qaM — M of modules over A which is an isomorphism in degree
0 and a monomorphism in degree 1. For a quadratic module M = (My, K) over a
quadratic algebra A = {V,I}, we define the quadratic dual module M' over A" as
M' = (Mg, KY) where K+ C V* ® M is orthogonal complement to K C'V @ M.

DEFINITION 3. A graded quadratic algebra A = @;°, A; over a field k is called
n-Koszul if E:L‘tg(k, k) =0 fori < j <mn. Ais called Koszul if Extg(k, k) = 0 for
all i # 7.

NOTE 1. (1) By above definition, a graded quadratic algebra A is Koszul if
and only if A is n-Koszul for all n.
(2) It is proved in [1] that a quadratic algbra A is Koszul if and only if the dual
algebra A' of A is Koszul.

Let V = @,z V; be a graded vector space; then its Hilbert series is a formal power

series defined as

hy () = 3yep(dim Vi)a!

For a graded module M over a graded algebra A, consider the homological double

Poincaré series
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Papr(@,y) = 32, jez(dim Ext®? (M. k))a'y?
We get the following facts in [1]; for a graded module M over a graded algebra A,
(1) ha(z)Pay(—1,2) = hp(x).
(2) ha(z)hg(—z) =1if A is a Koszul algebra.
(3) A graded algebra A is Koszul if and only if Pyx(z,y) = ha(zy).
The inverse of (2) is not true. We can find a counterexample of (2) in [4]. For an
augmented grade algebra A = k@ A, and a left A—module M, consider the following
bar-resolution E:(A, M);
o ARk AL @k A kM - ARk AL @k M — A®c M — 0
where gi(A, M) = A ®x A" @y M, the differential is

i

Mag®@ - ®@a;@m)=> " _(-1)°a0®@ - R as_1a5;® ---a;, ®m

HED) g @ @ am,

and A acts by the left multiplications.

NoTE 2. Consider the bar-resolution ZS’V.(A, M) where A is a quadratic algebra

and M is a A-module. We easily check the following fact;

Then B.(A, M) is a free resolution of the A-module M.

We have by definition

Ext' (M,N) = H'(Homa(B;(A, M), N))
Let A be a graded algebra and B = qA' be the algebra dual to its quadratic part.
The image of the element ey, € A; ® A} under the natural homomorphism qA4' — A
defines an element e4 € A; ® By with a property ¢4 = 0 in A® B (see Lemma 9.1 in
[3]). Let R be a graded right A-module and L be a graded left B-module. We define
the Koszul complex K4(R, L) of the modules L and R as follows:



1. GENERAL DISCUSSION OF KOSZUL ALGEBRAS 6
K;?(R,L) = R, ® L; where i =p and j =p + ¢
then the differential maps are mappings from K;; to K;_;; and are induced by e4.
Let M be a left graded A-module with M; = 0 for i < 0 and N = q4M' be the

quadratic dual left B-module. Set
'Ko(A, M) = KA, N);
then 'K (A, M) is a complex of free graded left A-modules
> A NI — A®g Ni — A®, Nf — A®, Ni — 0.

Specifically for a quadratic algebra A = @, A; = {V, R} where A; =V, consider
K#(A, k') Koszul complex of A;

Ke: > ARy K3 > A Ky > A®p K1 — AQy Ky — 0,

where K; = N2 V¥ @ Ro V-2 for all j > 2, Ky =k, and K; = V. We know
that the differential ¢; : A® K; — A®K;_; is the restriction of AQV® — AgV®(-1
such that v ® (v @ Wy ® ... @ w;) — Vw; ® (W QW3 ® ... ®w;). Then @;p;11 =0, ie.,
ker @; D Imp;,1. From now on, this is our Koszul complex. In K2(A, k') Koszul

complex of a quadratic algebra A, we get the following result.

Cram 1. Let A ={V, R} be a a quadratic algebra. In Koszul complex K,,

K, @ VIOV ®K,| =K, foralr>2

Proor. For all r > 2,
K, @ VIOV © K,]
= (M V@ RV 2o V) (Ve [N Ve Re Ver-i-2)
= (N Vo @ R VErs=i=2) NN Ve @ Re VEr—i-2)
= (R VEHNNZ V@ R VE 1) NN > Ve @ Re Ver—i-2)
NV e R)

= (RVHNNZ V¥ Re Ve =H)N(VE -1 @ R)
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— ﬂig—l V¥ @ R® Ver—i-2

= Borg1- 0

PROPOSITION 1. (Proposition 0.1 in [1]) For any graded algebra A and graded
A-module M with M; = 0 for i <0, we have Ext(M,k) = 0 for i # j if and only if
the complexr 'K (A, M) is a resolution of M.

Until now we introduced the definitions and the facts about Koszul algebras. Now

we discuss three conjectures in [1];

(1) The Hilbert series of a Koszul algebra A is a rational function. In particular,
the growth of the sequence dim A; is either polynomial, or exponential.

(2) Any Koszul algebra A of finite global homological dimension d has the num-
ber of generators dim A; greater or equal to d.

(3) If the dimension of the components of both quadratic dual Koszul algebras
A and A' has a polynomial growth, then the Hilbert series of A, ha(x) coin-
cides with that of the tensor product of a symmetric algebra and an exterior

algebra. i.e.,

ha(x) = 8’:2: for some a,b € Z > 0.

In [1] they proved that the first and third conjectures are true if a quadratic algebra
A is a PBW-algebra (We can find the definition of PBW-algebras in Chapter 3). We
know that the global dimension of a Koszul algebra A, gl.dim A is the projective
dimension of k (as A-module) over A and Ezt'(k,k) = A'. The second conjecture
means that gl.dim A is min{t|dim 4; # 0 and dim A}, = 0} and it claims that
gldimA < dim A,. In [5] they showed that if a quadratic algebra A is a I-type
algebra, then gl.dim A = dim A; but in general it is not true. We show a case such

that gl.dim A > dim A;.



1. GENERAL DISCUSSION OF KOSZUL ALGEBRAS 8

ExXAMPLE 1. Consider a quadratic algebra A = {V, R} such that V has a basis

{z,y,z}. and R is generated by {x* + xz,9y* + yz,yx, za}. We show that A satisfies
gl.dimA=4>3=dimV.

PROOF. The dual quadratic algebra A' = {V* R} has two-sided ideal R+ which

has a basis {y*? — z*y*, *% — 2*2*, 2*y*, 2*2, 2*y*}. Take a order y* > z* > x*.

1) A has a basis {z*?, y*z*, y*2*, 2*x*

(1) Ay yraty

(2) A} is generated by {x*3 y*a*? y*z*x*, 2*2**}. We get the following relations
in A;ﬂ x*3 — p¥ytrt = .T*2Z* — JI*Z*Q — 07 y*I*Q — y*l’*Z*, y*Z*$* — y*Qx*7

| .
and z*z*? = z*2*2*. So A} has a basis {y*z*?, y*2*2*, 2*2*?}.

(3) Al is generated by {y*z*®, y*z*2x*%, z*2*3}. We get the following relations in
AL yre® = 22 = 0 and y* 22 = g2ty =y = y*2atzt £ 0. So
A has a basis {y*z*z*?}.

(4) Al is generated by {y*z*z*3} and y*z*2** = 0 in AL. Then A} = 0.



CHAPTER 2

PBW PROPERTIES OF KOSZUL ALGEBRAS

In this chapter we review the concept of Poincaré-Birkhoff-Witt(PBW) algebra
and the properties of PBW-algebra.

Suppose that A = {V| R} is a quadratic algebra where dimV' = n and V has a
fixed basis {z; : i € I}. Let B be a k-module basis for A consisting of 1,z; and
certain monomials x;, x;, - - - @;,,, 9; € I. A set

SCcuUX 1 x Iy x I, I, =1
is called a labeling set for B if for each {X = z; x;, ---x; } there is a unique a =
(11,19, ...,1,) € S. The pair (B, S5) is called a labeled basis for A. The set U I} X
Iy --- x I, is ordered first by length and then by the lexicographical ordering derived
from the order of I. For a multiindex a = (i1, 9, ..., i), ix € {1,2,..,m}, denoted by

X® the monomial x;,x;, - - 25, € T(V).

