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Abstract

The derivation of cross sections and decay rates in the Lorentz-violating Standard Model extension is discussed. General
features of the physics are described, and some conceptual and calculational issues are addressed. As an illustrative example,
the cross section for the specific process of electron–positron pair annihilation into two photons is obtained. 2001 Published
by Elsevier Science B.V.

1. Introduction

The possibility of small violations of Lorentz in-
variance in quantum field theory is theoretically and
experimentally viable [1]. At the level of the standard
model, a general Lorentz-violating standard model ex-
tension is known [2]. Its Lagrangian consists of all
possible terms involving standard model fields that
are observer Lorentz scalars, including terms having
coupling coefficients with Lorentz indices. Gauge in-
variance is usually imposed. At low energies, the rel-
evant operators are renormalizable and are all given
in Ref. [2]. The domain of validity of the renormaliz-
able terms in the fermion sector is known to be be-
low the Planck scale or, for some operators, below
the geometric mean of the low-energy scale and the
Planck scale [3]. Above this scale, the nonrenormal-
izable terms would play a crucial role in maintaining
causality and stability of the theory.

Various experiments have placed bounds on pa-
rameters in the standard model extension, including

E-mail address: kostelec@indiana.edu (V.A. Kostelecký).

comparative tests of quantum electrodynamics (QED)
in Penning traps [4–7], spectroscopy of hydrogen and
antihydrogen [8,9], measurements of muon proper-
ties [10,11], clock-comparison experiments [12–15],
observations of the behavior of a spin-polarized tor-
sion pendulum [16,17], measurements of cosmologi-
cal birefringence [2,18–20], studies of neutral-meson
oscillations [21–23], and observations of the baryon
asymmetry [24]. However, relatively little is known
about the implications of the theory for scattering ex-
periments or particle decays. For instance, although
a consistent quantization and the associated Feynman
rules are known, no complete calculation of a scatter-
ing process in the context of the standard model exten-
sion has been performed to date.

In the present work, we describe a general proce-
dure for the calculation of cross sections and decay
rates in the standard model extension. Some of the
usual concepts and tools are based on Lorentz invari-
ance, so alternative procedures are needed. As an il-
lustrative example, we obtain the cross section for
the specific process of relativistic electron–positron
pair annihilation into two photons, using the general
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Lorentz-violating extension of QED. The presence of
Lorentz violation introduces new physical features, as
shown below. For example, the violation of rotational
invariance implies that the scattering cross section de-
pends on the orientation of the colliding beams, which
in turn produces in physical observables a sidereal-
time dependence arising from the Earth’s rotation.

2. General considerations

We begin with some general issues affecting the
calculation of cross sections and decay rates in the
standard model extension. For simplicity in what
follows, specific examples are restricted to the theory
of electrons, positrons, and photons in the presence
of Lorentz and CPT violation. This QED extension
is a limit of the full standard model extension, and
the methods used below apply directly to the complete
theory.

It is useful first to recap the definition and some
properties of the general Lorentz- and CPT-violating
QED extension. Its Lagrangian is [2]

L= 1

2
iψ̄Γ ν

↔
Dν ψ − ψ̄Mψ − 1

4
FµνF

µν

(1)

+ 1

2
(kAF )

κεκλµνA
λFµν − 1

4
(kF )κλµνF

κλFµν.

In this equation,

Γ ν = γ ν + cµνγµ + dµνγ5γµ + eν + if νγ5

(2)+ 1

2
gλµνσλµ,

and

(3)M =m+ aµγ
µ + bµγ5γ

µ + 1

2
Hµνσµν.

Here,m is the electron mass, while the quantitiesaµ,
bµ, cµν , dµν , eµ, fµ, gλµν ,Hµν , (kAF )κ , (kF )κλµν are
real coefficients controlling the Lorentz violation.

