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A search is conducted for physical quantum-mechanical supersymmetries involving the hydrogen
atom. In all coordinate systems admitting a direct separation of the Schrodinger equation, the structure
of the separated equations is examined for possible supersymmetric extensions. In addition to the known
supersymmetry involving the radial equation for spherical coordinates, we uncover a related supersym-
metry involving the radial equation for conical coordinates and a pair of supersymmetries involving par-
abolic coordinates. The associated spectra and possible physical import of the latter are discussed. They
connect certain eigenfunctions of the hydrogen and lithium atoms in the unbroken-symmetry limit. Fol-
lowing the established procedure for the case of spherical coordinates, the breaking of these parabolic
supersymmetries is incorporated in a model constructed using notions of quantum-defect theory. The
model yields analytical wave functions in parabolic coordinates for the valence electron of alkali-metal
atoms, while correctly reproducing the eigenvalue spectra. These ideas are applied to the study of the
Stark effect in alkali-metal atoms. Using supersymmetry-based quantum-defect eigenfunctions, we ob-
tain Stark maps for lithium and sodium. The spherical case shows striking agreement with experiment.

PACS number(s): 03.65.Fd, 03.65.Ge, 11.30.Pb, 31.15.+q

I. INTRODUCTION

The physics of most atomic systems is too complex to
admit direct analytical solution. To address such issues,
enough approximations must be made to render the prob-
lem tractable either to analytical or to numerical
methods. Exact or broken symmetries often provide a
useful guide to the choice of approximation, while per-
mitting physical insight to be maintained. The search for
symmetries is evidently a crucial part of this procedure.

The behavior of a highly excited valence electron of an
atom or ion can be approximated as that of a single elec-
tron in an effective central potential [1]. This viewpoint
is particularly useful for cases where the valence electron
is the sole one outside a closed shell, as occurs in alkali-
metal atoms. Several methods exist for calculating the
effective potential [2], and the physics of such situations
continues to attract interest [3].

A realistic central-potential approximation for the
valence electron of an atom or ion can be interpreted as
the implementation of a broken symmetry [4]. In the
limit that the central potential is hydrogenic, the symme-
try is exact. It then connects the atom under study to the
hydrogen atom, mathematically linking their eigenvalues
and eigenfunctions while implementing the Pauli princi-
ple for the valence electron. The symmetry is broken by
nonhydrogenic contributions to the effective potential

yielding, for example, the Rydberg series for alkali-metal
atoms [5,6]. Nonetheless, it can be used as a guide for the
construction of a central-potential model [7] reproducing
the Rydberg series. The model incorporates notions of
quantum-defect theory [8—10] but is motivated by sym-
metry considerations rather than phenomenology. It
provides analytical eigenfunctions for the valence elec-
tron while maintaining features characteristic of the sym-
metry. Comparisons of the model's predicted transition
probabilities for alkali-metal atoms [7] and alkaline-
earth-metal ions [11] with accepted values [12] show
good agreement. The model's range of validity extends to
reproducing some of the gross features of the fine-
structure of alkali-metal atoms [13]. The eigenfunctions
have also been used as trial wave functions for detailed
numerical calculations [14].

The symmetry in question, called quantum-mechanical
supersymmetry [15], is based on an extension of ordinary
Lie algebras to super algebras, which incorporate an-
ticommuting generators. Supersymmetries have found
widespread application in many areas of physics [16]. In
the central-potential context, the supersymmetry arises in
the radial equation appearing upon the separation of the
Schrodinger equation in spherical coordinates. Some
background material on supersymmetric quantum
mechanics and its use in the central-potential approxima-
tion is summarized in Sec. II of this paper [17].
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In the present work, we undertake a systematic search
for other quantum-mechanical supersymmetries associat-
ed with the hydrogen-atom Schrodinger equation. In
Sec. III, we review all coordinate systems for which the
problem is directly separable, i.e., without modulation
factors. In Sec. IV, we then examine these systems to
determine which can act as part of a supersymmetric
multiplet. We thereby uncover a supersymmetry in coni-
cal coordinates and two supersymmetries in parabolic
coordinates. The latter are physically distinct from the
previously studied supersymmetry in spherical coordi-
nates. Their possible physical relevance to the spectra
and eigenfunctions of the alkali-metal atoms in the exact
symmetry limit is discussed in Sec. V.

Symmetry-breaking effects for the parabolic supersym-
metries can be introduced in a central-potential model
that uses quantum defects to reproduce the Rydberg
series and generates analytical eigenfunctions for the
valence electron. The model incorporates many of the
features of supersymmetry. It is presented in Sec. VI.

Since the breaking of supersymmetry is due to the
valence electron interacting with the core, all the
supersymmetry-based models are expected to work best
for highly excited, or Rydberg, atoms. These have a
wealth of interesting properties, and their structure in
electric and magnetic fields is a subject of current experi-
mental research [3,18]. In this paper, we focus on the
Stark effect [19]as a means of testing the various models.
In parabolic coordinates, the Stark problem for hydrogen
is separable. Perturbation theory can be carried out to
high orders [20,21] and compared to experiment [22].
However, for alkali-metal atoms, quantum defects ap-
pear. The Stark structure of Rydberg states for alkali-
metal atoms has been studied both experimentally and
numerically [23—25]. Section IID contains some back-
ground material on this topic. In Sec. VII, we use the
analytical wave functions of the parabolic and spherical
quantum-defect theories to generate Stark maps for Ryd-
berg states of lithium and sodium. A summary and our
conclusions are presented in Sec. VIII.

II. BACKGROUND

In this section, we provide a summary describing su-
persymmetric quantum mechanics, a brief review of prior
results in atomic supersymmetry and in supersymmetry-
based quantum-defect theory, and a short description of
the standard approach to the Stark effect.

A. Supersymmetric quantum mechanics

If the Hamiltonian of a quantum-mechanical system
can be expressed in terms of anticommuting generators
Q; as [Q;,QJ] =o; M, with [Q;,II]=0 for i =1,2, . . . , N,
then the system is said to be supersymmetric [15]. The
superalgebra defined by these relations is denoted sqm(1V).
For the special case sqm(2), the linear combinations
Q =(Qi+ig2)/V2 and Q =(Qi —ig2)/&2 obey the re-
lations

H=[Q Q'] [H Q]=[II Q']=o.

In the simplest realization, the Hamiltonian for sqm(2)
may be written as H=H+ eH, where the components
H+ and H containing the supersymmetric potential
partners V+ and V are given by

H %~„= (2.2)
d2 + Vg(x) 4+„=e„%'~„,

dx

A = i(B—„+—,
' U'),

[A, At]=U" .