LEMMA 1. (Lemma 2.1 in [1]) Let V be a vector space with a basis w, numbered
by a linearly ordered set of indices () which has a smallest value and K C V be a
vector subspace. Consider the subset S C @ consisting of all a for which w, cannot
be presented as a linear combination of wg with 3 < o modulo K. Then the images
of wy, with o € S from a basis of V/K. The subset S is a unique one for which there
s a basis of K of the form

ug :wg—za<ﬁcagwa, BesS=0n0\S

Consider a quadratic algebra A = {V, R}. Let S? be a subset of S as Lemma 1

such that S? = {a € S|X® € Ay}. For n > 3, let
9
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S™ = {(il, ig, e Zn)‘(Zl, ZQ) € 52, (ig, 23) € 52, e (in_l, Zn) € 52}
We call (B, S) a PBW-basis if it satisfies the following properties;

(1) (ila ,’lk) and (jl?"'ajt) es 1rnphes that (ila --wikajl?'-'ajt) eS.

(2) for k > 2, (iq, 1, ...,4;) € S if and only if (i;,7;41) € Sforall 1 <j < k.

In other words, (B, S) is a PBW-basis if § = U2 5", If A has a PBW-basis, A is
called a PBW-algebra.

THEOREM 1. (Theorem 2.2 in [1]) Let A = {V, R} be a quadratic graded algebra.
If the cubic monomials x;, ;x4 , (i1,42,13) € S are linearly independent in As, then

the same is true in any degree n; therefore this A is a PBW-algebra.

NoTE 3. By the definition of PBW-algebras, we know that PBW-property de-
pends on bases of quadratic algebras. For example, consider a quadratic algebra
A =T{z,y})/{y* — 2?) over C. Then A = T({z,y})/(y* — x?) is isomorphic to
B=T{zw})/{(zw — wz).

(1) Given any order of {z,y}, {o|X* € A3} ={(1,2),(2,1),(2,2)} =
S = {(1,2,1),(2,1,2),(1,2,2),(2,2,1),(2,2,2)}. {z,y} are not a PBW-
basis of A since 2® = zy? = y*z and y* = 2%y = ya?.

(2) Given any order of {z,w}, {a € S?*|X* € By} = {(1,1),(2,1),(2,2)} =
S ={(1,1,1),(2,1,1),(2,2,1),(2,2,2)}. But {z,w} is a PBW-basis of B

since By has a basis {23, wz?, w?z, w®} or {23, zw?, 2%w, w3}.

THEOREM 2. (Theorem 5.3 in [2]) Any quadratic PBW-algebra is Koszul.

THEOREM 3. (Theorem 2.4 in [1]) A quadratic algebra A is a PBW-algebra if
and only if the dual algebra A' of A is also a PBW-algebra.
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THEOREM 4. (Theorem 2.6 in [2]) Let A = {V,R} be a PBW-algebra where

dimV =n and V has a basis {x; : i € I}. Let S? be the complement of S? in I x I.
The Hilbert series of A, ha(z) is

det(14+zM—y)
hA (l’) = det(lfoii)

where Mgz is the n X n matrix of zeros and ones corresponding to S.

DEFINITION 4. Let A = {V, R} be a quadratic algebra. A is called a monomial

algebra if R is generated by quadratic relations which are monomial.

We easily get that all monomial algebras are PBW-algebras. By Theorem 2, we
know that all PBW-algebras are Koszul but the opposite is not true. We get an

example which are Koszul but not a PBW-algebra.

EXAMPLE 2. Consider a quadratic algebra A = T({z,y})/{x* + y*) over rational
numbers Q. We will see that the A is a Koszul algebra in Chapter 3.
By any linear transformations, x* + y? is of the form ax® + bxy + byx + cy? where
a,b,c € k and a,c # 0. Given any basis of A and any order of the basis, we get that
S =1{(1,2),(2,1),(2,2)} and dim A3 = 4. By Theorem 1, every basis of A can not
be a PBW-basis of A. So A is not a PBW-basis.



CHAPTER 3

KOSZUL ALGEBRAS ON TWO GENERATORS

Now, let k be our ground field (not necessarily an algebraically closed field). We
consider a quadratic algebra A = @;-, A; = {V, R} where V' = A is a 2-dimensional
vector space over k and R is a set of all quadratic relations of A. Since dimV = 2,
R can have at most 4 linearly independent elements. Denote by |R| the maximum
number of linearly independent elements of R. Denote by ¢; : AQ® K; — A® K;
differential i-th map on the Koszul complex K,. Trivially we know that kerp; D

Imy;yq for all .. We will show that

THEOREM 5. We assume that A = @2, A; = {V,R} is a quadratic algebra,

where V = A1, dimV =2, and R is is a set of all quadratic relations of A.

(1) When |R| =0,1,3,4, this A is Koszul
(2) When |R| =2, only A which has dimAs = 2 is Koszul

We will prove this on a case-by-case basis. By duality of Koszul algebras, it suffices
to consider cases when |R| = 4, 3,2. Unless specified, we usually omit ® within A or
K;. If |R| =j and {ly,...,1;} is a basis of R, we denote R = (1, ..,{;). Each [; can be

expressed in the form a;;2% + a;oy? + a;320y + auyr where all a;; € k. Then

2 2
b 11 a2 @13 Aaiq X x
2 2
ly Qg1 Q22 Q23 Q24 Yy Yy
pr— pr— G
l3 asz1 @32 Aaz3 Qas4 ry xry
L4 A41 Q42 Q43 Qg4 yxr yxr

12
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By the elementary row operations, we can get row-reduced echelon matrix G =
(bik)1<ik<a Which is equivalent to G, so we can assume that each l; = bj12? + bjoy® +

bjg.ﬁﬂy + bj4y£L'.

0.1. |R| = 4. Trivially we know that this is a monomial algebra. So this is

Koszul.

0.2. |R| = 3. We get 4 cases such that R has a basis as follows:

(1) R = (2% zy, yz),

(2) R=(y* + az®, zy, yz),

(3) R = (y* + axy,x? + bzy, yx),

(4) R = (y* + ayz, x* + byx, 2y + cyz),

LEMMA 2. When R = (2% vy, yz), the A is Koszul.
Proor. This is Koszul since A is a monomial algebra. U
LEMMA 3. When R = (y* + ax? vy, yx), the A is Koszul.

PROOF. When a = 0, it is Koszul since A is a monomial algebra. Assume that
a # 0. Using dual algebra, we want to prove that A = {V, (ay® —2?)} is Koszul. First
we show that K3 = 0.

If v € K3, there exists a, 3,7,6 € k such that
v = (az + By) ® (ay® — z°)
= (ay” —2%) ® (yz + dy)
Then « = = v =9 =0 = v = 0. Also we can easily find that F, =
{y™, y" o, y"2xy, -+ ,yzyx--- ,xyzy--- } is linear independent of B,, for each n.
We know that F, is a basis of A, by using the following facts;

yayxy - ayy =y royzy -,
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yayxy - yrx = ay'PPryry -y,

xyHayxy - = ay*Pyzy - - -, and

xy? teyxy - = yH 2ayxy - - -, for all £ > 1.
Finally if v = w ® (ay? — 2?) € ker ¢y for some w € B, wx = wy = 0 in B. For any n,
it suffice to show that w = 0 in B,,. We can assume that w € B,,. Using a basis F,,,
we can express w as w = a1y" + agy" 'x + -+ - + app1xyry - - -, for some a; € k.
wr = ay"r + ay" -+ A TyTY - T
= aasy" + a1y"x + aagy" 2ry + ay" Sy 4 - -

By linearly independence of E,,, each a; is zero and w = 0. Then ker ¢, = 0. It is a

Koszul algebra. 0
LEMMA 4. When R = (y* + axy, 2% + bxy, yz), the A is Koszul.

PROOF. (1) When a = 0 or b = 0, take the order z > y. Then S? = {(1,2)}

and S® = @. This is a PBW-algebra.
(2) When a,b # 0, S = {(2,2,2)} by taking any order of {z,y} but 23 = y> =0

in A. This is not a PBW-algebra.
By a linear mapping f : x +— x and y — y — az, then
y? + ayr — y? — axy, 2 + byx — (1 — ab)x® + bry, and yxr — —az? + yz.
Then we can replace R as (—ax® + yx,y* — axy, (1 — ab)yx + bxy).
When 1—ab = 0, consider the dual algebra which is T({z*, y*}) /(z**+ay*z*).
By a linear transformation ¢ : * — x* and y* — y* — %a:*, it is isomorphic
to a monomial algebra T'({z*,y*})/(y*z*). This is Koszul.
When 1 — ab # 0, we can replace {—ax? + yz,y? — axy, (1 — ab)yx + bxy) as
(zy, a2, yx) by the a linear mapping f :  — z + +y and y — y. So this is

Koszul.
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LEMMA 5. When R = (y* + ayx, 2% + byx, vy + cyx), the A is Koszul.