The Lorentz-violating terms in the Lagrangian (1)
produce effects both in relativistic quantum mechanics
and in quantum field theory [2,3]. In quantum theory,
the presence of extra time derivatives in the quadratic
fermion component of Eq. (1) implies that the time
evolution ofψ is unconventional, so the asymptotic
states associated withψ cannot be directly identified

with physical free-particle states. To avoid these in-
terpretational difficulties, the extra time-derivative fac-
tors can be eliminated via a spinor redefinition [4]

(4)ψ =Aχ,

whereA is an invertible matrix satisfyingA†γ 0Γ 0A

= 1. This redefinition leaves the physics unchanged
but yields the conventional Schrödinger time evolution
for χ , i∂0χ = Hχ . The quanta created byχ can,
therefore, be identified with physical particles. The
modified hamiltonianH is hermitian and is given by

(5)H = γ 0Ā
(−iΓjD

j +M
)
A,

whereĀ≡ γ 0A†γ 0. Details about the existence of the
spinor redefinition and the properties of the matrixA

can be found in Ref. [3].
SinceA is chosen by definition to eliminate time

derivatives, its form depends on the specification of
the time coordinate and hence on the choice of ob-
server inertial frame. This induces a noncovariant re-
lationship betweenχ in the chosen frame and the cor-
responding physical spinor in another frame boosted
relative to the first. Awareness of this feature of the
spinor redefinition is crucial in calculating scattering
cross sections or decay rates, since several of the stan-
dard procedures rely upon conversions between vari-
ous special frames such as the rest frame, the center-
of-momentum frame, or the laboratory frame. Trans-
formations between inertial frames can still be im-
plemented, but the additional complexity arising from
the associated transformations ofA makes it easier
in practice to adopt calculational methods that avoid
frame changes. We emphasize that all these complica-
tions are purely technical, since the physics is guaran-
teed to be independent of the choice of observer iner-
tial frame by virtue of observer Lorentz invariance [2].

The calculation of cross sections or decay rates par-
allels the conventional approach with some modifi-
cations. TheS-matrix element and the correspond-
ing transition probability per unit time and volume
can be calculated from Feynman diagrams in the stan-
dard way, but with appropriately modified Feynman
rules [2]. Associated to the Lagrangian (1) is a con-
served canonical energy–momentum tensor, and the
corresponding energy–momentum 4-vectorpµ is con-
served at the vertices of the Feynman diagrams as
usual. This generates the standard overall momen-
tum δ-function factor. For external legs on a diagram,
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spinor solutions of the modified Dirac equation must
be derived and used. Internal lines in Feynman graphs
are associated with a modified propagator, which in
the case of fermions in the QED extension takes the
form

(6)SF (p)= 1

γ 0E − Ā �Γ A · �p− ĀMA
.

This propagator forχ is appropriate for calculations of
physical observables in scattering processes. Note that
it differs from the propagator forψ , which has been
used to study microcausality of the theory [3].

As usual, to obtain the cross section or decay rate,
the transition probability per unit time and volume
must be divided by a factorF accounting for prop-
erties of the initial state. For example, for the scatter-
ing between two beams of particles, this factor is nor-
mally defined as the product of the beam densitiesN1,
N2 and the modulus of the beam velocity difference
|�v1 − �v2|:

(7)F =N1N2|�v1 − �v2|.
In the conventional case, Lorentz invariance and the
momentum–velocity relation�p = E�v are then often
exploited to writeF in the covariant form 4[(p1 ·p2)

2

−m4]1/2, with the field normalizations chosen so that
the densities areN1 = 2E1, N2 = 2E2.

In the present Lorentz-violating case, Eq. (7) still
holds by definition but some care is required in its
application because the momentum–velocity relation
is modified and because the frame-dependence of the
field redefinition (4) complicates the transformation of
F between frames. It is therefore most convenient to
calculate the entire cross section in a single inertial
frame. In the chosen frame, the factorF is obtained
from Eq. (7). The beam densities are derived using
the time component of the conserved current, as usual.
The beam velocities are calculated from the dispersion
relation, via the definition of the group velocity of a
wave packet with momentum�p:

(8)�vg ≡ �∇pE( �p ).
The reader is reminded that the group velocity�vg and
the phase velocity�vp ≡ Ep̂/| �p | typically differ in
orientation in the Lorentz-violating case [2]. Finally,
the result forF can be combined with the transition
probability per unit time and volume to yield the

physical cross section for any given process in the
presence of Lorentz violation.

3. Relativistic electrons and positrons

A standard class of experiments in QED involves
relativistic electron–positron collisions. In this case,
the treatment of the fermion sector of the Lagrangian
(1) simplifies, as is discussed next.