(2.4)

(2.5)

The supersymmetry generators Q, Q map degenerate
states in the bosonic and fermionic stacks into one anoth-
er. Explicitly, they are given as 2 X 2 matrices,

0 0 0 A

0 0Q=AO ~ 7

and obey Q =(Q ) =0. The Hamiltonian is

H+ 0

0 H

(2.6)

(2.7)

B. Atomic supersymmetry

The radial part of the hydrogen-atom Schrodinger
equation expressed in spherical coordinates can be writ-
ten as one of the two partner Hamiltonians for an sqm(2)
supersymmetry [4]. It has the form

d 1 l(1 +1) 1——+ — E„y„l(y)=0, —
dy p y

(2.8)

where y=2r, E„=—1/2n, and y„&(2r)=rR„I(r) We.
use atomic units throughout this paper, but note that y
differs from r by a factor of 2. The radial wave functions
are given by

1/2
2 I (n —l)

n 2 I"(n+l+1)

X exp L (2l + 1) (2.9)

where the associated Laguerre polynomials are defined by
[26]

n

p!I (p+a+1)I (n —p+1)
Equation (2.8) can be written in the supersymmetric form

V+(x)=( —,'U') —
—,'U", V (x)=(—,'U') + —,

'U" . (2.3)

Here the prime means d/dx, and U(x) is a function that
depends on the problem being studied. Except for the
ground-state eigenvalue, which is associated with H+
only, the two Hamiltonians have the same spectra. %'e
refer to the eigenspectra of H+ and H as the bosonic
and fermionic stacks, respectively.

The Hamiltonians H+ and H can be written as
H+=A A andH =AA, where
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(2.2) for H+ by choosing

U(y)= —2(l+1) in' .l+1 (2.11)

nomials because n *—I"—1 = n —1 I—( l) —1 remains an
integer. For asymptotic quantum defects 5( l ), these
eigenfunctions form an orthonormal and complete set.

The mathematical form of the supersymmetry partner to
the hydrogen atom can be found by fixing l and solving
for V I in Eq. (2.3). The supersymmetric eigenfunctions
of V I are R„ I+, , with n ~ 2. They form a complete set.

Reference [4] argued on physical grounds that the s
levels of lithium may be interpreted as the supersyrn-
rnetric partners of the hydrogen atom s levels. The super-
symmetry can be repeated, in the sense that the s orbitals
of lithium are in turn supersymmetric partners of the
sodium s orbitals. There are also connections among p
and higher orbitals. The characteristic feature of super-
symmetry in this context is the integer shift in the quan-
tum number l. It is intimately connected with the Pauli
principle and the resulting exclusion of the lithium
valence electron from the 1s levels.

C. Supersymmetry-based quantum-defect theory

In alkali-metal atoms, the interactions between the
valence electron and the electrons in the inner shells
break the supersymmetry, and the energy levels become
shifted relative to those of hydrogen. Mathematically,
the change in energy can be described by introducing a
quantum defect 5(n, I ) [5]:

n*=n 5(n, —l),
1

n 2n 42

(2.12)

(2.13)

l' = l 5( l ) +I( l), — (2.14)

is introduced, where I(l) is an integer. The radial equa-
tion obtained by replacing n, I,E„by n *,l*,E + defines a
quantum-defect theory that has analytical solutions with
eigenenergies given by the Rydberg series (2.13). It also
takes into account the integer shifts in l that are charac-
teristic of supersymmetry. However, the supersymmetry
is broken when 5(l)%0.

The eigenvectors of the quantum-defect theory are
given by

where 5(n, l ) is approximately constant for a given fixed
orbital quantum number l. The exact quantum defects
5(n, l) rapidly approach asymptotic values 5(l) as n in-
creases.

Reference [7] combined supersymmetry ideas with the
notion of quantum defects to incorporate
supersymmetry-breaking effects arising from the presence
of an effective potential for the valence electron. A new
orbital quantum number,

D. The Stark erat'ect

The valence electron of an alkali-metal atom in an
external electric field can be described by the Harniltoni-
an

H= —
—,
'V' + V(r)+Iiz, (2.16)

III. SEPARATION OF VARIABLES

The laplacian operator is directly separable, i.e.,
without use of a modulation factor, in eleven different
coordinate systems [27]. Only four of these separate the
Schro'dinger equation with a Coulomb potential
V(r)= —1!r: spherical, conical, prolate spheroidal, and
parabolic coordinates. This can be traced to the O(4)
symmetry of hydrogen [28]. Here, we review the separa-
tion of variables for the hydrogen atom in each of these
coordinate systems.

A. Spherical coordinates

In spherical coordinates r, 8,$, the Coulomb-problem
eigenfunctions can be written

(&,8, Q) =&„I(&)I'i (8,p) . (3.1)

where F is the magnitude of the electric field, taken to
point in the z direction. The form of V(r) is sufficiently
complex that H is not separable, and analytical solutions
cannot be found. Instead, approximation methods must
be used.

One approach uses a hydrogenic approximation in the
context of a quantum-defect theory. The radial matrix
elements can be integrated numerically using a Coulomb
potential and setting the energies equal to the Rydberg
series E + = —1 j2n* . The integration is performed in-

ward from large values of r, and when the solution starts
to diverge near the inner core, the integration is terminat-
ed. The resulting energy matrix, including the Stark
term, is diagonalized for a subset of basis states. The ei-
genvalues are thereby generated as a function of the elec-
tric field.

In a classic paper [23], the Stark structures of Rydberg
states of lithium were computed in this way and then
compared to experimental measurements. For n =15
manifolds, diagonalization of a subset of states consisting
of n =13—20 yielded numerical results in good agreement
with the experimental Stark maps. Similar computations
were carried out for sodium and other alkali-metal atoms.

2 I (n* —1')
n* I (n*+l'+1)

I /2
2r

The radial wave functions are given in terms of the asso-
ciated Laguerre polynomials in Eq. (2.9), and the spheri-
cal harmonics are

Xexp L (2I +1) r
(2 14')

n
n* —I —1 n

J

I/2

v'2~ 2 (1+m)!

The solution still involves the associated Laguerre poly- (3.2)
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The functions PP(cos9) are the associated Legendre poly-
nomials, which satisfy the equation

m
(1—x )(Pi )" 2x—(Pi )'+ l(l+1)—

2 Pi =0,
1 —x

(3.3)

with x =cosO. The equation for N is

[(~'— ')("— ')]'"
Bw

[(b' — ')( ' — ')]' ' a
Bw

—l(l+1)w +p, yz(u)=0 . (3.10)

d 4 +m @=0.
d 2

(3.4)

2

B. Conical coordinates

The definitions of the conical coordinates u, v, w are
[27]

Here, l(l+1) is the separation constant that is intro-
duced when the radial wave function R«(r) is separated,
and p is a second separation constant that is introduced
when the v and w variables are separated.

C. Prolate-spheroidal coordinates

with u, v, w defined by

z2

uvw

bc

g 2(u2 b2)(b2 w2)

b2( 2 b2)

u (c —u )(c —w )

2( 2 b2)

(3.5)

x =a sinhu sinv cosw,

y =a sinhu sinv sinw,

z=a coshu cosv,

(3.11)

the prolate-spheroidal coordinates g, g, P are defined by
[27]

g=coshu, 1(g( ~

u =x+y+z =r (3.6)

The Coulomb problem separates in these coordinates,
and the wave functions can be written

%«~=R«(r)g„(u, w) . (3.7)

with c ) v )b )w . The surfaces of constant u, v, w

are, respectively, spheres and cones of elliptic cross sec-
tion pointing along the z and x axes. The conical coordi-
nate u is equal to the radial coordinate r in spherical
coordinates:

'g =COSU —1~g~1 (3.12)

P=w, 0($(2' .