PROOF. (1) When a = 0, take a order x > y. Then S? = {(1,2)} and

S3 = @. This is a PBW-algebra.

(2) When b = 0, take a order y > x. Then S? = {(1,2)} and S® = @. This is a
PBW-algebra.

(3) When a,b # 0, consider the dual algebra A' = {V* R'} where R* has a
basis {T = y*z* — ay*?* — ba*? — cor*y*}.
We get that
—cr*T + aTy* — ay™T — Tx*

= (b+bec)x*® + (¢ — ab)x**y* + a(c + L)y*z*y* + (ab — 1)y*a*>.

Given any order of {x*,y*}, S% = {(1,2,2),(2,2,1),(2,2,2),(1,2,1),(2,1,2)}.
If c=—1and ab =1, the A is a PBW-algebra.
If ¢ # —1 or ab # 1, R* can be replaced by (z*? + <la*y* + 24ey*?) by the
linear mapping f : * — x* + %y* It is Koszul by Lemma 4.

O

0.3. |R| =2. We get 6 cases such that R has a basis as follows: for a,b,c,d € k

(1) R = (zy,yx)

(2) R = (y*+ axy,yz)

(3) R = (2 + ay® + bxy, yz)

(4) R = (y* + ayz, vy + byx)

(5) R = (x* + by* + cyx, zy + dyz)

(6) R = (2?4 azy + byx,y? + cxy + dyx)

We show that A is Koszul if R has a basis as follows:

(1) R = (zy,yz),
(2) R= (2 yx),
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y*, vy + ayx),

o?, zy + ayx),

y? + ayz, vy — yz),

22 + cy? + dyx, vy — yx),

z2 + axy + ayx, y2

) R=(
) R=(
) B={
) R=(
) R ={
8) R = (2 + ay? xy + yx),
) R ={ 2
) R= (2% y* + avy + ayzx),
) R = (2*+ ayz,y* + byz) and 1 + ab = 0,
) R= (2?4 axy,y* + bry) and 1 + ab = 0,
) R = {(2®+ axy + ayz,y* + bxy + byz).

where a,b € k — {0} and ¢,d € k.
LEMMA 6. If R = (xy,yz) then this A is Koszul.
PROOF. This is Koszul since A is a monomial algebra. U
LEMMA 7. When R = (y* + axy,yz) , this A is Koszul if and only if a = 0.

Proor. If a = 0, it is Koszul since A is a monomial algebra. Assume that
a # 0. First we show that K3 has a basis {y?xr + axyz}. If v € K3, there exists
oy, Bi,vi, 01 € k, i = 1,2 such that
v = (uz + Biy) @ (y° + azy) + (yiz + d1y) @ y
= (y* + azy) @ (aoz + Bay) + yz ® (V27 + b2y)
oy (xy? + ax?y) + B (v® + ayzy) + nryr + d1y*x
= o (y?x + axyzx) + Bo(y® + axy?) + yoya® + dayxy
By the term 2%y and y2?, a1 =% =0= o= 3 =0 = 0, = 0 and 7; = ad;. Then

v is of the form §;(y?x + axyz) for all 6; € k.
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Now we show that ker sy 2 Imps. In A, y* = —ayzry = 0 and @y[(—azy) ® (y* +
azy)] = (—ary? — a*ryz) @y = y> @ y = 0. Then 0 # (—azxy) ® (y* + axy) € ker ©y.
By K3, all elements in Imes are of the form (vy + avz) ® yx for some v € A.

(—azy) ® (y* + axy) is not in Imeps. This is not Koszul. O

LEMMA 8. When R = (x* + ay? + bxy, yx), this is Koszul if and only if a = b =0

PROOF. If v € K3, there exists «;, 8i,7i, 0t € k,i = 1,2 such that
v=(z+ fy) @ (2% + ay® + bry) + (nz + 61y) @ yx

= (2% + ay® + bxy) ® (ax + Boy) + yz @ (122 + 520).
a1 = ag,aa; = by, bay = B, i = 72
aPby = afl2,bf1 = 02,71 = bag, 01 = aqy.
Then aa; = b*ay, aB; = abay, v = bay, and 6; = aq;.
a—b 0 0 0 o
b0 -1 0| |a

ab —a 0 0 "

|
o o o o

a 0 0 -1 01

(1) When a = b =0, it is Koszul since this is a monomial algebra.

(2) When a = 0 and b # 0, we can replace R as <_Tlx2 + yx, zy) by a linear map
y — (’Tlx +y) and x — z. By a linear map y — z and = — y, we also
replace R as (y*> — bry,yx). By Lemma 7, this is not Koszul.

(3) When a # 0 and b = 0, K3 = 0 and 2° = —ay’z = 0 in A. po(2? @ (2% +
bry)) =23 @z +br® @y = 0. Since 0 # 22 @ (22 + bzry) € ker py, this is not
Koszul.

(4) When a # b? and a # 0, K3 = 0 and ¢* = =ty(2® + bzy) = 0 in A

oy @ yz) = > @ x = 0. Since 0 # y? @ yx € ker py, this is not Koszul.
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(5) When a = b? and a # 0,
K3 has a basis {2® + azy® + bx?y + byx? + aby® + V*yxy + bryx + by’ }.
In A, y* = Zty(a® + bay) = 0 and pao(y* ® yz) = y* ® © = 0. Then
0 # y*> @ yx € ker py. All element in I'meps is of the form v(z + by) @ (22 +
ay® + bxy) + bv(z + by) ® yx for some v € A. y*> ® yx is not in Imeps. Then
ker 5 2 Imps. This A is not Koszul.

LEMMA 9. When R = (y* + ayx, vy + byx), we show that the following facts:

(1) When a =0, A is Koszul.
(2) When a # 0, This A is Koszul if b = —1; this Koszul algebra is isomorphic

to A= {{z,y}, (vy,yx)}.

PROOF. Let a,b € k be non zero.

(1) When R = (y?, zy), it is Koszul since it is a monomial algebra.

(2) When R = (y? zy + byz), we show that it has a PBW-basis. Assume that
x > y in order. We know that {X® : o € S?} = {23, y2?} since S? =
{(1,1),(2,1)} and S® = {(1,1,1),(2,1,1)}. In A, 2%y = —bxyr = b*yz* # 0
and y?z = yry = xy®> = y> = 0. Since A3 has a basis {2? 2%y} and by
Theorem 1, A has a PBW-basis.

(3) When R = (y* + ayz, xy), we show that it is not Koszul.

(a) We show that K3 has a basis {zy* + aryz}.
If v € K3, there are a;, b;, ¢;, d; € k such that
v = (a17 + b1y) ® (y* + ayz) + (asx + byy) @ Yy
= (° + ayz) ® (13 + dry) + 2y @ (21 + day)
ar(zy? + azyr) + asx®y + b1 (y> + ay?x) + baywy

= c1(yx + ayx?) + coryz + di (y® + ayxy) + dozy?



3. KOSZUL ALGEBRAS ON TWO GENERATORS 19
By the terms 2%y and yz2, as =c; =0
= by the term 3%z, by =0
= by the term 3, d; =0
= by the term yzy, by = 0.
Then K3 has a basis {zy? + azyzx}.
(b) We show that ker s 2 Imgs. In A, y?z = —1y* = yay = 0.
ooy @ ry] = y?*xr @ y = 0. All element of I'mes is of the form vz ®
(y* + ayz) and y?> ® zy can not be in Imeypsz. This A is not Koszul.
(4) When R = (y* + ayz, xy + byz), we show that it is not Koszul.
By a linear map: z — x — éy and y — y.
zy + byz — —(b+ 1)y + byzx + wy,
y? + ayx — yx.
R can be replaced by (—2(b+ 1)y + zy, yz).
If b= —1, it is Koszul since this is a monomial algebra.

If b # —1, we can replace R as (2y? + yx, ay) = (y* + 57yT, 7y) by the

b+1

linear map x — x + *>=y. By above (3), it is not Koszul.

