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For supersymmetric extensions of the standard model, we obtain necessary conditions for CP in-

variance expressed in terms of weak-basis invariants. Among other applications, these conditions
allow a simple identification of independent sources of CP violation and a simple exact count of
CP-violating phases for any choice of couplings and masses.

Within the minimal standard model with three genera-
tions, CP violation' arises from the presence of a physical
complex phase in the Kobayashi-Maskawa (KM) matrix.
Many other sources of CP violation can arise in exten-
sions to the standard model (see, for example, Ref. 3). In-
vestigation of CP violation could therefore provide evi-
dence for new physics. Of special interest are supersym-
metric gauge theories, which may provide a framework
for a solution to the gauge hierarchy problem and may
enable the incorporation of gravity into unified models,
for example, via superstrings. Indeed, in the low-energy
limit, certain N=1 supergravity models can provide su-
persymmetric extensions of the standard model (see, for
example, Ref. 5). If the set of new fields required by su-
persymmetry is minimal, these extensions differ only by
the form of soft-supersymmetry-breaking operators ap-
pearing and are generically referred to as the supersym-
metric standard model. In the absence of direct experi-
mental evidence for superpartners, the low-energy prop-
erties of the supersymmetric standard model are impor-
tant for its phenomenological viability. Investigation of
its CP content is therefore of interest.

In this paper, we present a procedure for the character-
ization of CP invariance at the Lagrangian level in
the supersymmetric standard model and its nonminimal
extensions. A related approach has been introduced and
applied in the context of the standard model in Refs.
26—31. The key idea is to allow for the most general CP
transformation leaving the Lagrangian invariant. One
then obtains a series of relations that must be satisfied by
the various interaction terms of the Lagrangian for CP
invariance to hold. Straightforward manipulation of
these relations yields simple necessary conditions for CP
invariance. These conditions are expressed in terms of
quantities that are weak-basis independent; as a result,
they can be applied directly, without the need for mass-
matrix diagonalization. Some advantages of an invariant
approach to CP physics are discussed in Ref. 32. Ele-
mentary applications of our results include establishing
circumstances under which sources of CP violation would
be purely nonstandard in any specified model and deter-
mining the number of CP-violating phases for any choice
of couplings and masses.

For the standard model with n generations, a set of
necessary conditions for CP invariance may be found as
follows. The SU(2)t doublets. qL, and singlets u„, and
dz„where the index a =1, . . . , n labels the genera)ion,
are defined only to within unitary transformations. A CP
transformation on a field f, where f is qL, uz, or ds, may
therefore be represented as f'= UfCf*, where Uf are
n Xn unitary matrices and C is the charge-conjugation
matrix. Introducing the n X n nondiagonal mass matrices
(M"),t„(M ),b and requiring invariance of the Lagrang-
ian under these CP transformations yields a set of condi-
tions on the unitary matrices Uf. In terms of Hermitian
matrices Hf defined by Hf =MfMft, where f =u, d,
these conditions are

UHfU =Hf .

Straightforward manipulations lead to conditions in-
dependent of the weak basis:

tr([H„,Hd])"=0 .

Here, the powers p, q, r are positive integers and r is
Qdd.

These conditions have the same form in the limit of ex-
act SU(2)SU(1) symmetry. This is because the quark
mass matrices arise in the standard model from matrices
of Yukawa coupling constants when the Higgs field ac-
quires a vacuum expectation value v. These Yukawa ma-
trices have the form M /v, so we can take over the entire
analysis for the exact symmetry limit with merely the
redefinition of Hf in terms of the Yukawa matrices.
Note also that the origin of CP violation in this picture is
most naturally traced not to a diagonalization of mass
matrices but instead to a clash in the CP-transformation
properties of the gauge and Yukawa couplings.

The number of independent CP constraints for the case
of n generations is readily ascertained from Eq. (1). For
simplicity, take H„nondegenerate. Then, choosing the
weak basis in which H„ is diagonal, Eq. (1) with f =u
implies that U must be a diagonal matrix of n arbitrary
phases 5„a= 1, . . . , n. However, using Eq. (1) with

f =d it then follows that the phase of the element (Hd ),b
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H'= UHH', f'= U~Cf*, G„'=(—1) '"UGG„* (3)

These choices implement the correct CP transformations
on the kinetic terms. As before, requiring invariance of
the whole Lagrangian under these CP transformations re-
sults in conditions on the matrices U. Necessary and
sufficient conditions for CP invariance may then in prin-
ciple be derived.

Here, we are interested in the CP properties of the su-
persymmetric standard model. This has, as field content,
all the fields of the standard model plus an extra Higgs
doublet together with superpartners for all fields. The
form of the Lagrangian in the limit of exact supersym-
metry is then completely specified by the symmetries of
the standard model and by supersymmetry. When
viewed as the low-energy limit of X= 1 supergravity mod-
els with spontaneously broken supersymmetry, the super-
symmetric standard model acquires soft-supersymmetry-
breaking operators whose precise form depends on the as-
sumptions made at the unification scale. The SU(2)U(1)
symmetry may be broken in the usual way by giving vac-
uum expectation values to the neutral components
H, ,Hz of the Higgs-boson doublets.