Prolate-spheroidal coordinates are useful for problems
having two centers of force, such as the H2+ molecule.
However, it has been shown that the hydrogen-atom
problem is separable in prolate-spheroidal coordinates
[30]. This is achieved by setting up the problem as if
there were two centers of force with two nuclear charges,
but then setting the magnitude of one of the charges
equal to zero. If the wave function is written

+(g, i), P ) =&(g)Y(i) )@(P), (3.13)
The radial functions R„&(r) are the same as in spherical
coordinates. The functions 1(I,( v, w ) are products of
Lame functions [29] and are eigenstates of the angular
momentum, but with the angular momentum vector hav-
ing unusual orientations. The quantum number m is re-
placed by a number ~, which designates the eigenvalues
of angular-momentum vectors oriented along elliptic
cones about the x or z axes.

Separating the functions g&,(v, w) gives

dg dg
(g' —1)

+ 3+R(Q, +Q2)g —p g— m
2 —1

X=O, (3.14)

then the functions X, P, and @must satisfy the equations

g„(u, w ) =g, (u)y, (w), (3.8)
d

(1 2)dY
dn " d~

where the equations for the Lame functions are

[( 2 y2)( v2)] I [( 2 b2)( 2 2)] /2a a
BU Bv

2

A+R(Q, —Q~)g pq + Y—=O,
1 —g

d N

d 2
+m %=0.

(3.15)

(3.16)

+1(l+1)u —p y, (u )=0, (3.9)
Note that the solutions X and Y to Eqs. (3.14) and (3.15)
are different, even though the form of the equations is
identical, because the variables g and il have different
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D. Parabolic coordinates

Parabolic coordinates are defined [27] by

p=r+z, cr =r —z, /=tan '(y/x ), (3.17)

where r is the radial coordinate. The separation of vari-
ables for the Coulomb problem in parabolic coordinates
can be written

domains. The parameters m and A are separation con-
stants. The quantities Q, and Qz are the two charges,
separated by a distance R. For the hydrogen atom, we
take Q, =1 and Q2=0. The constant p is defined by
p = ,'ER—.Reference [28] shows that the allowed
eigenenergies are the usual ones, E = —1/2n

A. Spherical coordinates

In spherical coordinates, a supersymmetry can be con-
structed using the radial equation [4], as summarized in
Sec. II B. The equations for the angular variables 9 and P
are given in Eqs. (3.3) and (3.4). The associated Legendre
equation (3.3) can be expressed in the form of Eq. (2.2)
with no linear derivative term by removing a modulation
factor: PP (x)=[1/(1 —x )'~ ]f(x). The resulting equa-
tion does not have an eigenvalue representing an infinite
tower of states. The eigenvalue of f(x) is zero. No in-
teresting supersymmetry structure is available. Also, Eq.
(3.4) has zero potential. Thus, the only separable equa-
tion in spherical coordinates that admits an interesting
sqm(2) supersymmetric partner is the radial equation.

0'(p, o, g)=u(p)v(cr)@(P) . (3.18) B. Conical coordinates

N(P)=e™. (3.19)

The remaining two-dimensional equation can be written

1 d du + 1 d dv

u dp dp v do. do.

m 1 1 E—+—+—(p+cr)+Q=0, (3.20)
4 p o. 2

where Q is the nuclear charge, with Q = 1 for hydrogen.
For the p, o. separation, two separation constants Z&, Z2
are introduced that obey

Z, +Z2=Q .

The resulting separated equations for u and v are

(3.21)

The N(P) equation is separated by introducing a nonneg-
ative integer m, and the solutions are the usual azimuthal
ones:

Since the radial equation for R„& is the same in conical
coordinates as in spherical coordinates, the same super-
symmetry as in Sec. II B can be constructed. The inter-
pretation of Ref. [4] can also be used. For example, we
may again model the s states of lithium as the super-
partners of the s states of hydrogen. The di6'erence be-
tween this case and the spherical case is that the
angular-momentum vector has unusual orientations in
conical coordinates. There may be physical applications
involving the hydrogen atom for which conical coordi-
nates are useful. For most applications, however, we do
not expect any advantage of conical over spherical coor-
dinates. Note that for atoms in external fields, for which
there is a well-defined z axis, the radial-coordinate super-
symmetry is best applied in spherical coordinates.

The remaining two separated equations in conical
coordinates are Eqs. (3.9) and (3.10) for the Lame func-
tions y2(v)y3(w). Rescaling the solution to Eq. (3.9) by a
modulation factor

d d
dp dp

m E+—p+Z, u(p)=0 .
4p 2

(3.22)
yp(v)=[(v' —b')(c' —v')]' f(v ), (4.1)

we obtain an equation for f (v) of the form (2.2) with no
linear derivative term:

d d
do do

m E+—o. +Z, v(o. ) =0, (3.23)
4o. 2

d + V+(v) f(v)=0 .
dv

(4.2)

Note that these two equations are linked by Eq. (3.21).

IV. SEPARABLE SUPERSYMMETRIES

However, this equation has only a zero eigenvalue, and
there is no infinite tower of states. The same result fol-
lows for Eq. (3.10). Hence, the equations for the conical
coordinates v and w have no interesting associated sqm(2)
sup ersymmetries.

In this section, each of the separated equations for the
hydrogen atom derived in Sec. III is examined to see if it
can form part of an sqm(2) realization. To act as a super-
symmetric Hamiltonian, a separated equation must have
one of the two forms given in Eq. (2.2). Also, its solu-
tions must give rise to an infinite tower of states labeled
by the eigenvalue in (2.2) (which need not be the true,
physical energy), and the potential must be of the form
given in Eq. (2.3) for some function U(x). We refer to
any resulting supersymmetry as a separable supersyrn-
metry.

C. Prolate-spheroidal coordinates

&(g)= f(g),
(g2 1 )1/2

(4.3)

we obtain an equation for f(g) that is in the standard
form (2.2),

The wave function in prolate-spheroidal coordinates is
+(g, rI, P) =X(g)Y(rj)@(P), and the three separated equa-
tions are given in Eqs. (3.14)—(3.16). Using a modulated
factor for X,
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, + V+(g) f(g)=0,
d 2

(4.4)
Z2 1n2= ——(m+1) .

E 2
(4.12)

but with only a zero eigenvalue. Again, there is no
infinite tower of states. The equation for Y(rI) gives an
equation of the same form as that for X, with the same re-
sult. The equation for (I'(p), Eq. (3.16), is already of the
form (2.2) with an infinite tower of eigenvalues given by
m . However, V+(P)=0, so the superpartner equation
also has a trivial potential V (P) =0. In summary, there
is no interesting sqm(2) structure in prolate-spheroidal
coordinates.

ni+ —,'(m+1)
Z 1 n1+n2+m + 1

n2+ —,'(m + 1)
Z2-

n1+n2+ m +1

(4.13)

(4.14)

In what follows, we take the three basic quantum num-
bers as n1, n2, and m. They are used to label the eigen-
functions u(p) and v(o). The separation constants Z,
and Z2 = 1 Z1 can then be written as

D. Parabolic coordinates

In parabolic coordinates, the wave functions are given
by +(p, cr, (t)=)u(p)v(cr)@((t ). The 4& equation has zero
eigenvalue, as usual. The remaining separated equations
are Eqs. (3.22) and (3.23).