LEMMA 10. When R = (2? + by* + cyz, xy + dyz), this A is Koszul if
(1) b
(2) d
(3) c=0andd=1

=0,
_17

PRrROOF. If v € K3, there exists «;, 81,7vi,0i € k , i = 1,2 such that
v=(uz + fiy) @ (2% +by? + cyz) + (mz + dy) @ (vy + dyz)

= (2 + by® + cyz) ® (qz + Boy) + (2y + dyz) ® (122 + S29)
a1 = g, bay = g, cay +dyy = Y2, 1 = B
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B = cag + dvyg, b3 = b, ¢B1 + doy = bag, 61 = ¢35 + dd.
Then
(dC + C)Oél + d2’}/1 — ﬁl = 0, —bOél + Cﬁl + d51 = 0,

—b% + bﬁl = 0, bdozl + cy1 — (51 =0.

We get the following matrix-(x);

cd+1) @ -1 0\ [m 0
—b 0 ¢ d Y1 0
= =
0 b b 0| |a 0
bd c 0 -1 01 0
cd+1) d -1 0 oy 0
bd> —b cd ¢ 0 T 0
0 -b b 0 51 0
bd c 0 -1 01 0

Let a,b, c,d € k be non-zeros.

(1) When R = (2%, zy), it is Koszul since A is a monomial algebra.

(2) When R = (2% + by?, zy), we show that it is not Koszul. By (*), we get

Then K3 = 0. In A, yz?

00 -1 0)\ [a 0
50 0 0| |m 0
0 b —b 0] |s 0
o0 0o -1/ \4 0

0 # yxr ® zy € ker ¢,. This A is not Koszul.

(3) When R = (2% + cyx, zy), we show that this is not Koszul. By (x), we get

—by? = 2%y = 0. polyz @y = y2® @ y = 0. But
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c 0 -1 0 o
00 ¢ 0 "
00 0 0 5
0 c 0 -1 01

|
o o o o

Then K3 has a basis {22y +cy’z}. y?z = S2° = Ztoyr = 0in A and @o[y* ®
(ry)] = y*z ®@ y = 0. All element in I'mps; is of the form (vz + cvy) ® (zy)
for some v € A. Since 0 # yr ® xy € ker ¢, this A is not Koszul.

(4) When R = (2%, zy + dyz), we show that A has a PBW-basis.
Assume that x > y in order. We can find that {X* : o € S*} = {y?z,y?}
since S% = {(2,1),(2,2)}. In A3, 2y?> = —dzyr = d*yx® # 0. Since A3 is
generated by {y*z,y*} and by Theorem 1, A has a PBW-basis.

(5) When R = (2% + by? + cyx, xy), we show that this is not Koszul. By (*), we

get
c 0 -1 O o7 0
b 0 ¢ O Y1 0
- &
0 b =b 0 o3 0
0 ¢ 0 -1 01 0
c—b 0 0 0 a 0
—b ¢ 0 0 Nl 0
0 1 -1 0 o3 N 0
0 c 0 -1 o1 0
In A, 23 = —(bay? + coyz) = 0 and py[r? @ 2yl = 2> @ y = 0.

Then 0 # 2% ® xy € ker .
If 2 #b, K3 =0. It is not Koszul since ker @, # 0.
If > = b, K3 has a basis

{cz?y + (2% + bry? + cxyz) + c(yz® + by + cy’x) + Cyzy}.
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If there exists w € A ® K3 such that ¢3(w) = 2 ® xy, we can express w as
the following; for some «, 5 € k
w = (ax + Py) @ [ex?y + (2 + bry? + cxyz) + c(yz? + by + cy’z) + Fyxyl.
In A,

cax® + cByx + A (axy + fy?) = 22,

az® + Byz + caxy + cBy* = 0,

=22=0in A,
It is impossible that w € A ® K3 such that ¢3(w) = x* ® zy. This is not
Koszul since ker ¢y 2 Imps.

(6) When R = (z* + by?, xy + dyz), we show that this is Koszul if d* = 1.

In Az, 23 = —bay? = —bd?*y*x = d?23, d*yx? = 2%y = —by® = ya?
When d? = 1, assume that z < y in order. {X®: «a € S3} = {23, 2%y} since
S? = {(2,1),(2,2)}. Since {23 2%y} is linearly independent in Az and by

Theorem 1, A is a PBW-algebra.

When d? # 1, we show that it is not Koszul. By (x), we get

0 d&-1 0 0 a 0
bi2—-b 0 0 0 nwl| o
0 b —b 0 sl o
bd o o -1/ \& 0

Ky =0and 2% = 2%y = 0. o2(2? @ (22 +by?)) = 2° @z + b’y @ y = 0.
0 # 22 ® (22 + by?) € ker 5. A is not Koszul.

(7) When R = (2 + cyx, xy + dyx), we can replace R as (yz, —l%jy2 + xy) by
alinearmap:yHy—%x,xHx.

If d+ 1 =0, it is Koszul since this is a monomial algebra.

If d+ 1+ 0, it is not Koszul by Lemma 8.
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(8) When R = (2% + by? + cyx, vy + dyz), in A,
—by?r — cyx? = 2® = —bxy? — cvyr = —bd*y*x + cdyx?,
= b(d*> — 1)y*x — c(d + 1)yx® = 0,
d*yz? = 2%y = —by® — cycy = ya® + cy’x + cdy’x.
= (d* — 1)ya® — c(d + 1)y*z = 0,
2%y + cyry = —by® = ya? + cy’xr = d*x*y — deyay,
22y = —by® + cdy’r = —by® — d(yx® + by?) = —b(d + 1)y® — dyz?
= (1 +d)(yz* + cy?*z) — dyx® = ya* + c(1 + d)y*x,
= (d — 1)z*y = cyzy and (d — 1)yz?* = cy’z if d # +1,
= (@ —1)y22 = 0if d # +1.

(a) If d = 1 and chark # 2, K3 = 0 and y2? = 3’z = yoy = 0 in A.
o3(yr @ (zy +yx)) = (Y2’ Qr +yryRy) = 0 and 0 # yz @ (vy +yr) €
ker 5. This is not Koszul.

(b) If d = —1, we have that {X*|a € S3} is {z®, 2%y} or {9 y*xr}. These
two sets are linearly independent in As. It is Koszul by Theorem 1.

(c) We assume that d # £1 and we get

Ad+1) —bd—12d+1) 0 0 0\ [ 0
bd*> — b cd+1) 0 0 n| |0

0 1 -1 0 051 N 0

bd c 0 -1 0 0

In A, y2?> = 2%y =0= A3 = 0.

When [ — b(d —1)?] #0, K3 = 0. ¢o(y* @ (zy + dyz)) = v’z @y +
dy® @ x = 0. Since 0 # y? @ (xy + dyz) € ker s, it is not Koszul.
When [¢? — b(d — 1)?] = 0, K3 has a basis {c(2® + bxy? + cxyz) — b(d —
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1) (yz? + by + cy*x) — b(d — 1)(x*y + dxyz) + be(yxy + dy*z)}. Then
o(2? @ (2% + by* + cyx)) = 0 and 0 # 22 ® (2 + by® + cyz) can not be

in I'mgps. This is not Koszul.

LEMMA 11. In R = (2 + axy + byx, y* + cxy + dyzx), this A is Koszul if

(1) R = (2% y?)

(2) R = (z*+azy+ayz,y?) where a # 0; it is isomorphic to A = {{z, y}, (x*,y*)}
(3) R = (2% y*+cxy+cyx) where c # 0 ; it is isomorphic to A = {{z,y}, (z*, y*)}
(4) R = (2% + byx,y* + cxy) where 1 + be = 0 ; it is isomorphic to A =

{{z,y}, (2*, zy)}

(5) R = (2* + axy,y* + dyz) where 1 +ad = 0 ; it is isomorphic to A =
{{z,y}, (2% 2y)}

(6) R= (z*+axy+ayx,y*+ cxy+ cyzx) where a # 0 and c # 0; it is isomorphic

to A= {{z,y}, («*> + ay®, 2y + yx)}.

PROOF. Let a,b,c,d € k be non zeros.

(1) When R = (2% y?), this is a monomial algebra. It is Koszul.
(2) When R = (2 + axy,y?), let f: A — A be a linear map such that z —

Y,y — T — %y. Replace R as (yz,z* — %yz — %xy) By linear map: x — y

122 — Lyz) By Lemma 10, this is

and y — x, we can replace R as (vy,y? —
not Koszul.

(3) When R = (2% + byx,4?), let f : V — V be a linear map such that z —
x —by,y — y. Then 22 + byx — 2% — bay — byx + b*y* + byx — b*y>. Replace
R as (x? — bry,y?). Tt is not Koszul by above case (2).