In the relativistic limit, effects from the nonderiv-
ative couplings in Eq. (1) associated with the coef-
ficientsaµ, bµ, Hµν are suppressed relative to other
Lorentz-violating terms. This suppression occurs be-
cause the effects of the derivative couplings on the dis-
persion relation grow with momentum, while those of
the nonderivative couplings are momentum indepen-
dent. We emphasize that even at high energies the ef-
fects of the derivative couplings remain small relative
to the conventional behavior from the fermion kinetic
term, since this also grows with momentum. The point
is rather that effects from Lorentz-violating derivative
couplings dominate those from nonderivative ones, so
at relativistic momenta it is reasonable to neglect the
effects of the coefficientsaµ, bµ, Hµν . Note, however,
that caution is necessary in considering effects above
the ultrarelativistic scale determined by the geomet-
ric mean

√
mMP of m and the Planck massMP, since

above this scale nonrenormalizable corrections to the
Lagrangian (1) become essential to maintain causality
and stability in the quantum theory [3]. Other effects
may also arise at the string scale [25]. In the present
work, we limit attention to the relativistic regime ly-
ing well abovem but below

√
mMP.

To simplify further the analysis here, we disregard
possible effects from the CPT-violating coefficients
eµ, fµ, gλµν . These are zero in the exact QED
limit of the standard model extension because they
are incompatible with the full SU(2)×U(1) gauge
symmetry, but in practice they might be induced
through various radiative corrections [2]. Also, in most
applications, the colliding electrons and positrons are
unpolarized. For unpolarized beams, effects fromdµν
average to zero because the corresponding field term
contains aγ5 coupling, which induces a correction of
opposite sign forχL andχR.

The only remaining coefficient iscµν , and the
corresponding field operator produces the dominant
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Lorentz-violating effects in relativistic collisions of
unpolarized electrons and positrons. The effective
Lagrangian for the fermions is therefore a subset of
the QED extension (1):

(9)L = 1

2
i(ηµν + cµν)ψ̄γ

µ
(↔
∂ν +2iqAν

)
ψ −mψ̄ψ.

Without loss of generality,cµν can be taken traceless.
To leading order incµν , the field redefinition (4) is
explicitly found to be

(10)ψ ≡Aχ = (
1− 1

2cµ0γ
0γ µ

)
χ.

The Lagrangian in terms ofχ becomes

(11)L = 1

2
iη̃µνχ̄γ

µ
↔
Dν χ − m̃χ̄χ,

where we have introduced the convenient notation

m̃≡m(1− c00),

η̃µν ≡ ηµν + Cµν,
(12)Cµν ≡ cµν − cµ0η0ν + cν0η0µ − c00ηµν.

These quantities have nontrivial Lorentz-transforma-
tion properties. For example, the effective electron
massm̃ depends on the observer inertial frame. Note
that Cµ0 = 0, which reflects the elimination of the
time-derivative Lorentz-violating couplings in the La-
grangian (11) forχ . Note also thatCµν and hencẽηµν
are typically textitnot symmetric. However,Cµν may
be symmetric under certain circumstances, such as in
the special case of rotational invariance in the chosen
inertial frame, whereCµν becomes a diagonal matrix
with diagonal elements proportional to(0,1,1,1).

To construct the relativistic quantum mechanics
and the quantum field theory, we follow the general
procedure described in Ref. [3]. The modified Dirac
equation for the freeχ fermion can be solved exactly
using the plane-wave solution

(13)χ(x)= e−iλµx
µ

w(�λ).
Using the leading-order results (10) and (12), the four-
component spinorw(�λ) is found to satisfy

(14)
(
η̃µνγ

µλν − m̃
)
w(�λ)= 0.

A nontrivial solution exists provided the determinant
of the applied operator is zero. This leads to the
dispersion relation

(15)λ̃2 − m̃2 = 0,

where we definẽλµ ≡ η̃µνλ
ν . This dispersion relation

holds to leading order incµν . It is quadratic in
λ0(�λ) and symmetric underλµ → −λµ, implying
that the roots are degenerate after reinterpretation.
There are therefore no energy splittings between the
fermion and antifermion solutions at this order, and
the dispersion relation acquires only a momentum-
dependent modification. We remark in passing that
the exact dispersion relation forχ is identical to that
for ψ obtained from Eq. (9) and is given as Eq. (39)
of Ref. [3], where some of its properties are also
discussed. However, the form (15) suffices for our
purposes and is convenient for calculation.