To rewrite Eq. (3.22) in the form required for super-
symmetry, we rescale u (p) by a modulation factor

By adding n1 and n2, we obtain the usual energy levels of
hydrogen, E„=—1/2n, with

n =n1 +n2+m + 1 (4.15)

The superpartner to Eq. (4.6) also obeys Eq. (2.2) but
with the potential

V (p)=( —,'U') + —,
'U"

u(p)=p ' y, (p) .

The resulting equation for y, is

(4.&) (m+1)(m+3)
4p2

Z1 Z1+
p (m+1)

(4.16)

Z 1

dp 4p p
(4.6)

This equation admits a supersymmetric partner. If we fix
m and Z1 and define

m 1
V+(p) =

4p2

Z2
1

(m+1)
E6=—+
2

Z 1 +
Z2

1

(m+1)
(4.7)

(4.8)

then y, (p) obeys Eq. (2.2) with H+ = —d /dp + V+(p).
We can solve Eq. (2.3) for U(p) to get

2Z 1U(p)= p
—(m+1) lnp .m+1 (4.9)

m/2+1 r(n, + 1)
I (n, +m+1)

A similar set of equations arises in the o. coordinate, in-
volving v (o ), y2(cr ), Z2, and U(cr).

The solutions for H+ are the usual wave functions in
parabolic coordinates for the hydrogen atom [Ij

This has the same form as V+ (p), but with m ~m+2 in
the first term. Again, a similar expression occurs for the
o. equation.

With m and Z, fixed, we can solve for the superpartner
wave functions u ' '(p). For these solutions to remain
finite, the quantity

Z1 1——(m+3)
2

(4.17)

must be a non-negative integer. If we keep the definition
of the integer n, as in Eq. (4.11), then the quantity in Eq.
(4.17) is (n, —1). For this to be non-negative, we must
now require that n1~1. This contains the supersym-
metric information that the ground state of the bosonic
stack has no superpartner, as described in Sec. II A. The
supersymmetry therefore maps the quantum numbers n1
and m as m —+m+2 and n1~n1 —1. The requirement
that Z, remain fixed defines the mapping on n 2. we must
also have n 2

—+n 2
—1. Note that under the combined su-

persymmetry transformation n =n1+n2+m+1 remains
fixed, as expected for a transformation connecting degen-
erate states.

The wave functions for the superpartners u' '(p) to
the solutions u(p) therefore have the same form as in Eq.
(4.10), but with m ~m+2, n igni —1, and n2~n2 —1:

(E/2)p m/21 (m)(E
n, &p

where a=i/ —2E and

(4.10)
u' '(p)=u„, „, +2(p), n, ~1 . (4.18)

n1
Z1 1——(m+1) .

2
(4.11)

Similarly, for the solution in the parabolic coordinate
cr, we find that the superpartners v' )(o) to the solutions
v(o) are given as

For the wave functions to remain finite, n1 must be a
non-negative integer. The solutions v„„(cr) for the cr

1 2

equation have a similar form, and their finiteness leads to
the introduction of the second non-negative integer

v' '(cr)=v„,„, +2(cr), n2 1 . (4.19)

With m fixed, each superpartner equation has an eigen-
spectrum consisting of an infinite tower of states labeled
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by the quantum numbers

1
Z'

2 fn, + —,'(m+1)]

for the p equation, and

(1—Z, )

2 [n2+ —,
' (m + 1)]

(4.20)

(4.21)

E. Discussion

The wave functions 'P„„ofhydrogen in parabolic
1 2

coordinates can be written as linear combinations of the
spherical-coordinate wave functions 4„&, where the
coefFicients in the expansion are Clebsch-Gordan
coefficients [31]. The question then naturally arises as to
whether there is a relation between the supersymmetries
in parabolic coordinates and the supersymmetry in spher-
ical coordinates. In fact, the two supersymmetries are
different because they involve different sets of states of
the hydrogen atom.

To see this explicitly, note that in spherical coordinates
I is fixed. The fermionic stack is a tower of states all hav-
ing the same l value. The quantum number m does not
appear in the radial equation, so its value is fixed as well.
In parabolic coordinates, we fix m, and two supersym-
metries result. One has n2 fixed, the other has n, fixed.
If the fermionic stack with fixed m and n2 is expanded in
terms of spherical wave functions, we get a superposition
of different I states that do not all belong to the same su-
persymmetry spectrum in the spherical case. Further-
more, the spherical harmonics Y& are unaffected by the
supersymmetry in spherical coordinates, whereas when
the supersymmetric parabolic states are mapped back to
spherical states, the Y& are affected. This means the
parabolic supersymmetries must describe distinct physi-
cal situations from the spherical case.

Even though the supersymmetries are different, it is in-
teresting to note that all involve the Laguerre polynomi-
als. Formally, they all can be mapped into the same set
of equations. That is, the function U(p) in Eq. (4.9) is
mathematically equivalent to the function U(y) in spheri-
cal coordinates in Eq. (2.11) under the mapping p=y,
m =2l + 1, and Z

&

= 1.
In Sec. VII, developments based on the spherical and

parabolic supersymmetries discussed above are used to
model the Stark effect in alkali-metal atoms. However,
the hydrogen atom with the Stark interaction included is

for the o equation. Here both n& and n2 range over the
positive integers. If we use the definitions of Z, and Z2
in Eqs. (4.13) and (4.14), then the two sets of energies in
Eqs. (4.20) and (4.21) are equal to E„=—I/2n, with
n 2.

The above discussion defines two pairs of operators in
the formalism of Sec. II A: Q(p), H(p) and Q(o ),H(o').
Each pair obeys the sqm(2) relations Eq. (2.1). The
operators act on the wave functions yi(p)g2(a'). Taken
together, they generate a direct-sum supersymmetry alge-
bra sqm(2) 8 sqm(2).

also directly separable in parabolic coordinates [1]. It is
then natural to ask whether this system has a supersym-
metry. Each separated equation in parabolic coordinates
can indeed by expressed in the form of Eq. (2.2) by divid-
ing out by a modulation factor. A nontrivial eigenvalue,
the physical energy E, does appear and labels an infinite
tower of states. However, the equation that the potential
U(x) must satisfy in Eq. (2.3) is not readily solved. A
power series solution for U(x) can be shown to exist and
can be used to find an expression for V (x). The result-
ing equation for the supersymmetric partner, however,
cannot be solved in a straightforward way. Furthermore,
exact values for the Stark energies of hydrogen are not
known. These facts make unlikely the prospect of finding
a useful physical application involving a phenomenologi-
cal supersymmetry. Instead, in Secs. VI and VII we
focus on finding trial wave functions for the zero-field
case and using them to obtain the Stark maps.

V. ATOMIC SUPERSYMMETRIES
IN PARABOLIC COORDINATES

In this section, we discuss the identification of the su-
persymmetries in parabolic coordinates with physical sys-
tems.