(4) When R = (2% y* + cxy) or R = (2%, y* + dyx), this is case like above (2) or

(3) by a linear map : x +— y,y + x. This is not Koszul.
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(5) When R = (2%, y* + cxy + dyz), let f : V — V be a linear map such that
x+— x and y — —cx — dy. Then
y? + cry + dyx — a? + cday + cdyx + d*y? — Pa? — cday — cda? — dPyx
We can replace R as (22, dy? + (c — d)yz). It is Koszul when ¢ = d.
(6) When R = (2% + axy + byx, y?), this is the case like above (5) by a linear
map such that x — y and y — z. It is Koszul if a = b.
(7) When R = (22 + byx, y* + dyz),
let f:V — V be a linear map such that z +— z and y — y — %x.

1szdx2 1 1+bd

Then 22 + byx — yx and y* + dyr — y* + FLY — YT

1+bd

2
We can replace R as (yz,y* + b

2? — fxy) . By linear map: z — y and
y — x, we can replace R as (zy, 2% + #yz — %ya:> By the Lemma 10, this
is not Koszul.

(8) When R = (z? + axy,y* + dyx), this is the case like above (7) by a linear
map such that x — y and y — z. It is not Koszul.

(9) When R = (2% + byz, y* + cxy),
let f:V — V be linear map such that x — x and y — y — %z
Then z? + byx — yz.

y2 + cay — y2 + 12_21701'2 _ 1—|I;bcxy o %yx

We can replace R as (yz,y? + lj—fcﬁ — 1+Tbcxy> By a linear map such that
x +— y and y — z, we can replace R as (xy, r2 + 1:—21303/2 — 1+Tbcyas) By Lemma
10, this is Koszul if 1 + be = 0.

(10) When R = (2? + axy,y? + dyzx), this is the case like above (9) by a linear
map such that x — y and y — z. It is Koszul if 1 + ad = 0.

(11) When R = (z* + byz, y* + cxy + dyz),

let f:V — V be a linear map such that y — —%:c +y,r—z

Then 32 + coy + dyz = (5 — 59)2° + (—5 + QJay + > + (d — F)yz
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2?2 + byx — byx
we can replace R as (5 — 94)z? + (3 — ¢)zy + ¥*, yz)

By Lemma 7 and Lemma 8, it is not Koszul.

(12) When R = (2? + azy, y* + czy + dyzx),

let f:V — V be a linear map such that y — —éy +r,r—y
Then y? + cxy + dyx — (G — Sy° + (=g + Jyr + 22 + (d = Dy

a?
z? + axy — ayx
we can replace R as (& — “9) 2?4+ (=L +c)yz+y?, zy). By linear map: z — y
and y — x, we can replace R as (& — <9)y? + (=1 + ¢)ay + 2%, yz). By

the Lemma 8, this is not Koszul.

(13) When R = (2% + axy + byx,y* + dyz) or R = (2% + axy + byx,y* + cxy),

let f:V — V be a linear transformation such that x — y,y +— x. This is

the case like above (11) or (12). It is not Koszul.

(14) When R = (z* + azxy + byx,y* + cry + dyx) where ¢ +d # 0 or a + ¢ # 0,

ifc+d#0,lett= —CJ%d # 0 and let f: 2z +— z +ty,y — x be a linear map
of V. Then
22 + azy + by — 2% + toy + tyx + 2% + axy + aty® + byx + thy?
— 2% + (a + t)zy + (b+ t)yx + (2 + at + bt)y?
y? + cry + dyr — (1 +t(c+d))y? + cxy + dyz — cry + dyx
Then R can be replaced as
(22 4 (b+t — 9 )yr + (12 + at + bt)y?, zy + dyz).
By Lemma 10, this is Koszul if a = b and ¢ = d
If a + ¢ # 0, this is same case of ¢ + d # 0.

(15) When R = (z* + azy — ayx,y* + cxy — cyx) and chark # 2,

we can assume that ¢ = 1 by linear transformation f : y — %y, x — x. Let

f:A— A be a linear transformation such that z — = + ay,y — y.
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Then 22 + axy — ayz — 2% + a®y? + 2axy,
y? + coy — cyx — Y + cry — cyx
we can replace R by (z? + (2a — ca®)zy + ca’yx, y* + cry — cyx)

But if 2a — ca® = —ca?

— a = 0, this is a contradiction because of a # 0. It
is the case like case (14). This is not Koszul.
(16) When R = (2% + axy — ayx,y* + cxy — cyz) and chark = 2, we can assume

3 = xy? = vz, cyry = 3 + a3, and

that a = 1. 3® = ca’y = cya?, cx
zyr = x®+1y> in A. Since {X*|a € S3} can be {23, 2%y} or {y?, y*z}. These

two sets are linearly independent in A3. By Theorem 1, this is Koszul.

By above result about a quadratic algebra A = {V, R} we get the followings:

(1) When |R| =0, A =T({z,y}) is a PBW-algebra. The Hilbert series of A is
hale) = =0 2t
(2) When |R| =1, A is a Koszul. The Hilbert series of A is
ha(x) =1+ 2z + 322 + 42 + 5z* + 62° + - -+ or
ha(z) =1+ 2x + 32> +52° + 8zt + - - -.
Then we get the following table.
Table 1:
For a,b ek — 0 and ¢,d,e € k
Let a quadratic algebra B = {V, W} be isomorphic to A"
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a basis of R+ a basis of W | dim A3
(@?) or (y?) (2?) 1
(2% + ay?) (2% + ay?) 0
(xy + eyx),(exy + yx) (xy + ayx) 0
(zy — ba?), (zy — ba?), (zy) 0
(ry — b2z? — ay?),ab=1 (zy) 0
(ry — baz® — ay?),ab # 1 (x?) 1
(yx — cy?® — dzy),(yr — cx® — dxy),d # 1| (xy + eyx) 0
(yx — ay® — zy) (yr — ca® — xy), (P oy —yx)| 1
(yx + ay® + bx® — xy), if ab =1 (2?) 0
(yx + ay?® + ba® — xy), if ab # 1 (2* + ay?) 0

When dim Az = 1, A is isomorphic to T'({x,y})/{x?).
When dim A3 = 0, A is isomorphic to T'({z,y})/{zy — ayz), T({z,y})/{z* +
xvy —yz), T({x,y})/{x? + by?) where a,b € k and b # 0.
If k is an algebraically closed field, T'({x,y})/{x* + by?), b # 0 is isomor-
phic to T'({z,y})/{zy — ayx) for some a,b # 0. And if A is isomorphic to
T({z,y})/{2*), T({z,y})/{zy — ayx), or T({z,y})/(z* + by?), then A is a
PBW-algebra.
(3) When |R| = 3, A is a Koszul algebra. The Hilbert series of A is
ha(z) =1+ 2z + 2% or
ha(z)=1+2z4 2>+ 23+ a2 +---.
(4) When |R| =4, A is a PBW-algebra. The Hilbert series of A is
ha(x) =1+ 2.
(5) When |R| =2, A is a Kosszul algebra if only if dim A3 = 2. i.e., every Koszul
algebras such that |R| = 2 are PBW-algebras, and we get the Table 2. The

Hilbert series of A is of the form that follows:
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(a) If dim Ay = 0, ha(z) =1+ 2z + 222
(b) Ifdim Ay =1,  ha(z)=1+2z+22 + 2> +a2* +2°+--- or
ha(z) =14 22 + 22% + 3.
(c) If dim Ay = 2, ha(x) =1+ 22 + 222 + 223 + 22* + 225 + - - -
When dim A3 = 0, A is isomorphic to T'({z,y})/(zy, 2* — ayx +y*), a € k.
When dim A3 = 1, A is isomorphic to T'({z,y})/(z? yx + y?) or
T({z, y})/(zy,yz + y?).
When dim Az = 2, A is isomorphic to T({z,y})/(x? y?), T({x,y})/{x? +
vy+yx,y’+baey+byx), T({z,y})/(2* vy —ayz), or T({x,y})/(zy, yz) where
a € k and b € k*. If k is an algebraically closed field, then T'({x,y})/{x? +
xy + yx,y* + bwy + byx) is isomorphic to T'({x,y})/{z? y?).
We get the following table.
Table 2
Assume that a,b,c,d € k are not zero and A € k — {1, —1}.