We begin by discussing the model in the limit of exact
supersymmetry. This limit might be of relevance for CP-
violating processes occurring in the early Universe at
temperatures above the supersymmetry-breaking scale
but below the unification scale. Similarly, we neglect the

must be (5, —5„)/2 modulo m, i.e., all phases of Hd are
cyclic and are thus determined by n —1 parameters.
Since a Hermitian matrix has n (n —1)/2 phases in gen-
eral, there must be ( n —1 )( n —2) l2 constraints. This is
then the number of constraints necessary for CP invari-
ance; as expected, it agrees with the usual count of in-
dependent KM phases for n generations.

The analysis of the CP properties of the standard mod-
el neglects possible unitary transformations on the lep-
tons, gauge bosons, and Higgs boson because these do not
lead to additional CP-violating phases. The usual argu-
ment is that the introduction of phases leads to no new
physics because they can all be absorbed into
redefinitions of fields. In the present context, the absence
of new CP-violating phases is seen, for example, for the
leptons by noting that H =0, so the content of the lep-
ton equivalent of the condition (2) is null. For the
remaining fields, the invariance of the Lagrangian under
CP transformations leads to no conditions; i.e., there is
no clash between the CP transformations of different
terms. Hence, there are no new phases to parametrize
CP violation.

In the context of a more general model, however, CP-
violating phases might be introduced by scalars, gauge
bosons, or Majorana fermions, in addition to Dirac fer-
mions. Let us consider a general gauge theory with
matter scalars and spinors, with certain well-defined local
and global symmetries. If several fields fall into the same
irreducible representations of these symmetries, then they
are defined only to within a unitary transformation mix-
ing them. A CP transformation on the scalars H, fer-
mions f, and gauge bosons G„can then be represented as

SU(2)cgIU(l) breaking in the preliminary analysis. We
find that the necessary and sufficient conditions for CP in-
variance in the supersymmetric standard model in the
limit of exact supersymmetry and unbroken SU(2)U(1)
are identical to the conditions (2) for the standard model
with unbroken SU(2)ISIU(1).

The most straightforward way to obtain this result is to
perform directly on the Lagrangian CP transformations
of the type (3). The resulting conditions for invariance
may then be manipulated to yield conditions of the form
(2). Because of the large number of independently trans-
forming fields, the details of this calculation are not par-
ticularly transparent. We present instead a more intui-
tive argument.

The unitary matrices that appear in the CP transfor-
mation (3) can only mix fields transforming as the same
irreducible representation of the local and global sym-
metries of the Lagrangian. Let us first neglect terms in-
volving superpartners. Then, the only changes in the
theory relative to the standard model involve the Higgs
sector. There are extra gauge-Higgs couplings due to the
existence of the second Higgs multiplet. The Yukawa
couplings are modified in that one Higgs multiplet cou-
ples to the lepton and singlet down-quark fields while the
other couples to the singlet up-quark fields. Finally, the
Higgs potential is modified. However, none of these
changes introduces new conditions on the CP invariance
of the Lagrangian. Essentially, this is because there are
only two Higgs doublets, and supersymmetry constrains
the singlet quarks of a given charge to couple to only one
Higgs doublet. Hence, if the superpartners are absent,
the conditions for CP invariance of the model are identi-
cal to those of the standard model in the limit of unbro-
ken SU(2)U(l). However, this conclusion cannot be al-
tered by the addition of superpartners. This is because in
the limit of exact supersymmetry the model may be writ-
ten entirely in terms of superfields. It must therefore be
possible to implement any CP transformation on
superfields, which means that all components of each
superfield must transform by the same unitary matrix.
Thus, no new conditions for CP invariance are intro-
duced in the supersyrnmetric extension of the standard
model in the exact-symmetry limit.

This conclusion is unaffected by addition of a Fayet-
Iliopoulos term in the action because this is trivially CP
invariant. It therefore is possible to break supersym-
metry without affecting the result. However, in effective
low-energy Lagrangians based on N= 1 supergravity
models with spontaneous supersymmetry breaking, the
breaking of supersymmetry appears instead through soft
operators whose precise form depends on assumptions
made about the unified theory. As in the limit of exact
supersymmetry, the case of softly broken supersymmetry
but unbroken SU(2)U(1) may have physical relevance
for the early Universe. Next, we investigate symmetry
breaking of this type. In the interest of generality, we
make no restrictions on the soft operators other than re-
quiring that they be compatible with the global and local
symmetries of the exact-symmetry limit.