A. Parabolic spectroscopic notation

It turns out that the parabolic supersymmetries natu-
rally relate hydrogen to lithium. To permit a detailed
description of this connection, we begin by defining a
spectroscopic notation based on the parabolic quantum
numbers n &, n2, m that provides a labeling of the valence-
electron states for light alkali-metal atoms. This is need-
ed because the degeneracy of the n states is lifted in the
alkali metals, so the quantum numbers n, , n2, m of hydro-
gen are no longer good. The same situation occurs for
the spherical case as well. The quantum numbers n, l, m
are only approximately valid, but, nonetheless, a spectro-
scopic notation based on hydrogen is used to designate
the states of the alkali metals, which are labeled as 2s, 2p,
etc.

To define the spectroscopic notation for alkali-metal
atoms using parabolic quantum numbers, first consider
the states of hydrogen when the atoms are placed in a
weak external electric field. For a fixed value of m ~0,
the states at level n split into a manifold of (n —m) dis-
tinct levels. The lowest-energy sublevel, which we refer
to as the red Stark state, has n, =0 and n2=n —m —1,
while the highest-energy sublevel, or blue Stark state, has
n, =n —m —1 and n2=0. The states in between are la-
beled sequentially from n

&
=0 up to n i

= n —m —1, with
n2 decreasing as n, increases. This fanlike arrangement
of states is a consequence of the linear Stark effect shift-
ing the energies by —,'En (n, —n2) to first order in the field.
Figure 1 represents the states of hydrogen in a small fixed
external field, labeled with parabolic quantum numbers.

Light alkali-metal atoms in an external electric field ex-
hibit Stark structure similar to that of hydrogen with two
exceptions: the zero-field energies are not all degenerate,
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nl= l
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nl- l n2-P
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nl

Al = +2

FIG. 1. The states of hydrogen as designated by the
parabolic-coordinate quantum numbers n l, n2, m.

B. Atomic supersymmetry in parabolic coordinates

To identify a physical interpretation for the supersym-
metries uncovered in parabolic coordinates, we must first
establish the full supersymmetric eigenspectrum. The su-
persymmetries per se provide only a few mild restrictions
on the structure of the bosonic stack. Indeed, we are free
to select any infinite set of states from the hydrogen
atom, provided the states have diFerent energy eigenval-
ues. The choice of an appropriate bosonic stack thus
reduces to the specification of the augmentation of the
principle quantum number n =n

&
+n&+ m + 1 in the

three-dimensional space (n „n2,m). A curve in this space
intersecting exactly once each plane of constant n deter-
mines a particular bosonic stack.

and as the field increases the lines from diFerent n levels
do not cross as they do for hydrogen. Nonetheless, for
small external fields (F=2X10 a.u. for n =15), the
lines fan out just as they do for hydrogen.

For a spectroscopic notation based on the parabolic
quantum numbers n&, n2, m, we choose to designate the
energy levels of light alkali-metal atoms by the corre-
sponding hydrogenic values. Thus, for fixed n and m, the
lowest level is designated the n, =0, n2 =n —m —1 state.
The next is the n

&

= 1 state, and so on, up to
n

&

= n —m —1, n2 =0. We refer to the lowest and highest
lines as red and blue, respectively. For zero external
field, all the levels except the lowest-lying states (with
nonvanishing quantum defects) are essentially degenerate.
Assuming the Stark lines do not cross as the electric field
increases from zero, the designations of the states in
terms of n, , nz, m is unambiguous. Only for those fields
that appear to cross would there be a potential problem.
This problem would also exist for the spectroscopic nota-
tion based on the spherical quantum numbers n, l, m.
Given that the lines never actually cross, as required by
the no-crossing theorems [32], then the designation of
states is completely unambiguous.

The role of the supersymmetries is largely to determine
the corresponding fermionic stack. Since there are two
parabolic supersymmetry generators Q(p) and Q(cr), each
bosonic stack provides three possible choices for the fer-
mionic stack. These are given by the action of Q(p),
Q(cr), or Q(p)Q(cr) on the bosonic eigenfunctions. Even
though the eigenvalues of the three choices are identical,
the wave functions are not. Together with the freedom of
choice of the curve that specifies the bosonic stack, these
three possibilities for the fermionic stack establish the ex-
istence a priori of a threefold infinity of supersymmetric
partner spectra involving the hydrogen energy levels.

To restrict the choice of the supersymmetric system,
further conditions selected on physical grounds must be
imposed. The following desiderata appear reasonable.

(a) The requirement of a nontrivial result imposes the
condition that the supersymmetry partners are nonzero
for all levels but the lowest.

(b) To incorporate stability of the ground state, the
physical ground state 1s of hydrogen must be identified
with the lowest state of the bosonic stack.

(c) Since the mathematical eigenvalue of the supersym-
metry turns out to be just the physical energy, it is natu-
ral to construct the bosonic stack by choosing one state
from each energy level in hydrogen.

Condition (a) is self-evident. Although condition (b) is
not strictly required by the mathematics, it would be
somewhat unnatural to choose an unstable state as the
ground state of a purportedly physical supersymmetric
Hamiltonian. This condition was also imposed in the
spherical case [4]. Condition (c) means that the curve in
the three-dimensional space (n„n2, m) specifying the bo-
sonic stack must intersect planes of constant n at integer
values of the coordinates (n „n2, m) for every value of n

The requirements (a) —(c) are sufficient and necessary
conditions implying the uniqueness of the fermionic
partner to a given bosonic stack. The simplest way to see
the sufficiency is to note that the conditions allow the
first-excited state in the bosonic stack to be one of only
four eigenfunctions Q &ppv&pp Qp, pUp~p ol Qpp, Upp, e ~™&.
The point is that each of these is such that either Q(p) or
Q(0 ) vanishes. The necessity of each condition is
straightforward to demonstrate by counterexample.

Since n, , n2, rn cannot take fractional values, augment-
ing n by one unit as one steps up the stack [condition (c)]
means only one of the three quantum numbers increases
by one unit per step. There are then two natural (but not
unique) choices for the bosonic stack satisfying all three
desiderata. One is the set of states n, ~0, n2=0, m =0,
i.e., all the blue lines of hydrogen. The other is the set
n, =0, nz ~0, m =0, i.e., all the red lines. (The n, =0,
n2=0, m =0 ground state is both blue and red since it is
the only line in the n =1 manifold. ) Note that the third
natural candidate, the set n, =0, n2=0, m &0, fails be-
cause both Q(p) and Q(o) vanish on uoo voo e +—™.

Once the full supersymmetric spectrum is chosen, the
remaining task is the identification of a physical system
described by the fermionic stack. Here, we proceed by
analogy with the spherical-coordinate case [4]. The key
idea is to interpret the absence of a supersymmetric
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n)- 4 n) -4

n)- 3 n) =3

ni= 2 n)-2

partner for the ground state of the bosonic stack as due
to the action of the Pauli principle. Thus, the equation
determining the fermionic stack is interpreted as a one-
body model for the valence electron of a more complicat-
ed atom, for which the ground state is inaccessible to the
valence electron due to the presence of other electrons
and the Pauli principle.

Since the supersymmetry requires the bosonic and fer-
mionic stacks to have degenerate eigenspectra, which is
not the case in reality, this interpretation can only be
strictly valid if one ignores the interactions producing the
nonhydrogenic part of the effective potential for the
valence electron. The interactions break the supersym-
metry and must be taken into account in any attempt at a
realistic model. This is the purpose of the
supersymmetry-based models discussed in Sec. VI. In the
present section, we neglect these effects.