Define the positive root asλ0( �p )= p0( �p )=E( �p ),
where to leading order incµν the energyE is

(16)E( �p )=
√

�p 2 + m̃2 − pjCjkpk√ �p 2 + m̃2
− C0

jp
j .

The fieldχ(x) is expanded as

χ(x)=
∫

d3 �p
(2π)3N( �p)

(17)

×
2∑

α=1

[
b(α)( �p )e−ip·xu(α)( �p )+ d

†
(α)( �p )eip·xv(α)( �p )],

where the spinors are normalized to

u(α)†( �p )u(α′)( �p )= δαα
′
N( �p ),

v(α)†( �p )v(α′)( �p )= δαα
′
N( �p ),

u(α)†( �p )v(α′)(− �p )= 0,

(18)v(α)†(− �p )u(α′)( �p )= 0.

We leave the normalization factorN( �p ) arbitrary to
display explicitly its cancellation in the physical cross
section. The reader is cautioned that boosting the
chosen value ofN( �p ) to another inertial frame is
nontrivial because the spinor redefinition (10) must be
taken into account.

Quantization is implemented by imposing the fol-
lowing nonvanishing anticommutation relations on the
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mode operators:{
b(α)( �p ), b†

(α′)( �p′)
}= (2π)3N( �p )δαα′δ3( �p − �p′),

(19)

{
d(α)( �p ), d†

(α′)( �p′)
}= (2π)3N( �p )δαα′δ3( �p − �p′).

The resulting equal-time anticommutation relations
for the χ field are conventional. The corresponding
single-particle states are therefore normalized as usual
according to 〈p′, α′|p,α〉 = (2π)3N( �p )δαα′δ3 ×
( �p′ − �p ). Matching this normalization to that obtained
from the representation (13) in relativistic quantum
mechanics shows that the number density for an in-
cident plane wave is normalized toN( �p ) particles per
unit volume.

The conserved canonical energy–momentum tensor
is an observer Lorentz 2-tensor, which in terms of the
redefined spinorsχ in the chosen frame takes the form

(20)Θµν = i

2
η̃ µ
α χ̄γ α

↔
∂ν χ.

The corresponding conserved four-momentum is di-
agonal in the creation and annihilation operators by
virtue of the field redefinition:

Pµ =
∫

d3�x :Θ0µ :

=
∫

d3 �p
(2π)3N( �p )p

µ

(21)

×
2∑

α=1

[
b

†
(α)( �p )b(α)( �p )+ d

†
(α)( �p )d(α)( �p )].

The conserved U(1) current is an observer Lorentz
4-vector of the form

(22)jµ = η̃ µ
α χ̄γ αχ,

with conserved charge

Q=
∫

d3 �p
(2π)3N( �p )

(23)×
2∑

α=1

[
b

†
(α)( �p )b(α)( �p )− d

†
(α)( �p )d(α)( �p )].

To leading order incµν , the Feynman propagator (6)
for χ can be written as

(24)SF (p)= 1

p̃µγ µ − m̃
.

Equating the propagator to the vacuum expectation
value of the usual time-ordered product of fields yields
the useful identities

2∑
α=1

u(α)( �p )ū(α)( �p )= N( �p )
2Ẽ( �p )(/̃p+ m̃),

(25)
2∑

α=1

v(α)( �p )v̄(α)( �p )= N( �p )
2Ẽ( �p )(/̃p − m̃),

whereẼ( �p )≡ p̃0( �p )= η̃0νp
ν and the shorthand no-

tation /̃p ≡ η̃µνγ
µpν is used. These relations are gen-

eralizations of the usual ones, and they can be verified
by direct calculation using the explicit expressions for
the modified spinors.

4. Cross section for e−e+ → 2γ

As an illustrative example of a cross section calcu-
lation in the QED extension, we next apply the above
general procedure to the pair annihilation of relativis-
tic electrons and positrons into two photons. To sim-
plify matters, we disregard Lorentz-violating effects
in the photon sector associated with the coefficients
(kAF )µ and (kF )κλµν . The former is in any case ex-
pected theoretically to be zero [2] and is bounded
experimentally to less than about 10−42 GeV by as-
trophysical observations [18], while the latter is also
known to be negligible on the relevant scale [2,26].