We consider first soft terms involving scalar leptons
and scalar quarks. These have the form
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» & (Py)ebfe*fb+ [(I Ye )eb&"I'H'i&b*
f

+(PYz) be q H jdb

+(P Y ) be'~q,'H~zub +H c ] .

(4)

~fPf~f ( f ) & '~eI Ye ~l (I Ye )

~dj Yd q (I Yd) & Vuj Yu ~q (PYu )

By straightforward manipulations, a set of necessary
conditions may be found for CP invariance in the super-
symmetric standard model with an arbitrary number of
generations. In addition to Eq. (2), these conditions
may be expressed as

tr[(P )I', (H~)~]"=0,

tr[(p, Y„pY„),(H~)~]"=0,

tr[(P Yap')", (Hg ) ]"=0,
«[(I Y,I Y, )'(PI)'1"=o.

(6)

Here, H& is formed from Yukawa matrices for f =u, d,
while p, q, r are integer and r is odd.

As an elementary application of these results, using
methods similar to those for the standard model, we find
a total of 4(n —1)(n —2) new independent conditions for
CP invariance of the Lagrangian when the soft terms (4)
are added. They arise essentially because the eight ma-
trices Pg, (PY, u Y, ), (PYgPYg), and (PY„PY„) are con--2

strained to have cyclic phases. Note that for three gen-
erations this shows the existence in the general case of
eight new CP-violating phases, in addition to the usual
KM phase of the standard model. Note also that for the
sake of generality we have not assumed any particular
form for the matrices pI, pz„pz&, pz„. If some of these
matrices are chosen to be real, a smaller number of in-
dependent CP constraints results. In particular, if all
soft-supersymmetry-breaking parameters are real, then
the number of independent CP constraints coincides with
that of the standard model. This agrees with a result of

Here, the sum over f runs over the SU(2)U(1) represen-
tations q, u', d', l, e'. The tildes indicate that the fields
are scalar partners of the quarks and leptons. The indices
a, b label the generations, while i,j are SU(2) vector in-
dices. All terms have mass dimension 4.

To analyze the CP properties of the Lagrangian when
the terms (4) are added, we allow for CP transformations
on the scalar quark and scalar lepton fields of the type (3).
We neglect any CP transformations of the Higgs fields in
the following, as it can be shown that their inclusion does
not affect the conditions obtained. Denoting the five uni-
tary matrices involved in the CP transformations of
q, u', d', l, e' by VI with f =q, u, d, l, e, respectively, we
find that CP invariance of the Lagrangian requires the
conditions

Ref. 23.
This completes the analysis for the soft-super-

symmetry-breaking terms of Eq. (4). Although other soft
terms can also be introduced, they do not affect our re-
sults. This is because all remaining possible soft opera-
tors are quadratic either in the Higgs fields or in the gau-
gino fields. The CP transformation properties of such
terms do not clash with those of other terms in the La-
grangian, so no new conditions are introduced.

We see that various sources of CP violation can occur
in a general supersymmetric model. In any given model,
only a subset of these may be present. The necessary con-
ditions (6) for CP invariance are useful in determining
this subset. Consider, for example, the interesting class
of models for which CP violation is solely due to the in-
teraction of the low-energy superpartners, without rela-
tion to the usual weak interactions. In this class of mod-
els, the KM matrix is real. Therefore, the necessary con-
ditions (2) are satisfied, but some of the conditions (6) are
violated. A model of this type has been proposed in Ref.
24.

Let us now brieAy discuss the consequences of breaking
the SU(2)I3 U(1) symmetry. In a general model with non-
minimal Higgs sector, an analysis similar to that above is
likely to provide further conditions. However, this is not
always the case. Here, we restrict ourselves to showing
that no further conditions arise in a simple minimal mod-
el with real gaugino and Higgsino mass parameters.

When the two neutral Higgs fields in this model ac-
quire vacuum expectation values, the SU(2)I8IU(l) sym-
metry breaks to the electromagnetic U(1). Among other
effects, this gives masses to the quarks and leptons and
modifies the scalar-quark and scalar-lepton masses.
These mass changes do not affect the results already ob-
tained, however, because the presence of the Higgs fields
as such did not play a role in the analysis. Thus, the ex-
istence of vacuum expectation values results only in trivi-
al scalings. Therefore, new conditions for CP invariance
could only arise from the resulting modifications to the
gauge, gaugino, Higgs, or Higgsino sectors of the La-
grangian. However, as might be expected from the
standard-model case, those terms involving only gauge
and Higgs bosons do not yield new constraints. This
leaves only a few terms describing the interactions of gau-
ginos and Higgsinos. These fields comprise two charged
Dirac spinors 8' and H and four Majorana spinors
W, B,H&, Hz. Since the SU(2)U(1) symmetry is now
broken, the charged states can mix, as can the neutral
ones. Nonetheless, no new conditions arise. Thus, in
this simple model the breaking of SU(2)U(1) has no
effect on the analysis.
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