Using the spectroscopic notation introduced in Sec.
V A, we can explicitly identify the supersymmetric
partners of hydrogen in parabolic coordinates. One natu-
ral phenomenological supersymmetry, obtained using the
p-coordinate generator Q(p), exists between the blue lines
of hydrogen and the blue lines of lithium (designated by
m =0, n, ~ 1, nz =0). These states are shown in Fig. 2.
Note that the n

&

=n2 =m =0 level of lithium is
effectively absent, as it is a filled inner shell.

The wave functions for the supersymmetric partners of
hydrogen for the p coordinate are given in Eq. (4.18).
For the I=0 blue states of lithium in the exact symme-
try limit, this gives u„, , 2(p), n, ~ 1, as the p-
coordinate wave functions. Note that n2= —1 in the p-
coordinate wave function still leads to finite-valued solu-
tions, since the parameters for the associated Laguerre
polynomials L™do not involve n2. The p-coordinate
wave functions are then multiplied by U„oo(o) to give the

1

complete parabolic wave functions.
Similarly, we can identify the natural supersymmetry

arising from the supersymmetry generator Q(o.). The su-
persymmetric partners in this case are the red lines of hy-

drogen and the red lines of lithium (designated by m =0,
n

&
=0, n z

+ 1). The o -coordinate wave functions for
lithium are U, „,2(cr), n2 ~ 1. The complete parabol-

ic wave functions are then obtained by multiplying by
uo. ,o(p ).

To summarize, the natural phenomenological super-
symmetries for I=0 are between the blue states of hy-
drogen and the blue states of lithium and between the red
states of hydrogen and the red states of lithium.

We can similarly construct supersymmetries between
lithium and sodium. By taking the m =0 blue states of
lithium to form the spectrum of H+, we obtain super-
symmetric partners that are degenerate except for the
n& =1 ground state, which is excluded. The lowest level
for the superpartners in this case is the ni =2 level,
which corresponds to the valence electron in sodium be-
ing excluded from both the n =1 and 2 levels. A super-
symmetry between the red lines of lithium and the red
lines of sodium can also be developed. These construc-
tions generalize to other atoms and ions in the Periodic
Table, in analogy with the spherical-coordinate super-
symmetry [4].

VI. QUANTUM-DEFECT THEORIES
IN PARABOLIC COORDINATES

As long as the supersymmetries remain unbroken and
the electric field is kept at zero, the energy levels of the
supersymmetric partners are degenerate with the hydro-
genic values. Nonhydrogenic interactions break the su-
persymmetry and lift the degeneracy, shifting the energy
levels by quantum defects. In this section, we combine
the notations of quantum-defect theory with those of su-
persymmetry in parabolic coordinates to obtain a class of
one-electron central-potential models for the valence
electron of light alkali-metal atoms.

The first step is to define the quantum defect for
alkali-metal atoms in terms of the spectroscopic notation
based on the parabolic quantum numbers n &, n2, m. The
asymptotic quantum defect 5(n„m) now depends on
both n, and m. Explicit values for lithium are
5(0,0)=0.4, 5(0, 1)=5(1,0)=0.05, and 5(n&, m ~2)=0.
These definitions hold for all n 2 provided
n =n, +n2+I +1 ~ 2. Values for sodium are
5(0,0)= 1.35, 5(0, 1)=5(1,0)=0.859, 5(0, 2) =5(1,1)
=5(2,0)=0.01, and 5(n„m ~3)=0. Here n2 takes on
all allowed values subject to n =n &+n2+I +1 3. The
Rydberg eigenenergies are then given by

E,= —1/2n, n *=n 5( n „m ),— (6.1)

nl

n1 p

Hydrogen
(n =O m=0)

Li thi Urn

(n =O m=0)

FIG. 2. The supersymmetry between the blue (nz =0) lines of
hydrogen and the blue (n& =0) lines of lithium.

as discussed in Sec. II C.
Our starting point for defining a quantum-defect

theory in parabolic coordinates is the two-dimensional
Eq. (3.20) with Q =1 giving the wave functions u(p) and
v(o). We now add an effective potential V,o(p, o) to the
left-hand side of Eq. (3.20). By definition, it is chosen so
that (i) the resulting energy eigenvalues E* reproduce the
Rydberg series Eq. (6.1), (ii) the new wave functions
u*, v* maintain an analytical form of the same general
type as before, and (iii) there are integer shifts in the par-
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abolic quantum numbers incorporating supersymmetry
ideas. This set of conditions is satisfied by the surprising-
ly simple choice

1
n~n*m*m* P

1 2 ] 2 'rr
L

' ]/4 —(m ] /2+ ])n*

T

1 1 1
V,~(p, o. ) = —+——— +eff & 4 p 4 p

(6.2)
I (n*, +1)

I (n', +m] +1)

u *(p)=p ' y'](p), (6.3)

U*(o)=o ' 'y2(a) . (6.4)

The result is the pair of equations

as is shown below. Here, the quantities m; and m2 are
parameters in the model that are to be specified in terms
of the parabolic quantum numbers, the quantum defect,
and the supersyrnrnetry integers.

When Eq. (6.2) is substituted into the modified form of
Eq. (3.20) as specified above, the equation separates into
two pieces. As for the hydrogenic case, we introduce the
modulation factors

—p/2n™ ~&/2 (m& ) p
nl ne

(6.13)

Existence imposes the constraint m] ) —1. The wave
function U, , + +(cr) solving Eqs. (6.4) and (6.6) is

1 &2~1 ~2
given by a similar expression, with m 2, n 2, and o. replac-
ing m ], n], and p on the right-hand side.

The wave functions for the full parabolic-coordinate
quantum-defect theory are then

(p, cr, g) =u. . . , (p)v. . . , (o )e~™,
1 2 nl n2 m$ mP n) n2 m] mP

1 —m] Z]+ + + yf(p) =0,
dp 4p p

d2 1 m2 Z2+ + + y~(]T)=0 .
d o-2 4o-2 o 2 2

(6.5)

(6.6)

(6.14)

where on the left-hand side we have used spectroscopic
notation to label the states. Note that m is not shifted in
the angular part of the solution in terms of ]t.