Let a quadratic algebra B = {V, W} be isomorphic to A.

a basis of R a basis of W dim As

(xy, yx) (zy, yx) 2

(22, yz) (2?, zy) (2%, yz) 2

(2, y%) (22, y%) 2

(2? + ayx, vy),(x? + bry, y) (y* + yz, zy) 1
(2% + ay?, yx) (2 + ay?, zy) (2% + 92, zy) 0
(2 + ay® + byz, vy) b* = a (22, yx + y?) 1
(2% + ay? + byx, 2y),0* # a | (22 +y? + yz, 1Y) 0
(22, 2y + byx),(y?, vy + byx) (22, 2y + byx) 2
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a basis of R a basis of W dim As
(2 + azy, zy — yx) (zy, y) 2
(y? + ayz, xy — yz)
(22 + axy,yx + bry), b # —1 (y* + yx, zy) 1
(22 + by?, xy £ yx) (22, 9) (22, 2y + byz) 2
(% + by* + cyz, 2y — yx) (ry, yx) 2
(22 + by* + cyx, vy + dyz),d # —1 (22, 9% + yx) 1
(2 + azy, y?) (2 + byz, y?) (2? + y* + \yz, xy) 0
(2,92 + azy + ayz) (z%,y?) 2
(%, 22 + axy + ayx)
(2%, y° + axy + byz),a # b (2%, yx + y?) 1
(o + azy. i + bya) (o, 23 )
(2 + byz, y* + azxy),ab = —
(2 + axy,y* + byx) (22 + v + \yz, 2y) 0
(2? + by, y* + axy),ab # —1
(x? + byx, y* + cxy + dyx) if 1 = b(c + d) (y* + yz, zy) 1
(2% + azy,y? + cxy + dyzx) if 1 = a(c+ d)
(2® + by, y* + coy + dyx) if 1 £b(c+d) | (2* + 9> + \yz, vy) 0
(22 + azxy, y* + cxy + dyx), if 1 # a(c +d)
(22 + axy + ayz,y* + cxy + cyx) (y? + yx, zy), itself 2
(22 + axy + byx, y* + cxy + dyzx) (22 + v + \yz, 2y) 0

if this is not above two cases




CHAPTER 4

GEOMETRIC EXPLANATION

From now, we assume that the ground field k is algebraically closed, uncountable.
Let A = {V, R} be a quadratic algebra where dim V' = m and R be a set of quadratic
relations. Let @, s = {A|A is quadratic algebra such that dim A; = m ,dim Ay = s}
be the Grassmann variety G(m? — s, m?). Let Q. 5. be the set of all elements of Q,,
such that dim A3 = w. Then @Q,, s, ’s define a stratification of @), s by locally closed

subvarieties.

THEOREM 6. (Corollary 4.1 in [1]) The set of all n-Koszul algebra in Qs is
an open subset in Zariski’s topology. Therefore the set of all Koszul algebra in Qp, s

15 a countable intersection of open subsets.

Now, we consider m = 2 case.

REMARK 1. By Chapter 3 we know that Q21 and Q2 consists of Koszul algebras.
Trivially every a quadratic algebra in Q2o are PBW-algebras. Since the ground field
k is algebraically closed, a quadratic algebra T ({z,y})/{x*+by?), b # 0 is isomorphic
to T({z,y})/(xy—ayz) or T({z,y})/(x*+ay—yx). Every quadratic algebras in Qa1
are PBW-algebras. Let A = T(V)/R € Qa1 where {x,y} is a basis of V = A;. By
Table 1, we get that every a quadratic algebra in Q211 is tsomorphic to algebra dual
to T({z,y})/(x?) and Qa1 is isomorphic to algebra dual to T({z,y})/{xy — \yz),
A€k or T({z,y})/ (2 + xy — yz).

31



4. GEOMETRIC EXPLANATION 32
REMARK 2. Consider QQ22. Since V' has two dimensional vector space and R has
two basis elements, we know that dim As < 3 and Q22 = Q220U Q221 U Q222. By

Table 2, every quadratic algebras in Q22 are PBW-algebras.

(1) The Q220 consists of algebras isomorphic to T({z,y})/{xy, 2* — Ayz + y?),
where \ € Py.

(2) The Q221 consists of two components which consist of the algebras isomor-
phic to T({z,y})/{x? yx + y*) or T({z,y})/{zy,yx + y?). Let E; be the
closed wvariety of the component which consists of algebras isomorphic to
T({z,y})/{z* yx + y*) and Ey be the closed variety of the component which
consists of algebras isomorphic to T({xz,y})/{zy, yx +y*). Then E; contains
the components which consist of algebras isomorphic to T({z,y})/{(z* v*) ,
T({z,y})/(x* 2y — Ayz). Ey contains the components which consist of alge-
bras isomorphic to T({x,y})/{zy,yx), T({z,y})/(x? vy — Ayx) in Qaz..

(3) The Q222 consists of three irreducible components. These have the following
generic points respectively: T ({x,y})/{(x*,v*), T({z,y})/{xy,yx), T({x,y})/{x? zy—
Ayzx). Let f:x— x4+ ay andy — x+ By, g: x+— x4y andy — y be linear
maps of V where a+03 =2 and o # 3. Then T({z,y})/(z* y*) is isomorphic
to T({z,y})/(2y* + zy + yz, (x +y)*) by f. T({z,y})/(a? zy + yx) is iso-
morphic to T({z,y})/(2y* + xy + yz,(x + y)*) by g. Let h : x — z+y
and y — y and q : v — ax +y and y — x+ Py, be linear maps of
V where af # 1,a8 +1 = . T({x,y})/{(z* zy — yx) is isomorphic to
Tz, y})/{x* + 22y + v*, 2y — yz) by h. T({z,y})/{zy,yx) is isomorphic
to T({z,y})/(x?® + 2zy + y*, vy — yx) by q, so the first component and the
third components have intersection with the second one at A = —1,\ =1

respectively.

Ink* = G(2,4) = Quya), let (22, zy, yx,y*) be the coordinate of k*.
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Points in G(2,4) line L; which contain P,

Py = (22, 9% (0, v, 5,0),where o, € k can not be zero simultaneously

Py = (2% xy + yz) | (0,7, —7,0), where v, € k can not be zero simultaneously.

Py = (2%, 2y —yz) | (0,m,m,0), where n,0 € k can not be zero simultancously.

Py = (zy, yz) (7,0,0,7),where w, 7 € k can not be zero simultaneously.

space S;; which | Expression of S; j using Plucker
contains L, L; coordinate in P¢
S12 {[0,0,0, —ary — B, ad, B0]}
Say {[x0,7n,70,0,760, 7]}
S23 {[0,0,0,2yn,~6 — dn, —v0 — onl}

Each S;; is isomorphic to Py x PL. and the lines P} x {£1} in Sas are identified with
the diagonals in Sio, S34, but S1a, S34 has no intersection. Until now, we assume that
k is an uncountable algebraically closed field. If not, we have more generic points.
For example, there does not exist B* =T ({x,y})/{x* + vy — yz) which is isomorphic
to A* =T({z,y})/(x* + by? + cxy + dyz), b # 0 since k may not have an element a
such that o +b =0 in general. Even if k is not a algebraically closed field, algebras

are Koszul in Q22 when algebras is in Q22.2.



CHAPTER 5

SYZYGIES ON PROJECTIVE VARIETIES

In this chapter we show one relation between the line bundle L and the power
of L. Also we show one sharper result on Theorem 1.7 in [10]. Before we mention
some facts, we introduce Green-Lazarsfeld’s definition of property N,. Let k be an
algebraically closed field. Let X be a projective variety of dimension n over k and L
be a globally generated, ample line bundle on X, defining an embedding

op: X — P =P(H*X,L)*), by z— {0 € H(X, L)|o(x) =0}.
Let S = @,Sym"H°(X,L) be the homogeneous coordinate ring of the projective
space P" and consider the graded S-module G = ®;H°(X, L¢). Let E, be a minimal

graded free resolution of G:
Ee: ---—FE,41—FE — - —>F—->FE—->G—-0

where E; = @;5(—a;;) and S(—a;;) is S with a shift of degree by —a;;.
Then the line bundle L satisfies property N,(p € N) if and only if
Ey =S5, and
E,=®S(—i—1) (ie,ala;=i+1) for 1 <i<p.
Thus the definition can be summarized very concretely as follows:
L satisfies property Ny < X embeds in PH%(L) as a projectively normal
variety;
L satisfies property N; < Ny holds for L and the homogeneous ideal I is
generated by quadrics;

L satisfies property Ny < L satisfies Property N7 and the S-module of
34
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syzygies among quadratic generators Q; € I
is generated by the relations of the form
> A;Q; = 0, where the A; are linear polynomials,
and so on.
Properties Ny and N; are called normal generation and normal presentation, respec-

tively, by Mumford.