The appropriate element of the transition matrixT

for the processe−e+ → 2γ can be found by evaluating
the tree-level diagrams for electron–positron annihila-
tion, using the modified Feynman rules for the QED
extension. The result is

iTf i = −ie2(2π)4 δ4(k1 + k2 − p1 − p2)

× v̄(p2)

[
/̃ε2

1

/̃p1 − /̃k1 − m̃
/̃ε1 + (1 ↔ 2)

]
u(p1)

(26)≡ i(2π)4 δ4(k1 + k2 − p1 − p2)Tf i .

In this equation,p1, p2 are the electron and positron
momenta, whilek1, k2 are the photon momenta. The
spinorsu, v solve the modified Dirac equation after
the reinterpretation, whileε1, ε2 are the two photon
polarization vectors. Note that crossing symmetry is
satisfied, as expected.
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Following the discussions above, it is most conve-
nient to perform the whole calculation in a single in-
ertial frame. Since in practice the experimental pro-
cedure involves detecting back-to-back photons in re-
constructing the cross section, the appropriate frame
is the center-of-momentum frame. This frame is also
convenient for practical calculations.

The transition rate is determined by
∑ |Tf i |2,

where the sum is over final photon polarizations
and initial fermion states. In accordance with the
relativistic approximation, we treatm as small and
neglect subleading Lorentz-invariant factors of order
m2/| �p |2. Taking advantage of the identities (25) and
performing algebraic steps similar to those for the
equivalent calculation in conventional QED yields in
the center-of-momentum frame

∑
|Tf i |2 = 4e4N( �p )N(− �p )

Ẽ( �p )Ẽ(− �p )

(27)

×
{(

1+ cos2 θ

sin2 θ

)[
1− 2(c00 + c11 + c22 + c33)

]
+ 4

sin4 θ

[
cos2 θp̂cp̂+ k̂ck̂

− cosθ
(
1+ cos2 θ

)
k̂cp̂

]}
,

which consists of the usual QED result plus order-
cµν corrections. In this expression,̂p and k̂ are
unit vectors along the incident electron and outgoing
photon directions, and cosθ = p̂ · k̂. Terms such as
k̂cp̂ denote double contraction of the matrixcjk with
the indicated unit vectors.

The definition of the cross section also requires the
calculation of the factorF in Eq. (7). This must again
be evaluated in the center-of-momentum frame. The
frame dependence of the spinor redefinition (4) im-
plies that it would, for example, be incorrect to pro-
ceed by calculating the flux and target density in the
laboratory frame and applying standard transforma-
tion laws directly to boost the corresponding momenta
back to the center-of-momentum frame. This would
generate spurious factors ofγ 2 that appear to domi-
nate the cross section at high energies.

Keeping the normalizations arbitrary as before, it
suffices to determine the beam velocity difference.
Using Eqs. (8) and (15), the group velocity is found

Fig. 1. Momenta and velocities for the processe−e+ → 2γ . The
incoming fermion momenta�p1, �p2 are equal and opposite, as are
the outgoing photon momenta�k1, �k2 and velocities. The incoming
fermion group velocities�v1, �v2, which determine the particle
trajectories, typically arenot parallel by virtue of the modified
velocity–momentum relationship in Lorentz-violating quantum field
theories.

to be

(28)v
j
g = 1

Ẽ

(
p̃j + C j

µ pµ
)

to lowest order inCµν . Note that this velocity typically
doesnot lie along the momentum�p. Fig. 1 illustrates
the situation for the electron–positron pair annihila-
tion. In the center-of-momentum frame, the momenta
of the incoming beams are equal and opposite, but
the velocities (which determine the trajectories) typ-
ically are not. For example, in the present case we find
v
j

1 + v
j

2 = 2(c0j + cj0), which can be nonzero.
Using Eq. (28), the velocity difference|�v1 − �v2| can

be deduced. This in turn yields the factorF in the
center-of-momentum frame as

(29)F = 2N( �p )N(− �p )(1− p̂Cp̂).

In this equation and what follows, expressions such
as p̂Cp̂ are understood to denote double contraction
of the matrixCjk with the indicated unit vectors. The
reader is reminded that the beam velocity difference
(which is about 2 rather than 1) isnot the relative beam
velocity obtained using a relativistic velocity-addition
law. Note also that Lorentz-symmetric contributions
of order m2/| �p |2 are neglected here but would be
important in any considerations of microcausality [3].