To make contact with the supersymmetry notions of
Sec. IVD, we can define

The separation constants Z, and Z2 satisfy the con-
straint

n', =n, —I, (n„n2, m), n2 =n2 —I2(n, , n2, m),
(6.15)

Z] +Z2 1 (6.7}
m] =m+a](n], n2, m), m2 =m+ap(n], np, m),

For Eqs. (6.5) and (6.6) to have finite solutions, the
quantities (6.16)

Z*
1 ——(m +1)1 (6.8)

where I, and I2 are integers. In terms of these four vari-
ables, the constraints arising from the requirement of ex-
istence of the eigenfunctions become

I] 71] I2 fl2 (x] ) m 1 Q2) m 1

Z2 1
nz = ——(m2+1)

2
(6.9)

and

(6.17)

n =—n —5=n ] +n& + —,'(m ] +m & )+1, (6.10)

n] + —,'(m*, +1)Z*=
1 (6.11)

Z* =1—Z* =
2 1

n 2 + —,'(m f +1)
(6.12)

must be non-negative integers. Adding these equations
and using Eqs. (6.1) and (6.7), we find

e]++2=21]+2I2—25 . (6.18)

In the limit of zero quantum defect 5, Eq. (6.18) reduces
the four variables I, (n„n2, m ), I2(n„n2, m ),
a, (n „nz, m), and a2(n„n2, m) to three. For appropriate
choices of these variables, the model then reduces to the
supersymmetric case discussed in Secs. IVD and VB.
For example, to obtain the supersymmetric wave func-
tions u„] ] 2(p)u„oo(o ) describing the blue lines of
lithium (spectroscopic notation n] ~ 1, n2=0, m =0) in
the limit 5=0, we choose I](n, , 0,0)=1, a](n],0,0)=2,
and all other values equal to zero. This gives

The form of Eq. (6.5) is that of Eq. (4.6), and the solu-
tions can be written down directly by appropriate tran-
scription. The wave function u + + +, (p} in the pn] n2m$ m2

variable now depends on four quantum numbers. It is
given by

n] —],n2, m+2, m (P )Un] —],n2, m+2, m (a }

=u„]„]m+2(p)un n m(o ), (6.19)

as needed.
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We have thus shown that the choice of E . (6.2) f
effectiveve potential indeed satisfies the condit'

' eo q. . orthe

stated at tha the beginning of this subsection. For fixed 6
the result is a three-
based

-parameter family of supersyrnrn t
quantum-defect theories in parabolic coordinates.

Two parameters correspond t h
supersymmetry-type integer shifts in the

the
n& an n2. e third arises from the replacem t fmen o

b
azimuthal quantum number m b t

ers
&

and m2.
m y wo quantum num-

An important issue is the orthogonality of the model
wave functions 4 . For supersymmetric values of
I,I u
There ar
„2,e2, t e wave functions are not f 11 hu y ort ogonal.

ere are nonzero off-diagonal matri 1'x e ements ' etween
states of different n and n . N

' ll,
small be'

n2. urnerically, these are
sma 1, being less than a few percent of the dia
tributions.

e iagonal con-

I,I,a a m
We have systematically sought values of tho e integers

&, 2, a&, a2 making the quantum-defect wave functions
orthogonal, without success. On d'ffi 1

the uantum
ne i cu ty arises because

t e quantum defects 5(n „m) depend explicitl b h'ci y on ot
m. or fixed m, the quantum defe t d ffcscan i er

or i erent values of n &, and as a result the st
r ogona in n&.

e s ates are not

In contrast the s hpherical-coordinate quantum-defect
wave functions R ~?n(r)Y'?m(8, $) discussed in Sec. II C
are orthogonal for asymptotic values of thes o e quantum de-

[ ]. t ough the asymptotic quantum defects 5(l )

depend explicitly on l, states of d'ff l
ecause the spherical harmonics are orthogonal in l.

VII. THE STARK EFFECT

In this sectionection, we use the supersymmetry-based
quantum-defect theories defined in parabolic and spheri-
cal coordinates to determine Stark maps.

—0.20

- -0.21

CD——0.22
CG
CY:
UJ

LL]
—0.23

—0.24

0.2 0. 4 0. 6 0. 8 1.0 1.2
FIELD (10 a. U. )

FIG. 3.. Stark states of lithium for m =0 l l dm = ca cu ated using the
quantum-defect theory defined b l'in para o sc coordinates. The
central manifold of lines represents n =15 t . T
and field strength are in atomic units.

states. The ener

A. Stark eftect in parabolic coordinates

a a i-metal atoms us-We calculate the Stark states of lk 1'- 1

ing t e supersymmetry-based quantum-defect theory in
parabolic coordinates. The zero-fi ld f- e wave unctions are

P, Cr, g)= n n n n(P)U (]n?m]m? n n m im2

where u( ) is iv
(7.1)

p is given ]n Eq. (6.13). We take from Sec. VI
the values for the quantum defects for lithium and for the
parameters I,I a a cz, , 2 corresponding to the supersym-
metry of the m =0 blue lines.

~ ~

In determining the Stark energies, we ignore the small
off-dia onal corn- '

g components of the zero-field energies and ob-
tain the matrix elements of th St k
the states in (7.1) as a basis:

e ar corrections usin g

f f f dpdcr dct? ,'(p' o')F%-„*—
1f 2f f li 2im,

zF
]f 2f ]f 2flp ln ] ?n] 2m]'m2' )(n n m rn

l
' 2' )[ n] n*m" m*' ]f 2f Jfm2f n &;n2;m &, m2

(7.2)

n ]f1l 2f m ]fm 2f lp l
n '„n,*,m *„m,*, )

T

1? ]f1l 2f m ]f11? 2f 1? ](n 2; m *„m2; ( n ]fn *fm * m *
l
Cr

o calculate the parabolic matrix clem

m m n n ' ' ' 2f ]f 2f Cr n]'n2'm] m2 ]

(2.10) an
a rix elements, we use the definition of the associ

) and we perform the integration directly [7]:
e associated Laguerre polynomials given in Eq.

xgg
p =0q =0

X
m );++

I (n*„+1)I(n]f+1)
n], +m ], +1)I (n*,f+m', f+1)

q+ q m],. /2+p+d

p q „(1/2)(m ] +m ] )+p+q+d+1t

n*„-+m*„n»+m &f
I [—,'(m], +m»)+p+q+d+I] . (7.3)
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Here, d is a positive integer, n;* and nf are defined in Eq.
(6.10), and (& ) = I (a+ 1)/I (6+1)l (a b—+ 1). The
o.-space matrix elements obey a similar expression, but
with n &;, etc. , replaced by n2, , etc. , on the right-hand
side of Eq. (7.3). The above expressions can be evaluated
numerically to any desired accuracy. For our
calculations, we take the matrix elements
(nffnzfm»mzf ~p ~n,*;nz;rn»™z;) computed to eight
significant digits.

The resulting energy matrix can be diagonalized for the
subset of states with n =13—17 and the eigenvalues for
the n =15, m =0 lines found as a function of the field
strength. The ensuing Stark map is shown in Fig. 3. As
can be seen, the curves are primarily linear and there are
no quadratic Stark contributions. If we compare Fig. 3
with experimental measurements from Ref. [23], we see
that for the parabolic quantum-defect theory the lines
come much closer to crossing, and the characteristic
large anticrossings are absent.

Other choices for the parameters I&,I2, u&, a2 yield
similar maps. The parabolic quantum-defect theory does
not yield Stark maps for alkali-metal atoms that are in
good agreement with experimental results. The reason is
that the basis of states used in the diagonalization of the
energy matrix is not an orthogonal set.

B. Stark effect in spherical coordinates

We also used the supersymmetry-based quantum-
defect theory to calculate the Stark states of alkali-metal
atoms. The wave functions for zero field are given by

(7.4)

where R, ,(r) is defined in Eq. (2.15). The Y~ (8,$) are

the usual spherical harmonics. For lithium, the asymp-
totic values of 5(l) are [33] 5(0)=0.4, 5(1)=0.05, and
5(1 ~ 2) =0. The integers I(1) are set equal to the values
corresponding to the supersymmetric solutions [4]:
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I
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I(0)= 1 and I(1~ 1)=0. For sodium, 5(0)= l. 35,
5(1)=0.859, 5(2)=0.01, and 5(l ~ 3 ) =0. The integers
I(1) in this case are I(0)=2, I(1)= 1, and I(1 ~ 2) =0.