DEFINITION 5. ([15]) Let X be a projective variety and L be a base point free line
bundle on X. Let My, be the kernel of the evaluation map
HY(X,L)® Ox — L.
Thus the following exact sequence on X holds:

0—>ML—>H0(X,L)®kOX—>L—>O

LEMMA 12. ([7]) Let L be an ample line bundle that is globally generated on a
projective variety X. Assume that H'(X, L") = 0 for allt > 1. Then L satisfies N,
if and only if

HY (X N M, @L)=0for0<t<p+1andj>1.

THEOREM 7. ([11] Lemma 4.1) Let L be an ample line bundle that is globally
generated on a projective variety X over an algebraically closed field k of characteristic

zero. Then L satisfies property N, if

HY X, M@ L) =0 for0<t<p+1andj>1.

Let L be an ample line bundle that is globally generated on a projective variety
X. Let N be a line bundle on X and set V = H°(X,L). For integers a,q > 0 one
can form the Koszul-type complex
Keiooo = NV H(L '@ N) - A"V H(L'@ N) —
/\a—1V®HO(Lb+1 RN) — -



5. SYZYGIES ON PROJECTIVE VARIETIES 36

LEMMA 13. ([12] Lemma 1.4) Let L be an ample line bundle that is globally gener-
ated on a irreducible projective variety X. Let N be a line bundle on X. Assume that
HY(X,L"'®N) = 0. Then K, is ezact in the term N* V@ H (L' ® N) — \*V®
HY(L* ® N) — N ' VRHO(L"! @ N) if and only if H'(X, \°T' M L '@N) = 0.

In [15], Rubei shows that if L is an ample line bundle on a complex torus X such
that L satisfies Ny or Ny, L®® satisfies N,_1, N, for all s > 1 respectively. In general
this is not true; we can find a counterexample in [16]. But we want to show one
relation between a line bundle and the power of the line bundle. This is one of the

main results.

THEOREM 8. Let X be a irreducible projective variety over an algebraically closed
field k with characteristic zero. Let L be a globally generated ample line bundle on X
such that HY(X,L*) = 0 for all s > 1. If L satisfies N,, then LF*? satisfies N, for
all k> 1.

PROOF. For convenience, set M?gt ® L% = Mt‘fq for all ¢,d,q and set H'(X,T) =
HY(T) for any vector bundle 7" on X. Let W = H°(X, L). When L satisfies Ny, we
know that the mapping HY(L®) ® H°(LY) — H°(L**") is surjective for all s,t > 1.
Then L* satisfies Ny for all k£ > 1. Assume that p > 1 and fix £ > 2. For 1 < a < p,

we want to show the following: for ¢ > a+1 and a <t < p,

(1) HY (X, A" My @ Mg, ® L) =0,
(2) HY(X, M ® L7) = 0.

We prove this by induction on a. We get the following commutative diagram ()

where each vertical line is exact; for 1 < a <t and g > a+ 1,
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0 0
l !

o ANTTIW e HOME ) — N7OW @ HO(ME, ) PO
l !

" AW @ HO(LF) @ HO(M,") ™ AW @ H(LF) @ HO (M} },) i
l l

P AW @ HOM L) P AW @ HOM ) P
l l
0 0

First we prove that (1) and (2) is true when @ = 1. Assume a = 1. ker 5y =Imp, 1,
ImpB, = ker 31, kery; =Im~y; 1, and Imvy; = kery; since L satisfies N,. We can
casily check that Tma; = ker ap;. By Lemma 13, H'(X, \' M, ® My ® L9) = 0 for
all ¢ > 2. So (1) is true when a = 1. Since H' (X, M ® My, ® L?) = 0 for all ¢ > 2,

we get the following commutative diagram where each vertical line is exact;

0 0
| l

H(L") @ My, @ M, ® L1 ; M1 @ My, ® L1
| l

H(L")® H°(L) @ My @ L4 . HY(L™) @ My ® L*

| l

HO(LT‘) ® M, ® L1+t ;: M, @ Latr+1 Z}
| l
0 0

We get the following commutative diagram () where each vertical line is exact;
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0 0

| !
H(L") @ HY(M;, @ M, ® L9) ~ H(M,, @ M @ L9)

! ’ !

HY(L") ® HY(L) ® H*(My ® L) — HY(L™) ® HO(My ® L)

! : !
HOL") @ HY(My ® L) — HO(My © Lo+

| ! Lep

0— HY(M, 1 @ M} @ L?)

| |

0 0

Consider the following exact sequence (x:x);

0— M, ® M, ® L1 — HY (L") @ M}, @ L™ — M @ LI — 0

Tp

We prove (2) by induction on r when a = 1. When r = 1, we get that 7);0 is surjective

by induction hypothesis and the exact sequence (xx). By the diagram (x),
HY(X, My ® M @ L9) = 0, for all ¢ > 2.

Assume that there exists r > 1 such that for all ro < r < k;
HY(X, M, ® M}, ® L1) =0 for all ¢ > 2.

Since (k) is a commutative diagram and since 77;, and ¢, are surjective, we get the
following: HY(X, M, ;1 ® M}, ® L) = 0, for all ¢ > 2. So we get H*(X, M », @ Mk ®
L9y =0forallg>2and 1 <k <k.
Second, suppose that there exists a such that

o 1 <a<np

° Hl(X,/\tH_“ML@Mzk@Lq) =0,forg>a+1anda<t<p.
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° Hl(X,MZf@Lq):0f0rq2a+1anda§t§p.

We show that (1) and (2) are true for a + 1. If a = p, we are done. Assume that
a < p. By induction and by Lemma 13 ker 8,41 =ImpB 441, ImB,41 = ker 53 441,
ker yo41 =Imvyy 441, and Imvy,; = kervs 441 in the diagram (). Then we get that
Imag,1 = ker g 1. By Lemma 13, H'(X, AN ML®M2,€+1®L‘7) =0forallg>a+2
and a+1<t<np. HI(X,ML(X)ME,CH@LQ) =0 for all ¢ > a+ 2.

We get the following commutative diagram where each vertical line is exact;

0 0
l !
HY L) @ My @ M{™ @ LY — M+ @ M @ L4
| !
HO(L") ® H(L) ® M @ L1 — HO(L'+) @ M @ L
| !
HO(L") @ M+ @ Lot — MP @ Lot —
l !
0 0

Using the same way in the case a = 1 and by above diagram, we get

HYX, M, @ Mj#' @ L) =0forall ¢ > a+2and 1 <k <k.

Then we prove that (1) and (2) are true. So HY(X, M¥/' ® L9) = 0 for all k > 1
and ¢ > p+ 1. Since k is an algebraically closed field with characteristic zero and
HY(X,L*) =0 for all k > 1, L¥*? satisfies N, for all k > 1. O
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DEFINITION 6. For an ample and globally generated line bundle L on a projective

variety X, a sheaf F is called m—reqular with respect to L in the sense of Castelnuovo-
Mumford, if
H(X,F® L™ ") =0 foralli > 1.

and L is called m—autoreqular, if it is m—regular with respect to itself.

LEMMA 14. ([13]) Let L be an ample line bundle which is globally generated on a
projective variety X and let
0—-Fr—->Fo—F3—0
be a short exact sequence of coherent sheaves on X. Suppose that Fy is m-reqular
with respect to L, that Fs is (m — 1)-regular with respect to L, and that the map of
global sections 1s surjective, i.e.,
HY(X, Fo @ L™™') — HY (X, F3 @ L™ 1) is surjective.

Then Fy is m-regular with respect to L.

THEOREM 9. ([13]) Let L be an ample line bundle which is globally generated on
a projective variety X. Let F be a sheaf on X that is m-reqular with respect to L.
Then fort >0,
(1) F @ L™ is generated by its global sections.
(2) The natural map H*(X,F@ L™)® HY(X, L') — H°(X,F ® L™") is surjec-
tive.

(3) F is (m + t)—regular with respect to L.
We cite some definitions and facts from [9].

DEFINITION 7. ([9]) Let C be a smooth projective curve of genus g. For a vec-
tor bundle F on C, the slope is defined as u(F) = deg(F)/rank(F) and p~= (F) =

min{u(Q)|F — Q — 0 is exact} where Q is a vector bundle on C.
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LEMMA 15. (9] Lemma 1.12) For vector bundles F,G and € on a smooth projec-

tive curve C' of genus g.

(1) p (FeG)=p (F)+u (9).

(2) If 1= (€) > 29 — 2, then dimy HY(C,€) = h}(C,E) = 0.
(3) If u=(E) > 29 — 1, then € is globally generated.