Combining the results for the transition rate and
the factor F given in Eqs. (27) and (29), using
conventional phase-space factors for the final-state
photons, produces the cross section in the center-of-
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momentum frame:

(30)

dσ

dΩ
= α2

4�p 2

{(
1+ cos2 θ

sin2 θ

)(
1+ 3p̂Cp̂+ 2Cµµ

)
+ 4

sin4 θ

[
cos2 θp̂Cp̂+ k̂Ck̂

− cosθ
(
1+ cos2 θ

)
k̂Cp̂

]}
.

For definiteness, we choose coordinates with�p1 along
the 3 axis. Integrating this expression over the az-
imuthal angleφ then yields

dσ

d cosθ
=

2π∫
0

dφ
dσ

dΩ

(31)

= πα2

2�p2

[(
1+ cos2 θ

sin2 θ

)
(1+ c00 + c33)

− 2 cot2 θ(c11 + c22 − 2c33)

]
.

Note that the normalization factors have cancelled.
For other processes, fermions may be present in the

final state. As usual, the available phase spacedΠ per
final state fermion is

(32)dΠ = d3 �p
(2π)3N( �p ) .

In observable cross sections or decay rates, the nor-
malization factorsN( �p ) again cancel with those in
the transition probability. Note, however, that boost-
ing dΠ to another inertial frame is typically nontrivial
because the spinor redefinition (10) is involved.

5. Experimental signals

The cross section (30) is given in the center-
of-momentum frame, and the components of the
coefficientscµν for Lorentz violation are also defined
in this frame. For symmetric colliders, the center-
of-momentum frame coincides with the laboratory
frame. However, the laboratory frame rotates with
the Earth, so the spatial components ofcµν oscillate
periodically as functions of the sidereal timet . This
induces corresponding variations in the observed cross
section, with periodicities controlled by the Earth’s
sidereal rotation frequencyΩ � 2π /(23 h 56 min).

To display explicitly the time dependence of the
observable cross section, we introduce suitable bases
of vectors for the nonrotating frame and the labora-
tory frame, following the notation and conventions
of Ref. [13]. In this choice of coordinates, the right-
handed basis(X̂, Ŷ , Ẑ) for the nonrotating frame is
compatible with celestial equatorial coordinates [27]
with Ẑ aligned along the rotation axis of the Earth.
The other basis vectors lie in the plane of the equator,
with X̂ having declination and right ascension 0◦, and
Ŷ having declination 0◦ and right ascension 90◦. Al-
though this coordinate system is in fact only approxi-
mately fixed because the Earth precesses slowly over
time, any induced effects are suppressed by several or-
ders of magnitude and are neglected here.

We select the basis(x̂, ŷ, ẑ) in the laboratory frame
such thatẑ ≡ p̂1 is aligned along the direction of
the electron–beam momentum. The vectorx̂ is fixed
by requiring it to be perpendicular tôz and to lie in
the ẑ–Ẑ plane. The remaining vector̂y is chosen to
complete a right-handed triad:ŷ = ẑ × x̂. The angle
between̂z andẐ is denoted byχ , soẑ · Ẑ = cosχ .

The transformation between the two sets of bases
can be regarded as nonrelativistic to an excellent
approximation. It is given by(
x̂

ŷ

ẑ

)
=
(cosχ cosΩt cosχ sinΩt −sinχ

−sinΩt cosΩt 0
sinχ cosΩt sinχ sinΩt cosχ

)

(33)×
(
X̂

Ŷ

Ẑ

)
.

In what follows, we denote indices on the coefficients
for Lorentz violation in the laboratory frame by
0,1,2,3 and indices in the nonrotating frame by
0,X,Y,Z.

To exhibit the sidereal-time dependence of the cross
section, it suffices to apply the transformation (33)
to the coefficientscµν for Lorentz violation. For
example, the combinations of coefficients appearing in
the cross section (31) become

c11 + c22 − 2c33

= (cXX + cYY − 2cZZ)
( 3

2 cos2χ − 1
2

)
− 3

2(cXZ + cZX)sin2χ cosΩt

− 3
2(cYZ + cZY )sin2χ sinΩt

− 3
2(cXX − cYY )sin2χ cos2Ωt
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− 3
2(cXY + cYX)sin2χ sin2Ωt,

c00 + c33

= c00 + cZZ + 1
2(cXX + cYY − 2cZZ)sin2χ

+ 1
2(cYZ + cZY )sin2χ sinΩt

+ 1
2(cXZ + cZX)sin2χ cosΩt

+ 1
2(cXY + cYX)sin2χ sin2Ωt

(34)+ 1
2(cXX − cYY )sin2χ cos2Ωt.