We use the zero-field wave functions to calculate ma-
trix elements of the Stark interaction. Since we are in-
terested in obtaining the Stark maps of light alkali-metal
atoms for n = 15 states and for electric fields up to the ap-
proximate threshold limit near 1.2X 10 a.u. —=6.2
kV/cm, we can neglect fine-structure effects.

The matrix elements of the Stark interaction take the
form

(nf'1f mf ~Fz~n;"1;*m; )

=5 5& I +,F ( lf mf (
cos8

( 1; m; ) ( nf* lf*
(
r [n;*1;*) .

FIELD {l0 a. u. )

FIG. 5. Stark states of lithium for n = 15 and m = 1 calculat-
ed using the quantum-defect theory defined in spherical coordi-
nates.
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FIG. 4. Stark states of lithium for n = 15 and m =0 calculat-
ed using the quantum-defect theory defined in spherical coordi-
nates.

FIG. 6. Overlay of Fig. 4 with the experimental results re-
ported in Ref. [23].
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FIG. 7. Overlay of Fig. 5 with the experimental results re-
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FIG. 8. Stark states of sodium for n = 15 and m =0 calculat-
ed using the quantum-defect theory defined in spherical coordi-
nates.

The angular integrations yield the results

l; —m;

(21;+1)(21;—1)

' 1/2

(7.6)

( I, m, i
cosOi 1;+1,m; ) = (1;+1) —m;

(21;+3)(21;+1)
(7.7)

To calculate the radial matrix elements, we again use the
form of the associated Laguerre polynomials given in Eq.
(2.10), and we perform the integration of the radial ma-
trix elements directly [7]. The resulting expression for
(n*l*Ir ~n*l*) is exact. Again, we evaluate the matrixf f i i
elements to eight significant digits.

The resulting energy matrix can be diagonalized for a
subset of basis states. We examined the n =15 Stark
states of lithium and sodium for both m =0 and 1. We
took as our basis of states the levels n =13—20. The re-
sults are displayed as a series of maps in Figs. 4—7. For
comparison, we chose the range of energy and electric
field used in Ref. [23]. The energies were calculated at
6.66X10 a.u. =32.4 V/cm intervals, and the maps
were generated by connecting the eigenvalues.

Figures 4 and 5 display our results for lithium. For
m =0, the nonhydrogenic structure is readily apparent.
There are sizable anticrossings, and the s and p states
both display quadratic Stark effects for small values of
the field. If Fig. 4 is compared with the numerical results
of Ref. [23], it is seen that there are no discernible
differences except for the n =16 lines at the top of the
graph near the threshold limit (for F near 1.2X10
a.u.). The three apparent crossings noted in Ref. [23] are—6also visible in the upper part of Fig. 4 near F= 1.0X 10
a.u. For ease of comparison, Fig. 6 shows a superposition
of Fig. 4 with the experimental data presented in Ref.
[23]. The m =1 graph in Fig. 5 is more hydrogenlike in
appearance than Fig. 4, since the only nonzero quantum
defect in this case is quite small, 5(1)=0.05. The an-
ticrossings in this case are much smaller than for m =0.
Figure 7 is a superposition of Fig. 5 with the experimen-
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—0 ' 21
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—0.22

—0.23

—0.24

0.2 0. 4 0. 6 0 8 1.0 1.2

FIELD (10 g, (j )

FIG. 9. Stark states of sodium for n =15 and m = 1 calculat-
ed using the quantum-defect theory defined in spherical coordi-
nates.

tal data of Ref. [23]. The agreement between our results
and those of Ref. [23] is again quite striking. Some of the
anticrossings in Fig. 5 are slightly smaller than those of
Ref. [23], but this is probably because we plot three times
as many points in making the graphs.

The graphs for sodium are shown in Figs. 8 and 9. For
m =0 in Fig. 8, the quantum defects are quite large. The
16s level is now below the n = 15 manifold and is
squeezed between the 15p and 15d lines. Likewise, the
15s state falls below the n =14 lines and does not appear
on the graph. There is an apparent crossing of the cen-
tral n =15 lines near F=9X10 a.u. The m =1 graph
in Fig. 9 is also nonhydrogenic in behavior. If the two
graphs for sodium are compared with those computed
numerically in Fig. [23], it is found that there are no no-
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ticeable differences except near the threshold limit for the
uppermost lines. If we restrict our comparison to just the
n =15 lines, then the two sets of lines are indistinguish-
able.

VIII. SUMMARY

In this paper, we presented a systematic study of
quantum-mechanical supersymmetries involving the hy-
drogen atom. We treated all coordinates systems for
which the Schrodinger equation is separable without the
use of modulation factors. We found that the only
separated equations that admit supersymmetric exten-
sions are the radial equation in spherical coordinates, the
radial equation in conical coordinates, and two of the
equations in parabolic coordinates. The conical-
coordinate supersymmetry is the same as the previously
known spherical-coordinate one. In contrast, the
parabolic-coordinate supersymmetries contain different
physics.

In a scenario approximating the behavior of the
valence electron via a single-electron equation in an
effective central potential, we established physical inter-
pretations of the supersymmetries in the parabolic case.
The exact-supersymmetry limit corresponds to a hydro-
genic potential. The two most natural interpretations of
the supersymmetries relate part of the spectrum and
eigenfunctions of hydrogen to those of lithium in the
exact-symmetry limit. In terms of the parabolic quantum
numbers of hydrogen, n &, n2, I, the supersymmetries are
found to occur for fixed m and to be between the blue lev-
els (n2 =0) of hydrogen and the blue levels of lithium, or
between the red levels (n& =0) of hydrogen and the red
levels of lithium.

In a model based on notions of quantum-defect theory,
we incorporated the supersymmetry breaking that arises
from interactions generating a nonhydrogenic effective
central potential. The model correctly reproduces the
Rydberg series and yields analytical wave functions with
supersymmetric features. However, unlike the eigenfunc-

tions of spherical-coordinate quantum-defect theory in
the limit of asymptotic quantum defects, the wave func-
tions of the parabolic quantum-defect theory are not or-
thogonal. For lithium, the contributions to the matrix
elements that generate violations of orthogonality are in
general small, on the order of or less than a few percent
of the diagonal elements.

One physical situation where the parabolic and spheri-
cal quantum-defect theories can be tested is the Stark
effect. We calculated Stark maps of alkali atoms using
both sets of quantum-defect theories. Making an approx-
imation in the parabolic case, we found that the Stark
maps for lithium m =0 states are primarily linear and
lack the characteristic anti-crossings. This occurs be-
cause the corresponding wave functions do not form an
orthogonal set.

In contrast, we showed that the spherical-coordinate
quantum-defect theory yields Stark maps that are in
striking agreement with experiment. This is in part a
consequence of the orthogonality of the associated wave
functions. Given the need for an approximation when
parabolic coordinates are used, the spherical-coordinate
wave functions appear more useful as trial wave functions
for modeling the behavior of alkali-metal atoms.
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