(4) If 5= (E) > 2g, then Op(e)(1) is very ample.

DEFINITION 8. ([9]) Let E be a vector bundle over a scheme Y, and X = P(E) =

Y. If F is a coherent sheaf over X, we say F is j w-reqular when

Rm (F(j—1)) =0 forall i > 0.

LEMMA 16. ([9]Lemma 3.1) Let Y be a projective variety and E a rank n vector
bundle over Y. If X =P(E) =Y andV is a vector bundle over X, then the following
are equivalent.

(1) V is j m-regular.
(2) For all y € Y, dimy H* (X, v5(V(j — 1)) = W' (Xy,v5(V(j —i))) = 0 for all
i >0 where v;(V(j — 1)) is the pull-back of V(j — i) to X,,.

LEMMA 17. ([9]Lemma 3.1) Let E be a vector bundle over a projective variety
Y and X = P(E) 5 Y. IfV and W are k and | w-reqular vector bundles over X
respectively, then
(1) Ve W is (k+1) m-reqular.
(2) If k<0,1<0 and Y is a curve, then

p(m(VeW)) > p (mV) + p (mW).

THEOREM 10. ([9] 4.1 Theorem) (char(k) = 0 or g < 1). Let E be a rank n

vector bundle over a smooth projective curve C of genus g, and X =P(E). If V and



5. SYZYGIES ON PROJECTIVE VARIETIES 42

W are 0 m-reqular vector bundles over X, and By and By are (—1) m-regular vector

bundles over X such that
(1) p=(mV) + p~ (7. By) = 2g and
(2) p= (mW) +p~(m.B2) > 2g,
then the map H°(X,V ® By) ® H'(X,W ® By) — H(X,V ® B; @ W ® By) is

surjective.

From this point, we follow the notation and terminology from [8]. We mean
that a smooth complex projective surface is an integral smooth projective scheme of
dimension 2 over C. Let C be a curve of genus g, and let £ be a vector bundle of rank
2 on C which is normalized, i.e., H°(C, E) # 0 but for all invertible sheaves F on C'
with deg(F) < 0, we have H°(C, E® F) = 0. Let X = P¢(FE) be the associated ruled
surface with projection morphism 7 : X — . Then there is a section ¢ : C' — X
with image Cp, such that £(Cy) = Ox(1). Let € be the divisor on C' corresponding
to the invertible sheaf A?E, denote e = —deg(e). Let us fix a section Cy of X with
L(Cy) = Ox(1). If bePicC, the we denote the divisor 7*b on X by bf, by abuse of
notation. Thus any element of PicX can be written aCy+bf with a € Z and bePicC.
Let NumX be a group of divisors modulo numerical equivalence. Then any element
of NumX can be written aCy + bf with a,b € Z. We denote the fibre of 7 at y € C
as X,.

REMARK 3. ([14]) Under the situation just stated, we mention some basic facts

about X :

(1) Let L € PicX be a line bundle in the numerical class of aCo+bf. If u=(w.L) =
b—ae > 2g+1 anda > 1, then L is very ample and H*(X, L') = H'(C, 7. L") =
0 for allt > 1 by Lemma 15.

(2) Rim (Ox()) =0 for alll > —1 and i > 1.
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(3) Projection formula; let g : Y — T be a morphism of ringed spaces, let F be

an Oy -module, and let € be a locally free Op-module of finite rank. Then

Rig.(F®g'€) 2 Rg.(F)®E.
The following is our second principal result.

THEOREM 11. Let m : X — C be a ruled surface. Let L be a line bundle in the
numerical class of aCy + bf with the numerical invariant e > 0. Then L satisfies N,

if pw (mel)=b—ae>29g+1anda>p+1.

PROOF. Assume that = (m.L) =b—ae >2g+1and a > p+ 1> 1. By Remark
3, we know that L is very ample and H'(X, L") =0 for all h > 1. Let v, : X, — X
be the natural map for all y € C'. Note that if T and M are sheaves on X, then for

alln € Z,

vy (T ®oyx M) = vy(T) ®oy, v, (M), and v;Ox(n) = (v;Ox(1))*".

By Remark 3, R'm,(Ox(l)) = 0 for all [ > —1 and @ > 1. By Lemma 16, for all

I[>—1,t>1andally € C,
Hi<Xy,U;Ox(l)) = Hi(Xy,U;OX(a) R0y, (’U;OX(l))@l_a) =0,

ie., v;0x(a) is (I — a + 1)-regular with respect to v;Ox(1) for all [ > —1 and all
y € C. Since a > 1 and [ > —1, v;Ox(a) is (—1)-regular with respect to v;Ox(1) for
all y € C. By Theorem 9, we get that v;Ox(a) is r-regular with respect to v;Ox (1)
for all y € C and r > —1. Then Ox(a) is r m-regular for r > —1. By projective

formula, L is r m-regular for r > —1,i.e, forally e C, ¢ >1and r > —1,

H'(X,, vy(L @ Ox(r — 1)) = H'(Xy, v;(L) @0y, (v;0x(1))"") =0.

Y Yy Yy Yy

So vy (L) is r-regular with respect to v;(Ox(1)) for all y € C and r > —1. Since

w (meL) > 29+ 1 and by Lemma 15, 7L is globally generated. It means that « :
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H°(X,L) — H°(X,,v:(L)) is surjective for all y € C, since H*(X, L) = H°(C, . L).

Yy

Consider the exact sequence; for all y € C,
0 — v (M) — H(L) ® v;(Ox) — vj(L) — 0.

Using the fact that cohomology commutes with tensoring with a vector space, H°(X, L)®
v;(Ox) is s-regular with respect to v} (Ox(1)) for all y € C and all s > 0. Since «
is surjective and by Lemma 16, v; (M) is 1-regular with respect to v;(Ox(1)) for all
y € C and vy (M ® Ox(1)) is O-regular with respect to v;(Ox(1)) for all y € C. So
My, is 1 w-regular and M, ®Ox(1) is 0 m-regular. Also we can check that L"®@Ox(—t)
is (—1) m-regular for all h > 1 and 0 < ¢ < p. We have the following facts; for all

h>1and 0<t<p,

(1) (M, ® Ox(1))® is 0 m-regular by Lemma 17.

(2) L" @ Ox(—t) is (—1) m-regular.

(3) pu~ (mL" ® Ox(—t)) = hb — (ha — t)e > h(b— ae) = hu~ (7. L) > 29 + 1.
(4) p= (mOx) +p~(mL) > 29 + 1.

By Theorem 10, we know that for all h > 1 and 0 <t < p,

(1) HYX,M!® L") HYX,L)— H°(X, M! ® L") is surjective.

Consider the following exact sequences; for all h > 1 and 0 <t < p,

2) 0—-M"®L"— H(X,L)® Mt ® L" - Mt @ L' — 0.

Taking cohomology of (2), we get the following exact sequences; for all A > 1 and

0<t<p,

- — HY(X,L)® H'(X,M! @ L") — H(X, M} ® L") — HY (X, M @ L") —
H(X,L)® HY(X,M! @ L") — ..

Fix t such that 0 < ¢t < p. If HY(X, M! ® L") = 0, then H'(X, Mi*"' @ L") = 0 by
(1). It suffices to show that H'(X, L") =0 for all h > 1, but it is true by Remark 3.
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Sofor0<t<p+landallh>1 HY(X,M! @ L") =0if u~(m.L) =b—ae > 29+ 1

and a > p+ 1. By Theorem 7, we get our result. 0

THEOREM 12. Let w: X — C be a ruled surface where C' has genus g. Let L be

a line bundle in the numerical class of aCy + bf with the numerical invariant e > 0.

Then Kx @ L®®tD satisfies N, ifa>3 and p~(m.L) = b — ae > 3.

PROOF. We know that Ky @ L®®Y is the line bundle in the numerical class of
(=24 (p+1)a)Co+ (29 —2—e+ (p+ 1)b)f. Then
(29—2—e+(p+1)b)—e(—2+(p+1)a)—29g—1=(p+1)(b—ea)—3+e>0
-2+ (p+la>p+1

By Theorem 11, K x ® L2P+1) satisfies N,. Actually Kx ® L8+ gatisfies N o4 (pt+1)a-
O

REMARK 4. Let m: X — C be a ruled surface. Let L be an ample line bundle in
the numerical class of aCy + bf with the numerical invariant e > 0. Then L is very

ample and nef. By Theorem in [10], we know that Kx ® L®P*Y satisfies N,.
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