These endow the observable cross section with a de-
pendence on sidereal timet that has three components:
a constant, an oscillation with periodT = 2π/Ω , and
an oscillation with periodT/2.

Data in experiments are usually taken at differ-
ent sidereal times and over several months. A typ-
ical analysis searching for deviations from QED in
the cross section fore−e+ annihilation would there-
fore effectively average away the sidereal-time depen-
dence. With coefficients expressed in the nonrotating
coordinate system, the typical analysis is thus sensitive
only to the average

dσ

d cosθ

∣∣∣∣
av

≡ 1

T

T∫
0

dt
dσ

d cosθ

(35)

= πα2

2�p 2

{(
1+ cos2 θ

sin2 θ

)[
1+ c00 + cZZ

+ 1
2(cXX + cYY − 2cZZ)sin2χ

]
− 2 cot2 θ(cXX + cYY − 2cZZ)

× (3
2 cos2χ − 1

2

)}
.

This shows the time-averaged effect of the Lorentz-
violating terms is the sum of a scaling of the usual
cross section with a correction term proportional to
cot2 θ .

The observation of sidereal variations in cross
sections would provide a unique signal of Lorentz
violation. In high-energy physics, analogous effects
for neutral-meson oscillations have been used by the
KTeV Collaboration to obtain a new constraint on
coefficients for CPT violation in the standard model
extension [22]. Sidereal variations also form the basis
for a variety of high-precision low-energy tests of the
standard model extension [7,9,11,14,15,17]. However,
to date constraints have been placed only on a few of
the coefficientscµν .

Large data sets of several hundred inverse picobarns
for relativistic electron–positron pair annihilation have
recently been collected by experiments at LEP [28].
These could in principle be used to bound the combi-
nations of the coefficientscµν in the nonrotating frame
that appear in Eq. (34). Note that the Lorentz-violating
modifications to the cross section (31) show no en-
hancement with energy, in accordance with the dis-
cussion at the beginning of Section 3. This contrasts
with corrections to the conventional QED cross sec-
tion arising from other types of new physics, which
typically grow with energy [29]. Although the neces-
sary analysis and the systematics are qualitatively dif-
ferent in nature from those performed to date, it seems
unlikely that sidereal-time binning of thee−e+ → 2γ
data would yield tight bounds. However, it could limit
certain components ofcµν otherwise presently uncon-
strained by experiment.

6. Summary

In this work, a procedure is presented for calculat-
ing observable cross sections and decay rates in the
Lorentz-violating standard model extension. In deter-
mining the transition matrix, conventional perturbative
techniques apply but with modified Feynman rules.
To avoid complexities associated with inertial-frame
changes in the presence of Lorentz violation, it is most
convenient to perform any analysis in a single frame.
Methods for obtaining the necessary kinematical fac-
tors are also presented.

As an example, the processe−e+ → 2γ for rela-
tivistic electrons and positrons is explicitly considered.
In this case, the relevant coefficients for Lorentz vio-
lation are associated with derivative couplings in the
fermion sector of the Lorentz-violating QED exten-
sion, and they scale with momentum like the usual
fermion kinetic term. The contributions from other co-
efficients either are negligible or average to zero for
unpolarized scattering. The resulting cross section is
explicitly given in Eqs. (30) and (31). The Earth’s ro-
tation induces a dependence of this cross section on
sidereal time, specified in Eq. (34). High-statistics ex-
periments searching for this effect could place bounds
on some coefficients for Lorentz violation otherwise
unconstrained by experiment.
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It would be of interest to obtain expressions for
other standard QED scattering amplitudes in the con-
text of the Lorentz-violating QED extension. It is pos-
sible that the experimental sensitivity is enhanced by
the boost factorγ in appropriate circumstances. Cer-
tainly, sensitivity to different parameters can be ex-
pected among different processes. Also, the above ar-
guments for neglecting certain coefficients for Lorentz
violation fail for nonrelativistic fermions, so different
scenarios such as fixed-target experiments could be
worth investigation.
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